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Abstract

As a variant of the well-known hypercube, the balanced hypercube BH, was pro-
posed as a desired interconnection network topology for parallel computing. It is
known that BH,, is bipartite. Assume that S = {s,,s,} and T = {¢,,¢,} are any two
sets of vertices in different partite sets of BH, (n > 1). It has been proved that there
exist two vertex-disjoint s, #;-path and s,, #,-path of BH,, covering all vertices of
BH,. In this paper, we prove that there always exist two vertex-disjoint s;, #-path
and s,, t,-path covering all vertices of BH, (n > 2) with at most 2n — 3 faulty edges.
The upper bound 2n — 3 of edge faults can be tolerated is optimal.

Keywords Interconnection network - Balanced hypercube - Fault tolerance - Vertex-
disjoint path cover

1 Introduction

The interconnection network (network for short) plays a crucial role in massively
parallel systems [21]. It is impossible to design a network which is optimum in all
aspects of performance; accordingly, many networks have been proposed. Linear
arrays and rings are two fundamental networks. Since some parallel applications
such as those in image and signal processing are originally designated on an array
architecture, it is important to have effective path embedding in a network [1-4, 6,
7,33].

In path embedding problems, to find parallel paths among vertices in networks
is one of the most central issues concerned with efficient data transmission [5, 21].
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Parallel paths in networks are usually studied with regard to disjoint paths in graphs.
Since algorithms designed on linear arrays or rings can be efficiently simulated in
a topology containing Hamiltonian paths or cycles, Hamiltonian path and cycle
embedding property of graphs has been widely studied [9-11, 14-16, 31, 35, 36].

In disjoint path cover problems, the many-to-many disjoint path cover problem is
the most generalized one [28]. Assume that S = {5, 5,, ..., s, }and T = {¢,,1,, ..., 1;}
are two sets of k sources and k sinks in a graph G, respectively; the paired many-
to-many k-disjoint path cover (paired k-DPC for short) problem is to determine
whether there exist k-disjoint paths P, P,, ..., P, in G such that P, joins s; to ¢; for
eachi € {1,2,...,k} and V(P,) U --- U V(P;) = V(G). Moreover, the DPC problem
has a close relationship with Hamiltonian path problem in graphs. In fact, a 1-DPC
of a network is indeed a Hamiltonian path between any two vertices.

Failure is inevitable when a massive system is put in use, so it is of great practical
importance to consider the fault-tolerant capacity of a network. Hamiltonicity and
k-DPC problems of various networks with faulty elements were investigated in the
literature, for example, k-ary n-cubes [11, 32], recursive circulants [20, 30], hyper-
cubes [19, 29, 31] and hypercube-like graphs [13, 27].

The balanced hypercube, proposed by Wu and Huang [34], is one of the most
popular networks. It has many excellent topological properties, such as high symme-
try, low-latency, regularity, strong connectivity. The special property of the balanced
hypercube is that each processor has a backup processor that shares the same neigh-
borhood. Thus, tasks running on a faulty processor can be shifted to its backup one
[34]. With such novel properties above, different aspects of the balanced hypercube
were studied extensively, including Hamiltonian embedding issues [17, 22, 24, 35,
37, 40], connectivity issues [25, 39], matching preclusion and extendability [23, 26],
and symmetric properties [41, 42] and some other topics [18, 38]. Recently, Cheng
el al. [12] have proved that the balanced hypercube BH, with n > 1 has a paired
2-DPC, which is a generalization of Hamiltonian laceability of the balanced hyper-
cube [35]. To the best of our knowledge, there is no literature on k-DPC in the bal-
anced hypercube when k > 3. In this paper, we will consider the problem of paired
2-DPC of the balanced hypercube with faulty edges.

The rest of this paper is organized as follows. In Sect. 2, some definitions and
lemmas are presented. The main result of this paper is shown in Sect. 3. Conclusions
are given in Sect. 4.

2 Preliminaries and some lemmas

Throughout this paper, a network is represented by a simple undirected graph,
where vertices represent processors and edges represent links between proces-
sors. Let G = (V(G), E(G)) be a graph, where V(G) and E(G) are its vertex set
and edge set, respectively. The number of vertices of G is denoted by IV(G)I. The
set of vertices adjacent to a vertex v is called the neighborhood of v, denoted
by Ng;(v). We will use N(v) to replace N;(v) when the context is clear. A path P
in G is a sequence of distinct vertices so that there is an edge joining each pair
of consecutive vertices, and the length of P is the number of edges, denoted by
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{(P). For simplicity, a path P = (xy,x;, ..., X;) can also be denoted by (x,, P, x;).
A u, v-path is a path whose end vertices are u and v. If a path C = (xy, x{, ..., x)
is such that k > 3, x, = x;, then C is said to be a cycle, and the length of C is the
number of edges. The distance between two vertices u and v, denoted by d(u, v),
is the length of a shortest path of G joining u and v. A path (resp. cycle) contain-
ing all vertices of a graph G is called a Hamiltonian path (resp. cycle). A bipar-
tite graph G is bipanconnected if, for two arbitrary vertices # and v of G with
distance d(u, v), there exists a path of length / between u and v for every integer
[ with d(u,v) <1< |V(G)| — 1 and [ = d(u,v)(mod 2). For other standard graph
notations not defined here, please refer to [8].
The definitions of the balanced hypercube are given as follows.

Definition 1 [34] An n-dimension balanced hypercube BH, contains 4" vertices

(@gs .., Qi_1, GGy, ... a4, 1), Where a; € {0,1,2,3}, 0<i<n-—1 Any vertex

v=1(ag,...,q_1,q;0di.1,...,a, 1) in BH, has the following 2n neighbors:

(1) ((ap+1)mod4,ay,...,a;_1,a; a4, ...,0,1),
((ag—1)mod4,ay,...,a;_;,a;,a;,...,a,_), and

(2) ((@g+1)mod4,ay,...,a;_;,(a;+(=1)*)mod 4,a;,,,...,a,_,),
((ag—1)mod4,ay,...,a;_;,(a; + (=1)*)mod 4,a;,,, ... ,a,_).

The first coordinate g, of the vertex (ay,...,aq;, ...,a,_,) in BH, is defined as
the inner index, and other coordinates a; (1 < i < n — 1) are outer indices.
The recursive structure of the balanced hypercube is presented as follows.

Definition 2 [34]

(1) BH,is a4-cycle, whose vertices are labeled by O, 1, 2, 3 clockwise.

(2) BH,,,1is constructed from 4 BH;s, which are labeled by BH?, BH]:, BH]%, BH]f.
For any vertex in BH]’;(O <i < 3),its new labeling in BH,, ;is (agy, a;, ..., a;_y, D),
and it has two new neighbors:

(a) BH]’:rl *((ay+1)mod4,a,,...,a;,_;,(i+1)mod 4) and
((ag—1)mod4,ay,...,a;_;,(i + 1) mod 4) if a, is even.

(b) BH]’;_1 t((ay+1)mod4,a,,...,a;,_;, (i —1)mod 4) and
((ag—1)mod4,ay,...,a;_;, (i — 1) mod 4) if a, is odd.

BH, is shown in Fig. la. One layout of BH, is shown in Fig. 1b, and the
other one is shown in Fig. lc, which reveals a ring-like structure of BH,. Obvi-
ously, BH, can be also regarded as identifying diagonal vertices of eight twisted
4-cycles end-to-end.

The following basic properties of the balanced hypercube will be applied in
the main result of this paper.

Lemma 1 [34] BH,, is bipartite.
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Fig.1 BH, and BH,

By the above lemma, we give a bipartition V;, and V, of BH,,
where V= {(ay,...,a,_Dl(ay,...,a, ;) € V(BH,) and aq, is even} and
Vi ={(by,....b,_DI(by, ..., b,_;) € V(BH,) and b is odd}.

Lemma 2 [34, 40] BH,, is vertex-transitive and edge-transitive.

Lemma 3 [34] Vertices u = (ay,ay, ... ,a,_) and v = ((ay +2) mod 4, a, ... ,a,_,)
in BH, have the same neighborhood.

For convenience, let p(u) be the vertex having the same neighborhood of u. It
is obvious that u# and p(u) differ only from the inner index.

Assume that u is a neighbor of v in BH,,. If u and v differ only from the inner
index, then uv is called a O-dimension edge, and u and v are mutually called
0-dimension neighbors. Similarly, if # and v differ from the j-th outer index
(1 £j<n—1), uvis called a j-dimension edge, and u and v are mutually called
j-dimension neighbors. The set of all k-dimension edges of BH,, is denoted by E,
for each k € {0, ...,n — 1}, and the subgraph of BH, obtained by deleting E,_, is
written by B', where 0 < i < 3. Obviously, each of B' is isomorphic to BH,_,. Let
u;,v;, w; € Vy (resp. a;, b;,c; € V,) be vertices in B'. For convenience, let E;;., be
the edge set containing all edges between B’ and B! (0 <i < 3), where “+” is
under modulo four. For any vertex v of BH,, let e(v) be the set of edges incident
to v. In particular, the two k-dimension edges incident to v is denoted by e,(v),
where 0 < k < n — 1. Let F be a set of edges in BH,,, we denote F' = F N E(B").

We will give some lemmas in the following, which will be used later.

Lemma 4 [38] Let u be an arbitrary vertex of BH, for n > 1. Then, for an arbitrary
vertex v of BH,, either u and v have 0, 2, or 2n common neighbors. Furthermore,

there is exactly one vertex w such that u and w have 2n common neighbors.

Lemma 5 [37] The balanced hypercube BH,, is bipanconnected for all n > 1.
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Lemma 6 [39] Assume that n > 2. There exist 4"~ edges between B' and B™! for
each <i<3.

Lemma 7 [35] Let uv be an edge of BH,. Then uv is contained in a cycle C of
length 8 in BH, such that|E(C) n E(B")| = 1for eachi=0,1,2,3.

Lemma 8 [12] Let u,x €V, and v,y € V,. Then there exist two vertex-dis-
joint paths P and Q such that: (1) P connects u to v, (2) Q connects x to y, (3)
V(P)u V(Q) = V(BH,).

Lemma 9 [40] Let F be a set of faulty edges of BH, with|F| < 2n —2 forn > 2 and
let x and y be two vertices in different partite sets of BH,. Then there exists a Hamil-
tonian path of BH, — F from x toy.

3 Paired two-disjoint path cover of faulty balanced hypercube

Because of the recursive structure of the balanced hypercube, induction is used to
prove the main result. Before we present the main result, we need several lemmas.
We start with the following useful definition, which we will apply later.

Let P and Q be two 2-paths with central vertices u and v, respectively. A fenon
chain T,,(u; v) from u to v is defined to be an m (m > 1) twisted 4-cycle chain with
P and Q joining to its two ends, respectively. Additionally, let P’ and Q' be two
2-paths with central vertices x and y, respectively. P’ and Q' are joined to two ends
of T,,(u;v) the same way as P and Q do, we denote the graph obtained above by
T, (u,x;v,y). In other words, T,,(u, x;v,y) is an m + 2 (m > 1) twisted 4-cycles chain
with u and x being degree 2 vertices at one end and v and y being degree 2 ver-
tices at the other end. By above, if 1 <m <6, T, (u;v) and T,,(u, x;v,y) are both
subgraphs of BH,. For convenience, we refer T,,(;v) and T,,(u,x;v,y) (1 <m < 6)

to the subgraph of BH, (ring-like layout) from u to v clockwise. T5((1,0), (0, 1)) and
T5((1,0), (3,0); (0, 1), (2, 1)) are illustrated as heavy lines in Fig. 2a, b, respectively.

T,((1,0).(3,0):(0.1), (2.1)) ) )

Fig.2 T((1, 0); (0, 1)) and T((1, 0), (3, 0); (0, 1), (3, 1))
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Note that if u and v are in different partite sets of BH, then m is odd, otherwise, m is
even.
To verify the base case of the main result, we present the following two lemmas.

Lemma 10 Given T,,(x,y) with m being odd. If f is an arbitrary edge of T,,(x,y),
then there exists a Hamiltonian path of T, (x,y) — f from x to y.

Proof Since m is odd, x and y are in different partite sets. Either fis an edge incident
to x or y, or fis an edge of any twisted 4-cycle, it is easy to obtain a Hamiltonian
path of 7,,(x, y) from x to y avoiding f. The lemma holds. O

It follows from Lemma 10 that there exists a Hamiltonian path of 7, (x, y) from x
to y when at most one edge fault occurs, so we also use 7,,,(x, y) to denote a fault-free
Hamiltonian path of 7,,,(x, y) from x to y when there is no ambiguity.

Lemma 11 Given T,,(u,x;v,y) with m being odd. Let e and f be two edges of
T, (u,x;v,y) such that e and f are not contained in the same twisted 4-cycle. Then
there exist vertex-disjoint u, v-path and x, y-path of T, (u,x;v,y) — {e,f} that cover
all vertices of it.

Proof Since m is odd, u and x are in one partite set, and v and y are in the other
partite set of T,,(u,x;v,y). To obtain the desired u, v-path and x, y-path, one has
to go through all twisted 4-cycles of T,,(u, x; v,y) and never go back. Accordingly,
u, v-path and x, y-path contain the same number of vertices. Fault-free u, v-path and
x, y-path of T,,,(u, x; v,y) — {e,f} can be constructed according to the following two
rules:

(1) Ife(orf) isincident to one of u, x, v and y, say u, we then choose the other edge
incident to u in u, v-path.

(2) Ife=ab (or f =ab)is contained in a twisted 4-cycle C = {a, b, ¢, d, a), then ad
(resp. bc) must be contained in exact one of u, v-path and x, y-path.

Hence, the lemma holds. O
Based on the above two lemmas, the base case of the main result is presented as
follows.

Lemma 12 Let {s,,s,} and {t,,1,} be two sets of vertices in different partite sets of
BH, and let F = {e,f} be an edge subset of BH, with e € Eyand f € E,. Then there
exist vertex-disjoint s, t;-path and s,,t,-path of BH, — F that cover all vertices of
it unless there exists a common neighbor of s, and s, (or t; and t,), say x, such that
F = e(x)\{s,x, 5,x} (or F = e(x)\{1,x, 1,x}).

Proof Suppose without loss of generality that x is a common neighbor of s, and s,,

if F = e(x)\{s,x, s,x}, that is, {s,x, s,x} N F = @, which yields a 2-path starting from
s, to s,. Accordingly, it is impossible to obtain vertex-disjoint s, ;-path and s,, t,
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-path that cover all vertices of BH,. If d(s,s,) = 2, F # e(x)\ {s,x, s,x} is a neces-
sary condition to guarantee that there exist vertex-disjoint s, #,-path and s,, t,-path
that cover all vertices of BH, — F.

On the other hand, noting e € E; and f € E|, each twisted 4-cycle of BH, (ring-
like layout) contains at most one of e and f. By vertex-transitivity of BH,, we may
assume that s; = (0,0). According to all possible relative positions of s, s,,?; and
t, in BH,, there are 15 essentially different distributions to be considered. In each
case, we have verified that there always exist vertex-disjoint s, f-path and s,, #,-path
of BH, — F that cover all vertices of BH, (by making use of Lemmas 10 and 11 to
reduce the number of cases to be considered). Since the proof is tedious and rather
long, we only list all different distributions of s, s,, ¢; and ¢, in BH, as follows.

1) s, =2,0),t =(1,0),2 = (3,0);
2) 5,=2,0),t =(1,0),2, =(3,3);
(3) S2 = (27 O)’ tl = (130)7 t2 = (372),
(4) S2 :(290)311 =(1’O)7t2=(371);
S) s5,=02,3),t, =(1,0),% =(3,3);
(6) S2 = (273)’ tl = (130)7 t2 = (372),
(M 5,=12,3),1, =(1,0), 1, = 3, 1);
®) 5, =02,2),t, =(1,0),2, =(3,3);
(9) S2 = (27 2)’ tl = (130)7 t2 = (372),
10) s, =(2,1),t;, =(1,0),1, = (3,3);
a1 s, =(2,0),t, =(1,3),1, = (3,3);
(12) s, =(2,0).1; = (1,3), 1, = (3,2);
(13) 5, =(2,3),1; = (1,3), 1, = (3,2);
(14) s, =(2,3),1; = (1,3), 1, = (3, 1);
1s) s, =(2,2),t;, =(1,3),t, =3, 1).

O

The following corollary is straightforward.

Corollary 13 Let {s,s,} and {t,,t,} be any two sets of vertices in different partite
sets of BH, and let e be any edge of BH,. Then there exist vertex-disjoint s, t;-path
and s,, t,-path of BH, — e that cover all vertices of it.

Remark Our aim is to guarantee that there exists a dimension d € {0, 1,2} such that
by dividing BH; into B’ along dimension d we can use Lemma 12 and Corollary
13 as the induction basis of the main result. Let F = {f;,f}.f,} be a set of edges of
BH; and let {s,,s,} and {7, 1, } be any two sets of vertices in different partite sets of
BH,,. If there exists a dimension d € {0, 1,2} such that |[E; n F| > 2, then BH; can
be divided into B’ (0 < i < 3) along dimension d such that |E(B) n F| < 1 for each
i € {0,1,2,3}. So we assume that E; N F' = {f;} for each j = 0,1,2. By Lemma 4, s,
and s, (or ¢, and #,) have 0, 2 or 2n common neighbors.

If s, and s, (or ¢; and #,) have no common neighbors, then we can safely divide
BH; into B (0 < i < 3) along any dimension d € {0, 1,2}.
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If s, and s, (or ¢, and ¢,) have at least two common neighbors, we may assume that
x is one of the common neighbors of s, and s,. If we divide BH, into B' (0 < i < 3)
along some dimension d € {0, 1,2} such that s}, s,, ; and ¢, are in the same B,
say B, and F = F’, where F’ is the set of edges incident to x in B (except s;x and
s,x). Furthermore, if s, and s, (or ¢, and #,) have exact 2 common neighbors, then
s;x and s,x are edges of different dimensions, then we can choose a dimension
d' € {0, 1,2}\{d} such that by dividing BH; into B’ (0 < i < 3) along dimension d’,
s, and s, (or ¢, and t,) are not in the same B'. Thus, the condition of Lemma 12 is
satisfied. If s, and s, have 6 common neighbors, then s,x and s,x are edges of the
same dimension, so we can divide BH; into B' (0 < i < 3) along the dimension of
the edges in F’. Thus, the condition of Lemma 12 is also satisfied. O

We need three more technical results regarding the proof of some special cases of
the main result.

Lemma 14 Let F be a set of edges of BH, (n > 3) with|F| = 2n — 3. Given a dimen-
sion k of BH, such that |E, N F| = max{|E;nF||0 <j<n—1}. Let B, 0 <i <3
be subgraphs of BH, obtained by splitting BH, along dimension k. Then there exists
Jour vertices a,c € Vyand b,d € V| of B! such that:

(1) a=pc),b=p(d), and a, b, c and d form a 4-cycle in B';

(2) there exists a k-dimension neighbor a,,; of a and c such that e;(a;, ) N F = @;

(3) there exist two k-dimension neighbors u;_; and v;_, of b and d such that
eD)NF=0,le,(d)NF|<2andcd ¢ F;

(4) there exists a neighbor u (u # a,c) of b and d in B! such that |ej1 w)NF| <2for
each j, € {0,1,....,n =1}

(5) there exists a longest path P from u to a covering all vertices of B — F but b, ¢
and d.

Proof We proceed the proof by induction on n. By the choice of k, we have
|E,NF|=1or|E,NnF|>2 when n=3.1Itis easy to verify that conditions (1)—(5)
hold after splitting BH; by dimension k. Thus, the induction basis holds. So we assume
that the lemma is true for all integers m with 3 < m < n — 1. Next we consider BH,,.
Note that |E, N F| > 2 whenever n > 4, suppose without loss of generality that
i=3 and k=n-1. Since |E,_,NF|>2, |[FNEB) <2n-35, 0<i<3. For
each pair of vertices uy, u, € V, with uy = p(u}) in B°, there exist 2n —2 com-
mon neighbors of them in B°. Let a, and a; be any two neighbors of u, and u; with
ay = p(ap) in B°. In addition, let uy and u;, be two (n — I)-dimension neighbors of
ay and aj and let a;, a} be two k;-dimension neighbors of u; and «} in B? for a given
k; € {0,1,...,n—2}. Accordingly, let u, and u’2 be two (n — 1)-dimension neigh-
bors of a; and @} and let a, and @), be two k-dimension neighbors of u, and «), in
B2. Thus, the subgraph induced by {ao,ag,u3,u’,a3,a’,u2,u’,a2,a’2} is a twisted
4-cycle chain. If there exist at least two edges of F in one of (a{),u3,a0,ug,a6),
(ag, U,, ds, u’z, ag) and (a’z, Uy, ay, u;, a;), then it may eliminate the choice of a5, a’, u,
and u’3 as a, b, ¢ and d to satisfy conditions (1), (2) and (3) (see Fig. 3). By arbi-
trary choice of a, and a(’), if there exist no such a, b, ¢ and d satisfying conditions
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(1), (2) and (3) for given u, and u
contradiction.

On the other hand, b and d have 2n — 4 common neighbors (except a and c) in B>.
Since 2 X (2n — 4) > 2n — 3 whenever n > 4, there must exist a common neighbor u
of b and d satisfying condition (4). It remains to show that condition (5) holds.

By our assumption, u, a, b, c,d € V(B?). Note that we have |[E(B3) N F| < 2n -5,
our aim is to show that there exists a longest path P from u# to a cover-
ing all vertices of B3—F but b, ¢ and d. Let k, € {O 1,...,n—2} such that
|E,, NE(B)NF| > |E N EB?) N F|for each j € {0,1,. 2}\{k2} We further
divide each B into B i ,» 0 <) <3, along dimension k2 That is, B =~ BH,_, for
each i; and i. Assume. w1thout loss of generality that a,b,c,d € V(B ) By Defini-
tion 1, the graph induced by V(BO 02) V(B0 12) V(B02 ) and V(B 2) is 1somorphlc to
BH,_,, for convenience, we denote it by H. Since uis a nelghbor of b and d in B3, we
assume without loss of generality that u € V(B0 32)

By induction hypothesis, there exists a longest path P, from u to a covering all
vertices of B>, — F but b, c and d. Since I(Py) = 42 — 4 and (4"2 - 4)/2 > 2n -5
whenever n > 4 (any vertex v on P, with |ek2(v) N F| = 2 will eliminate the choice of
two edges incident to v on P,), we can choose an edge uya, € E(P,) such that there
exist two edges uya,, uza, & F, where a; € V(Brllfz) andu; € V(Bfl ’_32). Deleting uya
from P, will generate two vertex-disjoint paths P, and P,, where P, connects u to
a, and P, connects i, to a. Let u,a, and u,a, be two fault-free k,-dimension edges.
By Lemma 9, there exist a fault free Hamiltonian path P, of B1 , fromu, to ay, a fault-
free Hamlltoman path P, of B , from u, to a,, and a fault- free Hamiltonian path P5
of B , from u; to a;. Hence, (u Py, ag, U3, Py, as, Uy, Py, ay, iy, Pyyayg, ug, Py, a) is
the path required (see Fig. 4).

This completes the proof. O

O,wehavelFl:2><(n—1):2n—2>2n—3,a

Fig.3 Existence of a, b, ¢ and d BO , B]
satisfying required conditions in 2 u,
Lemma 14 :::::1"'

e

B’ B2
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Lemma 15 Let F = {e,f} be any two edges of BH, withe € Eyand f € E,. In addi-
tion, let t|,t, € V| be two arbitrary vertices. Then there exist two pairs of vertices
in 'V, differing only from the inner index, respectively, suppose without loss of gen-
erality that a and c is such a pair with a = p(c), such that: (1) there exists a vertex
u €V, of BH, with u # a,c; (2) there exist two vertex-disjoint paths P and Q of
BH, — F covering all vertices of it, where P connects u to t,, and Q connects c to t,
and{c, b, a) is a subpath of Q.

Proof By vertex-transitivity of BH,, we may assume that ¢, = (1, 0). Since e € E,
and f € E|, e and f lie in different twisted 4-cycles of BH,. Our aim is to find two
pairs of vertices differing only from inner index, respectively, and satisfying condi-
tions (1) and (2). There are three essentially different positions of z,.

Case 1.1, = (3,0). We further deal with the following cases.

Case 1.1. e and flie in consecutive twisted 4-cycles.

Case 1.1.1. ¢ and f are nonadjacent. We may assume that e = (0,0)(1,0)
and f=@,03,1). If a=@2,0, ¢=(,00 and u=(2,1), then
P! =(T5((3,0);(0,1)),(3,1),(2,1)) and Q = {(0,0),(1,1),(2,0),(1,0)) are the
paths required.

Ifa=(0,1),c=2,1)and u = (2,2), then P ={(2, 2), (3, 2), (0, 2), (1, 3), (0, 3),
(3,3),2,3),(3,0)and Q = ((2,1),(1,2),(0,1),(3, 1), (0,0), (1, 1),(2,0),(1,0)) are
the paths required.

Case 1.1.2. e and f are adjacent. There are two relative positions of e and f, and
we further deal with the following cases.

Case 1.1.2.1. ¢ =(0,0)(1,0) and f =(0,0)(1,1). We can choose a = (0, 3),
c=(2,3)and u = (0,2), or a = (0,2), c = (2,2) and u = (0, 1). The proof is similar
to that of Case 1.1.1.

Fig.4 Longest path from u to a 03 b
covering all vertices of B3 — F Bn,Z ,_ _ n—2
but b, c and d j

3,3 2,3
B”_z Bn—2
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Case 1.1.2.2. ¢=(0,0)(1,1) and f=(1,1)0,1). If a=(2,1), ¢c=(0,1) and
u=(2,2), then P = (2, 2), (3, 2), (0, 2), (1, 3), (0, 3), (3, 3), (2, 3), (3, 0)) and
0={0,1),(1,2),(2,1),(1,1),(2,0), (3, 1),(0,0),(1,0)) are the paths required.

If a=1(0,2), c=(2,2) and u =(2,3), then P =((2,3),(1,3),(0,3),(3,0)) and
0=4((2,2),(3,3),(0,2),(1,2),(0,1),(3,2),(2,1),(1,1),(2,0),(3,1),(0,0), (1,0)) are
the paths required.

Case 1.2. e and f lie in inconsecutive twisted 4-cycles. Obviously, BH, can be
decomposed into four edge-disjoint 4-cycles according to ring-like layout. By
Lemma 11, each pair of vertices in V, differing only from the inner index can be
chosen as a and c such that there exist two vertex-disjoint paths P and Q of BH, — F
covering all vertices of it, where P connects u to f,, and Q connects ¢ to ¢, and
(c,b,a)is a subpath of Q.

Case 2.1, = (3, 3). We further deal with the following cases.

Case 2.1. |[F nTy(t;,(3,0);(1,3),5,)| = 2. By Lemma 11, there exist two vertex-
disjoint 2-paths P, and Q, covering all vertices of T,(t,,(3,0);(1,3),t,), where P,
connects (3,0) to £, and Q, connects (1,3) to ¢,. There are two pairs of vertices can be
chosenasaandc: (1)a = (0,2)andc = (2,2); 2)a=(0,1)and c = (2, 1).

If a=(0,2) and ¢=(2,2), let u=(2,1), then P=((2,1),(1,2),(0,1),(3,1),
(0,0),(1,1),(2,0),(3,0), P;,(3,3)) and Q =((2,2),(3,2),(0,2),(1,3),0,,(1,0)) are
the paths required.

If a=(0,1)and ¢ = (2, 1), let u = (2,0), then P = ((2,0),(3,1), (0,0),(3,0), P},
(3,3)) and O = ((2,1),(1,1),(0,1),(1,2),(0,2),(3,2),(2,2),(1, 3), O, (1,0)) are the
paths required.

Case 2.2. |[FnTy(t,,(3,0);(1,3),5,)| =1 or |FnTy(t,(3,0);(1,3),¢)| =0. The
proof is similar to that of Case 2.1, we omit it.

Case 3.1, = (3,2). The proof is similar to that of Case 2, we omit it. O

Lemma 16 Let F be a set of edges of BH, with|F| = 2n — 3 (n > 3). Given a dimen-
sion k of BH,, such that |E, N F| > |E; N F| for each j € {0,1,....,n — 1I\{k}. Let
B', 0 <i <3, be subgraphs of BH, obtained by splitting BH, along dimension k. In
addition, let t|,t, € V, be two arbitrary vertices in B' such that t; # t,. Then, there
exist four vertices u,a,c € Vyand b € V, of B with a = p(c) such that:

(1) there exists a k-dimension neighbor a;, | of a and ¢ such that e,(a;.,) N F = $ and
there exists a k-dimension neighbor u;_, of b such that |e,(b) N F| < 2, where b
(b #t,,1,) is a common neighbor of a and c;

(2) foreach j, €{0,1,....,n— 1},|ejl(u)nF| <2 '

(3) there exist two vertex-disjoint paths P and Q of B' — F covering all vertices of
it, where P connects u to t,, and Q connects c to t; and{c,b,a) is a subpath of

Q.

Proof We proceed the proof by induction on n. Firstly, we shall show that the lemma
is true when n = 3. Suppose without loss of generality that i = 3 and k = 2, that
is, t,,1, € V(B%). Since |E, N F| > 1, |Fn E(B)| <2 for 0 <i < 3. It follows from
Lemma 15 that the lemma is true when n = 3. Thus, the induction basis holds. So
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Paired many-to-many two-disjoint path cover of balanced... 411

we assume that the lemma is true for all integers m with 3 <m < n — 1. Next we
consider BH,,.

Obviously, we have |E, N F| > 2 whenever n > 4. We may assume that i =3
and k =n — 1. So we obtain four subgraphs B, 0 <i < 3, by splitting BH,, along
dimension n — 1. Accordingly, by our assumption, f,t, € V(B3). Thus, we have
|E(B*) N F| < 2n — 5. Our aim is to show that there exist four vertices u, a, ¢ € V, and
b € V, of B? with a = p(c) satisfying conditions (1)-(3). Let k; € {0,1,...,n— 2}
such that |E; NEB)NF| > |E;nEB)nF| for each j & {0,1,...,n = 2}\{k}.
We further divide each B into B, 0<i; <3, along dimension k,. That is,
B =~ BH,_, for each i;. Assume w1thout loss of generality that ¢, € V(Bm ). By
Deﬁnition 1, the graph induced by V(BO 02) V(B0 ]2) V(B02 ) and V(B 2) is isomor-
phic to BH,_,, for convenience, we denote it by H There are four relative positions
of t, in B3, so we consider the following conditions.

Ift, € V(B03 ) By the induction hypothesis, there exist four vertices u,a,c € V,,
andb eV, of B , with a = p(c) satisfying conditions (1) and (2) in H. Moreover,
there exist two vertex disjoint paths Py and Q of Bm — F covering all vertices of
it, where P, connects u to #,, and Q connects ¢ to t1 and (c, b,a) is a subpath of
Q. Since I(Py) + [(Q) = 4"2 — 2, it is obvious that there exists an edge on P, or
Q. say uya, € E(Py), such that uya,, uza, € F, where uya, and usa, are k;-dimen-
sion edges. Thus, deleting uya, from P, will generate two vertex-disjoint paths P,
and Py,, where P\, connects u to a, and Py, connects u, to t,. By Lemma 6, there
must exist two k-dimension fault-free edges u,a, and u,a;, where u; € V(B1 32)
Uy, a, € V(B 2) and a; € V(B% 32) By Lemma 9, there exist a fault-free Hamilto—
nian path P, of B’ 3 — F from u, to a,, a fault-free Hamiltonian path P, of B -F
from U, to a,, and a fault free Hamiltonian path P of B3 3 — F from u; to as. Hence

= (u, Pm,ao,u3,P3,a3,uz,PZ,az,ul,Pl,al,uO,POZ,tz) and Q are paths satisfying
condition (3)in BH,,

If 1, e V(Bl’32) Obviously, there exists a vertex u € V(Brll’fz) such that
le; (u) N F| < 2 for each ]1 e {0,1,...,n—1}. By Lemma 9, there exists a fault-free
Hamiltoman path P, of B -F from u to t,. Since I(P,) = 4"~ — 1, there must
exist an edge u,a, € E(P, ) such that |ekl (u;)NF| <2 and |ekl(a1) NF| <2. So let
u,a, and u’'a; be two fault-free k,-dimension edges. Additionally, deleting u,a, from
P, will generate two vertex-disjoint paths P, and P,, where P,; connects u to a,
and P, connects u; to #,. By the induction hypothesis, there exists four vertices
a,c € Vyand ay, b € V, of Bgi with a = p(c) such that: a, b and c satisfy condi-
tion (1) and q, satisfies condition (2) in H. Moreover, there exist two vertex-disjoint
paths P, and Q of Bg’fz — F covering all vertices of it, where P, connects #’ to a,
and Q connects ¢ to ¢, and (¢, b, a) is a subpath of Q. Obviously, there exist two k;
-dimension fault-free edges u,a; and u;a,, where u, € V(B 2) and u3, a; € V(B3 32)
By Lemma 9, there exist a fault-free Hamiltonian path P, of B ~ F from Uy
to a,, and a fault-free Hamiltonian path P; of B3 3 — F from u3 to a;. Hence,

={(u, Pyy,a,, ¢, PO,aO,u3,P3,a3,u2,P2,a2,ul,Plz,tz) and Q are paths satisfying
condition (3)in BH,,

If t, V(Bz’32) Obviously, there exists a vertex u € V|, in Bi’fz such that
le; (u) NF| <2foreach j, € {0,1,...,n—1}. By Lemma 9, there exists a fault-free
Hamiltoman path P, of B23 -F from u to t,. Similarly, there must exist an edge
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ua, € E(P,) such that |e; (u;) N F| < 2 and |, (a;) N F| < 2. So let uya, and u,az
be two fault-free k-dimension edges. Additionally, deleting u,a, from P, will gener-
ate two vertex-disjoint paths P,, and P,,, where P, connects u to a, and P,, connects
u, tot, Letay € V(Bgfz) be a vertex such that Iek1 (ap) N F| < 2. By the induction
hypothesis, there exist four vertices uy,a,c € Vy and b € V, of Bsz with a = p(c)
such that: a, b and c satisfy condition (1) and u, satisfies condition (2) in H. Moreo-
ver, there exist two vertex-disjoint paths Py and Q of BS’_32 — F covering all vertices
of it, where P, connects u, to a,, and Q connects c to ¢, and {c, b, a) is a subpath
of Q. Obviously, there exist two fault-free k,-dimension edges uya, and u3a,, where
u; € V(Bi fz) and a, € V(B’llfz). By Lemma 9, there exist a fault-free Hamiltonian
path P, of B,llfz — F from u, to a,, and a fault-free Hamiltonian path P; of Bzfz -F
from u; to a5. Hence, P = (u, P, a,, uy, Py, a,, uy, Py, ay, i3, P3, as, uy, Py, t,) and Q
are paths satisfying condition (3) in BH,,.

If t,e V(Bi ’_32). Similarly, there exists a vertex u € V(Bi’fz) such that
Iej] ()N F| <2foreach j, € {0,1,...,n—1}.Leta, € V(Bsz) be a vertex such that
ley, (ag) N F| < 2. By the induction hypothesis, there exists four vertices uy, a,c € V;,
andb € V, of Bg’fz with a = p(c) such that: a, b and c satisfy condition (1) and i sat-
isfies condition (2) in H. Moreover, there exist two vertex-disjoint paths P, and Q of
Bsz — F covering all vertices of it, where P, connects i to a,, and Q connects ¢ to t,
and (c, b, a) is a subpath of Q. So there exist three fault-free k;-dimension edges uya,,
u,a, and usa,, where u;,a, € V(B,llfz), a, € V(Biflz) and u; € V(Bifz). By Lemma
9, there exist a fault-free Hamiltonian path P, of anz — F from u, to a,, a fault-free
Hamiltonian path P, of Bifz — F from u to a, and a fault-free Hamiltonian path P;
of Bfl’fz — F fromus to t,. Hence, P = (u, P,, a,, u;, Py, ay, ug, Py, ag, uz, P5, t,) and Q
are paths satisfying condition (3) in BH,,.

This completes the proof. O

Now we are ready to state the main result of this paper.

Theorem 17 Let F be a set of edges with|F| < 2n — 3 and let {s, s,} and {t,,t,} be
two sets of vertices in different partite sets of BH, for n > 2. Then BH,, — F contains
vertex-disjoint s, t-path and s,, t,-path that cover all vertices of it. Furthermore, the
upper bound 2n — 3 of faulty edges can be tolerated is optimal.

Proof We proceed the proof by induction on n. By Lemma 13, the statement is
true for BH,. For n = 3, we have characterized how to divide BH; by some dimen-
sion d € {0,1,2} in the Remark. Assume that the statement holds for BH,_,
with n > 3. Next we consider BH,. Since |F| <2n—3, by Pigeonhole Princi-
ple, there must exist a dimension d € {0,1,...,n— 1} such that |[E;nF|>2
whenever n > 4. Thus, |[E(B)NF|<2n-35, i€{0,1,2,3}. (We can also use
Lemma 12 as induction basis when n = 3.) Suppose without loss of generality that
d=n-1. So we divide BH, into four subcubes B (i € {0,1,2,3}) by deleting
E,_,. By Lemma 2, BH, is vertex-transitive, we may assume that s, € V(B%) and
[V(B®) N {51,585, 11,15} > |V(B)) N {s,,1,,1,}| for each j € {1,2,3}. We consider the
following cases.
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Case 1.|V(B®) N {s,,1,,1,}| = 0. We further deal with the following cases.

Case 1.1. s, € V(B'), t, € V(B?) and t, € V(B?). Since 4"~! > 2n — 3 whenever
n > 3, there always exists a fault-free edge usa, € E; . In addition, there exists a
fault-free edge v3b, € E;, such that u; # v; and b, # a,. Similarly, there exist two
fault-free edges uga; € E | and uya; € E, 5 such that u, # s, and a3 # 1,. By Lemma
9, there exist a fault-free Hamiltonian path P, of B! — F from s, to a,, and a fault-
free Hamiltonian path P, of B> — F from u, to t,. By the induction hypothesis, there
exist two vertex-disjoint paths Py, and P, covering all vertices of B® — F, where P,
connects i, to a, and P, connects s, to b; there exist two vertex-disjoint paths Ps,
and P;, covering all vertices of B> — F, where P5; connects u; to t, and P, connects
v3to az. Hence, (s, Pyy, by, V3, P3a» A3, Uy, Py, t) and (s,, Py, ay, ug, Py, ag, s, Py, 1)
are two vertex-disjoint paths required (see Fig. 5).

Case 1.2. 5, € V(B"), 1, € V(B®) and ¢, € V(B?). There always exist two edges
u3ay, v3by € E5 such that u; # vy and a; # b,. Similarly, there exist an edge
uya, € E; such that u, # s, and an edge u,a; € E, 5 such that a; # ¢;. By Lemma
9, there exist a fault-free Hamiltonian path P, of B! — F from s, to a,, and a fault-
free Hamiltonian path P, of B?> — F from u, to t,. By the induction hypothesis, there
exist two vertex-disjoint paths P5; and P;, covering all vertices of B* — F, where P5,
connects v; to ¢, and P;, connects us to as; there exist two vertex-disjoint paths Py,
and P, covering all vertices of B® — F, where P, connects i to a, and P, connects
s, to by. Hence, (s, Pyy, by, V3, P31, 1) and (s,, P, a,, Uy, Poy» ags Uz, Pyos a3, Uy, Py, ty)
are two vertex-disjoint paths required.

Case 1.3. 5, € V(B?), t; € V(B') and t, € V(B?). There always exist two edges
u3ay, v3by € E5 such that u; #v; and a # by, and two edges u,a,,v\b, € E|,
such that u; #v, and a, # b,. Similarly, there exist an edge uya; € E,; such
that u, # s and a; # ¢}, and an edge u,a; € E,; such that u, # s, and a; # 1.
By the induction hypothesis, there exist two vertex-disjoint paths P,, and P,

Fig.5 Illustration of Cases 1.1 0 1
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covering all vertices of B — F, where P, connects u, to a, and P, connects
s, to by; there exist two vertex-disjoint paths P}, and P}, covering all vertices of
B! — F, where P, connects v, to t; and P, connects u, to a,; there exist two ver-
tex-disjoint paths P,, and P,, covering all vertices of B> — F, where P,, con-
nects u, to b, and P,, connects s, to a,; there exist two vertex-disjoint paths
P;, and P;, covering all vertices of B3 — F, where P;; connects v; to a; and
P;, connects u; to t,. Hence, (s|,Py,,bg, V3, Psys a5, Uy, Py, by, vy, Piysty) and
(89, Poys Gy, uy, Pra, ay, ugy, Py, g, U3, Psy, ) are two vertex-disjoint paths required.

Case 1.4. 5, € V(B?),t, € V(B?) and t, € V(B'). Obviously, there exist two non-
faulty edges usa, € E;and u,a, € E|,. By Lemma 9, there exist a fault-free Ham-
iltonian path P, of B® — F from s, to a,, a fault-free Hamiltonian path P, of B! — F
from u, to t,, a fault-free Hamiltonian path P, of B> — F from s, to a,, and a fault-
free Hamiltonian path P; of B*> — F from u, to t,. Hence, (s, Py, ay, U3, P3,t,) and
(85, Py, ay,uy, Py, t,) are two vertex-disjoint paths required.

Case 2.|V(B®) N {s,,1,,1,}| = 1. We further deal with the following cases.

Case 2.1. For some j € {1,2,3},|V(B) N {s5,,1;,1,}| = 2.

Case 2.1.1. ¢, € V(B°) and s,,1, € V(B"). By Lemma 9, there exists a fault-free
Hamiltonian path P, of B’ — F from s, to t,. Since 4"~! — 3 > 2(2n — 3) whenever
n > 3 and any vertex incident to two faulty (n — 1)-dimension edges will eliminate
the choice of two edges on P, we can choose an edge uya, € E(P,) such that there
exist two non-faulty edges uya, € E, | and u3q, € E; . Deleting uya, from P, will
give rise to two disjoint paths Py, and P,, where P, connects s, to u, and Py, con-
nects q, to ¢;. Additionally, there exist a fault-free edge u,a, € E| , such thatu; # s,,
and an edge u,a; € E, ;. By the induction hypothesis, there exist two vertex-disjoint
paths P, and P,, covering all vertices of B' — F, where P,, connects a, to u; and P,
connects s, to z,. Moreover, there exist a fault-free Hamiltonian path P, of B> — F
from a, to u,, and a fault-free Hamiltonian path P; of B*> — F from a; to u;. Hence,
(51, Poys Ug» A1 Prys Uy, Gy Py, Uy, Ay, Py s, ag, Py, t)) and (s, Py, 1, ) are two vertex-
disjoint paths required.

Case 2.1.2. 1, € V(B") and s,,t; € V(B'). There exist fault-free edges
upa, € Ey; such that uy # 5| and a; # t|, u,a, € E, such that u; # s,, u,a; € E, 5
and uza, € E5 such that a, #1,. By the induction hypothesis, there exist two
vertex-disjoint paths P, and P, covering all vertices of B® — F, where P, con-
nects s; to a, and Py, connects u, to t,; there exist two vertex-disjoint paths P,
and P, covering all vertices of B! — F, where P,, connects u, to ¢, and P, con-
nects s, to a;. By Lemma 9, there exist a fault-free Hamiltonian path P, of B> — F
from u, to a,, and a fault-free Hamiltonian path P; of B> — F from u; to a;. Hence,
(s1, Poys Ag» U3, P3, a3, Uy, Py, ay, ty, Py, t) and (sy, Py, ay, Uy, Py, t,) are two vertex-
disjoint paths required (see Fig. 6).

Case 2.1.3. ¢, € V(B°) and s,,1, € V(B?). By Lemma 9, there exists a fault-free
Hamiltonian path P, of B® — F from s, to t;. We can choose an edge uya, € E(P,)
such that there exist two fault-free edges upa;, € E | and uzay € E; . Deleting uya,
from P, will give rise to two disjoint paths Py, and P,, where P, connects s, to i,
and P, connects q, to ¢,. There exist a fault-free edge ua, € E, , such that a, # 1,
and a fault-free edge u,a; € E, 3 such thatu, # s,. By the induction hypothesis, there
exist two vertex-disjoint paths P,; and P,, covering all vertices of B> — F, where P,,
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Fig.6 Illustration of Case 2.1.2 0 1
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connects a, to u, and P,, connects s, to #,. By Lemma 9, there exist a fault-free
Hamiltonian path P, of B! — F from a, to u,, and a fault-free Hamiltonian path P; of
B3 — F from aj to u;. Hence, (sy, Py, Uy, a1, Py, Uy, ay, Psy, Uy, Ay, Py, U5, ag, Py )
and (s,, P,,, t,) are two vertex-disjoint paths required.

Case 2.1.4.1, € V(B®) and s5,,1; € V(B?). There exist fault-free edges uya, € Ey
such that u, # s, u;a, € E|, such that a, # ¢, u,a; € E, 5 such that u, # s, and
uzay € E; such that q, # 1,. By the induction hypothesis, there exist two ver-
tex-disjoint paths Py, and P, covering all vertices of B® — F, where P, con-
nects s; to a, and Py, connects u, to t,; there exist two vertex-disjoint paths P,
and P,, covering all vertices of B> — F, where P,; connects u, to t; and P,, con-
nects s, to a,. By Lemma 9, there exist a fault-free Hamiltonian path P, of B! — F
from u, to a,, and a fault-free Hamiltonian path P of B3 — F from uj to a;. Hence,
(s1, Po1» Ag» U3, P3, a3, Uy, Py, 1) and (s,, Poy, ay, Uy, Py, ay, Uy, Py, t,) are two vertex-
disjoint paths required.

Case 2.1.5. 5, € V(B®) and t,,1, € V(B'). There always exist two fault-free edges
u3ay, v3by € E5such that uy # vy and a, # by, two fault-free edges u,a,,v\b, € E, ,
such that u; #v, and a, # b,, and two fault-free edges u,a;,v,b; € E,; such
that u, # v, and a; # b;. By the induction hypothesis, there exist two vertex-dis-
joint paths Py, and Py, covering all vertices of B® — F, where P, connects s; to
ay and P, connects s, to by; there exist two vertex-disjoint paths P,; and P,, cov-
ering all vertices of B! — F, where P, connects u, to ¢; and P, connects v, to t,;
there exist two vertex-disjoint paths P,, and P,, covering all vertices of B> —F,
where P,, connects u, to a, and P,, connects v, to b,; there exist two vertex-dis-
joint paths P5; and P, covering all vertices of B> — F, where P, connects u; to a,
and P, connects v; to bs. Hence, (s, Py, ag, Uz, P31> Q3. Uy, Py, Gy, Uy, Py, ty) and
(89, Poas bos> V35 Papy D3, Vo, Pay, by, vy, Py, 1) are two vertex-disjoint paths required.
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Case 2.1.6. 5, € V(B®) and t,,1, € V(B?). By Lemma 14, there exist four vertices
a,c € Vyand b,d € V, of B3 such that:

(1) a=p(c), b = p(d)and a, b, ¢ and d form a 4-cycle in B>,

(2) there exists an (n — 1)-dimension neighbor a, of a and c such that aya, ayc € F;

(3) there exist two (n — 1)-dimension neighbors u, and v, of b and d such that
uyb,u,d,v,b & F andcd & F;

(4) there exists a neighbor u of b and d in B? such that ub, & F is an (n — 1)-dimen-
sion edge;

(5) there exists a longest path P, from u to a covering all vertices of B> — F but b, ¢
and d.

It is obvious that a, # p(b,). By the induction hypothesis, there exist two vertex-
disjoint paths P, and Py, covering all vertices of B’ — F, where P, connects s,
to a, and P, connects s, to by; there exist two vertex-disjoint paths P,; and P,,
covering all vertices of B> — F, where P,, connects u, to ¢, and P,, connects v,
to t,. Let u (resp. a,) be the neighbor of a (resp. u,) on Py, (resp. P,;). For con-
venience, we denote Py, — a, by Pys, that is, Py; is a path from s, to u,. Similarly,
we denote P,; — u, by P,3, that is, Py is a path from a, to t;. If |e,_; (ug)) N F| =2
or le,_(a)) NF| =2, say |e,_,(ug) N F| =2, let u), € V(B°) such that u, = p(uy).
Moreover, if uya, & F, we can replace u, by u on Py;. Otherwise, we have at
least three fault edges incident to u, and u;. Since there are 2n —2 common
neighbors of u, and u; in B, fault edges incident to u, and ug may affect 2n — 2
vertices as the choice of a,. Since 3 X ((4"~! —2)/2)/(2n—2) > 2n — 3 when-
ever n >3, we can always choose such u, € V(B°) and a, € V(B?) that there
exist two fault-free (n — 1)-dimension edges uga, € Ey; and uja, € E|,. Then
there exists a fault-free Hamiltonian path P, of B! — F from a, to u;. Hence,
(81, Po3s Ug» a1, Py Utys Gy, Pos, 1)) and (s,, Py, by, U, P3,a, ay, ¢, d, Uy, b, vy, Pyy, t,) are
two vertex-disjoint paths required (see Fig. 7).

Case 2.1.7. 5, € V(B®) and t,,1, € V(B*). By Lemma 16, there exist four vertices
u,a,c € Vyand b € V, of B> with a = p(c) such that:

(1) there exists an (n — 1)-dimension neighbor g, of a and ¢ such that aya, ayc € F
and there exists an (n — 1)-dimension neighbor u, of b such that u,b ¢ F, where
b (b #1t,,t,) is a common neighbor of a and c;

(2) there exists an (n — 1)-dimension neighbor b of u such that ub, ¢ F;

(3) there exist two vertex-disjoint paths P5; and Q of B® — F covering all vertices of
it, where P, connects u to t,, and Q connects ¢ to t; and {c, b, a) is a subpath of

0.

Deleting ab from Q will generate two vertex-disjoint paths bc and P;,, where P;,
connects a to ;. By the induction hypothesis, there exist two vertex-disjoint paths
P,, and P, covering all vertices of B® — F, where P, connects s, to a, and Py,
connects s, to b,. Similar to the proof of Case 2.1.6, let i, be the neighbor of g, on
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Fig.7 Illustration of Cases 2.1.6 5 0 1
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Py, such that uya, € E, ; is a fault-free edge. For convenience, we denote Py, — q,
by Pg;, that is, Py; is a path from s, to ;. By Lemma 6, there must exist a fault-
free edge uja, € E| ,. Additionally, there exist a fault-free Hamiltonian path P, of
B! — F from a, to u;, and a fault-free Hamiltonian path P, of B> — F from a, to u,.
Hence, (s, Pos, g, a1, Py Uy, ay, Py, tty, b, c,ag,a, Py, 1) and (S,, Py, by, U, Psy, t5)
are two vertex-disjoint paths required (see Fig. 8).

Case 2.2. Forall j € {1,2,3},|V(B) N {s,5,1;,5,}| < 1.

Case 2.2.1.1, € V(B).

Fig.8 Illustration of Case 2.1.7
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Case 2.2.1.1. 7, € V(B') and 5, € V(B*). There exist fault-free edges uya, € Ey;
such that u, # s, and a; # t,, uja,,v;b, € E|, such that u; # v, and a, # b,,
u,a; € E, 5 such that u, # s5,, and uza, € E; such that a, # ¢,. By the induction
hypothesis, there exist two vertex-disjoint paths P, and Py, covering all vertices of
B? — F, where P, connects s, to a, and P, connects u, to t,; there exist two vertex-
disjoint paths P, and P,, covering all vertices of B! — F, where P, connects u, to a,
and P, connects v, to t,; there exist two vertex-disjoint paths P, and P,, covering all
vertices of B> — F, where P,, connects u, to a, and P,, connects s, to b,. By Lemma
9, there exists a fault-free Hamiltonian path P; of B> — F from u; to a;. Hence,
(s1> Py ags U3, P3, a3, 1y, Py, ag, 1y, Pyys g, g, Pog, 1y) and (s, Py, by, vy, Py, 1) are
two vertex-disjoint paths required.

Case 2.2.1.2. t, € V(B") and s, € V(B?). There exist two non-faulty edges
uja, € E\, and uya; € E, ;. By Lemma 9, there exist a fault-free Hamiltonian path
P, of B — F from s, to t,, a fault-free Hamiltonian path P, of B' — F from u, to t,, a
fault-free Hamiltonian path P, of B> — F from u, to a,, and a fault-free Hamiltonian
path P; of B3 — F from s, to a;. Hence, (s, P, ;) and (s, P5, a3, Uy, P, ay, y, Py, 1,)
are two vertex-disjoint paths required.

Case 2.2.1.3. 7, € V(B?) and s, € V(B?). There exist fault-free edges uya, € Ey;
such that u, # 5|, uja, € E|, such that a, # t,, uya;,v,b; € E, 5 such that a; # b,
and u, # v,, and uza, € Ej; such that u; # s, and a, # t,. By the induction hypoth-
esis, there exist two vertex-disjoint paths P,; and P, covering all vertices of B® — F,
where P, connects s, to g, and P, connects i, to #;; there exist two vertex-disjoint
paths P,, and P,, covering all vertices of B> — F, where P, connects u, to a, and
P,, connects v, to t,; there exist two vertex-disjoint paths P;; and P, covering all
vertices of B> — F, where P;; connects u; to a; and P5, connects s, to b;. By Lemma
9, there exists a fault-free Hamiltonian path P, of B' — F from u, to a,. Hence,
(s1> Py g, s, P3y, a3, 1y, Py ay, uy, Pyyay, g, Pog, 1y) and (s, Py, by, vy, Py, 1) are
two vertex-disjoint paths required.

Case 2.2.1.4. 1, € V(B?) and s, € V(B"). There exist fault-free edges uya, € Ey
such that u, # s,, v|b, € E|, such that v| # s, and b, # t,, uyaz, v,b; € E, 5 such
that ay # by and u, # v,, and uza, € E; such that a, # ¢;. By the induction hypoth-
esis, there exist two vertex-disjoint paths P,; and P, covering all vertices of B® — F,
where Py, connects u, to a, and P, connects s, to #;; there exist two vertex-disjoint
paths P,, and P,, covering all vertices of B> — F, where P,, connects v, to b, and P,,
connects u, to t,. Moreover, there must exist an edge vyb, on P, or P,, say P, such
that there exist two fault-free (n — 1)-dimension edges vob, € E | and v3b, € E;,
where v; # uy and b # a,. Deleting vyb, from P, will generate two vertex-disjoint
paths Py; and P, where P, connects s, to b, and P, connects v, to ¢,. Analogously,
there exist two vertex-disjoint paths P, and P;, covering all vertices of B! — F,
where P}, connects v, to b, and P}, connects s, to a;; there exist two vertex-disjoint
paths P, and P5, covering all vertices of B3 — F, where P, connects v, to b; and P;,
connects us to a,. Hence, (s, Pys, by, V3, P31, D3, Vas Pay, 02, v, Prys by, Vs Poss 1) and
(89, P1as ay, ugy, Py A, U3, P3y, s, Uy, Pay, 1) are two vertex-disjoint paths required.

Case 2.2.1.5. ¢, € V(B?) and s, € V(B"). The proof is quite analogous to that of
Case 2.2.1.4, we omit it.
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Case 2.2.1.6. ¢, € V(B?) and s, € V(B?). The proof is quite analogous to that of
Case 2.2.1.4, we omit it.

Case 2.2.2.1, € V(B).

Case 2.2.2.1. 1, € V(B') and s, € V(B?). There exist fault-free edges vob, € E
such that vy # s, and by # 1|, wyay,v\b, € E|, such that u; # v, and a, # b,,
u,a; € E, 5 such that u, # s,, and uza, € E; such that q, # 1,. By the induction
hypothesis, there exist two vertex-disjoint paths P, and Py, covering all vertices of
B? — F, where P, connects s, to a, and P, connects v, to ,; there exist two vertex-
disjoint paths P, and P,, covering all vertices of B! — F, where P, connects u, to
t; and P, connects v, to b;; there exist two vertex-disjoint paths P,, and P,, cover-
ing all vertices of B?> — F, where P,, connects u, to a, and P,, connects s, to b,.
By Lemma 9, there exists a Hamiltonian path P of B® — F from u; to a;. Hence,
(s1, Po1> ag, uz, P3, a3, uy, Py, ay, uy, Py 1) and (s, Poy, by, vy, Pra, by, vo, Py, 1) are
two vertex-disjoint paths required.

Case 2.2.2.2. 1, € V(B') and s, € V(B). There exist fault-free edges vob, € E
such that vy # s, and by # 1|, uyay,v\b, € E, such that u; # v, and a, # b,,
Uyas, v,by € E, 5 such that u, # v, and a; # b;, and uza, € E;5, such that a, # 1,
and u; # s,. By the induction hypothesis, there exist two vertex-disjoint paths Py,
and P, covering all vertices of B® — F, where P, connects s, to a, and Py, con-
nects v, to f,; there exist two vertex-disjoint paths P, and P,, covering all ver-
tices of B' — F, where P;; connects u, to ¢, and P, connects v, to b;; there exist
two vertex-disjoint paths P,, and P,, covering all vertices of B?>—F, where
P,, connects u, to a, and P,, connects v, to b,; there exist two vertex-disjoint
paths P, and P;, covering all vertices of B> — F, where P;; connects u; to a; and
P;, connects s, to b;. Hence, (s,Py,a, U3, P3;, a3, Uy, Pyy,ay,u, Py, 1) and
(89, P33, b3, V9, Py, by, v, Py, by, vy, Poas 1) are two vertex-disjoint paths required.

Case 2.2.2.3.1, € V(B?) and s, € V(B"). There exist fault-free edges vob, € E
such that vy # s, ua; € E, 3, and uzq, € E; such that q, # 1,. By the induction
hypothesis, there exist two vertex-disjoint paths P, and Py, covering all vertices of
B? — F, where P, connects s, to a, and P, connects v, to t,. By Lemma 9, there
exist a fault-free Hamiltonian path P, of B' — F from s, to b,, a fault-free Hamilto-
nian path P, of B> — F from u, to ,, and a fault-free Hamiltonian path P, of B> — F
from u, to a,. Hence, (s, Py, dg, U3, P3, a3, Uy, Py, 1) and (s,, Py, by, vy, Pyy, 1) are
two vertex-disjoint paths required.

Case 2.2.2.4. t, € V(B?) and s, € V(B?). The proof is quite analogous to that of
Case 2.2.2.1, we omit it.

Case 2.2.2.5. 1, € V(B%) and s, € V(B"). There exist fault-free edges vob, € E
such that vy # s, uja, € E|, such that u; # s,, uya; € E, 5 such that a; # t|, and
v3ay € E5 such that a; # t). By the induction hypothesis, there exist two ver-
tex-disjoint paths Py, and P, covering all vertices of B® — F, where P, con-
nects v, to f, and Py, connects s, to a,. Moreover, there must exist an edge uyb,
on Py or Py, say Py, such that there exist two fault-free (n — 1)-dimension
edges upa; € Ey; and uzby € E5, where uy #v; and a; # by. Deleting ub,
from P(, will generate two vertex-disjoint paths Py; and P,, where P,; connects
s, to by and P, connects u, to a,. Analogously, there exist two vertex-disjoint
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paths P, and P,, covering all vertices of B! — F, where P, connects u; to a,
and P;, connects s, to b,; there exist two vertex-disjoint paths P, and P, cover-
ing all vertices of B> — F, where P5, connects v, to #; and Ps, connects u; to as.
By Lemma 9, there exists a fault-free Hamiltonian path P, of B> — F from u, to
a,. Hence, (s|,Py3,bg,Us, Py, 3,1y, Py, ay,uy, Py, ay, Uy, Py, agy, V5, Py, 1) and
(89, P12, by, v, Poy» 1,) are two vertex-disjoint paths required.

Case 2.2.2.6. 1, € V(B®) and s, € V(B*). There exist fault-free edges vob, € E
such that vy # sy, v|b, € E| ,, and u3q, € E; such that q, # 1,. By the induction
hypothesis, there exist two vertex-disjoint paths P, and Py, covering all vertices of
B? — F, where P, connects s, to a, and P, connects v, to t,. By Lemma 9, there
exist a fault-free Hamiltonian path P, of B! — F from v, to b,, a fault-free Hamilto-
nian path P, of B> — F from s, to b,, and a fault-free Hamiltonian path P; of B> — F
from u, to t;. Hence, (s, Py, ag, Uz, P5, 1) and {s,, Py, by, v, P|, by, vy, Py, t,) are
two vertex-disjoint paths required.

Case 2.2.3. 5, € V(B°).

Case 2.23.1. t; € V(B") and t, € V(B*). There exist fault-free edges
uja, € E|, such that a, # t,, uyaz,v,b; € E, 5 such that u, # v, and a; # b;, and
u3ay, v3by € E5 such that uy # v; and a, # by,. By the induction hypothesis, there
exist two vertex-disjoint paths P, and P, covering all vertices of B® — F, where
Py, connects s, to a, and P, connects s, to by; there exist two vertex-disjoint paths
P,, and P,, covering all vertices of B> — F, where P,, connects u, to a, and P,,
connects v, to t,; there exist two vertex-disjoint paths P;; and Ps, covering all ver-
tices of B3 — F, where P, connects u; to a; and P;, connects v; to by. By Lemma
9, there exists a fault-free Hamiltonian path P, of B! — F from u, to ¢,. Hence,
(s1: Poys g 3, Py a3, 1y, Poys gy uy, Py ty) and (sy, Poy, by, vy, Py, by, vy, Py, 1) are
two vertex-disjoint paths required.

Case 2.2.3.2. 1, € V(B") and t, € V(B?). The proof is quite analogous to that of
Case 2.2.3.1, we omit it.

Case 2.2.3.3.1, € V(B?) and t, € V(B®). By Lemma 16, there exist four vertices
u,a,c € Vyand b € V, of B® — F with a = p(c) such that:

(1) there exists an (n — 1)-dimension neighbor u; of a and ¢ such that u;a, usc € F
and there exists an (n — 1)-dimension neighbor a; of b such that a;b ¢ F, where
b (b # s;,5,) 1s a common neighbor of a and c;

(2) there exists an (n — 1)-dimension neighbor v; of u such that uv; & F;

(3) there exist two vertex-disjoint paths Py, and Q of B® — F covering all vertices of
it, where P, connects s, to u, and Q connects s, to ¢ and (¢, b, a) is a subpath of

0.

Deleting ab from Q will generate two vertex-disjoint paths P, and bc, where Py,
connects s, to a and bc is an edge. Let a; € V, be a vertex in B3 such that a; # t,
and uya; € E, 3 is a fault-free edge. In addition, there exist two vertex-disjoint paths
P, and Ps, covering all vertices of B* — F, where P;; connects v; to ¢, and P, con-
nects u to a;. Similar to the proof of Case 2.1.6, let b; be the neighbor of u; on P,
such that v,b; € E, 5 is a fault-free edge. For convenience, we denote P;, — u; by
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Py, that is, Py is a path from b5 to a;. By Lemma 6, there must exist a fault-free
edge uja, € E|, such that a, # t;. Thus, there exist two vertex-disjoint paths P,,
and P,, covering all vertices of B> — F, where P,, connects u, to t; and P,, connects
a, to v,. Additionally, there exists a fault-free Hamiltonian path P, of B' — F from
a, to u,. Hence, (s;,Py,a,us,¢,b,a;,P,u;,ay, Py, vy, b5, P33, a5,u,, Py, 1) and
(85, Py, U, v5, P31, 1) are two vertex-disjoint paths required.

Case 3.|V(B®) N {s,,1,,1,}| = 2.

Case 3.1. 1,1, € V(B®) and s, € V(B'). There exist a fault-free edge v b, € E,
such that v, # s,. By the induction hypothesis, there exist two vertex-disjoint paths
P, and Py, covering all vertices of B” — F, where P, connects v, to ¢, and Py, con-
nects s, to t;. Moreover, there must exist an edge uya, on Py, or P,, say P, such that
there exist two fault-free (n — 1)-dimension edges uya; € E; and u3a, € E; ), where
a, # b,. Deleting uya, from P, will generate two vertex-disjoint paths Py; and P,
where P; connects s, to ay and P, connects i to ¢,. In addition, there exist two fault-
free edges u a, € E|, and uya; € E, 3, where u; # s, . Analogously, there exist two
vertex-disjoint paths P, and P}, covering all vertices of B! — F, where P}, connects
u, to a; and P, connects s, to b;. Moreover, by Lemma 9, there exist a fault-free
Hamiltonian path P, of B2 — F from u, to a, and a fault-free Hamiltonian path P of
B? — F from uy to ay. Hence, (s, Py, ay, U3, P3, a3, Uy, Py, ay, g, Pyysay, g, Pog, 1))
and (s,, P15, by, vy, Py, ;) are two vertex-disjoint paths required.

Case 3.2.1,,1, € V(B®) and s, € V(B?). There exist a fault-free edge v b, € E,
such that v, # s,. By the induction hypothesis, there exist two vertex-disjoint paths
P, and Py, covering all vertices of B” — F, where P, connects v, to ¢, and Py, con-
nects s, to t;. Moreover, there must exist an edge uya, on Py, or P,, say P, such that
there exist two fault-free (n — 1)-dimension edges uya; € E; and uza, € E; ), where
a, # b,. Deleting uya, from P, will generate two vertex-disjoint paths Py; and P,
where P; connects s, to ay and P, connects i, to ¢,. In addition, there exist fault-free
edges u ay, v\ b, € E|, such that u; # v, and a, # b,, and uya; € E, ;. Analogously,
there exist two vertex-disjoint paths P, and P,, covering all vertices of B! — F, where
P, connects u; to a; and P, connects v, to b;; there exist two vertex-disjoint paths
P, and P,, covering all vertices of B> — F, where P,, connects u, to a, and P,, con-
nects s, to b,. Moreover, by Lemma 9, there exists a fault-free Hamiltonian path P; of
B? — F from us to ay. Hence, (sy, Py, dg, Us, P3, a3, Uy, Pay, ay, g, Pyys g, g, Pog, 1))
and (s, Py, by, v, P15, b1, v, Pyy- 1) are two vertex-disjoint paths required.

Case 3.3. 1,1, € V(B) and 5, € V(B?). There exist fault-free edges v b, € E,
such that vy # sy, v|b, € E 5, and v,b; € E, ;. By the induction hypothesis, there
exist two vertex-disjoint paths Py, and P, covering all vertices of B® — F, where Py,
connects s, to ¢, and P, connects v, to ,. By Lemma 9, there exist a fault-free Ham-
iltonian path P, of B! — F from v, to b,, a fault-free Hamiltonian path P, of B> — F
from v, to b,, and a fault-free Hamiltonian path P; of B> — F from s, to b;. Hence,
(s1, Py, 1) and (s, P3,b3,v,, Py, by, v, P, by, vg, Py, t,) are two vertex-disjoint
paths required.

Case 4. s,,1,,1, € V(B®). By the induction hypothesis, there exist two vertex-
disjoint paths P,, and P, covering all vertices of B’ — F, where P, connects s,
to ¢, and P, connects s, to t,. Since I(Py;) + [(Py,) = 4"~! —2 and any vertex has
two (n — 1)-dimension neighbors, there must exist an edge uya, on Py, or Pg,, say
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Py, such that there exist two non-faulty edges uga, € Ey; and uza, € E; . Thus,
deleting uya, from Py, will generate two vertex-disjoint paths Py; and Py, where
Py; connects s, to a, and Py, connects u, to ¢,. In addition, there exist non-faulty
edges u,a, € E,, and u,a; € E, ;. By Lemma 9, there exist a fault-free Hamilto-
nian path P, of B! — F from u, to a,, a fault-free Hamiltonian path P, of B> — F
from u, to a,, and a fault-free Hamiltonian path P; of B*> — F from u; to a;. Hence,
(s1, Pos, Ag» U3, P3, a3, Uy, Py, ay, iy, Py, ay, ugy, Pog, 1)) and (s,, Py, t,) are two vertex-
disjoint paths required.

By above, we have shown that for an edge subset F of BH, with |F| <2n -3,
there always exists paired two-disjoint path cover of BH, — F. We shall show that
there exists an edge subset F of BH, with |F| = 2n — 2 such that there may not exist
paired two-disjoint path cover of BH, — F', which implies the optimality of the upper
bound 2n — 3.

Let s;,5, € Vy and 1,1, € V| be four vertices in BH,. There exists a bal-
anced hypercube BH, with 2n—2 edge faults containing no vertex-disjoint
paths P;, i = 1,2, that cover all vertices of it, where P; connects s; to ¢; and
V(P,) U V(P,) = V(BH,). For example, let s, and s, be two vertices differing only
from the inner index and let w be any common neighbor of s, and s,. One can con-
sider that the 2n — 2 edges incident to w (except s;w and s,w) are all faulty (see
Fig. 9). Obviously, w has exactly two fault-free edges incident to it. Therefore, it is
impossible to have vertex-disjoint s, ;-path and s,, #,-path that cover all vertices of
BH,,. Hence, our result is optimal.

Thus, this completes the proof. |

4 Conclusions

In this paper, paired many-to-many two-disjoint path cover of the balanced hyper-
cube with faulty edges is considered. We use induction to prove that the balanced
hypercube BH,, n > 2, is paired many-to-many two-disjoint path coverable when
at most 2n — 3 edge faults occur. The upper bound 2n — 3 of edge faults tolerated
is optimal. It is meaningful to explore algorithms to obtain 2-DPC in the (faulty)

Fig.9 BH, has no paired two-
disjoint path cover with 2n — 2
faulty edges

4 \
d / \
s ! \
j\/ 7 N
/e 0 0 o
*x \

v

2n—2 faulty edges
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balanced hypercube. Moreover, the problem of the paired k-DPC with k£ > 3 of the
(faulty) balanced hypercube is of interest and should be further investigated.
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