J Supercomput (2010) 54: 139-153
DOI 10.1007/s11227-009-0312-7

Parallel algorithms for finding polynomial Roots
on OTIS-torus

Keny T. Lucas - Prasanta K. Jana

Published online: 7 July 2009
© Springer Science+Business Media, LLC 2009

Abstract We present two parallel algorithms for finding all the roots of an N-degree
polynomial equation on an efficient model of Optoelectronic Transpose Intercon-
nection System (OTIS), called OTIS-2D torus. The parallel algorithms are based
on the iterative schemes of Durand—Kerner and Ehrlich methods. We show that
the algorithm for the Durand—Kerner method requires (N%7> +0.5N%2> — 1) elec-
tronic moves + 2(N%3 — 1) OTIS moves using N processors. The parallel algorithm
for Ehrlich method is shown to run in (N7 4+ 0.5N%2 — 1) electronic moves +
2(N%3 — 1) OTIS moves with the same number of processors. The algorithms have
lower AT cost than the algorithms presented in Jana (Parallel Comput 32:301-312,
2006). The scalability of the algorithms is also discussed.

Keywords Parallel algorithms - Optoelectronic parallel computer - OTIS-2D torus -
Polynomial roots - Durand—Kerner scheme - Ehrlich scheme

1 Introduction

Optical Transpose Interconnection System (OTIS) [12, 28, 34, 40] forms the basis of
an efficient architecture of optoelectronic parallel computers that takes benefits from
both optical and electronic communications. In this architecture, processors are di-
vided into groups. The processors within the same group are connected through elec-
tronic links, whereas the optical interconnections are used for inter-group communi-
cation following the OTIS rule: pth processor of the gth group is connected to the
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gth processor of the pth group. Depending on the interconnection pattern within each
group, an OTIS model can be obtained. OTIS-Mesh, OTIS-Ring, OTIS-Hypercube,
OTIS-Mesh of trees and OTIS-Torus are some of the examples of this interconnec-
tion network. In the recent years, OTIS architecture has brought the attention among
researchers. Several parallel algorithms have been developed for various computa-
tions, such as matrix multiplication [38], prefix computation [22], BPC permuta-
tion [35], routing, selection and sorting [32], polynomial interpolation and polyno-
mial root finding [20]. The issues regarding scalability and large-scale optic-based
implementation of interconnection networks can also be found in [4, 5, 8].

In this paper, we propose two parallel algorithms for finding all the roots of an
N (= n*)-degree polynomial equation. The algorithms are based on Durand—Kerner
[1, 13, 26] and Ehrlich [14] methods and mapped on OTIS-2D torus network. OTIS-
2D torus is built around two-dimensional torus (mesh with wraparound connections)
which is one of the most popular instances of n-ary m-cube (for m = 2) [10] that
have been extensively used to build multicomputer such as J-Machine [31], CRAY
T3D [27] and CRAY T3E [3].

Finding polynomial roots has many real-time applications, such as in digital signal
processing, automatic control, petroleum exploration, in which we often require very
fast computation of all the roots of a very high degree polynomial [23]. Researchers
usually adopt one of the two following approaches to parallelize root finding algo-
rithms. One approach is to reduce the total number of iterations as implemented by
Miranker [29, 30], Schedler [36] and Winogard [39]. Another approach is to reduce
the computation time per iteration, as reported in [7, 20, 24, 33]. There are many
schemes for simultaneous approximations of all roots of a given polynomial. Sev-
eral works on different methods and issues of root finding have been reported in
[6, 17, 25, 37, 41, 42]. However, Durand—Kerner and Ehrlich methods are the most
practical choices among them [9]. These two methods have been extensively studied
for parallelization due to their following advantages. The computation involved in
these methods has some inherent parallelism that can be suitably exploited by SIMD
machines. Moreover, they have fast rate of convergence (quadratic for the Durand—
Kerner method and cubic for the Ehrlich). Various parallel algorithms reported for
these methods can be found in [11, 15, 16, 21, 24]. Freeman and Bane [16] presented
two parallel algorithms on a local memory MIMD computer with the compute-to-
communication time ratio O(n). However, their algorithms require each processor
to communicate its current approximation to all other processors at the end of each
iteration. Therefore they cause a high degree of memory conflict. Recently the author
in [20] proposed two versions of parallel algorithm for the Durand—Kerner method
on an OTIS-Mesh. For N-degree polynomial using row-column mapping, the first
version requires 6(N°> — 1) electronic moves + 2 OTIS moves per iteration using
N? processors. However, with the assumption that data points are already stored in
the processors, the same algorithm requires 2(N°> — 1) electronic moves + 1 OTIS
move. The second version using the group mapping requires 4(N%> — 1) electronic
moves + 1 OTIS move per iteration. Assuming the storing of initial data points, this
algorithm requires 2(N%> — 1) electronic moves + 1 OTIS move. The parallel al-
gorithms for both the Durand—Kerner and Ehrlich methods, proposed in this paper,
are different from [20] in the following respects: (i) Data initialization and mapping
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of computations are dissimilar in nature. (ii) The algorithms have lower AT cost as
each of them requires (N975 4 0.5N9% — 1) electronic moves + 2(N% — 1) OTIS
moves per iteration using only N processors, in contrast to N2 processors as needed
by the algorithms in [20]. (iii) The algorithms are implemented on OTIS-2D torus in
which each group is a 2D mesh with wraparound connections; whereas the algorithms
in [20] are mapped on OTIS-Mesh in which wraparound connections are absent for
each group.

The paper is organized as follows. In Sect. 2, we describe the computational
model, i.e., OTIS-2D torus on which the proposed algorithms are mapped. The paral-
lel algorithms for the Durand—Kerner and Ehrlich methods are presented in Sects. 3
and 4 respectively, followed by the conclusion in Sect. 5.

2 Topology of OTIS-2D torus

In an OTIS-2D torus network, N = n* processors are divided into n? groups to
form a two-dimensional lattice. Each group is basically a two-dimensional torus
(2D mesh with wraparound connections) with n rows and n columns. Let us de-
note the processor placed in the (k, [)th position of the (i, j)th group by PE j
for 0 <i, j, k,I <n— 1. Then, within each group, two processors placed at (x, y) and
(x’, y') are connected if and only if x’ = (x = 1) modn and y' =y or y = (y £ 1)
mod n and x” = x. For group communication, the processor P E(; j x ;) is connected
to PE ., j) via an optical link. We assume that all the links are bidirectional. As an
example the OTIS-2D torus is shown in Fig. 1 for n = 3. In this figure, the indices for
each group are shown below it in boldface and the processor indices are shown adja-
cent to it. It possesses several topological properties that can be exploited in efficient
mapping of parallel algorithms.

We differentiate the electronic and optical links as follows: (i) optical links have
larger bandwidth than electronic links and (ii) transfer times including latency are
different along optical and electronic links [39]. As the channel capacity, transmission
property and mechanism of these two links are different; we keep a separate count
for data movement on these links. We represent data movement on electronic link
by electronic move and that on optical link by OTIS move for analyzing the time
complexity of our proposed algorithms. These two moves actually provide the total
communication latency required by the algorithms. We also count the number of
different primitive mathematical operations per iteration for each of the algorithm to
add for a better understandability of our proposed algorithms.

3 Parallel Durand-Kerner algorithm

Let Py (x) =aox™ +aix¥ '+ ax¥2+...+ay_ix+ay bean N (=n*)-degree
polynomial, where the coefficients a;, 1 <i < N, are assumed to be real. Without
loss of generality, it is also assumed that Py (x) is normalized, i.e. ap = 1 and the
roots of this polynomial are simple. Then the iterative scheme for the Durand—Kerner
method [15] is as follows:
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where x;‘ denotes the kth approximation of the root. Following relation (3.1), the next
approximations for N =9 are as follows:
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The method is locally convergent and has a quadratic rate of convergence [15]. The
initial approximations can be calculated by Guggenheimer procedure [18]. For the
sake of simplicity, we denote Py (xf) by Pik.

Now, we present the parallel version of the Durand—Kerner algorithm as follows.
It can be observed that ]_[1}’:1 (x{‘ — xf), 1 <i < N, is the principal computation of

1

the Durand—Kerner methoé, which is the main target of our algorithms to parallelize.
The idea is as follows. With initial data values, we compute the partial result in each
group concurrently. We then rotate the data values row-wise and column-wise within
each group to update the partial results. Next, we rotate each block (group) column-
wise for further updating of the partial results. This method is repeated until we ob-
tain the final result. We assume that every processor P E(; ;) has five local regis-
ters, i.e. A¢ j ks Ba,j k0> Ci,jk,n» D, jkiy and Eg j k). To formulate the parallel
Durand—Kerner algorithm, first we give three procedures, namely, Column_Rotation,
Group_Row_Rotation and Group_Column_Rotation, which are called from the main
algorithm. The procedure Column_Rotation rotates the contents of the registers
within each column of all the groups in parallel. The procedure Group_Row_Rotation
rotates the contents of all the processors from one group to another row-wise in
clockwise direction, whereas the procedure Group_Column_Rotation rotates from
one group to another column-wise in downward direction. We assume here that every
processor has the capability of rotating the contents of the registers B, C and D con-
currently using electronic links. In our proposed algorithm, we use the notations
‘<’ and “:=’" for data movement within group and assignment statement, respec-
tively.

Procedure Column_Rotation (B, C, D)

{
Vi, j, k1, 0<i,j,k,l <n—1doinparallel
{
B, j,(k+1)modn,i) < B, j k.0
Ci,j,(k+Dymodn,l) < Ca,jk,
D, j,(k+1)modn,ly <= D, j k.
}
Procedure Group_Row_Rotation (B, C, D)
{
Vi, j, k1, 0<i,j,k,l <n—1doin parallel
{
Perform one OTIS move on B j r.1), Ca,j k0> Da,j k.0
B jk,(+1)modn) < B, j k.0
Cii,jk,(4+)modn) < Cai,jk.)
D, jk,q+1)modn) < D, jk,D
Perform one OTIS move on B j k1), Cii,j.k,0)» Da.j k.
}
}
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Procedure Group_Column_Rotation (B, C, D)
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}
Algorithm Parallel-DK:
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Data initialization: We assume here that the data elements x,;3; 2 k4741 are
initially stored in the registers A j «,;) for 0 <i, j, k,I <n — 1. In other words, they
are stored in a row major order within each group and also in the same order block-

to-block as shown in Fig. 2 for n = 3.

Step 1: Vi, j,k,I, 0<i, j, k,l <n—1doin parallel

B, jk,ny = A, j kD
D, k) = AG kD

EG,jkn = 1

Ci,jkl) = AG,j kD)

Step 2: /* Rotate the contents of C(; j i (clockwise) and D; j x 1y (anticlockwise)
and subtract it from A ;. ;), multiply by E; k) and store itin E j i)™/

fort=1to L%J do
{

Ci,jk,d+Dmodn) < Ca,j ki)
D, jk,(i—1ymodn) < D, j ki)

EG i =EGjien(Aajkn — Cajk)Adjkn — Da, jki)
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Poyo Py Py, Py Py Py Py Py Py
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Fig. 3 Contents of registers E, B, C and D after Step 2

Illustration 1 After this step, E(; j ;) contains the partial product (x; — x,) x
- xr+(n—2))(xq — Xr+(n—1)) where

(xg — xr+1)(Xxg — Xp42) -+ (Xg — Xr4(n=3)) (X
g#r,q=n3i+n?j+nk+I1+1,r=n+

n%j—l—nk—i-landOSi,j,k,lfn—l.

This step is illustrated in Fig. 3, in which the contents of E registers is shown as xf_b
denoting (xg —x4)(Xg — Xa41) -+ - (xg — xp—1)(xg —xp) for B ¢ {a,a+1,...,b} and
a < b. The contents of the B j 1), C,jk1 and D jx 1y registers are also shown
from left to right below the contents of E; ;) registers. Note that we do not use
any separator between the contents of the above three registers due to lack of space.

Step 3: /* Rotate B j k1), Ca,jkl)» D, jki within each group column-wise in
downward direction, then subtract from A(; j x ;) and multiply by E j .1y */

fors=1ton—1do

{

Call Column_Rotation (B, C, D)
EG jkn:=Eq jkn(Aajkn— Ba jkn)Adjkn —Cajkb)

X (Ag,jxkn) — Da,jk,n)
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Table 1 Contents of register E after Step 3

Processor— Py Po1 Py Pro P11 P12 Py P>y Py
Group|,

Goo Mg Xig X9 X9 Xy g x4 g X
Gol xll(())—lS xllé—ls xll(%—l8 x}8—18 xllg—IS x113—18 xllg—IS x}(7)—18 x}g—IS
Goz x113727 "128727 x%91727 x%5727 x123727 X 123727 x123727 xfg,w xf;n
Gio x§§—36 x§§—36 ng(;)—% x;s];—% x%&%—% x§§—36 x%é—% xgg—% xgg—%
G X§3745 "%?745 x§?745 x§‘9745 x§71745 x§72745 "3173745 x§§745 x§;745
G2 Xi0 54 Xig_sq Fie_sa Fio_sa Figsa Fib_s4 Fae_sa Fie_sa *ie_sa
G20 X§§_63 )‘356—63 xgg—(ﬁ x§58—63 x§59—63 xgg—(ﬁ xg)sl—(ﬁ xg§—63 xsﬁg—e,%
G2l G %G o Gn en Yam Yaem Ya-m Ya-m
Gn x;§—81 x;§—81 X%—gl X;g—m x;;—Sl x;§—81 x;g—Sl x%)—m X%—gl

Illustration 2 After Step 3, register E ;i) contains (x4 — x/)(xg — Xp41) X
(g = Xr42) -+ (Yg = Xpy(2-2) (Bg = Xy 2yy) for g =ndi +0°j +nk +1+1
and r =n3i + n2j +1,0<i,j,k,l <n— 1. The contents of E; ;) register only

are shown in Table 1.

Step4: fort=1ton—1do

@ Springer

{

forq=1ton—1do

{
Call Group_Row_Rotation (B, C, D)

EG jxn =EGjrn(Adjkn — B jkn)Adjkn — Cajki)

X(Ag,jxkh — Da,jkn)
fors=1ton—1

{
Call Column_Rotation (B, C, D)
EG jxn=EqG; Ak — B jkn))Aajkn — Cajki)
x (Ag,jxn — Da,jkn)

}

}
Call Group_Column_Rotation (B, C, D)

EG iy =EqGjrn(AGjkn — Bajcn)Adjkn — Cajki)

X (Ag,jxty — Da,jk)
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Table 2 Results for# =1 and ¢ =2 in Step 4

Processor— Py Pop Py Pro P Pio Py P Py
Group|,
1 2 3 4 5 6 7 8 9
Goo Xl—27 M-—27 Y127 K127 Mi—27 Y127 M1-27 Y127 Y1-on
10 11 12 13 14 15 16 17 18
Gor Xl—27 M1—27 Y1227 Y1z M- M1t M- M- Y-
19 20 21 2 23 24 25 26 27
Goz Y1227 M=z Y127 1227 M1t Y- Mt M- Yieon
28 29 30 31 32 33 34 35 36
Gio X28—54 *28-54 ¥28-54 X28—54 M28—54 X23—54 X28-54 ¥28-54 X854
37 38 39 40 41 42 43 44 45
G X28—54 %2854 X28-54 X28—54 Y2854 Yo8—54 X28-54 *p8-54 X28-54
46 47 48 49 50 51 52 53 54
G2 X28—54 *28-54 Y854 Xog—54 Y2854 X854 X254 ¥28-54 X28-—54
55 56 57 58 59 60 61 62 63
G X55-81 5581 Y55-81 X55-81 *55-81 ¥55-81 Y55-81 ¥55-81 5581
64 65 66 67 68 69 70 71 7
Gai X55-81  *55-81 ¥s5-81 ¥55-81 *55-81 ¥s5-81  ¥55-81 *s55-81  ¥s55-81
73 74 75 76 77 78 79 80 81
Gn X55-81  *55-81 ¥s5-81  ¥55-81  Ys5-81  ¥s55-81 5581  ¥s55-81  ¥55-81

fors=1ton—1

{

x (Ag,jxkn — Da,jkn)

Call Column_Rotation (B, C, D)
EG jxn =Eq;jrn(Aajkn — B jkn) A jkn — Cajkb)

Illustration 3 The contents of E; ;) fort =1and g =2 in Step 4 is (x; — x,) x
(g = Xr41) (g = Xr42) -+ (¥g = Xp iy (3-2)) (Bg = Xpyu3—1))» ¢ =i +n*j +nk +
I[+1andr=n+ 1,0 <1, j,k,Il <n—1, as shown in Table 2.

Step 5: /* This step performs the computation over the last row blocks */

{

Call Group_Row_Rotation (B, C, D)
Eq ik =Eqjkn(Adjrn — B jkn)Adjkn — Ca jkb)

forg=1ton—1do

X (Ag,jk) — Da,j k)

fors=1ton—1

{
Call Column_Rotation (B, C, D)

EG ki =EqGjrkn(Adjkn — Bajrkn)(Adjkn — Cajkin)
x (A¢, ke — D, jk.0n)
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Table 3 Contents of registers E after Step 5

Processor— Pyo Pop Py Pio P Py Py Py Py
Group|,

Goo )‘11—81 x12—81 x%—Sl xi‘—8l )‘15—81 x?—gl XZ—SI x?—Sl x?—Sl
Gol "11281 xlllsl XIIESI xllif;] xll4—81 xllim "11981 XIIZSI "11§81
Goz x11281 x%98l x121—81 x1238l x%zal X%4—81 xlzisl xlzisl xlzzm
Gio x12§81 x%281 x13981 x%lfm "13%81 x%im x134—81 x%im x13981
G xl3181 xﬁm x?ggl xi‘o—m xﬁsl xﬁm xﬁgl xﬁm xﬁgl
G2 "fgm xi‘z8l xﬁxl x?281 "?981 xﬂzﬂ "281 xﬁm xfiiil
G xlsisl X?ESI XISZSI x15§81 xlsgsl x16981 x161—81 x16381 x16381
G2 x?ixl x?im X?Em X?ZSI xl6§81 X?Em )‘3981 XZLSI xESl
Gn "17381 x]7478] "17581 x17§8] X17181 x17§8] "17281 x§88] "?1781

Illustration 4 After this step, E( ., contains the final product l—[j;;q (xg —
r=1

xy), foralli,j k.1, g=n3i+n’j+nk+1+1,1<r<N,0<i jkl<n-—1

which is shown in Table 3.

Step 6: Vi, j,k,1,0<i,j,k,l <n—1doinparallel

PN (X3 402 j 4k 141)
Eijk

AG,jkD = Ad,jkD —

Step 7: Stop

At the end of the algorithm, the improved approximations are stored in the registers
A, ik, 0=1 j,k,I <n—1. For the test of convergence, we can use the Adams
method. The convergence test on the individual approximate roots can be performed
in parallel. If the desired accuracy is achieved, the computation will be stopped; oth-
erwise, all the steps of the algorithm Parallel-DK are repeated. As the same steps are
repeated, this can be implemented in a pipeline fashion to reduce the overall run time
for multiple iterations.

Time complexity and AT cost Step 2 requires n /2 electronic moves. Step 3 requires
n — 1 electronic moves. Step 4 is computed in n2(n — 1)electronic moves + 2n(n —1)
OTIS moves. Step S requires n(n — 1) electronic moves + 2(n — 1) OTIS moves, and
each of the Steps 1 and 6 requires constant time. As N = n*, the above algorithm re-
quires a total of (N7 +0.5N%2 — 1) electronic moves + 2(N°> — 1) OTIS moves
using N processors. Similarly we calculate the total number of mathematical opera-
tions. It requires 3N 73 4 N925 — 2 subtractions, 3N°75 4 N9-25 — 3 multiplications
and one division in each iteration. Therefore the AT cost of the algorithm is O (N L75y,
Note that the AT cost of the parallel algorithm presented in [20] is O (N2) as it uses
N? processors and requires 2(N*> — 1) electronic moves + 1 OTIS move. Hence,
the above algorithm has a lower AT cost than the parallel algorithm [20].
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The correctness of the algorithm can easily be seen from the illustrations and fig-
ures after respective steps.

Remark It can be noted that the above algorithm does not account for input time of
the initial data values as it assumes that data values are already stored in the proces-
sors. However, if we assume that only the top processors of each group have the
input/output ports, then they can be fed through these processors for each block in
a pipeline fashion in (N> — 1) electronic moves. The same approach has been
adopted for storing the initial data for mesh sort, as described in [2]. In this case, the
algorithm requires a total of (N 075 4 1.5N925 _2) electronic moves and 2(N%> — 1)
OTIS moves. However, this does not affect the asymptotic running time of the above
algorithm. This can be compared with 6(N%-3 — 1) electronic moves + 2 OTIS moves
for row—column mapping and 4(N%3 — 1) electronic moves + 1 OTIS move for group

mapping using N processors as required by the parallel algorithm reported in [20].
The above algorithm is scalable and hence valid for any value of N. Let us con-
sider a more realistic situation where only p (p < N) processors are available to find
the roots of N-degree polynomial. For the sake of simplicity, we assume that N = kp,
where k is a positive integer. Following the data partitioning method for obvious rea-
son, we first divide the whole input data set into k = N/p groups: {xi,x2,...,Xp},
(Xpt1, Xpy2, s X2phs oo {(X(k—1) p415 XX (k=1)p+2, - - - » Xkp }. FOr each iteration, we
need to process all the k input data subsets to obtain the final product term respec-
tive to that iteration. This can be illustrated as follows. The algorithm is run for first
data subset {x1,x2,...,xp} to yield the partial product term for the first iteration
1 (x - xk) 1 <i < p, and is temporarily stored in the register of each proces-

sor Then for the same iteration, second data subset, i.e. {Xpy1,Xp42,...,X2p}, iS

taken up and the Steps 1 to 5 are followed to find the second partial product term
]_[51 Pt (xf‘ — x;?), 1 <i < p, for the first iteration. The product of this partial prod-
uct term and the previous one becomes the current partial product term. Similarly,
all the successive data subsets are processed to obtain the final product term for the

first iteration as ]_[1]\":1 (x{‘ — xf), 1 <i < N. All the above explained steps are re-

J#
peated for all the iterations to finally obtain the root of an N-degree polynomial. This
requires O (kN 075y time and O (N%25) buffers per processor.

4 Parallel Ehrlich algorithm

In this section, we describe another zero finding algorithm, i.e. Ehrlich algorithm.
The (k 4+ 1)th iteration of the method is as follows:

k+1 _ _k of
i .
Al =xb o —L =12, N .1
1—o;B;
ok dPN(x) kK Pneh k _ N 1
where Py (x;) = lx— xb % = 5o and g;' = J,;ll 5
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We now present the parallel version of the Ehrlich algorithm on OTIS-2D torus
for N = n* data points using n* processors. It can be noted from (4.1) that ﬁ;‘ =
Zly:l (lexk) is the principal computation, which is similar to that of Durand—Kerner
iter]a?téilve schéme. Therefore, this can be similarly parallelized as the Durand—Kerner
method. We write Parallel Ehrlich algorithm specifying the steps that are the same as
Parallel-DK and the changes made of some steps as follows.

Algorithm parallel-E:

Step 1: The same as Step 1 of Parallel-DK
Step 2: The same as Step 2 of Parallel-DK, except E(; j k1) := E, j k1) X (Ag, j k1) —
Ca,jkn) x (A, jxn — D, jk.n) is replaced by
1 1
+
(A, jkn —Ca,jkn)  (Adjkl — Da,jkn)

EGjin = Ejkn +
Step 3: Through Step 5: The same, except

EG ik =Eqjrn X (Aajen — Cajkn) X (A jen — Ba,jkn)
X (Ag,jxkn — D, jki)
is replaced by
1 1
_l’_

AG k) = Bajkn  Adjkn — Ca gkl
. 1

AGjkn — D, jki

EG jkn:=EqGjkn+

Step 6: Vi, j,k,1,0<i,j. kl<n—1

B, j k1) = PN (X302 j4nkgi41)
I /

Clijk) = Py (X3 402 j pnkgie1)

B ki

. ,J.k, D)

B, jkly =7

Ci,jk.0y

B, jk.1
1 —(Bg,jkn X Eq ki)

Ad,jkD = Ad,jkD —

Step 7: Stop

The time complexity for parallel Ehrlich algorithm for each iteration can be given
as N%75 4+ 0.5N%25 — 1 electronic moves + 2(N%3 — 1) OTIS moves. It also needs
3NO75 + NO-25 _ 1 gubtractions, 3N%7 + N0-25 _ 3 additions, 3N%75 + NO-25 —
1 divisions and one multiplications in each iteration. The scalability of the above
algorithm can be developed similarly as that of Parallel-DK algorithm.
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5 Conclusion and discussion

Two parallel algorithms have been presented for finding the roots of an N-degree
polynomial equation. The algorithms are mapped on an OTIS-2D torus using N
processors. Both the algorithms following the Durand—Kerner and Ehrlich iterative
schemes have been shown to run in (N%7 4+ 0.5N%25 — 1) electronic moves +
2(N%35 — 1) OTIS moves per iteration. The algorithm based on Durand—Kerner
method requires 3N %73 4+ N9-25 — 2 subtractions, 3N 97> + N0-25 — 3 multiplications
and one division in each iteration for finding the roots of N-degree polynomial. The
second algorithm, based on Ehrlich method, needs 3N 0.75 4 N0-25 _ 1 subtractions,
3NO75 4+ NOZ5 _ 3 additions, 3N®7> 4+ N9-25 — 1 divisions and one multiplications in
each iteration. Obviously, in each iteration, the parallel Durand—Kerner algorithm is
faster than the parallel Ehrlich algorithm. However, as the Ehrlich method has faster
rate of convergence (cubic) than that (quadratic) of the Durand—Kerner method, the
total number of iterations needed for obtaining polynomial roots by the Ehrlich would
be less. The algorithms have been shown to have a lower AT cost than the parallel
algorithms as described in [20] on OTIS-Mesh network. The scalability of the algo-
rithms is also discussed.

Note that the parallel algorithms proposed in this paper, can be easily modified to
design similar parallel algorithms for Lagrange and Hermite interpolation [19] (see
Appendix) due to their similarity with the Durand—Kerner method.

Appendix
Given a set of tabulated values yi, y2, ..., yy of a function y = f(x) at some discrete
points xg, x2, ..., Xy, the N-point Lagrange and Hermite interpolation formulae are

as follows [19].
Lagrange formula:

N
Yi
f(x)=m(x)
e

— (x —x;)7' (x;)

where 7 (x) = ]_[lN:l(x —x;), T (x) = ]_[?/:L#i(xi —xj)fori=1,2,...,N.
Hermite formula:

N N
=D hi0) fOa)+ Y hi(x) f'(x)
i=1 i=1
where h; (x) = [1 — 2L} (x;) (x — x)I[L; (x)1?, hi(x) = (x — x;)[L;i (x)]2,

w(x)

' (x;)

Li(x)= fori=1,2,...,N,

and f’(x;) and L/ (x;) denote the derivative values of f(x) and L(x) respectively at
the point x = x;.
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