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1. Introduction
1.1. MOTIVATIONS

Let M" be the Euclidean space of n x n real matrices equipped with the standard
inner product (A, B) = trace (A" B) = ¥;; A;; B;. Denote by S” the subspace of
symmetric matrices and by S} the cone of symmetric positive semi-definite
matrices. Denote the projection from S” onto S% by Pg: . Since S¥ is a closed and
convex set, this projection is well defined and globally Lipschitz on S, see
Proposition A.3.1.3]. By the Rademacher Theorem, [3, Chapter 3], Py is dif-
ferentiable almost everywhere (in Lebesgue sense) on S”. Natural questions are
therefore arising:

(1) Where is Psn+ differentiable?
(ii) What is the Jacobian, VPg: (X), of Ps: at a point X € §" where Pgr is
differentiable?
(iii) What is the Clarke generalized Jacobian, dcPg: (X), of Py at a point X € §”
where Pg: is not differentiable?

* Research supported by NSERC.
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These are the questions that we answer in this paper. In particular, using
differentiability properties of spectral functions, our development culminates in
Theorem 3.7 giving a complete description of the Clarke generalized Jacobian.

In the general context of the projection onto a closed convex set, Question
(iii) above was first formulated in [5].

1.2. BASIC NOTATION

By R we denote the set of vectors from R" with coordinates ordered in non-
increasing order. The function A:S§" — R| maps a symmetric matrix to the
vector of its eigenvalues, ordered non-increasingly:

(X)) = (X)) == M(X).

For any vector x in R", by Diag x we denote the diagonal matrix with vector x on
the main diagonal, and by diag : M" — R" we denote its dual operator: diag (X)
=", X,

By px we denote the number of the positive eigenvalues of X € S”, by ¢x
the number of negative ones, and by ny the multiplicity of 0 as an eigenvalue.
Clearly

Px + gx = n — ny = rank of X. (1)

We denote by O(n) the compact group of n x n orthogonal matrices and by P"
the finite subgroup of permutations matrices. We denote the set of all orthogonal
matrices that give the ordered spectral decomposition of X by O(n)*, that is,

O(n)* = {U € O(n) | X = U(Diag \(X))U " }. (2)

For instance, observe that O(n)* = O(n) if X = 0.

Spectral functions are functions on S$” invariant under conjugation by ele-
ments from O(n): F(X) = F(U'XU). Restricting a spectral function F to the
subspace of diagonal matrices shows that

vXes',  FX)=f\X)),

where f(x) = F(Diag x) is a symmetric function on R", that is, f{x) = f(Px) for
any P € P". Thus, spectral and symmetric functions are in one-to-one corre-
spondence. Many properties of F are inherited from its corresponding f and vice
versa. For example, F is convex on S" if, and only if, f is convex on R", see [2].
Moreover, F is differentiable or twice differentiable at X € §” if, and only if, f is
such at \(X), see Theorem 1.5 below.

1.3. TENSOR NOTATION

To conveniently handle the formulae for the first and second derivatives of
spectral functions f o A\, we use some of the notation introduced in [11].
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A k-tensor on R” is a multi-linear, real valued function on R” x - -+ x R" (k-
times). The set of all k-tensors on R" will be denoted by T". By N, we will
denote the set {1, 2,---, n}. For a fixed basis in R", by T we denote the
(it,..., ipth entry of T € T*". Vectors are viewed as 1-tensors and matrices as
2-tensors, in the natural way. In this paper we work with tensors of dimension at
most four.

By {Hp,: 1 <p, g < n} we denote the standard basis in the space M". That is,
the matrices H,, are such that (H,,)" is one if (i, j) = (p, ¢), and zero otherwise.

DEFINITION 1.1 (0-Hadamard product). For each permutation ¢ on Nj, we
define o-Hadamard product, H, o, H;, between the two matrices H; and H, to be
a 2-tensor on R” as follows.

(Hy o Ha)"™ = H," OH (3)

In other words, when o = (1)(2) we have H, 0(yn) H, = diag (H,) diag(Hz)T
and when o = (12) we have H,0(2) H, = H, © H,, where Ao B = [AijB"j] is the
usual Hadamard product between A = [AY] and B = [BY]. Analogously when o is
a permutation on Nj, that is ¢ = (1), we define o,H = diag H.

Let T be an arbitrary matrix in M" and let o be a permutation on N,. We
define Diag °T to be a 4-tensor on R” in the following way

e TR i Qg = o for s = 1,2,
(Diag"T)™* = {O, otherwisé.) (4)

Similarly, when T € R" and o = (1) we define Diag'" T = Diag T.
Notice that any 4-tensor, T, on R" can naturally be viewed as a 2-tensor on
M", and vice versa, for example

L U p1p2
T[Hl,Hz] = g E ququ!flqu?%,
P1:91=1P2,42=1

Define inner product between two tensors in 7% in the usual way:

n

(RS S R
prpi=1

DEFINITION 1.2 (Conjugation). We define an action of the orthogonal group
O(n) on the space of all k-tensors on R”, that will be denoted by UTU' or by
U-T:
n
(UTUT)II“‘II( _ Z (TplmpkUilpl. . .Uikpk). (5)

Piypre=1
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It is easy to see that this action is, as expected, norm preserving and asso-
ciative: V(UTU")V' = (VO)T(VU)" for all U, V € O(n). The Diag? operator, the
o-Hadamard product, and conjugation by an orthogonal matrix are connected in
the following way (see [11, Theorem 4.4] for a generalization).

LEMMA 1.3. For any vector T € R", any matrix H in M" and any orthogonal
matrix U € O(n), we have:

(T,00) (UTHU)) = (U(Diag"'T) U™ ) [H],

For any matrix T € M", any matrices H, and H, in M", any orthogonal matrix
U € O(n) and any permutation o on N,, we have

(T,(U'H\U) o, (UTHU)) = (U(Diag"T)U ") [H,, H>).

We conclude this section with an easy lemma about conjugation. In this
lemma and throughout the paper, conv § denotes the convex hull of the set S (a
subset of a real vector space).

LEMMA 1.4. Let S be a subset of the vector space of k-tensors on R" and G be
a subset of the group O(n). Then

(i) G - (conv S) C conv (G - S),
(i1) conv (G - (conv §)) C conv (G - S).

Proof. Let g € G, observe on (5) that the function 7 — g * T is linear.
Therefore

g convS=convg-*SCconvG"S.

This yields the first inclusion. Since the right-hand side is convex, the second
inclusion follows. O

1.4. GRADIENT AND HESSIAN OF SPECTRAL FUNCTIONS

THEOREM 1.5 (Derivatives of spectral functions). (a) Let X € S" and let U be
any element in O(n)*. A symmetric function f : R" — R is differentiable at \(X)
if, and only if, f o X is differentiable at X. In that case, the gradient of f o X\ is
given by the following well-defined (independent of the choice of U) formula

V(o \)(X) = U(Diag(‘)Vf()\(X)))UT, (6)
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(b) A symmetric function f: R" — R is twice differentiable at A\(X) if, and only if,
f o Xis twice differentiable at X. In that case, the Hessian of f o \ is given by
the following well-defined formula

V2(f 0 A)(X) = U(Diag(”(z)vzf()\(X)) + Diag<12>A(A(X)))UT, (7)

where A: R" — S§" is the map defined by

0, ifi=j
i ) fi) = fii(x), if i #jbutx; =x;
A i) Z i) otherwise (®)
X; — Xj ’ ’

Proof. The differentiability result is established in [8, Theorem 1.1] and the
twice differentiability in [9, Theorem 3.3]. The particular expression for the
Hessian is given in [11, Example 4.9]. O

Notice that the entries of V?f(x) and A(x) do not depend on the eigenvalues
but only on the partial derivatives of f up to order two. Thus, Formulae (6) and
(7) depend on the eigenvalues only through the orthogonal matrix U and the
composition with A(X). One should keep in mind that, in the formula for the
Hessian, U conjugates a four-dimensional tensor on R".

The proof of the next corollary is an interesting application of the
differentiability properties of spectral functions.

COROLLARY 1.6. (a) The set of all singular matrices in S" has Lebesgue
measure zero. (b) The set of all matrices in S" with repeated eigenvalues has
Lebesgue measure zero.

Proof. (a) Consider the symmetric convex function f(x) = "7 |x;| defined
for all x € R". As we mentioned at the end of Section 1.2, the spectral function
f o Ais convex. Moreover, by Theorem 1.5, f o \ is differentiable at X if, and
only if, f is differentiable at A\(X). Observe now that fis differentiable at x € R"
if, and only if, all x; are nonzero. Thus the convex function f o A is differentiable
at X € §" if, and only if, X is nonsingular. Since a convex function on §” (or R")
is differentiable almost everywhere [6, 10] we are done. (b) An analogous argu-
ment for the function fix) = ;< |x; — x;|. |

2. Differentiability of the Projection

The main idea in this section is the realization that the projection onto the cone
of positive semi-definite matrices is the gradient mapping of a spectral function
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(see Subsection 2.2). Then to investigate the smoothness of the projection, we
employ Formula (7) for the Hessian of spectral functions.

2.1. EXPLICIT EXPRESSION OF THE PROJECTION

It is well-known, see [4] for example, that the projection operator onto the cone
of positive semi-definite matrices allows a closed form representation. Indeed,
projecting X amounts to replacing the negative eigenvalues by O in the spectral
decomposition of X. Recall that the polar cone (S7)° = {B € §", (A, B) < 0} is
actually §” = — §7, the cone of negative semi-definite matrices.

THEOREM 2.1 (Expression for PS") Let X € 8" and let U be any element in
O(n) Then, the projection of X onto St is given by

Py (X) = U(Diag(max{\(X),0},... ,max{\,(X),0))U". 9)

The equivalent result for the projection onto S” replaces the positive eigenvalues
with 0.

It is worth mentioning that this result is also a straightforward application of
Moreau’s theorem (see [7, Theorem 3.2.5 and Exercise A.15]) which in our case
can be stated as follows.

THEOREM 2.2 (J.-J. Moreau). For any three matrices X, X, and X, in S" the
properties below are equivalent:

D X=X, +X,withX, € S}, X, € 8", and (X;,X2) =0
(ll) Xl :PSZ(X) and X2 :Psrl(X)

In particular, Pg + Pg = I.

2.2. A PRIMITIVE FUNCTION OF THE PROJECTION

Denote by Ig: the indicator function on S”. Let A: §" — R be the Moreau
regularization of Ig» defined by

A) = min{ (1/2)I1X = Y|P + 1o (1) }. (10)

Yesn

In Lemma 2.3, we observe that A(X) is a spectral function and in Lemma 2.4 we
show that Pg: is its gradient.
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LEMMA 2.3. The function A is the spectral function A = 6 o A\, where
n
B(xr, -+ x) = (1/2) Y~ max{0,x;}". (11)
i=1

Proof. For any X € §", write

A(X) = (1/2)||X — Ps: (X)||* [by definition of Pg, (X)]
= (1/2)||Ps: (X)||* [by Theorem 2.2]
(1/2) > max{0, Xi(X)} = §(A\(X)). [by Theorem 2.1]

This ends the proof. O

LEMMA 2.4. The function A defined by (10) is convex and differentiable.
Moreover, its gradient at X € S" is Pg: (X).

Proof. The function ¢ defined by (11) is obviously convex on R". Then [8,
Corollary 2.7] yields the convexity of A on S”. The differentiability of A and the
formula for the gradient follow from Theorem 1.5. O

Remark 2.5. This result is actually independent of spectral functions prop-
erties: it holds if S is replaced by any closed, convex cone. See more about the
properties of the Moreau regularization in [6, Ch. XV].

2.3. DIFFERENTIABILITY OF THE PROJECTION

Studying differentiability of Pg: amounts to studying second-order differentia-
bility of A = ¢ o A\. The point is that 6 o A is a spectral function and this makes
things easier: we have a characterization of twice differentiable spectral func-
tions and an easy-to-use formula for their Hessian.

We begin by recalling the nature of objects that come into play. When it
exists, the derivative of Pg: at X, VPg (X) is a linear function from S” to §". The
second derivative of § o \ at X, V2 (6 o N) (X), is a 2-tensor on S”. Notice that
these derivatives are connected by the following equation

VHi Hy €S, V280 N)(X)[H:, Hy] — <VPS,i (X) [Hl]H2>. (12)

In the rest of the paper, we identify these objects via this identity. We now
introduce a map that plays an important role in the description of the gradient
and the Clarke generalized Jacobian of Pg:.

DEFINITION 2.6 (The map B(x)). For any x € R’l’ with nonzeros entries (p
positive, ¢ negative, where p + ¢ = n), we define the matrix B(x) € S” as follows:

o Ifi <p,j<p,then B/(x) =1;
o Ifi>p,j>p,then B’(x) =0;
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o Ifi <p,j>p,then B/(x) = x;

! Xif (X = X;);
o Ifi>p,j<p,then B'(x) =x;/

(Xj — X,’).

THEOREM 2.7. For any X € S" the following are equivalent:
(1) Pg: is differentiable at X,

(i) A =6 o X is twice differentiable at X,

(ii1) X is nonsingular.

In that case, the functions  © A\ and Pg: are actually C” in a neighbourhood of
X, and

VP (X) = U(Diag(lz)B(A(X))) uT, (13)

for any U € O(n)~.

Proof. By Lemma 2.4, the differentiability of Pg» at X € S" is equivalent to
the twice differentiability of A at X. By (11), the function ¢ is twice differentiable
at x = (x;); if, and only if, each x; is nonzero. Theorem 1.5 implies that A is twice
differentiable at X if, and only if, the function ¢ is twice differentiable at A(X),
and that happens if, and only if, O is not an eigenvalue of X.

Since 6(x) is C* at a vector x with nonzero coordinates, we obtain by [15,
Section 3] that 6 o A\ and Pgi are C” at a nonsingular matrix X.

We now compute the Hessian of § o A at a nonsingular X € S”. For a vector
x € R} with nonzero coordinates (the first p strictly positive), we have:

V25(x) = <%&) , (14)

and it is easy to see that
DiagV?V26(x) = Diag? V25 (x). (15)

Now, using (8), we compute the matrix A(x):

If i = j, then A" (x) = 0. )

If i < p,j<p,with i # j, then A”(x) = 1.
If i > p, j> p, then A’ (x) = 0.

If i <p,j>p,then A'(x) = x;/(x; — x;).
o Ifi>p,j<p,then A(x) = x;/(xj — x;).

Combining that with Equations (14) and (15), and letting x = A(X), particularizes
(7) into (13), and completes the proof. O

At the very beginning of the paper, we stated that Py is differentiable almost
everywhere. This property can be checked using Theorem 2.7 and the fact that
the set of singular matrices has a (Lebesgue) measure zero, see Corollary 1.6.
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2.4. STUDY OF B

In this subsection we present several technical properties of 5(x) and define two
subsets of M" that will be useful in the sequel. We start with the following
observation.

LEMMA 2.8. Let x € R’l‘ be with nonzeros entries: p positive and q negative
(p + q = n). Then the entries of the matrix B(x) are in the closed interval [0,1]
and form nonincreasing sequences in each row (considered from left to right)
and each column (from top to bottom).

Proof. Write x = (A\1,..., A\p, Ups1s---, My) With

M>X> >N >0> iy >y >0 > iy

Using the expressions for the entries of B(x) in Definition 2.6, one can see that
the only case to study is i < p and j > p. In that case we have

i Ai )‘l/u
B0 =y =577
A= A/ —1

Notice that the ratio \;/u; is negative and

NN .

L — <

W S whenever i<j < p,le{p+1,...,n}
ﬁSﬁ whenever p < i < j,l€{l,...,p}.

Hi o 1y

Since the function y—y/(y — 1) is decreasing on the interval (—oo, 0), with
values in (0,1), the proof is complete. |

This property leads us to define the following sets:

e By Dyo}(m) we denote the finite set of m x m symmetric matrices with
entries from the set {0,1} such that the entries in each row (considered from
left to right) or column (from top to bottom) form a nonincreasing sequence.

e By Djy(m) we denote the convex set of m x m symmetric matrices with
entries from the interval [0,1], with the same property of nonincreasing rows
and columns.

For example,
P®={(o o) (o o) (1 o) (i 1)}
== \o o/)'\o o/)7\1 o)'\1 1

a b
Dio1y(2) = b . la,b,c,e[0,1]anda > b > cp. (16)

and

The next corollary is immediate.



282 JEROME MALICK AND HRISTO S. SENDOV

COROLLARY 2.9. For any x € R}, the matrix B(x) is in Djoy(n). Moreover,
any m x m submatrix of a matrix in Djoy(n) is an element of Djoy(m), m < n.

Trivially, Dyo;y(m) C Dyyj(m), and the following result gives the precise
relationship between Dygy) (m) and Dy (m).

LEMMA 2.10. For any m € N, we have

D[Ol] (m) = COHV(D{OI} (m)) .
The elements of Dyg)(m) are the extreme points of Diy;j(m).

Proof. Let {E; |1 < i < j < m} be the standard basis for the set of m x m
symmetric matrices. That is, if i # j, then E;; has one in positions (i, j) and (j, i)
and zero everywhere else; and if i = j, then E;; has one in position (i, i) and zero
everywhere else.

Take any matrix Q € Djy;)(m). We will express it as a convex combination of
matrices from D{Ol}(m). If Q is the all-zero matrix, we are done. Otherwise,
define the matrix B € Doy (m) as follows

Bij —_ 17 if Qij 7& Oa
0, otherwise.

Next, we find basic matrices E; ;,, ..., E; ; such that

o B=) i Eijs . o

e Forevery / € {1,..., s}, the sum of the first / of these basic matrices is in
D{Ol}(m) (this implies that (i1, j;) = (1, 1));

o QW <Qrvt forallr € {2,...,s).

Now define
i
B) =) Ey, forall [=1,2,. s
k=1

We will express matrix Q as a convex combination of the matrices (BY}f_,in
s steps. Three points about the notation should be immediately clear: B? =
B, Q" >0, and Q 0 E;;, = Q"'E;; forall r € {1,2,..., s}.

In the first step, we let a; = Q"' € [0, 1] and define

B,l:ole?, forall I=1,---s.

The fact that the zero matrix is in Dyo;y(m) implies that these matrices are in
conv (Do (m)). Notice that we have
BllOEiljleOEfljl for / :1,2,...,5‘,
B} oE;;, = Q"E,;; for 1 <g<I<s,
B} oE 0 for 1< < g<s.

lglg —

If s = 1, we are done, thus suppose that s = 2.
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Suppose that on the (r — 1)-st step we defined the matrices
{B;‘1 l=r—1,r-s}

with the following four properties:

6] B}'_l € conV(D{m}(m)) foralll=r—1,r,---, s

(i1) B”*l oE;; =QokE;; forall land g suchthatg <r — 1 <[ <
(iii) B! o E;j, = Q" V'E;; forall /and g such thatr — 1 < ¢ <[ < s
(iv) Bj "' oE;j, =0 forall l and ¢ such that r — 1 < /< g <.

On the rth step, since 0 < Q™ < Q1 set o, = Q™ /Q'17-1 € [0, 1] and
form the convex combinations:

B = aB + (1 —0y)BZ}, forall I=rr+1,-s

We now check that {B;: [ =r, r + 1,---, s} satisfy the four properties in the
indiction hypothesis.

(i) The fact that B} € conV(D{Ol}(m)) forall [=r,r+1,---,s is clear from
the definition.

(i1) For fixed indexes / and ¢ such that g < r < [ < s (the case g = r is covered in
Property (iii) below), we have

B oE;; = (oc,.B}'*l + (1 —y)B.” }) oEj, [by the deﬁr'l.ition of B;]
= Oé;Q qlq ( - Oy )Q igq [by PropertY(ll)]
=Qo Elqj,,
(ii1) For fixed indexes [ and g such that r < g < [ < s, we have:
B/ oE; = (B '+ (1 —,)B.Z}) o E;;, [by the definition of Bj]
= o, Q" U E; ;. + (1 — a,)B)”| o E;, [by Property (iii)]
= Q" VE; ; [by Property (iv)]
= Q"'E; ;. [by the definition of o]

lgfg—

(iv) For fixed indexes / and ¢ such that r < [ < g < s, by Property (iv), we have:

BjoE;;, = (:B;"" + (1 — ,)B.Z}) 0 E; j, = 0.
With this the induction is complete. After s inductive steps we define the

matrix BS € conv(Djgyy(m)) with the property that

B{oE;; =QoE,;, forall 1<g<s.

lqj

Summing over all ¢’s we get that B} = B o B{ = 0 o BY = Q.
The second claim in the lemma is clear. O
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NOTE 2.11. Denoting by Z(n) the set of all n X n symmetric matrices with
entries from the interval [0, 1], it is easy to see, using Example (16), that, in
general, the following inclusion is strict conv(P" * Dio13(n)) G Z(n). o

LEMMA 2.12. (a) For any A € Dyyy(m), there is a sequence of vectors
{xk }1(30:1 in RY" converging to 0, with each x* having distinct, nonzero coor-
dinates, and such that

lim B (xk) = A.

k—o00

®) If {xk} i=1 Is any sequence of vectors in R’f with nonzero entries, for which
the sequence {B (xk) };C:l converges, then the number of positive (and therefore
negative) coordinates of x* is constant, for all large enough k.

Proof. (a) Suppose that matrix A has r; ones in the first row, r, in the second
and so on. It is clear that n = rr; = r, =2 -+ 2 r, 2 0 and that vector (r{, 15, . . .,
r,,) uniquely determines A. Define p = max (¢ | r; 2 t}. Informally, this is the size
of the largest principle submatrix, with every entry equal to one, that we can find

in the upper-left corner of A. For each j € {p + 1,..., n} define the sequence
1
Xf:—m, k: 1,2,...,

and for each i € {1,---, p}, define the sequence

& 1

i Jentp—ri+0.5 7

k=1,2,....

Then, for every k the symmetric matrix B(x*) is given by
o Ifi<p,j<p,thenB':’(xk):1;
e Ifi>p,j>p,then B’/(xk)zo;
o Ifi <p,j>p,then B”(xk) = 1/(1 —|—/<j*”"*0'5).

It is easy to see now, that B (xk) converges to A.

(b) Let p; be the number of positive entries in the vector x*. Assume the
sequence {p,} does not become constant from some point on. Since p; iS an
integer between 1 and n, there are two integers s and ¢ (1 < s <t < n) that appear
infinitely many times in the sequence. Without loss of generality, we may assume
that the constant subsequence with elements equal to s (resp. 7) is po; (resp.
Pak+1)- The fact that

Btt(XZk) —0 and Btt(x2k+l) _ 17

contradicts the convergence of {B(xk) } o
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3. Clarke Generalized Jacobian

In this section, we compute the Clarke generalized Jacobian [1, Section 2.6] of
the projection onto S, defined by

GCPgi (X) = COIlV{klim VPSi (Xk) N | Xy — X, VPSHr (Xk) exists, XkﬁN},
—00

(17)

where N C S§" has Lebesgue measure zero. The fact, that the definition of the
Clarke generalized Jacobian does not depend on the choice of the null set N, is
part of [13, Theorem 4].

By Corollary 1.6, the set of matrices in §" with multiple eigenvalues has
(Lebesgue) measure zero. Thus, we may assume without loss of generality, that
the set N in (17) contains the set of all symmetric matrices with repeated
eigenvalues. Also, by Theorem 2.7, for the gradient VP st (X¢) to exist, the matrix
X, must be nonsingular. These two observations are behind point (ii) in the
definition of C(X) below.

Remark 3.1 (X Non-singular). Notice that the generalized Jacobian is already
known at non-singular matrices. Let X be a nonsingular matrix in S". Theorem
2.7 states that 6 o A and Py are C” at X and therefore

dcPs. (X) = { VP, (x)} = {o(n* - (Diag"?B(AX)) ) }. (18)

where the second equality follows from Equation (13). In Theorem 3.7, we
generalize this formula for an arbitrary matrix X.

3.1. SIMPLER REPRESENTATION OF THE GENERALIZED JACOBIAN

In this subsection we will derive more convenient representation of the right-
hand side of Equation (17). For any X in S”, we denote by C(X) the set of
sequences in S" with the following three properties:

(i) {Xi}r=o converges to X;
(i) X, is nonsingular and has distinct eigenvalues for every £;
(iii) The limit lim;_., B(A(Xy)) exists.

We introduce the set of all possible such limits
£00 = { Jim BO) | ()2 < €00 (19)

LEMMA 3.2. Let X € §". Then
cPs: (X) = conv{O(n)X : (Diag<12)£(x)> } (20)
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Proof. Denote the right-hand side of Equation (17) by £. The inclusion D is
easy. Indeed, take U € O(n)*, B € £(X), and let X, be a sequence in C(X), such
that B(X;) tends to B. Then, for every k € N set

Y, = U(Diag A(X))U ",
and note, using Equation (13), that

VPy, (vi) = U (Diag?B(X,)) ) UT — U (Diag?B) U

Hence U (Diag(lz)B) UT € &€ and the inclusion is proved.
To prove C, take M € £ and a sequence {X;} of nonsingular matrices with
distinct eigenvalues converging to X, such that

Let X; = U (Diag A(X))U, + be the ordered spectral decompositions of the X;. By
Theorem 2.7, Limit (21) becomes

lim U (Diag(lz)B(/\(Xk))>UkT = M. (22)

Now, we extract subsequences from X;:

e Since the orthogonal group is compact, there is a subsequence, (denote it
again by {X;}) for which {U,} converges to some U € O(n). Moreover, by
continuity of the eigenvalues on S” (see, e.g., [14, Section 2.3.1]), we have that
X = U(Diag M\X))U".

e By Lemma 2.8, the sequence {B(A(Xy))} is bounded and therefore we may
take a subsequence (denote it again by {X;}), such that B(\(X))) converges to
some B € Djy;)(n).

Passing to the limit in (22) we obtain M = U (Diag(lz) B)U', and the second

inclusion is proved. |

3.2. PROPERTIES OF THE SET £(X)

Let X be in S” and recall Identity (1): px + gx = n — nx. Let also

)‘(X) = ()‘I(X)v ce 7>‘Px (X)’Oa e ,0, “Px+nx+l(X)a e a#n(X))v (23)

where there are ny zeros in between. We define two subsets of S”, denoted by
Dyo13(X), Djorj(X), respectively, of all matrices of the form:

px X px 1 pxXnx A

1 nx X px S(nx) Onx X gx ) (24)

T
A Oprne | Ogrxar
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where S(nx) is equal to Dyoyy(nx), Dpoyj(nx), respectively, and the py x gx
matrix A has entries

Ai

AT =
)\i — Hpx+nx+j

, foralll <i<py, | <j<gy.

EXAMPLE 3.3.
e If X is the zero matrix in M", we have
D{m}(X) = D{m}(”) and D[m](X) = D[m](”)-
e If X is non-singular, observe from Definition 2.6 that we have
Dio1}(X) = Dpoy(X) = {B(AX))}. O
The goal in this subsection is to prove the inclusions
Doy (X) € L(X) € Dpyy(X),

where the set £(X) is defined by Equation (19). The next two propositions show
the first and the second inclusions, respectively.

PROPOSITION 3.4. Fix a matrix X in S". For any A € Dy;1(X), there exists a
sequence {X,} in C(X), such that limy_., B(A(Xy)) = A.

Proof. Let X = U (Diag AX)U" be an ordered spectral decomposition of X,
where vector A(X) is described by (23). Since A € Dyo(X), A has a block
structure as described by (24). Let B € Dyg;y(nx) be the central block in this
representation. Applying Lemma 2.12 with m = ny and B gives a sequence
(X ¢ R* converging to 0 € R™ with each vector +* having distinct, nonzeros
entries, such that lim;_.., B(x*) = B and such that the number of positive entries
of x* is constant for every k. Define

1 1
dk: (Al(X)+p7xa"'7)\Px(X)+E7xknu'l7x+"x+1(x> _i_qTX’,/,Ln(X)—Fz),

and X, = U(Diag d)U". Then, for k large enough, X} has distinct eigenvalues and
the sequence {X;} converges to X. Furthermore, for all large enough k£ we have
A(Xy) = d € R|. Finally, using Definition 2.6, it is not difficult to see that
limg_.o B(A(Xx)) = A. Clearly, {X;} is in C(X). O

PROPOSITION 3.5. Let X € S" and let {X;} € C(X) be such that {B(A(Xy))}
converges to B, then B lies in Djg;)(X).
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Proof. By the second part of Lemma 2.12, we may suppose without loss of
generality that px, = p. By continuity of eigenvalues on S” (see, e.g., [14, 2.3.1])
and the fact that {X;} converges to X we get py < p < px + ny. Let

AXy) = ()\'f, .. .,/\];,MI;H, . ,uﬁ),and
AMX) = Ay Mgy 0y oo o0, Ll tng 15+ - -5 1),
We compute B = limy_... B(A(Xx)) by considering several cases.
e Ifi < pyandj < p, then BY(\(X;)) = 1 for all k implies that BY = 1;
o Ifi <pyandp<j < py+ny, then B/(A\(X;)) = N/ (M — 11§ ) implies Bj; = 1;
e Ifi < pyand px + ny < j, then Bij()\(Xk)) = )\f‘/()\f - ujk) implies BV = );/
(N = )
e The principle submatrix of B(A(X})) formed by the entries with indexes i, €

{Px+1,---,Px + nx} is, by Lemma 2.8, in the set Djoj(ny). Since Djgy)(nx) is
closed, the same submatrix of B will also be in Dy (nx).

o If py<i < pandpy + nx <j, then BY/(\(X;)) = M /(M — ujk) implies BY = 0;
e If p <iand py+ ny <j, then BY(\(X;)) = 0, and then BY = 0.

Since B is a symmetric matrix, we have its complete description, which shows
that B € D[Ol] (X) O

We summarize the results in this subsection in the following proposition.
PROPOSITION 3.6. For any matrix X € §" we have the inclusions
Dyo13(X) € LX) C Djoyy(X).

If, in particular, X is nonsingular, the inclusions hold with equalities

Diory(X) = LX) = Dpoyj(X) = {B(AX))}-

3.3. A FORMULA FOR THE CLARKE GENERALIZED JACOBIAN

We are now in a position to compute the Clarke generalized Jacobian of Py at
an arbitrary symmetric matrix X.

THEOREM 3.7 (Clarke generalized Jacobian). Let X be any n X n symmetric
matrix. The Clarke generalized Jacobian of P, the projection map onto the
cone of positive semi-definite matrices, at X is

dcPs, (X) = conv(O(n)™ - (Diag!" D1} (X)), (25)

where Dyo1y(X) is defined by (24).
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Proof. By Proposition 3.6, we have the inclusions
Do (X) € L(X) € Dyoyy(X).

Applying the Diag"'? operator and conjugating, we get
O(n)* - (Diag"'?Dyg1y (X)) € O(n)* - (Diag"? £(X))
< O(”)X ’ (Diag<'2>D[Ol](X)).
Taking the convex hull throughout, we get
conv(O(n)" - (Diag!?'Dygy}(X)))
C JcPs (X) [by Lemma 3. 2]
C conv(O(n)” *
(O(n)” - (Dlag conV D{Ol}(X))) [by Lemma 2.10]
= conv(0(n)* + (conv Dlag D{Ol}(X))) [since Diag('?) is linear]
(O(n)” + (Dlag D{m}( ))) [by Lemma 1.4(if)]

Thus, we must have equalities throughout and the result follows. O

EXAMPLE 3.8 (X = 0). In particular, when X = 0, we obtain the formula
OcPy (0) = conv(O(n) * (Diagm)D{m}(n))).

EXAMPLE 3.9 (X nonsingular). When X is a nonsingular matrix in $” Formula
(25) reduces to Formula (18) via Proposition 3.6.

Remark 3.10 (What about Pg, ?). We can adapt this study to obtain similar
results about Py — the projection onto the cone of negative definite matrices.
This projection is also differentiable at any nonsingular matrix X and its gradient
at X is expressed via

VP (X) = U(Diag"B'(A(X)) U,

with U € O(n)* and B'(x) € §" defined for any x € R with nonzeros entries (p
positive, g negative, and p + ¢ = n) by

Ifi < p,j <p, then BY(x) = 0;

Ifi > p,j>p, then BY(x) = 1;

o Ifi <p,j>p, then BY(x) = x;/(x; — x;);

o Ifi>p,j<p, then BY(x) = x;/(x; — x).

Further results for Pg» follow, in an analogous way as those for Pg: . Notice that

we also can retrieve the differentiability properties of Ps: from those of Pg: via
Theorem 2.2.
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4. Interchanging the Conjugation and the Convex Hull

Looking at Formula (25), one is tempted to exchange the operations of taking the
convex hull and taking the orbits under the action of O(n)*. In this section we
address this issue. We show that if the multiplicity of the zero eigenvalue is zero
or one we can exchange conv with O(n)*, but if the multiplicity is at least two
we, in general, cannot exchange these operations.

4.1. BLOCK DIAGONAL AND BLOCK CONSTANT MATRICES

Let X be a symmetric matrix with eigenvalues

MX) ==X (X) > N1 (X) = - = A (X) > Ap1 (X) -+ A (X)),

7

where k, = n. The indices of the equal eigenvalues partition the set {1,...,n} in
to r blocks I1 = {1,2,....k},.... [, = {k—1+1,...,k}.

A matrix M is said to be block constant it M'> = M/V> whenever i;, j; are in
the same block and i, j, are in the same, possibly different, block. We say that a
matrix is block diagonal when it has r square blocks on the diagonal with sizes
equal to the sizes of the sets Iy, .. .,I,, and zeros elsewhere. We denote by O(X,n)
the group of all block diagonal orthogonal matrices. We need the following two
lemmas.

LEMMA 4.1. For any block constant matrix M and any block diagonal
orthogonal matrix U we have U (Diag(lz)M YUl = Diag('? M.

Proof. This lemma is a particular case of Lemma 5.3 in [12]. It follows easily
from the definitions. a

LEMMA 4.2. Let U be a arbitrary matrix of O(n)*. We have the representation
o)X = U O(X,n).

Proof. Observe that if V € O(n)X, then UV is a block diagonal, orthogonal
matrix. Thus, we have UTO(n)* € O(X, n) or, equivalently, O(n)* c U,O(X, n).
The converse inclusion follows from definitions. |

Thus, with U € O(n)*, we can write
(9CPS1 (X) = COHV(O(”)X ) (Diag(lz)p{m}(X)))

=U"* conv(O(X,n) - (Diag(12)D{01}(X))).

We see that conv and O(n)* can be interchanged, if and only if convand O(X, n)
can be interchanged.
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4.2. DIFFERENT MULTIPLICITIES OF THE ZERO EIGENVALUE

Recall that px, gx are the number of positive and negative eigenvalues
respectively and that ny is the multiplicity of zero eigenvalue. Notice that

e if ny =0, the set Dyy;)(X) has one element (namely B(A(X))),
e if ny =1, the set Dy} (X) has two elements.

Observe also that, in these two cases, every matrix of Dyg;;(X) is block constant.
Using Lemma 4.1 the following result then becomes clear.

THEOREM 4.3. Let X be any n X n symmetric matrix having eigenvalue zero
with multiplicity zero or one. The Clarke generalized Jacobian of Ps., the
projection map onto the cone of positive semi-definite matrices, at X is

OcPs: (X) = U(Diag"? Dy (X)) U”, (26)
where Dyy,)(X) is defined by (24) and U € O(n)*.

When ny = 2, in general, we cannot interchange the operations conv and
O(n)* in Formula (25). We do have that
O(n)* - (Diag!"Dygy () = O(n)" - conv(Diag " Dyor} (X))
S conv(O(n)" - Diag(lz)p{m}(X)),
where the first equality follows from Lemma 2.10 and the inclusion from Lemma

1.4(i). We show that the inclusion is strict in general, by showing that the set
o(n)* - (Diag"?Dygy (X)) is not convex when X is the 2 x 2 zero matrix.

PROPOSITION 4.4. If X is the 2 X 2 zero matrix then the set
O(n)* + (Diag!"? Dy (X)) (27)

is not convex.
Proof. Define

T(a,b,c) = (Z [C’)

as well as

([ cos(¢p) —sin(¢) N [ cos(¢p) sin(¢)
U(¢) = (sin(gi)) cos(¢) ) and V(¢) = (sin(gb) —cos(¢)>'
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Then we have

2" =0(2) ={U(¢)|0 < ¢ < 21} U{V(¢)]0 < ¢ < 27},
= b,c)|a,b,c€[0,1]anda = b = c}.

For given parameters ¢, a, b and ¢, direct computation shows

U(¢) : (Diag(IZ)T(aabvc)) = V(¢) ) (Diag(lz)T(a,b,C)%

implying that it is enough to work only with the matrices U(¢). Consider two
particular entries in this 4-tensor:

f(¢,a,b,¢) = (U(¢) - (Diag"? T (a,b,c))),
8(6,a,b,¢) = (U() - (Diag! VT (a,b,0)))

Using Equations (4), (5) we compute f and g explicitly:
f(é,a,b,¢) = cos’(¢) sin (¢)(a — b) + cos(¢) sin’ (¢)(b — ¢),
g(¢.a,b,c) = cos*(¢) sin’(¢)(a — b) — cos’(¢) sin’(¢)(b — c).

Consider the following two points

(—3V/3/16,3/16)

(—3V/3/16,-3/16).

M, = (f(57/6,1,0,0),g(57/6,1,0,0))
M, = (f(47/6,1,1,0), g(47/6,1,1,0))

To show that (27) is not convex, it is sufficient to show that the middle,
(—31/3/16,0), of the segment [M,, M,] is not in the set

{(f(¢,a,b,c),g(¢p,a,b,c)) |0 < ¢ < 2m 0 < a,b,c < 1}.
Suppose on the opposite that there are values of ¢, a, b and ¢ for which
(f(¢,a,b,c),g(¢,a,b,c)) = (—=31/3/16,0). The fact f(¢, a, b, ¢) # 0 implies that
cos (¢) # 0 # sin (¢). Then, g(¢, a, b, ¢) = 0 implies that

a—b=b-c, (28)
and substituting that into f(¢,a, b,c) = —3/3/16 we get

cos(¢) sin(¢)(a — b) = —3/3/16.

The last equation is equivalent to

sin(2¢)(a — b) = —3V/3/8.
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Notice that since a, b, ¢ € [0,1], Equation (28) also implies that |[a — b| < 1/2.
This gives us the contradiction [sin(2¢)| = 3v/3/4 > 1. Thus the middle of
U(5n/6) * Diag"? T(1,0,0) and U(4n/6) * Diag"'® T(1,1,0) does not lie in O(n)*-
(Diag!"? Dy (X)). 0
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