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Abstract

In the realm of multiprocessor systems, the evaluation of interconnection network
reliability holds utmost significance, both in terms of design and maintenance. The
intricate nature of these systems calls for a systematic assessment of reliability met-
rics, among which, two metrics emerge as vital: connectivity and diagnosability.
The R,-conditional connectivity is the minimum number of processors whose dele-
tion will disconnect the multiprocessor system and every processor has at least g
fault-free neighbors. The R,-conditional diagnosability is a novel generalized con-
ditional diagnosability, which is the maximum number of faulty processors that can
be identified under the condition that every processor has no less than g fault-free
neighbors. In this paper, we first investigate the R,-conditional connectivity of gen-
eralized exchanged X-cubes GEX(s, ) and present the lower (upper) bounds of the R,
-conditional diagnosability of GEX(s, ) under the PMC model. Applying our results,
the R,-conditional connectivity and the lower (upper) bounds of R,-conditional
diagnosability of generalized exchanged hypercubes, generalized exchanged crossed
cubes, and locally generalized exchanged twisted cubes under the PMC model are
determined. Our comparative analysis highlights the superiority of R,-conditional
diagnosability, showcasing its effectiveness in guiding reliability studies across a
diverse set of networks.

Keywords Reliability - R -conditional restriction - PMC model - Fault tolerance -
Generalized exchanged X-cubes

1 Introduction

Increasingly, the complex functionalities of emerging real-time applications, such as
in automotive, industrial automation, and robotics domains, require multiprocessor
systems (MPS for short) to be implemented. Compared to the uniprocessor, multi-
processor systems provide a multitude of advantages, such as superior performance
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and reliability, enhanced reconfigurability, and scalability. With advancements in
very large-scale integration (VLSI for short) and software technologies, multipro-
cessor systems may incorporate tens of thousands of processors. However, as mul-
tiprocessor systems scale up, the likelihood of processor failures doubles or even
grows geometrically. Once the processor fails, it may significantly compromise the
reliability of the system, such as data transmission failure, packet loss, and increased
latency. It is important to quantify the effect of the faults so that fault-tolerant
designs can be pursued. One fundamental criterion in the design of MPS is reli-
ability [1]. However, the accurate identification and replacement of faulty processors
remain a key challenge in maintaining the system’s reliability.

As we all know, connectivity refers to the ability of the interconnection network
to establish and maintain communication between processors when failures occur,
which is an important metric to assess the fault tolerance of MPS. In general, con-
nectivity is denoted by x(G), which is the minimum number of processors that make
the system disconnected. However, the traditional connectivity in actual network
applications has been subject to significant limitations. Specifically, it overlooks the
practical possibility of all adjacent processors to a processor malfunctioning simul-
taneously [2]. To overcome this drawback, Esfahanian and Hakimi [3] introduced a
novel measure known as the restricted connectivity, which restricts the simultaneous
failure of adjacent processors of arbitrary one processor. Subsequently, Latifi et al.
[4] proposed a generalized restricted connectivity notion, the g-restricted connec-
tivity (i.e., R,-conditional connectivity), which mandates that each processor should
have at least g fault-free neighbors in the system. The R,-conditional connectivity
offers a more refined and comprehensive means of evaluating the resilience and
robustness of a multiprocessor system against failures.

In addition, system-level diagnostics is a crucial technique to diagnose a system,
as it enables the identification of all faulty processors within the system. Such a fault
location method, based on test outcomes, possesses the potential for real-time diag-
nostics and can be automated. The diagnosability of a system is a pivotal metric
in assessing its reliability, which refers to the maximum number of faulty proces-
sors that the system can self-identify. A system is said to be r-diagnosable when
all faulty processors can be accurately detected, provided that the number of faulty
processors does not exceed ¢ [S]. The PMC model, proposed by Preparata et al. [5],
is utilized to identify the faulty processors. To execute fault diagnosis in a system,
this model assumes that a processor, acting as a tester u, sends a test message to its
neighbor, acting as a testee v, where the ordered pair (i, v) represents the test. When
u is fault-free, the outcome of (u,v) can be used to deduce the state of v. Specifi-
cally, if the outcome of (u,v) is 1 (resp. 0), then v is faulty (resp. fault-free). How-
ever, if u is faulty, then the outcome of (u, v) becomes unreliable, rendering the state
of v unreliable as well. Meanwhile, Maeng and Malek [6] proposed a comparison-
based model, the MM model, for diagnosing a system. In this model, a processor
w called comparator, sends the same test to its neighbors u#, v and then compares
their responses. Assume that such a comparison is denoted by (u,v),,. Specifically,
(u,v),, =0 (resp. (4, v),, = 1) indicates that the test outcomes for # and v are iden-
tical (resp. distinct). For a fault-free comparator w, (u,v),, = 0 implies that both u
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and v are fault-free, whereas (u, v),, = 1 reveals that there exists at least one faulty
processor between u and v. If the comparator w is faulty, then the result of (&, v),, is
unreliable. Based on the MM model, Sengupta et al. [7] introduced the MM * model
as a special case of the MM model, in which each processor must test any pair of
adjacent processors. In this paper, we focus on the PMC model for diagnosing faulty
processors in a system.

The distribution pattern of faulty processors has a significant impact on the diag-
nosability of a system. However, the classical diagnosability of a system is often
limited due to the lack of restrictions on the distribution pattern of faulty processors.
To address this limitation, Lai et al. [8] introduced the concept of conditional diag-
nosability, which imposes a restriction on the system such that all the neighbors of
any processor cannot be faulty at the same time. Peng et al. [9] further extended this
concept by proposing the g-good-neighbor conditional diagnosability, which aims
to identify the maximum number of faulty processors under the condition that every
fault-free processor has at least g fault-free neighbors. Over the years, researchers
have conducted extensive studies on the conditional diagnosability and g-good-
neighbor conditional diagnosability of various interconnection networks, such as
star graph, alternating group networks, BC networks, dual cubes, and so on [4,
10-17]. In particular, Guo et al. [18] proposed a novel generalized system-level
diagnosis measure called R,-conditional diagnosability, which assumes that every
processor has at least g good neighbors. This measure builds upon the concept of
g-good-neighbor conditional diagnosability and extends it to cover a broader range
of scenarios. Guo et al. also conducted a study of the R,-conditional diagnosability
of hypercubes under the PMC model. That is, the R,-conditional diagnosability of

n-dimensional hypercubes under the PMC model is s?¢(n — 2g) + 2%6~! — 1. Later,
Wang et al. [19] proposed that the lower bound of R ,-conditional diagnosability of
n-dimensional hypercubes is 22672(2n — 2% + 1) + (n — g)2¢~! — 1 under the PMC
model when g > 1and 2% < n — 1. Yuan et al. [20] studied the relationships between
the Rg-conditional connectivity x8(G) and the Rg-conditional diagnosability th(G)

under the PMC model and MM* model and showed that 7 (G) = k2 (G)+ g

under some reasonable conditions, except tz (G) under the MM* model. They also
investigated the R, -conditional diagnosability of star graphs and bubble-sort graphs
under the PMC model and MM* model. In addition, Yuan et al. [21] also investi-
gated the R,-conditional diagnosability of general networks, such as hypercubes and
exchanged hypercubes under the PMC model, and presented the lower and upper
bounds of R,-conditional diagnosability of networks under some reasonable
conditions.

The study of fault tolerance in interconnection networks is of great importance
for improving the reliability and stability of computer systems. Recently, Li et al.
[22] proposed a new framework, called the generalized exchanged X-cubes GEX(s, t),
which enables the construction of network architectures using various connecting
rules. The g-good-neighbor conditional diagnosability of the generalized exchanged
X-cubes framework was also determined under the PMC model and MM* model.
Generalized exchanged X-cubes possess several excellent properties, including
small diameter, fewer edges, low cost, and low latency. These properties indicate
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that the framework offers a well-balanced consideration of the network’s hardware
and communication costs. In addition, the generalized exchanged X-cube GEX(s, t)
is designed around the BC network, comprising three principal interconnection net-
work types: generalized exchanged hypercubes [23], generalized exchanged crossed
cubes and locally generalized exchanged twisted cubes (the detailed definitions are
provided in Sect. 5). As shown in Fig. 1, the dual-cube-like network is a special
case of generalized exchanged hypercubes, which has attracted several researchers
to study its properties [24]. Also, the locally exchanged twisted cube [25] is a novel
interconnection that scales upward with lower edge costs than the locally twisted
cube and provides more interconnection flexibility. Observably, the generalized
exchanged X-cube framework integrates numerous established, contemporary, and
extensively embraced interconnection networks. This emphasizes the need for a
thorough investigation into the reliability of GEX(s, ), which stands as a universal
approach for analyzing reliability across diverse networks.

To further enhance the reliability index of generalized exchanged X-cubes, this
paper investigates the R, -conditional connectivity and establishes the lower and
upper bounds of R,-conditional diagnosability under the PMC model. Overall, our
study demonstrates the usefulness and applicability of the R,-conditional diagnos-
ability measure for evaluating the reliability of various interconnection networks.
The major contributions of our work are as follows.

e We investigate the R -conditional connectivity of BC networks and generalized
exchanged X-cubes GEX(s, 1).

e We establish the lower and upper bounds of R,-conditional diagnosability of
GEX (s, t) under the PMC model.

¢ Asapplications, we determine the R, -conditional connectivity, and the lower and
upper bounds of R,-conditional diagnosability of generalized exchanged hyper-
cubes, generalized exchanged crossed cubes, and locally generalized exchanged
twisted cubes under the PMC model.

* We compare the R -conditional connectivity (resp. diagnosability) with the tradi-
tional connectivity (resp. diagnosability) and g-good-neighbor conditional con-

Generalized exchanged X-cubes

Generalized exchanged Generalized exchanged Locally generalized
hypercubes crossed cubes exchanged twisted cubes
Exchanged hypercubes

Dual-cube-like | |

network i Exchanged crossed | Locally exchanged !
i cubes i |1 twisted cubes
Dual-cube | :

Fig. 1 The generalized exchanged X-cubes structure contains various popular networks
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nectivity (resp. diagnosability) in GEX(s, ). Moreover, for generalized exchanged
hypercubes, the most typical case of GEX(s, t), we conduct comprehensive com-
parisons involving R,-conditional diagnosability, g-component diagnosability,
and g-extra diagnosability in GEH(s, t), along with evaluating Rg—conditional con-
nectivity against a spectrum of novel connectivity.

e The comparative findings highlight the notable reliability of GEX(s, #) under the
R, restriction, surpassing the performance of a majority of established connectiv-
ity and diagnosability.

Organization. The rest of this paper is organized as follows. Basic notations and
definitions for generalized exchanged X-cubes, R ,-conditional diagnosability, and
other terms are provided in Sect. 2. Section 3 demonstrates the R,-conditional con-
nectivity of generalized exchanged X-cubes. Section 4 shows the lower and upper
bounds of R,-conditional diagnosability of generalized exchanged X-cubes. Sec-
tion 5 gives some applications based on the results regarding the R -conditional con-
nectivity and the R,-conditional diagnosability. Moreover, we draw some compari-
sons in Sect. 6. Finally, we offer some concluding remarks in the last section.

2 Preliminaries

2.1 Terminologies and notations

In this subsection, we provide Table 1 that describes some of the important nota-
tions used in this paper. It is a standard method to regard the multiprocessor sys-

tem as a simple undirected graph G = (V(G), E(G)). For any node u € V(G), we
define the neighborhood Ng(u) of u in G to be the set of nodes adjacent to u. Also,

Table 1 Notations

Symbol Meaning

[n, m] The set of integers {n,n + 1,...,m} wheren < m
V(G) The node set of a graph G

E(G) The edge set of a graph G

(u, v) An edge with two ends u and v

ds(v) The degree of the node v in G (or simply d(v))
G-U The graph obtained from G by removing U C V(G)
G~H Two graphs G and H are isomorphic

G[U] The subgraph of G induced by a subset U C V(G)
6(G) The minimum degree of G

A(G) The maximum degree of G

K, The complete graph with n nodes

F, /\F, The symmetric difference of F, and F,

@ Springer



11406 W.Linetal.

we set Ng(R) = {v e V(G)\R|(u,v) € E(G) and u € R} = J,cxg No()\R and
Ng[R] = Ng(R) U Rwith R C V(G). For neighborhoods, we always omit the subscript
for the graph when no confusion arises. A graph G is called n-regular if deg;(u) = n
for any node u € V(G). G — R is denoted as G[V(G)\R], where R is called a node cut
if G — R is disconnected. Two binary strings u = u,u, and v = v,v, are pair related,
denoted by u ~ v, if and only if u, v € {(00, 00), (01, 11), (10, 10),(11,01)}. The case
that # and v are not pair related is denoted by u ~ v. A component is defined as a
maximally connected subgraph of a graph. A matching M in G is a set of pairwise
nonadjacent edges. M is a perfect matching of G if each node in V(G) is incident
with an edge in M. Given two sets F';, F, C V(G), the symmetric difference of F| and
F,is denoted by F; /\ F, = (F|\F,) U (F,\F,).

2.2 Generalized exchanged X-cubes

In this subsection, we review the definition and properties of generalized exchanged
X-cubes. Since generalized exchanged X-cubes are derived by bijective connection
networks (BC networks for short), we first review the definition and properties of the
BC networks. Specifically, BC networks are a class of cube-based graphs including
several well-known interconnection graphs such as hypercubes [9], Mdbius cubes
[26], crossed cubes [27], and locally twisted cubes [28]. An n-dimensional BC net-
work, denoted by X,, is an n-regular graph with 2" nodes and n x 2"~ edges. The set
of all the n-dimensional BC networks is called the family of the n-dimensional BC
networks, denoted by L,,. X,, and L, can be recursively defined as follows.

Definition 1 (See [29]). The one-dimensional BC network X, contains only two
nodes that form an edge. The family of the one-dimensional BC network is defined
asL; = {X,}. A graph G belongs to the family of n-dimensional BC networks L,, if
and only if there exist V{), V| C V(G) such that the following two conditions hold:

() V(G =VyuV,V,#8,V, #8,V,nV, =@, and G[V,],G[V,]1 € L,_;; and
2) EWV,, V) ={u,v)|ueV,veV,(u,v) € EG)}is aperfect matching M of G.

We illustrate two three-dimensional BC networks in Fig. 2. In addition, for any
X, € L,, there exist V, V, and M satisfying the above two conditions by Defini-
tion 1. It is clear that G[V,)] and G[V,] are both (n — 1)-dimensional BC networks,
as well as E(G[V,]), E(G[V,]) and M are a decomposition of E(X,). Thus, we use
Xs_] (resp. Xrll_]) to denote the induced subgraph G[V,] (resp. G[V,]) and define the
decomposition as X, = G(XS X 1,M)

Lemma 1 (See [30]). Suppose that 0 < g <nandY C V(X,). If 6(X,[Y]) > g, then
Y] > 28

Lemma 2 (See [31]). If S is a subgraph of X,, with|V(S)| = g + 1for 0 < g < n, then
[Ny, (VD] = (g + Dn— £42 ~ 2.
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000 001 000 001
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010 011 010 011
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(a) (b)

Fig.2 Two three-dimensional BC networks

Lemma 3 (See [32]). Suppose that0 < g <n,n > landY C V(X,). If 6(X,[Y]) = g,
then |an[y]| >(n—g+1)28

Next, we introduce the definition and properties of generalized exchanged
X-cubes.

Definition 2 (See [22]). The (s, t)-dimensional generalized exchanged X-cube is
defined as a graph GEX(s, f) = (V(GEX(s, 1)), E(GEX(s, 1))) with s, > 1. GEX(s, t) con-
sists of two disjoint subgraphs L and R, where L consists of 2/ subgraphs, denoted by
Zi for i € [1,2']. Similarly, R consists of 2¢ subgraphs, denoted by I~€j for j € [1,2°].
Moreover, GEX(s, ) satisfies the following conditions:

(1) Foranyl<i<2andl <j <2 L =X,and I~€j = X,. Further, |V(L,)| = 2* and
VR =27 ~

(2) Eachnode in V(L) has a unique neighbor in V(R) and vice versa. In addition, for
distinct nodes in each L;, their neighbors locate in different Rj;

(3) For any two different subgraphs Zi and Zi, with i # i/, there exists no edge
between them. Similar for R; and R, with j # J.

According to Definition 2, we can deduce that |V(GEX(s, 1))| = 2°+**!. Let each
Zi and ﬁj be a cluster of GEX(s, ). Obviously, GEX(s,t) consists of 2/ + 2% clus-
ters. If we contract each cluster into a node, then GEX(s, f) can be abstracted as a
complete bipartite graph K, 5, (see Fig. 3). The edges that connect different clus-
ters are called cross edges. In the following discussion, we consider s < ¢. Thus,
0(GEX(s,1)) = s+ 1 and A(GEX(s, 1)) =t + 1.
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L R L,
L, R, L
L L
R,
2t ot
(a) (b)

Fig.3 a The partition of GEX(s, t), where the rectangle boxes indicate the clusters; b The contraction of
GEX(s, 1), where each cluster is represented as a node

Lemma 4 (See [22]). For any integers 3<s<t and 1<g<s-—2,
tg((E((s, 1) = (s — g +2)28 — 1 under the PMC model.

2.3 The R -conditional diagnosability

Guo et al. [18] proposed a novel conditional diagnosability named R,-conditional
diagnosability, which requires every processor to have at least g good neighbors.
In what follows, some concepts and results on R,-conditional diagnosability of a
system are listed.

Suppose that G is an n-regular graph and a set of faulty nodes is called
a faulty set. Given a node u € V(G), A, is called a forbidden faulty set
of u if and only if A, CN(u) and |A,|>n—g when 0<g<n [33]. Let
R, ={Y C V(G)|A, ¢ Y, A, is a forbidden faulty set of u, for any u € V(G)}. Thus,
if Fe Rg, then every node, including fault-free and faulty nodes, has at least g
good neighbors (i.e., fault-free nodes). A faulty set F is called an R,-conditional
Jaulty set if F € R,. A node cut R is called an R,-cut of G if R € R,.

Definition 3 (See [4]). A system G is R,-connected if G has an R,-cut. The R,-con-
ditional connectivity of G, denoted by k#(G), is the minimum cardinality of all R,

-cuts in G.

Definition 4 (See [18]). A system G is R,-conditionally 7-diagnosable if an arbitrary
pair of distinct R,-conditional faulty sets (Fy,F,) is distinguishable with
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|F|, |F,| < 1. The R ,-conditional diagnosability of G, denoted by th(G), is the max-
imum 7 such that G is R,-conditionally 7-diagnosable.

Lemma 5 (See [18]). For any two distinct indistinguishable R,-conditional faulty
sets Fyand F, of G = (V(G), E(G)), the following conditions are satisfied:

(1) Each component U of F, AN F, has 6(U) > 2g; and
(2) Each component C of V(G)\(F, U F,) has 6(C) > g.

In addition, we give a sufficient and necessary condition for two distinct subsets
F, and F, to be a distinguishable pair under the PMC model.

Lemma 6 (See [34]). For any two distinct subsets F, and F, in a system
G = (V(G), E(G)), the sets F| and F, are distinguishable under the PMC model if
and only if there exists at least one edge from V(G) \ (F, U F,) to F| /\ F,.

3 The R, -conditional connectivity of GEX(s, t)

In this section, we will investigate the Rg-conditional connectivity of GEX(s, ?).
Before that, we first discuss the R ,-conditional connectivity of BC networks X, and
propose Lemma 7 as follows.

Lemma 7 For BC networks X, withn >3 and 0 < g < ng the Rg-conditional con-
nectivity of X,, is k8(X,,) = (n — 8)28.

Proof At first, we prove that k8(X,) < (n — g)28. Let F be a set of all neighbors of
V(X,), that is F = {NX”(u)\V(Xg) foru € V(X,)}. Since X, is an n-regular graph
with 2" nodes, we can deduce that X, — F is disconnected and |F| = (n — g)28. Then,
we now verify that F € R,. Obviously, every node in X, has at least g good neigh-
bors. According to the structural properties of X,, F' is composed of n — g disjoint
subgraphs X,. Hence, each node in F has at most g neighbors u with u € V(F) and

has at least n — g neighbors in X, — F. Further, since g < g andn—g>g,itis

clear that every node in F has at least g good neighbors. Also, each node in
X, —F — X, has at most n — g neighbors in F and n—g > g, thus any node in
X, — F — X, has at least g neighbors in X, — F'. This proves that such an F belongs
to R,

Next, we prove k&(X,) > (n — )28 by induction on g. Assume that S is a mini-
mum R -cut of X, ¥ is the node set of a minimum connected component of X, — S,

and the node set Z=V(X, -S-Y). Let §;=SnV(X'_), Y, =YnV(X'_)) and
Z,=Yn V(X;_l) for i € {0, 1}. It is obvious that the result is true for g = 0. We
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assume that the result is true for g — 1 with g > 1. The following two cases are
considered.

Casel:Y,=0orY, =40.

Without loss of generality, suppose that ¥, =@, that is Y C V(Xg_l). By Lemma 3
and X,=GX° X' M), we can deduce that
INx, (V)| = [Nxo (V)] + Ile (Y)I = Ny [Y][ 2 ((n=1) =g +1)2% = (n — g)2¢
Since S is an R cut it shows that Ny (Y) C S. Thus, |S| > |NX )| = (n— g)2s.

Case 2: Y, #ﬂanle # 0.

Subcase 2.1: Z, # fand Z, # 0.

As S is an Rg—cut of X,, for each i € {0,1}, every node v € Y; U Z, has at least
g neighbors in X, — S, as well as every node u € S; has at least g neighbors in
X, —S. If a node v has at most one neighbor in X’?_l — S (resp. an_l —§), then
v has at least g — 1 neighbors in X,I,—1 — S (resp. Xr?—l —S). Moreover, a node
u € S has at least g — 1 neighbors in X2_1 — S (resp. X’l_l —§), which implies
that S, (resp. §) is an R,_-cut of X0 , (resp. Xl - By the induction hypoth-
esis, [Sy| > [(n—1)—(g— D28~ = (n— 2)287! and IS;] >28"'(n — g). Hence,
S| = 1Sy US| 2 (n — g)2%.

Subcase 2.2: Z, =@ or Z, = @.

Without loss of generality, suppose that Z;#@ and Z, =@. As dis-
cussed in Subcase 2.1, S, is an R, -cut of X1 and |Sy| > (n—g)257 L.
Then, [Spl = XY, = 1¥] — 1Z] and [$,] = [X'_ |~ [¥,]. If IS,] <ISoh then
|Z] < Yol + 12| < |Y1| which is a contradiction. Therefore, [S,| > |S,| and
S| > 2[Sy| = (n — g)2¢.

By the above discussion, we can conclude the R -conditional connectivity of X, is
K8(X,) = (n — g)28. O

Lemma 8 For GEX(s,t) with3 <s<tandl1 <g< [%J, the Rg-conditional connec-
tivity of GEX(s, t) is k$(GEX(s, 1)) < (s — g + 1)28.

Proof By Definition 2, it shows that GEX(s,t) is composed of two disjoint sub-
graphs L and R, where L (resp. k) can be partitioned into 2' (resp. 2*) subgraphs
(clusters). Without loss of generality, suppose that there exists A C V(Z ) such that
GEX(s, )[A] = X,. By Definitions 1 and 2, we can get that |A| = 25, L1 ~ X, and
|N~ A =(- g)2g Moreover, each node in V(L) has an unlque neighbor in V(R)
by Deﬁnltlon 2. For distinct nodes in each L their neighbors of R locate in different

;» where i € [1,2'] and j € [1,2°]. In addition, for any two different subgraphs L
and Ll, with i # i/, the edge between them does not exist, so each node in L has only
one neighbor in GEX(s, ) — L1 Then, we can deduce thathGE,((m_LI A)| = |A| = 28.
Thus, we have

Naxen@| = 1Nz )] + N7, A
= (s—g)2%8+28
= (s—g+ )25
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Since  |NgxplAll =(s—g+ 128 +28 =(s—g+2)2° and |V(GEX(s,1)| =
25++1 5 (s — g +2)28, we can infer that GEX(s, t) — Nex(s.(A) is disconnected and
Ncm(s,;)(A) is a node cut of GEX(s,?). It shows that GEX(s,t)[A] =X,, and thus

8(GEX(5,D[AD) = g. By Lemma 7, Ny, (4) is an Re-cut of I, with 1 < ¢ < | | thus
a(Zl —NzI [A]) > g. From 6(GEX(s,t)) =s+ 1 (s <t) and Definition 2, we can
deduce that 5(@(@ 1) — Z — NGE((M)_Zl (A)>s+1—1>g for any node in
GEX(s,1) = Ly — N, -1, (A). Based on the above discussion, we have
o(GEX(s, 1) — NGE((v »(A)) = g. By Definition 2, for distinct nodes in each Ll, their
nelghbors of R locate in different R For any two different subgraphs R and R, with

Jj#Jj, there exists no edge between them. Hence, it shows that any node in

NGE((s,z)—L, (A) does not have neighbors in NGE((SJ)_L1 (A), but has at least s neighbors

in GEX(s, 1) — Nggy(s.n(A). Since NZ] (A)is an R,-cut of Zl, each node in NZ] (A) has at
least g neighbors in Zl _NZ. (A) and Nggy(,(A) is an R-cut of GEX(s, 7). Hence,
K8(GEX(5,1)) < (s — g + 1)2¢ with1 < g < [EJ and3 < s <1, the lemma holds. O

Lemma 9 For GEX(s,t) with3 <s<tand1 < g < BJ, the Rg-conditional connec-
tivity of GEX(s, t) is k8(GEX(s, 1)) > (s — g + 1)28.

Proof Assume that / is a minimum R,-cut of GEX(s,1). Let Iz =1n V(Z[) and
I~ =In V(ﬁ-) for each 1 <i<?2" and 1<j<2% Then, we will prove that
CAGEX(s.1) = 11| > (s— g + 128 with 1 < g < [ Jands > 3 by the following three

cases.
Case 1: L — I; and R - I~ are connected for each i and j.

We prove thls case by contradlctlon Suppose that |I| < (s—g+ 1)28 - 1.
Since I is a minimum R -cut of GEX(s, 1), it is no doubt that GEX(s,t) — I is dis-
connected. Clearly, a component C necessarily traverses r clusters (i.e., subgraph
Zi or ﬁj), r>1, say B,B,,...,B,. Let I, =B, N1 with a € [1,r]. Accordingly,
C= U;:l(Ba —1,). By Definition 2(2) and (3), we can deduce that at most r — 1
cross edges between B, — I, and Bﬂ\{a} exist, where f = {1,2,...,r}. Moreover,
there are at least 2* — || — (r — 1) cross edges between B, —I, and VW, where
W= GEX(s,1) = J,_, By and s <t. Let M =1\ J,_, I,. Since there is no edge
between B, — I, and W— M, |M| > Y _ [2° — |I,| — (r — 1)]. Then, we have

L= ]+ L]+ 4 1] + 1M
[+ L)+ -+ L+ X (25 = || = (r = 1)]

r2s —r+ 1.

vl

Let the function f(r)=r(2°—r+1) with r>1. We can obtain that
0f 0 — 25 _2r+1>0and f(r) is an increasing function. Thus, f(r) > f(1) = 2° and
|I| > f(r) > 2°. Similarly, we suppose that f(g) =2°—[(s—g+ 1)28 — 1] with
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1<g< lfJ We can calculate that M =28[gln2+1—(s+ 1)In2] < 0, which

implies that f{g) is a decreasing functlon and f(g)>f (l J) > 0. Clearly,
1] >2°>(s—g+ 1)28 -1, which violates the assumption that
| <(s—g+1)28 -1

Case 2: Only one of L, — I; and INQj - I,;/ is disconnected.

Similarly, we also prove this case by contradiction. Suppose that
|| < (s — g+ 1)28 — 1. Without loss of generality, we assume that Zl —IZl is dis-
connected. Since [ is an R,-cut of GEX(s,1), 6(L, — I} ) >g—1and I~ is an R,_
-cut of L1 By Lemma 7, it shows that|]~ | >[s—(g— 1)]25' l=(s—g + 1)28-1 Let
Iy = I; and P = I\I,. Then, we can deduge that|P| < (s— g+ 1)2871 — 1.

Moreover, we assume that GEX(s, ) — L, — P is disconnected. At this time, a com-
ponent C must traverse r clusters with r > 1, thatis, B,, Bs, ..., B, . Letl, =B, NI
with o € [2,7 + 1]. Accordingly, C = U;J;IQ(BG —1,). By Definition 2(2) and (3),
we can deduce that at most r cross edges between B, — I, and By, (,, exist, where

p={1,2,...,r+ 1}. Meanwhile, there are at least 2° — |/, | — r cross edges between
B, — I, and W, where W = GEX(s,1) — | J'* B,and B; = L. Let M =1\ |J/1} I,.

Since there is no edge between B, — I, and W— M, |IM| > ZZ:Z[T — || =rl
Figure 4 shows an illustration of this case. Then, we have

Pl = L]+ + 1]+ M|
r+1

2 b+ |+ 2127 = 1] =]
a=2

r(2* —r).

Let f(r) = r(2° — r) with r > 1. We can obtain that === YO =25 —2r> 0 and f(r) is
an increasing function. Hence, f(r) > f(1) =2* -1 and [Pl = f(r) =2 — 1. Simi-

larly, we define the function f(g) =2 —1—[(s—g+ 1)2¢7' —1]with1 < g < lEJ
and s > 3. It shows that %(g@ =2¢"1gln24 1 —(s+1)In2] < 0. Thus, f(g) is a
decreasing function and f(g) Zf(l%J) > 0.Then, |P| >2°—1> (s—g+1)2871 —

which results in a contradiction with |P| < (s—g+ 1)257! — 1. Therefore,
GEX (s, 1) — L1 P is connected.

Since L1 — I, is disconnected, there must be a component U in L1 — I, such that
no edge between U and GEX(s, ) — Ll P exists. Then, |P| > |V(U)|. Obviously,

Fig.4 An illustration of the
proof of Case 2 in Lemma 9
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Ny (U) €1, which means that |I| = ||+ |P| > INZI(U)l +|V(U)| = INZI[U]L
Considering that 7 is an R,-cut of GEX(s,1), 6(U)>g. By Lemma 3 and
Ll ~ X,, we deduce that |I| = |NZ| [U]l = (s — g+ 1)28, which contradicts with
1| < (s—g+ 128 -1

Case 3: Atleast two of L; — I and R I~ are disconnected.

Without loss of generality, suppose that L1 - I; and L2 —I; are discon-
nected. Since [ is an Rg—cut of GEX(s,t), we have that 5(L1 —Izl) >g—1 and
(S(Z2 _IZZ) > g — 1 by Definition 2. In addition, it is clear that every node in Zl
(resp. Zz) has at least g — 1 neighbors in Zl —Izl (resp. Zz - Izz). Thus, Izl (resp.
I;) is an R,_cut of L, (resp. L,). By Lemma 7, 11> (s—g+ 1)2¢-! and
|Izz| > (s — g+ 1)287! Then,

1l = |7 [+ |4
> (s—g+1)2g Pt (s—g+1)287!
= (s—g+ 1)2s.

As a result, based on the above discussion, we can conclude that
k8(GEX(s, 1) = |I| > (s — g + 1)28. O

Thus, we combine Lemmas 8 and 9, and the following theorem holds.

Theorem 10 For GEX(s,t) with3 <s<tand1 < g < l J the R,-conditional con-
nectivity of GEX(s, t) is k8(GEX (s, 1)) = (s — g + 1)28.

4 The R;-conditional diagnosability of GEX (s, t) under the PMC model

In this section, we will establish the upper and lower bounds of R,-conditional
diagnosability of GEX(s, 1).

Lemma 11 If H is a subgraph of GEX(s,t) with |[V(H)| =g+ 1for 0 <g<s—1,
5 2 2, then [Ny (VIHD)| 2 (g + D)s — £E5 4 1.

Proof We shall prove the lemma by induction on |V(H)|. By Definition 2, it is
clear that the result holds for |V(H)| = 1. Suppose that the conclusion holds for
all H with |V(H)| < g, where g > 1. Then, we show the results are true for H with
|V(H)| = g + 1 > 2 by the following two cases.

Case 1: V(H) is distributed in exactly one cluster.

Withoutloss of generality, welet H C B,, where B, = X andacertaina € [1,2° + 2'].
By Lemma 2, it is easy to deduce that [Ny (V(H))| 2> (g+ D)s— g(g2 D_2g.
Since each node in B, has only one neighbor in V(GEX(s,?)—B,),
|Mmmwmm>@+nsg@” 20+ @+ 1) =(g+ s — LD 41,
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Case 2: V(H) is distributed in at least two different clusters.

Suppose that Hy, = Hn B, and H, = H n (GEX(s,t) — B,), where |V(Hy)| = x,
|V(H))]=g+1—xand 1 <x <g. By Lemma 2 and the induction hypothesis, we
have

INg, (V(H,))

\%

,m—&%%ﬁ—zu—n
= xs— x_(x2+1) +1,

and
INaaxs.n(VHD)] 2 (g + 1 = x)s = E5206=0 4

Since each node in V(H,) has at most one neighbor in B, |NBa(V(H1 N <g+1l-x
Then,

INGD((.s,t)—Ba(V(H1 ))| = |N(E((,§,t)(v(H]))| - |NBa(V(H1))|
> [(g+1—x)5— EH=E 4 g1 (g 41— ).

Hence, we have

INaexs.n(VIED] 2 INg (VH)) + [Nagx -5, (VED)]
— M g (g4 1 —x)s - SHEDED )
—(g+1-x

(g + I)S _ x(x;—l) _ (g—x)(i—x+3) +1.

vV v

Further, we deduce

Naaxs.n (V)| = [(g + Ds— L2 41
XD (g=)(g—x+3)

> (g+ 1)s— :
+1—[(g+ s — £ 41
= (g-0x-1
> 0.
Therefore, |N g, (VH))| > (g + 1)s — @ + 1. O

Lemma 12 Suppose that H is a subgraph of GEX(s, t) with 6(H) > g for1 < s <t and
1 < g <, it shows that|V(H)| > 28.

Proof We prove this lemma through the following two cases.

Case 1: V(H) is distributed in exactly one cluster.

At this time, it is easy to deduce that |V(H)| > 2% by Lemma 1.

Case 2: V(H) is distributed at least two different clusters.

We suppose that each B, represents a cluster of GEX(s,t) for a € [1,2° + 27].
Let H={H,|,H,,...,H,} with m >2, where H;=HnB, for d € [1,m] and
some a € [1,2°+2']. By Definition 2, we can deduce that 6(H;) >g— L
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Thus, it is obvious that |V(H,;)| > 28-1 by Lemma 1. Then, we can conclude that
|V(H)| = '::1 |V(H,)| > 28 because m > 2. Hence, this lemma holds. a

Theorem 13 For g>1 and 2?2 <s<t, te, (GEX(s.1)) > (25 — 228 4 3)22872
+(s — g + )25 Y under the PMC model.

Proof At first, we define the function f(g) = (25 — 228 +3)2%872 4 (s — g + 1)28°1.
Let F, and F, be two distinct R,-conditional faulty sets with
max{|F,|,|F,|} <f(g). We prove this theorem by contradiction. Suppose that
F, and F, are indistinguishable under the PMC model. We can deduce that
[V(GEX(s, )] = 271 > 2f () > |[F{ UF,|,  thus  |V(GEX(s,1)) \ F{ UF,| > 1.
Since F, and F, are indistinguishable, and F, # F,, F;NF, is an R condi-
tional faulty node cut set and Ny, (F) /A F,) CF, nF, By Theorem 10,
|Fy N F,| > k8(GEX(s,1)) = (s — g+ 1)28. By Lemma 5 and Lemma 12, we have
|Fy A\ Fy| > 2%

Let Q be a component of F; /\ F, with|V(Q)| = 22¢, and H be a subset of |F; N F,|
with [H| = (s — g+ 1)2¢. By Lemma 11, [Ngy( ,(V(Q)| > 2285 — %2“’ +1

Thus, [V(Q)U N (VO] = (s + 1)228 — 222D 4 | Since V(Q)UN,
GEX(s.1) 3 GEX(s,1)
CF,UF,and H C F| N F,, we have

|[FiUF,\H| = |F|UF,| - |H]|
= |[V(Q) UN@((g,g(zV(Q))I - |H|
> (s4+1)22 - ZCED Ly (5 g+ 1)28
= s+ 102% -2 (- g+ 128+ 1
= (25 —2% +3)2% 1 —28(s—g+ 1)+ 1.
Hence,
|F UF, [+]F|nF,|
max{|F,|, |F,|} > %
> |F\UF, |+]H|
IR U
= | 1 2 + |H|
> (25 =22 430222 _(s— g+ 1257 41 4 (s—g+ 1)2¢
= (25 —2% +3)2%82 +(s—g+ 1)2871 + 3
= f@+3
> f(®)
This is a contradiction, which implies that F; and F, are distinguishable. Thus,
tp (GEX(5,1)) > (25 — 278 + 3)2%872 4 (s — g + )25, O

Theorem 14 For 4<s<t and 1<g< lsJ te (GEX(5.1)) < 22671 4 228(s +1
+1 —2g) — lunder the PMC model.

@ Springer



11416 W.Linetal.

Xorr1Xs+r " Xgrprtogr1 Xsretg " Xgr1 Xg ' N
—
F 2 have at least two “1”
T V(GEX (s,1))\(F,UF,)
X111 X5+t xs+t+1—g+1 0 Xg X ( 5 ) 1 2
the number of “0” is odd
FNF K
1 2
e s++1-2g .
Xorr1Xs+t xs+t+l—g+1 0 Xg X

the number of “0” is even

X

x+t+1x

st X

stt+logtl Tsarelog ¥

g1 Xg X

“1”

have exactly one

Fig.5 Anillustration of F, and F,

Proof By Definition 4, if there are two distinct and indistinguishable R -conditional
faulty sets F; and F,, where |F,|, |F,| < 22871 +228(s + ¢+ 1 — 2 g), then GEX(s, ?)
is  not  Rg-conditionally  2%7!'+42%(s+ 7+ 1 — 2g)-diagnosable  with
tg (GEX(s, 1)) < 221 4+ 228(s 4+t 4+ 1 — 2g) — 1. As shown in Fig. 5, we have

Fl \ FZ = {'xs+t+1xs+t Xt l—g+ 0-- Oxg S| |xs+t+1xs+t Xt 1—gtl
s+t+1-2g
have an even number of “0”s,x; € {0,1}},
Fy\Fy = {Xg1Xey Xgtr1-g+ 0 Oxg X X Xy Xstr+1-g+1

s+t+1-2g
have an odd number of “0”s,x; € {0,1}},

Fl n F2 = {xs+l+lxs+l '”xs+l+l—g+1xs+t+l—g '"xg+l st X Ixs+t+l—g ”'xg+l
have exactly one “1”,x; € {0,1}}, and

V(GEX(s, D) \ (Fy UF,) = {Xgypq1Xqs Xstt+1-g+1Xstr41-g =" Xg1Xg " " X1
X5t r41-¢ =+ %41 have at least two “1”'s,x; € {0, 1}}.

Each node in F; /\ F, has g neighbors in F|\F, and F,\F), respectively. In addi-
tion, each node in F|; N F, has at least s — 2g neighbors in V(GEX(s, )\ (F; U F,).
Sincel < g < l%J we have s — 2 g > g. Each node in V(GEX(s, 1)) \ (F, U F,) has at
least 2g neighbors in V(GEX(s, 1)) \ (F; U F,). At this time, there is no edge between
F, A\ F, and V(GEX(s,1)) \ (F, U F,). Hence, F, and F, are two distinct and indis-
tinguishable R -conditional faulty sets.
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Since |F,\F,| = |F|\F,| =2%¢"! and |F; N F,| =2?%(s+t+1—2g), we have
that |Fi| = |F\F,| + |Fy N Fy| =228 +228(s+t+1—-2¢) and
|Fy| = |F\Fy| + |F, N Fy| =2%871 +2%8(s+ ¢+ 1 —2¢g). Thus, F, and F, are two
distinct and indistinguishable Rg—conditional faulty sets of GEX(s,f), where
|F | <2%7 1 +2%(s+1+ 1 —2g)and |F,| <2271 +22(s 4+t + 1 — 2g). By Defini-
tion 4, GEX(s,7) is not R,-conditionally 2281 4 228(5 + t 4+ 1 — 2g)-diagnosable.
Therefore, the upper bound of # (GEX(s, 1)) is 221 4228 (s 4+t 4+1-2g)— 1. m|

5 Applications to a family of famous networks

Based on Sects. 3 and 4, we obtain the Rg-conditional connectivity of GEX(s, f)
and determine the lower and upper bounds of R,-conditional diagnosability of
GEX(s, t) under the PMC model. Applying the theorems of Sects. 3 and 4, we can
directly establish the R,-conditional connectivity and lower and upper bounds of
R,-conditional diagnosability of some generalized exchanged X-cubes, including
generalized exchanged hypercubes, generalized exchanged crossed cubes, and
locally generalized exchanged twisted cubes under the PMC model. In this sec-
tion, we will give the applications to these networks.

5.1 The generalized exchanged hypercube

The exchanged hypercube EH(s,t) was proposed by Loh et al. [35], which is a
variant of hypercube obtained by removing some edges from a hypercube Q..
We denote [, = {1,2, -+, n}, where n is a given position integer. The definition of
exchanged hypercubes is presented as follows.

Definition 5 (See [35D). For s,t>1, the exchanged hyper-
cube FH(s,t)=(V,E) 1is an undirected graph with the node set
Vo= {ug, - uqu, - uguglu; € {0,1} fori € {0y Ul,,}, two nodes
U= Ug, U Uy Upllg and v =v v, v, - V|V, are linked by an edge, called
an r-dimensional edge, if and only if the following conditions are satisfied:

(1) u and v differ exactly in the r-th bit for r € [0, s + 7],
(2) ifrel, thenuy=v,=1,
3) ifrel\l, thenuy; =v, =0.

Later, Cheng et al. [23] further introduced the generalized exchange hyper-
cube. The following is the formal definition of the generalized exchange hypercube
GIH (s, t,f).

Definition 6 (See [23]). For s, > 1, GEH(s, 1,f) consists of two disjoint subgraphs L'
and R’, where L' contains 2’ subgraphs, denoted by the Class-0 clusters L! (i € [1,2'])
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0000 1000 0100
O O 1100

000 100 010 110

1101
0001

0011
1111

001 011 101 111

0010 1010 © 0110 1110
(a) (b)

Fig.6 aGFH(1,1); b GFH(1,2)

and R’ contains 2* subgraphs, denoted by the Class-1 clusters R]’. G € [1,2°]). Class-0
and Class-1 clusters will be referred to as clusters of opposite classes of each other,
same class otherwise, and collectively as clusters. In addition, GEH(s, t, f) fulfills the
following conditions:

(1) foranyi € [1,2]and j € [1,2°], L] & Q, and R; ~Q;

(2) the function fis a bijection between nodes of Class-0 clusters and those of
Class-1 clusters. If two nodes u and v are in the same cluster, then f{x) and f(v)
belong to two different clusters, where the edge (i, f(u)) is called a cross edge.

Furthermore, the bijection function f ensures the existence of perfect match-
ing between nodes of Class-0 clusters and those in the Class-1 clusters but ignores
the specifics of the perfect matching. For convenient, we simplify GFH(s, t,f) as
GFH(s, ). According to the definition of generalized exchanged X-cubes GEX(s, f)
and the properties of generalized exchanged hypercube GFH(s,t), we can deduce
that GFEH (s, f) is a member of generalized exchanged X-cubes, where the X-cube is a
hypercube. Figure 6 illustrates GEH(1, 1) and GEH(1, 2).

In particular, the dual-cube D, is a special case of the exchanged hyper-
cube EH(s,?) when s =¢, that is, EH(n,n) = D,, which was proposed by Li and
Peng [36]. The dual-cube-like network DC, is a generalization of dual cubes and
DC, =~ EH(n—1,n—1) [24]. Clearly, DC, is a special case of GFH(n — 1,n —1).
Then, the following theorems hold obviously.

Theorem 15 The R,-conditional connectivity of GEH(s, t) and DC, are as follows:

(1) For any integers3 < s <tandl < g < l%J, k8(GEH(s, 1) = (s — g + 1)28;
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(2) For any integersn > 4and1 < g < ng, k8(DC,) = (n— g)28.

Theorem 16 The lower and upper bounds of R,-conditional diagnosability of
GEH (s, t) under the PMC model are as follows:

(1) For any integers g > 1 and 2°8 < s <1, th(&H(s, ) > (25— 228 4 3)2%82
+(s— g+ 1)257%

(2) For any integers4 < s <tandl < g < BJ, tg (GEH(s, 1)) < 221 4 228(s + 14
1-2¢)—1.

Theorem 17 The lower and upper bounds of R,-conditional diagnosability of DC,
under the PMC model are as follows:

(1) For any integers g >1 and 2*¢ <n-—1, th(DCn) > (2n — 2% 4 1)2%82
+(n — )24

(2) For any integers n>5 and 1ggg[”3;1J, 1 (DC,) < 2271 4 2%
Qn—2g+1)—1

5.2 The generalized exchanged crossed cube

Li et al. [37] proposed the exchanged crossed cube ECQ(s,t), which is obtained
by removing edges from a crossed cube (Q,,, ;. In what follows, we review the
definition of exchanged crossed cubes.

Definition 7 (See [37]). The (s, f)-dimensional exchanged crossed cube is defined
as a graph BCQ(s,H)=G(V,E) with s, > 1, where the node set V = {a,_, --- q
b,_, ---boclai,bj,c e€{0,1},ie[0,s—1],j€[0,t—1]} and the edge set
E = {(u,v)|(u,v) € Vx V}. Especially, E is composed of three disjoint sets E|, E,,
and Ej;, as shown below:

(1) E; : u[0] #v[0],u & v =1, where @ is the exclusive-OR operator;

2) E, :ul0]=v[0]=1,uls+¢t:t+1]=v[s+1: t+ 1], where A[x : y] denotes
the bit pattern of the node 4 between dimensions y and x inclusive. Thus, u[z: 1]
is denoted by b = b,_; ++- by and vz : 1] is denoted by b’ = b!_, --- by, where u
and v are adjacent by the following rule: for any ¢ > 1, if and only if there is an
£(1 <¢ <tysuchthath,_, b, =b]_ b andb, | #b), b, =0, ,if¢
is even, as well as by, 1 by; ~ b, bl with0 <i < [(£ = 1)/2];

3) E; :ul0]=v[0]=0,ult: 1]=v[t: 1],andul[s+¢: t+ 1Jandv[s+¢: t+ 1]
are denoted by a = a,_; - ay and @’ = a/_, -+ a;, respectively. Then, u and v
are adjacent by the following rule: for all s > 1, if and only if there exits an £
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Fig.7 An exchanged crossed 01000 01001 01011 01010
cube GECQ(1, 3)

(1<¢<s)suchthata, ;--a, =a_
is even, as well as a,; a,; ~

/ / — :
d,anda,_ #a, ,a, ,=a, ,if¢

for0<i< |(£ - 1)/2)

/ !
Dip1%;

The generalized exchanged crossed cube, denoted as GECQ(s,t,f) with s, > 1,
comprises two distinct classes of crossed cubes, known as the Class-0 clusters and the
Class-1 clusters, respectively. The former contains 2 GQ,’s and the latter encompasses 2°
aQ;’s. Class-0 clusters and Class-1 clusters are referred to as clusters of opposite classes
of each other. The function f establishes a bijective relationship between the nodes of
Class-0 clusters and Class-1 clusters. This bijection ensures that for any two nodes « and
v within the same cluster, their corresponding values f{z) and f{v) reside in distinct clus-
ters, with the edge (u, f(u)) (resp. (v, f(v))) representing a cross edge. The purpose of the
bijection fis to ensure the existence of perfect matching between two nodes in different
clusters, although the specific arrangement of this matching is not specified.

For the sake of convenience, the notation GEQQ(s, t,f) is often abbreviated as
GECQ(s, t). Based on the definition of generalized exchanged X-cubes and the
properties of generalized exchanged crossed cube, it can be inferred that the gen-
eralized exchanged crossed cube GECQ(s, t) belongs to the family of generalized
exchanged X-cubes, where the X-cube specifically represents a crossed cube (see
GECQ(1,3) in Fig. 7). Then, the following theorems hold obviously.

Theorem 18 For any integers s > 3and1 < g < [%J, k8(GHCQ(s, 1)) = (s — g + 1)28.

Theorem 19 The lower and upper bounds of R,-conditional diagnosability of
GHOQ(s, t) under the PMC model are as follows:

(1) For any integers g > 1 and 2*8 < s <t, tg, (GECQ(s, 1) > (25 — 2%8 4 3)22872
+(s— g+ 1257}
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(2) For any integers 4 <s<t and 1 <g< EJ, th((ECQ(s, 1) <2281 4028
(s+t+1-2g) -1

5.3 The locally generalized exchanged twisted cube

The locally exchanged twisted cube LETQ(s,t) was proposed by Chang et al. [25],
which is obtained by removing edges from a locally twisted cube LTQ, . The defi-
nition of the locally exchanged twisted cube is introduced as follows.

Definition 8 (See [25]). The (s, f)-dimensional locally exchanged twisted cube
IETQO(s, ) = (V,E) with s,t>1, where the node set V = {x,  ---x. % X
Xolx; € {0,1},i € [0, s + ¢]} and E is the edge set consisting of the following three
types of disjoint sets E|, E,, and E;.

() E ={xy)€VxV:ix@y=2%,

) E,={(x,y))€EVXV:ixy=y,=1,x,=y;=0 and x®y=2¢ for
keB,}U{(,y) EVXV ixy=y,=x =y, =1land x@®y =2+ 2! for
ke3,1]}Uuf{(x,y) EVXV :ixy=y,=land x®y € {2',2%}},

B) Ey={(x,y))EVXV ixy=yy=%x, =y, =0 and x@®y=2¢ for
kelt+3,t+s[JU{)EVXV ixg=yo=0,x, =y, =1 and
x@y=2F+2F"1 for ke[t+3,t+s]}JU{(x,y)) EVXV :xy=y,=0 and
XEByG {2t+1’2t+2}}'

00001 00000 10000 10001

00010 10010
00110 10110 ( 10111
00100 10100 \(
01100 11100 11101

01110 11110 A
01010 11010 ( 110<1

01000 11000 \(

Fig.8 A locally exchanged twisted cube IGETQ(1, 3)
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Let s, > 1, there are two classes of locally twisted cubes in the locally gener-
alized exchanged twisted cube IGETQ(s,t,f): one class, referred to as the Class-0
clusters, contains 2’ LTQ,’s; and the other, referred to as the Class-1 clusters, con-
tains 2° LTQ,’s. They will be referred to as clusters of opposite classes of each
other, same class otherwise. There exists a bijection function f between nodes
of Class-0 clusters and those of Class-1 clusters. For two nodes u, v in the same
cluster, f{u) and f(v) belong to two different ones, and the edge (u, f(u)) is a cross
edge. The bijection f ensures the existence of perfect matching between nodes
of Class-0 clusters and those in the Class-1 clusters, but the specifics of the per-
fect matching can be ignored. For convenient, GFH(s, t,f) is denoted by GFH(s, ).
According to the definition of generalized exchanged X-cubes and the properties
of locally generalized exchanged twisted cube, we can deduce that the locally
generalized exchanged twisted cube ILGETQ(s,t) is a member of generalized
exchanged X-cubes, where the X-cube is a locally twisted cube (see LGETQ(1, 3)
in Fig. 8). Then, the following theorems hold obviously.

Theorem 20 Forany integerss > 3andl < g < l%J,Kg(l(ETQ(s, D) =(s—g+1)28.

Theorem 21 The lower and upper bounds of R,-conditional diagnosability of
LGETO(s, t) under the PMC model are as follows:

(1) For any integers g > land 2*8 < s < t, th(L(ETQ(s, 1) > (2s — 228 + 3)2%2
+(s— g+ 1)2871

(2) For any integers 4<s<t and 1<g<|2|, ty, IGETQ(s,1)) < 2%~!
3 R,
+22%(s+1+1-2g)— 1,

6 Comparison results

In this section, we will demonstrate the superiority of our method by providing
some comparative analysis with existing results. First, we focus on conducting com-
parisons and analyses pertaining to connectivity in Sect. 6.1. Following this, our
emphasis will transition to conducting diagnosability analyses under the PMC and
MM* models in Sect. 6.2.

6.1 Connectivity
In the following, we compare our results to the traditional connectivity, g-good-

neighbor conditional connectivity, component connectivity, extra connectivity, and
cyclic connectivity. We provide the definitions of these indicators as follows.
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Fig.9 The comparisons among traditional connectivity, g-good-neighbor conditional connectivity and R,
-conditional connectivity in GEX(s, t)

Table 2 A brief summary of known results related to connectivity for GEH(s, f)

«8(GEH s, 1)) i, (GEH s, 1)) &, (GEH (s, 1)) k' (GEH(s, 1))
Reference Theorem 15 [38] [39] [38]
Value (s—g+1)28 s(g—1)— _(3*1)2(8*2) +1 g_(2S;g+1) +1 4s—4

e The traditional connectivity of a graph G, denoted by «x(G), is defined as the
cardinality of a minimum node set F whose removal results in a disconnected or
trivial graph.

e A node set F of a graph G is a g-good-neighbor node cut if and only if G — F
is disconnected and each remaining component has minimum degree at least
8. The g-good-neighbor conditional connectivity of G, denoted by &,(G), is
defined as the cardinality of a minimum g-good-neighbor node cut of G. Clearly,
Ko(G) = k(G).

e A node set F of a graph G is a g-component node cut if and only if G — F is dis-
connected and has at least g components. The g-component connectivity of G,
denoted by &,(G), is defined as the cardinality of a minimum g-component node
cut of G. Clearly, k,(G) = x(G).

e A node set F of a graph G is a g-extra node cut if and only if G — F is discon-
nected and every component of G — F has at least g nodes. The g-extra connec-
tivity of G, denoted by fcg(G), is defined as the cardinality of a minimum g-extra
node cut of G. Obviously, &,(G) = k(G).
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Fig. 10 The comparisons among R,-conditional connectivity, g-component connectivity, g-extra connec-
tivity and cyclic connectivity in GEH (s, )

e A node set F of a graph G is a cyclic node cut if and only if G — F is discon-
nected and at least two components in G — F contain a cycle. The cyclic connec-
tivity of G, denoted by «’'(G), is defined as the cardinality of a minimum cyclic
node cut of G.

From Theorem 10, we have that the Rg-conditional connectivity of
GEX(s,t) is k8 =(s—g+1)28. It is clear that x(GEX(s,?))=s+1 and
Ko (GEX(s, 1)) = (s — g + 1)2% [22]. As shown in Fig. 9, we can observe that the
traditional connectivity significantly lags behind both R,-conditional connectiv-
ity and g-good-neighbor conditional connectivity. Notably, the fault tolerance
values for R,-conditional connectivity and g-good-neighbor conditional connec-
tivity remain identical. This uniformity stems from the sole distinction between
the two being the constraints imposed on the faulty processor, a factor that does
not impact the determination of connectivity.

As a subclass of GEX(s, 1), the generalized exchanged hypercube GFH(s, f) has
been the subject of extensive research, with Table 2 presenting a detailed compi-
lation of the current results on the connectivity of GEH(s, 7).

For GEH (s, t), we compare our method with g-component connectivity, g-extra
connectivity, and cyclic connectivity in Fig. 10. It is evident that each of these
connectivity is monotonically increasing on s. Moreover, with a fixed value of s,
the R ,-conditional connectivity asserts its dominance, exhibiting a significantly
higher level than the other three connectivity. Figure 10b further illustrates that
the parameter g exerts a more substantial influence on the R,-conditional con-
nectivity, in contrast to its negligible impact on the cyclic connectivity.
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Table 3 A brief summary of known results related to diagnosability for GEX(s, 1) and GEH (s, 1)

H(GEX(s, 1)) 1, (GEX (s, 1)) 1, (GEX(s, 1)) 2
Reference [22] [22] Theorem 13
PMC model s+ 1 (s—g+2)2¢—1 (25 — 228 +3)2%72 4 (s — g + 1)287!
MM* model s+ 1 (s—g+2)28-1 —
1p (GEH(s, 1)) 2 1,(GEH s, 1)) 1,(GEH (s, 1))
Reference Theorem 16 [40] [39]
PMC model (25 — 2% 4 3)2%72 4 (s — g+ 1)2¢~! gs— 8 4 w
2
MM* model — gl2(s+D)—g+1]

_ g
gs > +1 >

Fault diagnosability

30

)
G

[
S

—D— traditional diagnosability
—O— g-good-neighbor conditional diagnosability

~ R,-conditional diagnosability

29

The value of s

(@) g=1

Fault diagnosability

—D— traditional diagnosability
—O— g-good-neighbor conditional diagnosability

~= R,-conditional diagnosability

123048 279232

The value of g
(b) s=1024

Fig. 11 The comparisons among traditional diagnosability, g-good-neighbor diagnosability and R,-con-
ditional diagnosability in GEX(s, f) under the PMC model

6.2 Diagnosability

In this subsection, we compare our results to the traditional diagnosability, g-good-
neighbor conditional diagnosability, component diagnosability, and extra diagnos-
ability under the PMC model or MM* model. Then, the definitions and results of
these indicators are listed as follows.

The traditional diagnosability of a graph G, denoted by #(G), is the maximum
number of faulty processors that can be accurately identified.

The g-good-neighbor conditional diagnosability of a graph G, denoted by ig(G),
is the maximum number of faulty processors that can be identified under the
condition that every fault-free processor has at least g fault-free neighbors. In
particular, 7,(G) = #(G).
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The g-component diagnosability of a graph G, denoted by 7,(G), is the maximum
number of faulty processors that can be identified under the condition that the
number of components in G — F is at least g. Clearly, 7,(G) = #(G).

The g-extra diagnosability of a graph G, denoted by 7,(G), is the maximum num-
ber of faulty processors that can be identified under the condition that each com-
ponent in G — F has at least g nodes. Obviously, 7,(G) = #(G).

By Lemma 4, the g-good-neighbor conditional diagnosability of GEX(s,?) is
?g((E((s, 1) = (s — g + 2)28 — 1 under the PMC model withs > 3and1 < g<s—-2
(resp. under the MM* model with s > 4 and 1 < g < s — 2). Thus, we can deduce
that #(GEX(s,1)) = s+ 1 under the PMC model and MM* model. Furthermore,
the lower (resp. upper) bound of R,-conditional diagnosability of GEX(s,?) is
(25 — 2% 4+3)22872 4 (s — g + 1)28 ! (resp. 22871 +2%8(s 4+t 4+ 1 — 2g) — 1). It is evi-
dent that the upper bound of R,-conditional diagnosability of GEX(s, 7) is larger than
its lower bound by (2s+ 4¢+4 — 8g + 22712272 4 (s — g+ 1)287! — 1 through
calculation. Therefore, we compare the lower bound of R,-conditional diagnos-
ability of GEX(s, t) with these other diagnosabilities. In Table 3, we show some out-
comes based on these indicators and our methods for GEX (s, ) and GEH (s, t). We can
observe that the traditional diagnosability (or g-good-neighbor conditional diagnos-
ability) remains consistent, whether under the PMC model or the MM* model.

As shown in Fig. 11a, we can observe that each diagnosability of these increases
with the value of s when g is fixed. This is not difficult to understand because when s
increases, the size of GEX(s, f) increases as well. Obviously, the Rg—conditional diag-
nosability of GEX(s,t) is greater than its g-good-neighbor conditional diagnosabil-
ity and traditional diagnosability under the PMC model. At the same time, Fig. 11b
shows that if s is the same, as g increases, the value of the traditional diagnosability

. - . - 279232
g-component diagnosability 106 218 - g-component diagnosability
105 g-extra diagnosability g-extra diagnosability
I R -conditional diagnosability 2" 1= [ R,-conditional diagnosability 123048
0 86 2
2
Z stk g s L 35880
E z E
£ 60 |- g 2" -
;_‘;30 éﬁ 10186
= 45 L 46 = 28
E E 091 5111
2L 511
30 b " w2l 2 33 2 3071 3070 409
25
2021 24 s 2048 307
3 16 17 204!
15 2 o f1o2s
6 102
0 || . . . . . | | | |
6 8 10 12 14 16 1 2 3 4 5
The value of s The value of g
() g=2 (b) s=1024

Fig. 12 The comparisons among R -conditional diagnosability, g-component diagnosability and g-extra
diagnosability in GEH (s, t) under the PMC model
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remains unchanged, but the rate of increase of the R, -conditional diagnosability
of GEX(s, ) is much higher than that g-good-neighbor conditional diagnosability
of GEX(s, 1) under the PMC model. Thus, R -conditional diagnosability can better
improve the reliability of the interconnection network.

Meanwhile, we delve into diagnosability results for GEH(s,t) under the PMC
model and MM* model, as detailed in Table 3. It is evident that for GEH (s, t), g-com-
ponent diagnosability ( resp. g-extra diagnosability) remains identical whether under
the PMC model or the MM* model. Additionally, Fig. 12 reveals that, under the
PMC model, the disparities between the values of g-component diagnosability and
g-extra diagnosability are minimal. However, the reliability of GEH(s, 7) under the R,
constraint consistently surpasses g-component diagnosability and g-extra diagnos-
ability. Interestingly, when s = 6, the R,-conditional diagnosability is lower than the
corresponding g-component diagnosability and g-extra diagnosability, highlighting
the efficacy of R,-conditional diagnosability in large-scale networks.

7 Conclusion

The concepts of R,-conditional connectivity and diagnosability hold immense
importance in enhancing the reliability of multiprocessor systems. These properties
help ensure seamless communication and connectivity within the system, minimiz-
ing potential failures and enhancing performance. Generalized exchanged X-cube
is a promising solution for improving the performance of multiprocessor systems.
These structures not only leverage the benefits of traditional X-cubes but also offer a
reduction in interconnection complexity. This reduction allows for simpler and more
efficient communication between nodes, thereby increasing the overall speed and
reliability of the system.

In this paper, we first determine the R,-conditional connectivity of generalized
exchanged X-cubes. Further, we study the lower and upper bounds of R,-conditional
diagnosability of generalized exchanged X-cubes under the PMC model. As applica-
tions, the lower and upper bounds of R,-conditional diagnosability of generalized
exchanged hypercubes, generalized exchanged crossed cubes, and locally exchanged
twisted cubes are established directly under the PMC model. The research results
indicate that compared to the other existing results in terms of connectivity or diag-
nosability, GEX(s, t) has showcased remarkable reliability under the Rg—conditional
restriction. This significantly advances the exploration of network reliability, such
as generalized exchanged hypercubes, generalized exchanged crossed cubes, and
locally generalized exchanged twisted cubes.

Finally, we conclude this paper by proposing some directions worth exploring in
future research:

1. We will attempt to study the R,-conditional diagnosability of GEX(s, 7) under the
MM* model.

2. We may extend the R -conditional restriction to edge faults, and study R,-condi-
tional edge connectivity/diagnosability.
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3. We will try to apply R,-conditional connectivity/diagnosability to real-world sys-
tems (e.g., data center networks and autonomous robots systems [41]) such that
the systems can tolerate a range of node failures to keep operation effective.
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