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NORIHIRO KAMIDE Refutation-Aware
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Linear-Time Temporal Logic

Abstract.  This study introduces refutation-aware Gentzen-style sequent calculi and
Kripke-style semantics for propositional until-free linear-time temporal logic. The sequent
calculi and semantics are constructed on the basis of the refutation-aware setting for Nel-
son’s paraconsistent logic. The cut-elimination and completeness theorems for the proposed
sequent calculi and semantics are proven.
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1. Introduction

1.1. Refutation-Aware Calculi and Semantics

First, we roughly explain the informal notion of refutation- or falsification-
aware calculi (proof systems) and semantics. The present study is based on
this notion and develops some refutation-aware Gentzen-style sequent cal-
culi and Kripke-style semantics for a standard temporal logic, (propositional
until-free) linear-time temporal logic (LTL) [52]. This notion is not new and
is based on previous studies focused on representing refutation-aware rea-
soning [25,43,47,59]. Based on these studies, it was informally suggested
in [35] that proof systems and/or semantics are said to be falsification- or
refutation-aware if they are capable of providing (or representing) the direct
(or explicit) falsifications or refutations of given negated formulas (except
for the negated atomic formula). Using some of refutation-aware proof sys-
tems and semantics, we can simultaneously handle or represent refutation
(or falsification) and verification (or falsification). Using a refutation-aware
proof system, we can also directly obtain a disproof of a given negated for-
mula, where a disproof represents a refutation process for the given formula.
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Thus, we can obtain both proof and disproof in the system. For more ex-
planations on refutation-aware proof systems (or inference rules), see Sect.
1.4. In this study, we also call refutation-aware logics (or reasoning) and
logical methods for the logics and methods that are constructed based on
some refutation-aware calculi and semantics.

Next, we explain traditional motivations for studying refutation-aware
logics, calculi, and semantics. The notion of refutation or falsification is crit-
ical in the fields of computer science and philosophy. Actually, falsification-
aware model checking, which is an automated method for verifying incon-
sistent concurrent systems, has been studied, for example, in [9,23,37,38].
Adequate representation of refutation-aware reasoning is considered as a
major concern in philosophy [25,43,47,59]. Thus, refutation-aware logics are
required for these analyses. The typical examples of refutation-aware logics
are Nelson’s paraconsistent four-valued logic N4 [2,40,41,49,69], Belnap and
Dunn’s four-valued logic (Belnap—Dunn logic, Dunn—Belnap logic, or first-
degree entailment logic) [4,5,14], bi-intuitionistic logics [47,54-56,71], and
dual-intuitionistic logics (or falsification logics) [11,20,59,60,67]. Some of
these logics such as Nelson’s N4 have refutation-aware semantics that pro-
vide explicit interpretations of refutations (i.e., the satisfaction relations of
the refutations and verifications in the semantics are clearly divided into ="~
and =1, respectively). The above-mentioned refutation-aware logics are also
regarded as paraconsistent or inconsistency-tolerant logics [53], which have
no aziom of explosion (A —~a)— 3 and are known to be useful for handling
inconsistency-tolerant reasoning.

1.2. The Aims of this Study

Next, we explain the aims of this study. In this study, we aim to ob-
tain philosophically plausible refutation-aware Gentzen-style sequent cal-
culi and Kripke-style semantics that can provide a clear understanding of
the refutation-aware temporal reasoning within propositional until-free LTL
and its paraconsistent subsystem. Some of these proposed sequent calculi
and semantics explicitly distinguish between refutation (or falsification) and
verification (or justification). On the one hand, the refutation-aware sequent
calculi and semantics for the above-mentioned paraconsistent logics provide
a clear understanding of the refutation-aware and inconsistency-tolerant rea-
soning within the underlying logics. On the other hand, the standard seman-
tics and sequent calculi for (non-paraconsistent) temporal logics are unsuit-
able for representing refutation-aware and inconsistency-tolerant temporal
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reasoning within the logics. Thus, we try to construct the above-mentioned
refutation-aware framework.

Furthermore, we also aim to obtain a compatible and unified framework
for generalizing and integrating paraconsistent and standard temporal log-
ics. Actually, the proposed refutation-aware framework is highly compatible
with a paraconsistent temporal logic, paraconsistent linear-time temporal
logic (PLTL) [39]. A paraconsistent subsystem of PLTL and LTL can be
easily obtained in a modular way from the proposed framework by delet-
ing only a few items. Namely, the proposed framework is regarded as a
unified generalization or integration of those for PLTL and LTL. Addition-
ally, the proposed framework is also regarded as a generalized extension
of that for Nelson’s N4. Namely, the proposed refutation-aware Gentzen-
style sequent calculi and Kripke-style semantics for propositional until-free
LTL are regarded as natural and straightforward extensions of the existing
and traditionally studied refutation-aware Gentzen-style sequent calculi and
Kripke-style semantics for N4.

1.3. Linear-Time Temporal Logic and Its Paraconsistent Variant

LTL and its applications in computer science have been studied widely [3,
6,10,12,15,18,28,33,39,44,45,52]. From a purely proof-theoretic point of
view, many of cut-free and complete Gentzen-style sequent calculi have been
introduced for propositional until-free LTL (i.e., the propositional fragment
of LTL without the until operator) and its extensions and modifications
[3,6,18,28,33,44,50,51,65,66]. The until operator in LTL entails a certain
difficult situation in constructing a simple cut-free two-sided LK-compatible
Gentzen-style sequent calculus. A few cut-free and complete sequent calculi
extended by adding the until operator were successfully developed in [6,18].
However, we cannot use these calculi in this study because these are not
compatible with the present approach dealing with refutation-aware and
inconsistency-tolerant calculi.

Since cut-elimination theorem for Gentzen-style sequent calculus plays
a critical role in obtaining some good properties including decidability and
subformula property, many of Gentzen-style sequent calculi have been con-
structed for until-free LTL. For example, in [44], a Gentzen-style sequent
calculus LT, was introduced for first-order until-free LTL, and the cut-
elimination and completeness theorems for this calculus were proven. In
[3], a 2-sequent calculus 2Sw was introduced for first-order until-free LTL,
along with proofs of the cut-elimination and completeness theorems for this
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calculus. In [28], an equivalence was shown between the propositional frag-
ments of LT, and 2Sw, and alternative proofs of the cut-elimination theo-
rems for the propositional fragments of LT, and 2Sw were given based on
this equivalence. In [33], some embedding-based proofs were presented for
the cut-elimination and completeness theorems of LT, and its propositional
fragment.

In [39], a Gentzen-style sequent calculus PLT,, was introduced for PLTL
extending propositional LT, and the cut-elimination and completeness the-
orems for PLT,, were proven using an embedding-based method. PLT,, was
introduced combining LT, with a refutation-aware Gentzen-style sequent
calculus for Nelson’s N4. The logic PLTL, which was formalized as PLT,,,
is regarded as a paraconsistent extension of propositional until-free LTL by
adding a paraconsistent negation connective. In this study, we introduce and
investigate some alternatives to LT,, and PLT, referred to as NLT,,, DLT,,,
NLT,, and DLT_ . Thus, in what follows, we use the simple name LT for

w?

propositional until-free LTL.

1.4. The Results of this Study

In this study, we introduce and evaluate refutation-aware Gentzen-style se-
quent calculi and Kripke-style semantics for LT. The proposed sequent cal-
culi and semantics are extensions or generalizations of the refutation-aware
Gentzen-style sequent calculi and normal- and dual-style semantics for clas-
sical logic introduced previously, as constructed in [35] based on the idea
of the refutation-aware setting for Nelson’s N4. To extend or generalize
this classical logic framework to LT, we need to solve some technical prob-
lems concerned with interactions between the classical negation connective
and temporal operators. For example, the interactions between the classical
negation connective and next-time operators must be treated carefully in the
proofs of the cut-elimination and completeness theorems for the proposed
calculi and semantics.

We now present the details of the results of this study. First, we introduce
a refutation-aware normal Gentzen-style sequent calculus NLT,,, which can
be roughly considered as a modified subsystem of PLT,,. Second, we intro-
duce a refutation-aware dual Gentzen-style sequent calculus DLT,, that is
constructed on the basis of the dual sequents I' =1 A (verification) and
I' =~ A (refutation). We then prove the equivalences among LT,,, NLT,,
and DLT, as well as obtain the cut-elimination theorems for NLT, and
DLT,,. Third, we introduce refutation-aware normal Kripke-style seman-
tics for LT using the normal satisfaction relation =*. Fourth, we introduce
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refutation-aware dual Kripke-style semantics for LT using the dual satisfac-
tion relations =" (verification) and =" (refutation). Finally, we prove the
equivalences among the normal, refutation-aware normal, and refutation-
aware dual Kripke-style semantics for LT and obtain the completeness the-
orems with respect to the proposed and existing semantics for LT,,, NLT,,
and DLT,,.

Next, we explain the differences between LT, and DLT,. On the one
hand, the treatment of classical negation in LT, is not refutation-aware;
this is because the classical negation connective — in LT, is characterized
by the following logical inference rules with the i-nested next-time operator
X:

I = A Xa

Xia,I' = A
Xima, ' = A

(—left) .
= A X—a

(—right)

where (—left) and (—right) do not represent explicit (or direct) refutation (or
falsification) of . On the other hand, the treatment of classical negation
in DLT,, is refutation-aware; DLT,, has no (—left) and (—right) but has
some refutation-aware dual-logical inference rules based on the refutation-
aware negative sequent =~ . Examples of the refutation-aware dual-logical
inference rules in DLT, are of the form

Xia, =~ A X3 T="A
Xi(aAB), I =" A

I =~ A, X, X3
=" AX(anpB)

(—ANleft) (—Aright)
where (—Aleft) and (—Aright) represent the explicit refutation (or falsifica-
tion) of the conjunction oA 3. The proposed falsification-aware dual-system
DLT,, has refutation-aware dual-logical inference rules for all connectives
and temporal operators.

The remainder of this paper is structured as follows. In Sect. 2, we intro-
duce LT,,, NLT,,, and DLT,; prove the equivalences between them; and show
the cut-elimination theorems for NLT,, and DLT,,. Additionally, we observe
that the paraconsistent subsystems NLT_ and DLT, of NLT,, and DLT,,,
respectively, can be easily obtained by deleting a few initial sequents. In
Sect. 3, we introduce the normal, refutation-aware normal, and refutation-
aware dual Kripke-style semantics for LT; prove the equivalences among
these semantics; and show the completeness theorems with respect to these
semantics for LT,, NLT,, and DLT,. In Sect.4, we conclude this study,
address some remarks, and present some related works.
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2. Refutation-Aware Gentzen-Style Sequent Calculi

2.1. Normal Gentzen-Style Sequent Calculus

Formulas of LT are constructed from countably many propositional variables
by A (conjunction), V (disjunction), — (implication), = (negation), G (any-
time or globally in the future), F (some-time or eventually in the future),
and X (next-time). We consider in this study formulas without until oper-
ator and first-order quantifiers. We use lower-case letters p, g, ... to denote
propositional variables, Greek lower-case letters a, (3, . .. to denote formulas,
and Greek capital letters I', A, ... to denote finite (possibly empty) sets of
formulas. For any § € {—,X,G,F}, we use an expression #I" to denote the
set {#y | v € T'}. We use the symbol = to denote the equality of symbols,
the symbol w to denote the set of natural numbers, lower-case letters i, j
and k to denote any natural numbers, and the symbol > or < to denote
the standard one. We define an expression X'« for any i € w inductively by
X% = a and X" o = X"Xa. We call an expression of the form I' = A a
sequent. We use an expression L - S to denote the fact that a sequent S is
provable in a sequent calculus L where L in this expression will occasionally
be omitted. We use an expression « < ( to denote the abbreviation of the
sequents a = 3 and § = «a. We say that “two sequent calculi L; and Lo are
theorem-equivalent” if {S | L1 F S} = {S | Ly - S}. We say that “a rule R
of inference is admissible in a sequent calculus L” if the following condition
is satisfied: for any instance
Sy - S,
S

of R, if L+ S; for all 7, then L F S. Furthermore, we say that “R is derivable
in L” if there is a derivation from Sy,---,S, to S in L, where a derivation
is a finite tree of sequents followed from some inference rules in L. The
notations and notions presented above are used for all sequent calculi and
semantics discussed in this paper.

We define a normal Gentzen-style sequent calculus LT, for LT.

DeFINITION 2.1. (LT,) The initial sequents of LT, are of the form: for
any propositional variable p,
Xip = X'p.

The structural rules of LT, are of the form:

= Aa oX=1 = A

I'= A
T,5 = A, Il (cut) TT=A

F:>A,a(

(we-left) we-right).
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The logical inference rules of LT, are of the form:
Xla, X3, = A I =AXa T'=sAXS

- Aleft - Aright
Xianf) T = A Nt T AX(ang Vst
X, 1“':> A X'6,I'= A (Vieft) I'= A,X'a,X 16} (Vright)

X"(aVvp),I' = A I'= A XY (aVp)
r : 2, X'a X'6,A=1I (—left) X', T :>‘A,X I5] (“right)
Xi(a—B),T,A = 2,11 T = A X (a—p)
[= A X Xia,[ = A
~ TR gy D T B (ight)
Xi-a,[ = A [ = A, Xi-a
itk T = A, XHa e,
XTal= A oy 1 @ b (Gright)
X'Ga,I'= A I'= A X'Ga
Xitia, T = A Ve itk
{ X Vie (Fleft) — = 2XT00 pohe).
XiFa,T = A I = A, XFa

REMARK 2.2. We make the following remarks.

1.

The system (first-order) LT,, (with some slight modifications) was origi-
nally introduced by Kawai in [44] for first-order LT. The original system
was introduced for a first-order sequent calculus with Barcan formula.
In the original system, the next-time operator was not used as a modal
operator but used as a special symbol.

. The cut-elimination theorem holds for LT,. Namely, the rule (cut) is

admissible in cut-free LT,. This cut-elimination theorem for LT, was
originally proved by Kawai in [44] and was indirectly re-proved by Kamide
in [28] via the cut-free equivalence between LT, and Baratella-Masini’s
cut-free 2-sequent calculus 2Sw [3].

. Note that the inference rules (Gright) and (Fleft) in LT, have an infinite

number of premises.

. The sequents of the form X‘a = X'« for any formula « are provable in

cut-free LT,,. This fact can be proved by induction on the complexity of
a. See, e.g., [28].

2.2. Refutation-Aware Normal Gentzen-Style Sequent Calculus

We define a refutation-aware normal Gentzen-style sequent calculus NLT,,
for LT.

DeFINITION 2.3. (NLT,,) NLT, is obtained from LT, by replacing (—left)
and (—right) with the initial sequents of the form: for any propositional
variable p,
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= Xip, Xi—\p

and the negated logical inference rules of the form:

Xi=a,' = A X'=6,'= A
Xi=(anB),T = A
X, X' -8,T = A
Xis(avp),T = A
Xia,X'-8,T = A
Xia(a—p),T = A
Xia,I'= A
Xiama, T =
X, ' = A
X, ' = A
{ X =, T = A }jew
X'-=Ga,I' = A
Xthoq, I = A
X'=Fa,T' = A

(= A left)

(—=Vleft)

(ﬁﬂleft)

(——left)

(—\Xleft)

(~Gleft)

(ﬁFleft)

I'= A, Xi=a, X6
I = AX'5(aAp)
I'= A X=a T=AX-3

- —Vright
T = A, X'~(avs) (vright)

I'=AXa I's A XS5
I'= A X5 (a—p)
I'=> A Xa
= A XA«
I'= A X
I'= A -Xa
I = A XHr—g
I'= A X'-CGa
{T=AXVYaqa }ew
I'= A, X'-Fa

(——right)

(——right)

(—Xright)

(—Fright).

REMARK 2.4. We make the following remarks.

1. The non-negated logical inference rules of NLT,, represent
and the negated logical inference rules of NLT,

7

tion (or justification)

“verifica-

represent “refutation (or falsification)”.

2. Let NLT, be the subsystem that is obtained from NLT,, by deleting
the initial sequents of the form X’p, X—p = and = X’p, X’—p. Then,
NLT is (a slight non-essential modification of) the classical-negation-
free fragment of the Gentzen-style sequent calculus PLT,, introduced
in [39] for paraconsistent linear-time temporal logic (PLTL).

3. PLT,, used both the classical negation connective = and the paracon-
sistent negation connective ~ and was introduced as an extension of

LT,.

4. The cut-elimination theorem for PLT,, was proved in [39]. Thus, we can
also obtain the cut-elimination theorem for NLT .

5. PLT,, was shown in [39] to be embeddable into LT,,. Similar to this
fact, we can show that NLT_ is embeddable into the classical-negation

free fragment of LT,.
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6. The sequents of the form X’a = X'« for any formula « are provable in
cut-free NLT' . This fact can be proved by induction on the complexity
of a.

PropoSITION 2.5. The following sequents are provable in cut-free NLT,:
for any formula «,

1. Xta = Xla,

2. Xla, Xi=a =,

3. = Xla, Xi—a.

PROOF. By simultaneous induction on a. The cases for X'a = X'« can be
shown in the same way as those for LT,. Thus, in the following, we show
only the cases for X‘a, X'—a = and = X'a, X'=a. We distinguish the cases
according to the form of a and show only the following cases.

1. Case a = —y: We obtain the required facts:
. Ind. hyp. . Ind. hyp.

XiB= X Xiy,Xi-y=
X (8—7), X8, X'y =
X (B—7), X (=) =
. Ind. hyp. . Ind. hyp.

XiB = X3 = Xiy, Xi—ry
X3 = Xivy, X3 X3 = Xy, Xiay
= X'(f—7), X' = X'(8—7), X'y

= X! (B—7), X'=(6—7)

2. Case a = GF: We obtain the required facts:

(—left)
(ﬂ—)left)

(we-left)
(—>right)
(m—right).

(we-right)
(—>1"ight)

. Ind. hyp. . Ind. hyp.

(Xi+ig, Xitiag =}icw (= X+, Xz’ﬂ'ﬁg}j@

{X'GB, XM =3 =}jew {= X8, X'~Gl}jew
X'G3, X' -Gl = = X'GB,X'-Gp

(Gleft)
(~Gleft)

(=Gright)
(Gright).

PROPOSITION 2.6. The following rules are derivable in NLT,, using (cut):
I = A X« Xia,T' = A

: (mleft) —— T2
Xi-a,T = A = A X-a

(—right)
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Xiaa, I = A
Xia, I = A I'= A X
PROOF. We show only the derivability of (—left) as follows.

(—right ™).

Prop. 2.5
I = AXa XoXoa=
Xima, I = A

(cut).

PropoSITION 2.7. The following rules are admissible in cut-free NLT,,:
X, ' = A I'= A, -Xa
Xiaa,I' = A I = A X-a
PROOF. The case for (=Xleft~!) is proved by induction on the proofs P of

-Xfq,T' = A in cut-free NLT,,, and the case for (~Xright~!) is proved by
induction on the proofs P of I' = A, =X« in cut-free NLT\,. ]

THEOREM 2.8. (Equivalence between NLT,, and LT, ) The systems NLT,
and LT, are theorem-equivalent.

(—Xleft ™) (—Xright ™).

PRrROOF. Obviously, the negated initial sequents of NLT,, are provable in
LT,, and the negated logical inference rules of NLT,, are derivable in L'T,,.
Conversely, (—left) and (—right) in LT, are derivable in NLT,, using (cut)
by Proposition 2.6. Therefore, NLT,, and LT,, are theorem-equivalent. m
THEOREM 2.9. (Cut-elimination for NLT,,) The rule (cut) is admissible in
cut-free NLT,.

PrOOF. We give a sketch of the proof. As mentioned in Remark 2.4, we
have the the cut-elimination theorem for the subsystem NLT_ of NLT,,
obtained by deleting the initial sequents of the form X‘p, X’—p = and =
Xip, X?=p. Thus, it is sufficient to consider the cases of the initial sequents
Xip, Xi=p = and = X’p, X’—p. Since the cases for X'p, X'=p = and the
cases for = X'p, X’—p can be similarly considered in a symmetric manner,
we here consider only the cases for X‘p, X*—p =. We now demonstrate some
of the cases below.

1. Case when the left upper sequent of the cut is derived from a single
premise left logical inference rule R:

. P
= A X—p (R)
T = A, Xi—p Xi-p, Xip =
Xip, T* = A

(cut)
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where P is a cut-free proof. In this case, we can transform this proof into
the following proof that can eliminate the cut by induction hypothesis:

. P
= AX—p Xi-p Xip=
Xip, T = A

i A )
X'p, I'* = A

(cut)

. Case when the left upper sequent of the cut is derived from (we-right)

where the principal formula of (we-right) is X?—p:

. P
LAi (we-right) ;
= A X"—p X'=p, X'p = (cut)
Xip, T = A

where P is a cut-free proof. In this case, we can transform this proof into
the following cut-free proof:

P

r=A

L=8  (yelett).
Xip,T = A

THEOREM 2.10. (Classical-negation-elimination for NLT,,) The rules (—left)
and (—right) are admissible in cut-free NLT,,.

PROOF. By Proposition 2.6, (—left) and (—right) are derivable in NLT,,
using (cut). Then, by Theorem 2.9, (cut) in the derivations of (—left) and
(—right) can be eliminated. Thus, (—left) and (—right) are admissible in
cut-free NLT,. m

REMARK 2.11. We make the following remarks.

1.

The cut-elimination theorem for NLT,, can be proved directly as shown
by Gentzen for his original sequent calculus LK for classical logic [19].

The cut-elimination theorem for NLT_ can be proved in a similar way as
in [39], wherein an embedding-based proof of the cut-elimination theorem
for PLT,, was given.

However, the embedding-based method presented in [39] for PLT,, cannot
work for NLT,.
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2.3. Refutation-Aware Dual Gentzen-Style Sequent Calculus

We introduce a refutation-aware dual Gentzen-style sequent calculus DLT,,
for LT. We call an expression of the foom I' =% A or I' =~ A positive
sequent or negative sequent, respectively. We use the symbol * to denote
an arbitrary element of {+, —}. The intuitive meanings of I' =% A and
I' =~ A are verification (or justification) and refutation (or falsification),
respectively. More precisely, the meaning of I' =% A is the same as that
of I' = A, and the meaning of I' =~ A is the same as that of -[' = -A
(i.e., if we can refute all of the formulas in I', then we can refute one of the
formulas in A). These meanings will be justified in Theorem 2.16.

DEFINITION 2.12. (DLT,,) The initial sequents of DLT,, are of the form:
for any propositional variable p,
Xip =* Xip Xip, Xiap =* =* X'p, Xp.
The structural inference rules of DLT, are of the form:
I'=s*Aa o X=%11

Ty A e
% (xwe-left) % (xwe-right).

The conversion inference rules of DLT,, are of the form:

-INA =7 =X 10 -I'NA =1 =311
(—to+) —

F,—\A:>+ X1 F,—|A2> oIl

(+to—).

The positive logical inference rules of DLT,, are of the form:
Xia, X3, =1 A I =%t AXa I'=tAXp
Xi(aAB), T =T A I =7 A X(anpB)
Xa, ' =T A X3 T=TA I =1 A Xa, X3

Xi(aVvp), T =T A I =+ A X(avp)
I =" A Xa Xp,X=11II Xia, I =1 A X3
Xi(a—p), T, X =+ A Il =T A X (a—p)
X’Ha,l“ =T A =7 A,Xi—!a
X, I =T A I =1 A, -Xao
-Xla,I' =T A I =T A, X«
Xiaa, I =+ A I =1 A X« (
Xitkq, T =+ A {T="AXa}je,
XGa, I =T A I =1 A XGa

(+ Aleft) (+ Aright)

(4 Vleft)

(+Vright)

(+—left) (+—right)

(+-Xleft) (+—Xright)

(+—Xleft ™) +—Xright ™)

(+Gleft) (+Gright)
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{ Xi+j()é,]:1 :>+ A }jGUJ
XFa,T =+ A

[ =+ A Xitkg
I' =t A XFa

(+Fright).

(+Fleft)

The negative logical inference rules of DLT,, are of the form:
X, =~ A X3, I="A =" AXa, X
Xi(aAB), T =" A =~ AX(anpB)
Xla, X'B,T =~ A =" AXa I's™ AXS
Xi(avp),I =~ A =~ A X (aVp)
Xiaa, X8, T =~ A =" AX-a I'=" AXS

(— Aright)

(— A left)

(—Vleft) (—Vright)

, —left : — right
Xi(a—p),T = A (==left) = A X'(a—p) (=—right)
w—:A (——Xleft) w (——Xright)

X'a,I'=7 A I'=s~ A X«
X, =~ A Xloft -1 I =" A, X« Xright-1
Xi-o,I' =~ A (==Xl ) =" A X-a (=~ Xrig )

Xiti I == A VYico T = A.Xitk

{Xa A Jie (—Gleft) ——— 22 % (_Gright)
XiGa,I =~ A I = A, X Ga

itk - =" AXMa }ie,

X l=7 A popy 4 o Yicw (_right).
XiFa,T =~ A = A XFa

REMARK 2.13. We make the following remarks.

1. There is no inital sequents of the form X‘=p =* X’-p in DLT,, be-
cause these sequents are provable in cut-free DLT,, using the conversion
inference rules.

2. A refutation-aware dual Gentzen-style sequent calculus with positive
and negative sequents was introduced in [40,41] for Nelson’s paracon-
sistent logic N4. DLT,, is regarded as an LT-adapted version of the
refutation-aware dual Gentzen-style sequent calculus for N4. Although
the refutation-aware normal Gentzen-style sequent calculus PLT,, for
PLTL was introduced in [39], a refutation-aware dual Gentzen-style se-
quent calculus that is theorem-equivalent to PLT,, was not introduced
in [39].

3. Let DLT, be the paraconsistent subsystem that is obtained from DLT,
by deleting the initial sequents of the form Xip,X'-p =* and =*
Xip, X?=p. Then, DLT, and NLT,, are theorem-equivalent. This fact
can be straightforwardly obtained by Theorem 2.16 (with some slight
modifications).
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PROPOSITION 2.14. The following sequents are provable in cut-free DLT,:
for any formula o,

1. Xia =* X'a,

2. Xla, Xi=a =*,

3. =* Xla, Xi=ar.

PROOF. By simultaneous induction on ce. We distinguish the cases according
to the form of o, and show some cases for X'a, X'—a =7.

1. Case a = f—y: We obtain the required fact:
. Ind. hyp. . Ind. hyp.

Xig=t X8 Xy, Xiy =t
X', X =y, X (B—y) =7
X'B, X", X' (B—7) =+
-X'B, X'y, 2 X (B—7) =~
X', X'y, =X (B—7) =~
X'(B—7), "X (B—7) =~
—X'(B—7), X! (=) =7
XI=(8—7), X (B—7) =7

2. Case a = GB: We obtain the required fact:

(+—left)
(+—Xleft)
(+to—)
(—Xleft 1)
(——left)
(—to+)
(+—Xleft ™).

. Ind. hyp.

(Xi+ig, Xi+5ﬁﬁ =} w
(XT3, X8 =1 e
{X'GB, - X3 =T} e,
{-X'GB, X" 3 =" }jcw

-X'GB,XIGB =~

XiG3, —X'Gj —

XiG, Xi=Gf =

+
— (+-Xleft ™).

PROPOSITION 2.15. The following rules are derivable in cut-free DLT,,:

Xia, I =* A I =* A, X«
. (x——left) .
Xt==a, I =" A I'=* A,XZ—\—'a

(*—|—|right).
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PROOF. We show only the case for (——-left) as follows.
Xia,[' =~ A

Xia T ot oA (toh)
Xima o oF op (FXleft™)
Xima.T - (o)

: (—Xleft ™).

Xia=a, I =~ A

THEOREM 2.16. (Equivalence between DLT,, and NLT,) Let T and A be
(possibly empty) sets of formulas.

1. DLT, - T' =" A 4ff NLT, - T = A.
2. DLT, F I'=" A iff NLT, - -I' = -A.

PRrROOF. We show 1 and 2 simultaneously as follows.

e (—>): By induction on the proofs P of I' =* A in DLT,,. We distinguish
the cases according to the last inference of P, and show some cases.

1. Case (+to—): The last inference of P is of the form:
-IA =1 =210
I-A=~XY -1

By induction hypothesis for 1, we have: NLT,, - -I'; A = =X II. Then,
we obtain the required fact:

(+to—).

-T,A = =X, 11
: (—-left), (——right).
ﬂF7 —\—|A = —\27 —\—|H

2. Case (——left): The last inference of P is of the form:
Xima, XI6,T =~ A
Xi(a—B3), =~ A

(——left).
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By induction hypothesis for 2, we have NLT,, - =X’ =a, = X3, -I' = -A.
Then, we obtain the required fact:

! Prop. 2.5 ~Xina, =X, - = —A
Xia = Xia D (=Xleft ™!y Prop. 2.7
Xia = Xi=—a Xi—\—!a, Xiﬂ;ﬁ, -I'= A
Xia,Xi—\,B, -I'= -A
Xim(a—f3), T = =A

(—mright)

(cut)

(ﬁ—>left).

3. Case (——Xleft): The last inference of P is of the form:

Xiﬂoz, I's—A

X, =~ A
By induction hypothesis for 2, we have: NLT,, F -X‘-a, - = —A.
Then, we obtain the required fact:

Prop. 2.5
X'a=Xa ' :
-—X'a = Xla ( left) X', I = —A
- - (——right) -
—X'a = X'« X'==o, - = -A
=X, - = -A

(——|Xleft).

(—Xleft ™) Prop. 2.7
(cut).

4. Case (——Xleft™1): The last inference of P is of the form:

—\Xia, r=-A

Xima, I =~ A

By induction hypothesis for 2, we have: NLT,, F ——=X'a,-[' = —A.
Then, we obtain the required fact:

Prop. 2.5
M (——left)
Xoma = Xa ()
_|X na = X a (——right) o

X'-a = X'« ——X'a, ' = A
=X, T = —A

(——Xleft ™).

(cut).

5. Case (—Gleft): The last inference of P is of the form:
{Xz"']a,F =" A}jéw
XiGo,I' =~ A

(—Gleft).
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By induction hypothesis for 2, we have: NLT,, - =X*/q, -I' = —=A for
any j € w. Then, we obtain the required fact:

{—|Xi+joz, —\f = _‘A}jEw
{Xi"'jﬂoz7 ' = ﬂA}jEw
Xi=Ga, I = -A
~XiGa, T = —A

(—Xleft ™) Prop. 2.7
(=Gleft)
(=Xleft).

e (<=): By induction on the proofs P of I' = A or -I' = —A in NLT\,.
We distinguish the cases according to the last inference of P, and show some
cases.

1. Case (——left) for 1: The last inference of P is of the form:
Xia, X'=3,T = A
Xi=(a—3),T = A

By induction hypothesis for 1, we have: DLT,, F X’a, X'=3,T =1 A.
Then, we obtain the required fact:

(m—left).

Xia, Xi=6,T =+ A
Xia, -Xi6,T =+ A
~X'a, X3, - =~ —A

(+-Xleft)
(+to—)

: : —=Xleft ™!
Xima X0G, T > A )
. — (——left)
X" (a—p), ' =~ -A
(—to+)

-Xi(a—p), T =1 A
Xi=(a—f3), T =T A

(+—Xleft ™).

2. Case (——left) for 2: The last inference of P is of the form:
a, =3, = -A
ﬁ(&—)ﬂ)7 = = —\A

By induction hypothesis for 1, we have: DLT,, F o, =3, =T -A.
Then, we obtain the required fact:

(——left).

a, -6, - =+ =A
—u,ﬂ,f‘ =" A
a—p,I'="A

(+to—)
(——>lef1:).
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3. Case (—left) for 1: The last inference of P is of the form:
Xia,I' = A
Xi=a, ' = A

By induction hypothesis for 1, we have: DLT,, - X‘a,I' =% A. Then,
we obtain the required fact:

(——left).

X'a, r=+A
Xia=a, I =T A

(+—-left) Prop. 2.15.

4. Case (——left) for 2: The last inference of P is of the form:

a, - = =A
——a, T = -A

(ﬁﬁleft).

By induction hypothesis for 1, we have: DLT,, - a, —-I' =% —A. Then,
we obtain the required fact:

a, I =T =A

to—).
—o, =" A (+t0-)

5. Case (—Xleft) for 1: The last inference of P is of the form:

Xoa =2 e,
—X'a,'= A

By induction hypothesis for 1, we have: DLT,, F X‘=a, T’ =T A. Then,
we obtain the required fact:

Xi—u,l'.‘ =T A

200 T B Xleft).
XiaT ot a CFRel)

6. Case (—Xleft) for 2: The last inference of P is of the form:

Xi—\a, -I'= -A
—Xla, T = —A

(=Xleft).
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By induction hypothesis for 1, we have: DLT, F X‘-q,-I' =1 -A.
Then, we obtain the required fact:

Xi—\oz, —\f =T -A
—Xiq, - =+ =A
Xia, I =~ A

(+-Xleft)
(+to—).

7. Case (—Gleft) for 1: The last inference of P is of the form:
{Xi+j_|O[,F = A}jew
Xi=Ga,I' = A

By induction hypothesis for 1, we have: DLT,, - X‘*/—q,I' =% A for
any j € w. Then, we obtain the required fact:

(—Gleft).

(Xitima, T =+ A}jew
{(-X"a,T =T A}jew
{XHa,-T =~ ~Al}jeu
XiGa, - =~ =A
-XGa, I =T A
Xi—\GOz7F =T A

(+-Xleft)
(+to—)
(—Gleft)
(—to+)

(+—Xleft ).

8. Case (—Gleft) for 2: The last inference of P is of the form:
{XI=a, =T = =A}je,
—-Ga, ' = —-A

By induction hypothesis for 1, we have: DLT,, - X/ —a, -I' =% —=A for
any j € w. Then, we obtain the required fact:

(=Gleft).

(X7, T =+ ~A}se

. ~Xleft
{("XJa, T =F ~A}jen E+t © ))
- o—
Xio,T == A}jew
Xla Vicw (_Glefr).

Ga,I'=" A

Prior to proving the cut-elimination theorem for DLT,,, we need the
following lemma, which is a slight modification of Theorem 2.16.
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LEMMA 2.17. Let I' and A be sets of formulas.

1. If DLT, v T =* A, then NLT, F T' = A if x = 4, or NLT,, +
= 2A if k= —.

2. IfNLT,, — (cut) ' = A, then DLT,, — {(—cut), (+cut)} - T =T A.

PRrROOF. Similar to the proof of Theorem 2.16. The statement 1 is proved
by induction on the proofs P of I' =* A in DLT,,, and the statement 2 is
proved by induction on the cut-free proofs P of I' = A in NLT,. [

THEOREM 2.18. (Cut-elimination for LT,,) The rule (cut) is admissible in
cut-free DLT,.

PROOF. Suppose DLT,, - I' =* A. Then, by Lemma 2.17 (1), we have
NLT, F T = Aif x = 4, or NLT, F ="' = —A if x = —. Therefore, by
Theorem 2.9, we have NLT,, — (cut) - I' = A or NLT,, — (cut) - -I' = —A.
If NLT,, — (cut) F I' = A, then DLT,, — (cut) - I' =% A by Lemma 2.17
(2). If NLT,, — (cut) F =I' = =A, then DLT,, — (cut) - -I' =% =A by
Lemma 2.17 (2). Therefore, we obtain DLT,, — (cut) = I' =~ A by using
(+to—). n

3. Refutation-Aware Kripke-Style Semantics

3.1. Normal Kripke-Style Semantics

We now define a normal Kripke-style semantics for LT. Prior to defining this
semantics, we need to introduce some notations. Let I' be a set {aq, ..., am}
(m > 0) of formulas and p be a fixed propositional variable. Then, we use
the notation I'* to denote a1V - - - Va,, if m > 1, and otherwise —~(p—p). We
also use the notation I', to denote a; A --- A ay, if m > 1, and otherwise
p—Dp-

DEFINITION 3.1. (Normal semantics for LT) Let S be a non-empty set of
states and @ be a set of propositional variables. A structure M := (o, ) is
called a model if

1. o is an infinite sequence sq, s1, Sa, . . . of states in .S,
2. I is a mapping from @ to the power set of S.

A satisfaction relation (M, i) = « for any formula «, where M is a model
(0,1) and i (€ w) is some position within o, is defined inductively by the
following clauses:

1. forany p € @, (M,i) =piff s; € I(p),
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i) EaApiff (M,i) E aand (M,1) E S,

i) Vs iff (M) = a or (M) k= 6,

i) = a—= Bt (M, i) [ o or (M, i) |= 5,

i) I e iff (M) [ o

i) EXaiff (M,i+1) E «,

1) E Gaiff (M, j) E « for any j > 1,

M,i) = Fa iff (M, j) | « for some j > i.

A formula « is called wvalid if (M,0) |= « for any model M := (o,I) and

the satisfaction relation = on M. A sequent I' = A is called valid if the
formula I', —A* is valid.

O N> ot N

(
(
(
(
(
(
(

The following completeness theorem holds [3,33,44].

THEOREM 3.2. (Completeness for LT,, with respect to normal semantics)
For any sequent S, we have: LT, = S iff S is valid.

REMARK 3.3. For more information on the completeness theorem for LTL,
see e.g., [15,45].

3.2. Refutation-Aware Normal Kripke-Style Semantics
We define a refutation-aware normal Kripke-style semantics for LT.

DEFINITION 3.4. (Refutation-aware normal semantics for LT) Let S be a
non-empty set of states, @ be a set of propositional variables, and ¢~ be
the set {—p | p € @} of negated propositional variables.

A structure M := (o, I*) is called a refutation-aware normal model if

1. o is an infinite sequence sq, s1, S2, . . . of states in .S,
2. I" is a mapping from @ U &7 to the power set of S such that for any
p€ @ and any s € S, s € [*(p) iff s & I[*(—p).

A refutation-aware normal satisfaction relation (M,i) =* « for any for-
mula «, where M is a refutation-aware normal model (o, I*) and i (€ w) is
some position within o, is defined inductively by the following clauses:

. forany pe &, (M,i) =*piff s; € I*(p),
(M) E* anpift (M,i) ="« and (M,i) =* 8,
C(M,i) = av@ iff (M,i) =% a or (M,1) £ 6,

. (M,i) E* a—=p iff (M,i) £* a or (M,i) E* 3,

1
2
3
4
5 i) B Xaiff (M,i+1) E* a,



1000 N. Kamide

6. (M,i) = Ga iff (M,j) E* « for any j > i,
7. (M,i) =* Fa iff (M, j) E* « for some j > i,
8. for any p € @, (M,i) =* —p iff s; € I*(—p),
9

(M,i) E* =(a A B) iff (M,i) =* —a or (M,i) =* =0,
10. (M,i) E* =(aVvp) iff (M,i) E* —« and (M,i) E* =0,
11. (M,i) E* =(a—p) iff (M,i) E* o and (M,1i) =* -5,
12. (M,i) E* =—a iff (M,i) E* «
13. (M,i) > —Xa iff (M,i+ 1) E* e,
14. (M,i) E* =Ga iff (M, j) E* -« for some j > i,
15. (M,i) E* =Fa iff (M, j) E* -« for any j > i.

A formula « is called n-valid if (M,0) E=* « for any refutation-aware
normal model M := (o,I*) and the refutation-aware normal satisfaction
relation =* on M. A sequent I' = A is called n-valid if the formula I',—A*
is n-valid.

REMARK 3.5. By deleting the mapping condition “s € I*(p) iff s & I*(—p)”
in Definition 3.4, we can obtain a refutation-aware normal Kripke-style
semantics for a paraconsistent subsystem of PLTL and LT. This type of
refutation-aware normal Kripke-style semantics was not considered in [39].

PROPOSITION 3.6. For any refutation-aware normal model M := (o,1%),

the refutation-aware normal satisfaction relation =* on M, any formula c,
and any i € w, we have: (M,i) =* a iff (M,i) F=* —a.
ProoF. By induction on a. We show some cases.

1. Case a =pe &: (M,i) = piff s; € I*(p) iff s; & I[*(—p) iff (M,i) E*

2. Case a = fAY: (M,i) =" BA~y iff (M,i1) =* 8 and (M,q) =* v iff
(M,1) = —p and (M, 1) £ —y (by induction hypothesis) iff (M, ) =*
=(B A7)

3. Case a = f[—vy: (M,i) = f—~ iff (M,i) E* 0 or (M,i) E* ~ iff
(M,i) W B or (M,i) £ —y (by induction hypothesis) iff (M,q) FE*
~(8—7).

4. Case a = =f: (M,1) = —=p iff (M,i) == § (by induction hypothesis
with contraposition) iff (M, ) f&* —=—0.

5. Case a = X3: (M,i) E* XBiff (M,i+1) =* giff (M,i+1) £* =0 (by
induction hypothesis) iff (M, i) p* = Xz.
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6. Case a = Gf: (M,7) =* G@ iff (M, j) =* § for any j > iff (M, j) =*
—f for any j > i (by induction hypothesis) iff not-[(M,j) E* -3 for
some j > | iff not-[(M, i) =* =Gg] iff (M,q) £ -Gp.

REMARK 3.7. We make the following remarks.

1. Proposition 3.6 shows that the mapping condition “s € I*(p) iff s ¢
I*(=p)” in Definition 3.4 can be extended to the refutation-aware normal
satisfaction relation for any formula «.

2. By the contraposition of the statement of Proposition 3.6, we can obtain
the following classical-negation condition for refutation-aware normal
satisfaction relation: (M, i) =* -« iff (M, 1) =" a.

Prior to proving the equivalence between the refutation-aware normal and
normal Kripke-style semantics (i.e., the equivalence between the n-validity
and the validity), we need to show the following two lemmas.

LEMMA 3.8. For any model M := (o,1), we can construct a refutation-
aware normal model N := (o,I*) such that for any formula o and any

i €w, (M,i) = aiff (N,i) = a.

PROOF. Let S be a non-empty set of states, o be an infinite sequence of
states in S, M be a model (o, 1), and |= be the satisfaction relation on M.
Then, we define a refutation-aware normal model N := (o, I*) such that for
any s; € S and any p € @,
1. s, € I*(p) ift s, € I(p),
2. s, € I*(—p) iff s; & I(p).
Then, we can obtain the mapping condition “s € I*(p) iff s & I*(—p)” in
Definition 3.4, because we have: s € I*(p) iff s € I(p) iff s & I*(—p).
We now prove this lemma by induction on . We show some cases.
1. Cascea=pe &: (M,i) =piff s; € I(p) iff s; € I*(p) iff (N,i) =* p.
2. Case @« = B Ay (Mi) = BAyiff (M,i) = § and (M,i) = v iff
(N,i) =* fand (N,i) =* v (by induction hypothesis) iff (N,7) =* BA7.
3. Case a = f—: (M) = By if (M, ) }£ 8 or (M, i) = 7 iff (N,) 1>
[ or (N,i) =* « (by induction hypothesis) iff (Vi) * 5—.

4. Case a = ~f: (M,i) | - iff (M,q) = G iff (N,i) £* G (by induction
hypothesis) iff (N,i) =* =3 (by Proposition 3.6).
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5. Case a = Xf: (M,i) = XB iff (M,i+ 1) = g iff (N,i+1) =* 8 (by
induction hypothesis) iff (N,i) =* X/3.

6. Case o = Gf: (M,i) = G iff (M, j) = B for any j > i iff (N,j) =* 3
for any j >4 (by induction hypothesis) iff (N,i) =* GS.
|

LEMMA 3.9. For any refutation-aware normal model M := (o,1*), we can
construct a model N := (o,1) such that for any formula o and any i € w,

(M, i) =* o iff (N,i) = a.
PROOF. Similar to the proof of Lemma 3.8. [

THEOREM 3.10. (Equivalence between n-validity and validity) For any se-
quent S, we have: S is n-valid iff S is valid.

Proor. By Lemmas 3.8 and 3.9. [ |

3.3. Refutation-Aware Dual Kripke-Style Semantics

We define a refutation-aware dual Kripke-style semantics for LT by using
two kinds of satisfaction relations =" and =". The intuitive meanings of
=T and =" are “verification” (or “justification”) and “refutation” (or “fal-
sification” ), respectively.

DEFINITION 3.11. (Refutation-aware dual semantics for LT) Let S be a
non-empty set of states and & be a set of propositional variables. A structure
M := (o,I",I7) is called a refutation-aware dual model if

1. o is an infinite sequence sg, S1, So, ... of states in .9,
2. I and I~ are mappings from @ to the power set of S such that for any
pedandany se€ S,se [t(p)iff s I (p).

Refutation-aware dual satisfaction relations (M,i) =T « and (M,q) =~
a for any formula o, where M is a refutation-aware dual model (o, I*,17)
and i (€ w) is some position within o, are defined inductively by the following
clauses:

.forany pe @, (M,i) T piff s; € I (p),

(M) EY anBiff (M,i) ET aand (M, i) =T 3,
(M) ET avpiff (M,i) ET aor (M,i) =T 3,
(M) ET a—Biff (M,i) ET aor (M,i) ET S,

[

1) BT —aiff (Md) E a,

Tt = W N
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6. (M,i) E*T Xa iff (M,i+1) ET a,

7. (M,i) E' Gaiff (M, j) ET « for any j > i,
8

9

—~

. (M,i) =T Faiff (M, j) ET « for some j > 1,
.forany pe &, (M,i) =" piff s, € I (p),

10. (M,i) == aApiff (M,i) =~ aor (M,i) =~ £,

11. (M,i) = aVvp iff (M,i) =~ a and (M,1) == 3,
12. (M,i) == a—giff (M,i) = « and (M,i) =~ £,
13. (M,1) B~ —a iff (M,i) =T «a,

14. (M,i) == Xa iff (M,i+1) £~ a,

15. (M,i) =~ Ga iff (M, j) =~ o for some j > i,

16. (M,i) = Fa iff (M, j) = « for any j > i.

A formula « is called d-valid if (M,0) =T « for any refutation-aware dual
model M := (o,I*,17) and the refutation-aware dual satisfaction relations
=T and =" on M. A sequent I' = A is called d-valid if the formula I',—A*
is d-valid.

REMARK 3.12. We make the following remarks.

1. By deleting the mapping condition “s € I (p) iff s € I~ (p)” in Defini-
tion 3.11, we can obtain a refutation-aware dual Kripke-style semantics
for a paraconsistent subsystem of PLTL and L'T. This type of refutation-
aware dual Kripke-style semantics was originally introduced in [39] for
PLT,.

2. The completeness theorem with respect to a refutation-aware dual Kripke-
style semantics for PLT,, was proved in [39] using an embedding-based
method. The dual semantics introduced in [39] for PLT,, has no map-
ping condition “s € I (p) iff s ¢ I~ (p)” and has the standard classical
negation condition for the satisfaction relation.

LEMMA 3.13. For any model M = (o,I), we can construct a refutation-
aware dual model N := (o,1",17) such that for any formula o and any
1€ w,

1. (M) o iff (N,i) ¥ o,

2. (M,1) = —a iff (N,i) =~ a.

PROOF. Let S be a non empty set of states, ¢ be an infinite sequence of
states in S, M be a model (o, 1), and |= be the satisfaction relation on M.



1004 N. Kamide

Then, we define a refutation-aware dual model N := (o, ", I7) such that
for any s; € S and any p € @,

1.
2.

S; € I+(p) iff S; € I(p),
si € I~ (p) iff s; & I(p).

Then, we can obtain the mapping condition “s € It (p) iff s € I~ (p)” in
Definition 3.11, because we have: s € I't(p) iff s € I(p) iff s ¢ I~ (p).

We now prove this lemma by simultaneous induction on a.. We show some

cases.

1.

Case a = p € @: For 1, we obtain: (M,7) = piff s; € I(p) iff s; € I (p)
iff (N,4) =T p. For 2, we obtain: (M,i) E —p iff s; € I(p) iff s; € I~ (p)
iff (N,i) &~ p.

. Case a = f A ~y: For 1, we obtain: (M,i) = S A~ iff (M,i) = ( and

(M,i) E v iff (N,i) =T 3 and (N,4) =" v (by induction hypothesis for
1) iff (N, i) =T BAy. For 2, we obtain: (M, i) = —(BAy) iff (M, i) = BAy
iff (M) p= B or (M,1) =~ iff (M,i) = -0 or (M,i) = —y iff (N,i) =~
B or (N,i) =" v (by induction hypothesis for 2) iff (N,7) == A ~.

. Case a = [—~: For 1, we obtain: (M,i) | [f—vy iff (M,i) = 3 or

(M,i) E~viff (N,i) £ Bor (N,i) ET ~ (by induction hypothesis for 1)
iff (N,7) BT B—~. For 2, we obtain: (M,1) = —(8—~) iff (M, i) £ f—~
(N,i) =T 8 and (N,i) == v (by induction hypotheses for 1 and 2) iff
(N i) == .

. Case a = —=f3: For 1, we obtain: (M, i) | - iff (N,i) == § (by induction

hypothesis for 2) iff (N,i) =T —3. For 2, we obtain: (M,i) = ——f iff
(M,q) = B iff (N,i) =T 3 (by induction hypothesis for 1) iff (N,i) =~
=0.

. Case a = X: For 1, we obtain: (M,i) = Xg iff (M,i+ 1) | g iff

(N,i+ 1) ET 3 (by induction hypothesis for 1) iff (N,7) =T X3. For
2, we obtain: (M,i) = —Xg iff (M,i) = XG iff (M,i+ 1) = G iff
(M,i+ 1) E =g iff (N,i+1) =~ § (by induction hypothesis for 2) iff
(N,i) =~ X8,

. Case a = Gf: For 1, we obtain: (M,i) = GA iff (M, j) = ( for any j > i

iff (N,j) = 8 for any j > i (by induction hypothesis) iff (N,) =T GS.
For 2, we obtain: (M, i) = ~Gp iff (M, 1) = GG iff (M, j) W~ 5 for some
j > iff (M,j) = —p for some j > i iff (N,j) == [ for some j > i (by
induction hypothesis for 2) iff (N,7) =~ Gf.
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|
LEMMA 3.14. For any refutation-aware dual model M = (o,17,17), we
can construct a model N := (o,I) such that for any formula « and any
1€ w,
1. (M,i) E" o iff (N,i) = a,
2. (M,i) == a iff (N,i) E —a.
PROOF. Similar to the proof of Lemma 3.13. [

THEOREM 3.15. (Equivalence between d-validity and validity) For any se-
quent S, we have: S is d-valid iff S is valid.

Proor. By Lemmas 3.13 and 3.14. [
We obtain the following theorem.

THEOREM 3.16. (Completeness for LT, NLT,,, and DLT,,) Let L be LT,,,
NLT,,, or DLT,,. For any sequent S, we have:

1. L+ S iff S is valid,
2. LE S iff S is n-valid,
8. LS iff S is d-valid.

Proor. By Theorems 2.8, 2.16, 3.2, 3.10, and 3.15. [

4. Conclusions, Remarks, and Related Works

4.1. Conclusions

In this study, we introduced the refutation-aware Gentzen-style sequent cal-
culi NLT,,, and DLT,, for LT (i.e., propositional until-free linear-time tempo-
ral logic); proved the equivalences between them and the standard Gentzen-
style sequent calculus LT, [44]; and proved the cut-elimination theorems
for NLT,, and DLT,,. Furthermore, we introduced the refutation-aware nor-
mal and dual Kripke-style semantics for LT; proved the equivalences among
these semantics and the standard semantics for LT; and proved the com-
pleteness theorems with respect to these Kripke-style semantics for LT,
NLT,,, and DLT,. Additionally, we observed that the paraconsistent subsys-
tems NLT and DLT_ of NLT,,, and DLT,, respectively, can be easily ob-
tained in a modular way. These subsystems are also regarded as subsystems
and alternatives of the previously introduced Gentzen-style sequent calculus
PLT,, [39] for PLTL (i.e., paraconsistent linear-time temporal logic). It was
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thus shown in this study that the proposed refutation-aware framework for
Gentzen-style sequent calculi and Kripke-style semantics was regarded as a
framework compatible with the existing refutation-aware and inconsistency-
tolerant framework of PLTL.

We now summarize the merits of the proposed calculi NLT,, and DLT|,
as follows.

1. Similar to the existing refutation-aware Gentzen-style sequent calculi
for Nelson’s paraconsistent logic N4 and classical logic, we can obtain a
clear understanding of the refutation-aware reasoning within NLT,, and
DLT,,. Namely, we can directly obtain a disproof of a given negated for-
mula using these calculi, where a disproof represents a refutation process
for the given formula. Thus, we can obtain both proof and disproof in
the calculi.

2. NLT,, and DLT|, are highly compatible with inconsistency-tolerant rea-
soning. Namely, these calculi are compatible with the paraconsistent
variant PLTL of LT, which is useful for appropriately handling inconsis-
tency-tolerant temporal reasoning [39]. In other words, the framework
of these calculi is regarded as a generalization of the existing PLTL-
and N4-based frameworks. Actually, we can simply define the paracon-
sistent subsystems NLT_ and DLT_ of NLT,, and DLT\,, respectively,
by deleting only a few initial sequents from NLT, and DLT,,.

In addition to the above-mentioned merits, we have the following merits
for NLT,, and DLT,,.

1. Similar to L'T,,, we can obtain some useful results for NLT,, and DLT,,
by using the infinite premises rules. Using the infinite premises rules,
we can obtain a theorem for embedding LT into propositional infinitary
logic. By using this embedding theorem, we can obtain the completeness
and cut-elimination theorems for NLT, and DLT,. For the proofs of
the embedding, completeness, and cut-elimination theorems for LT\,
see [30,33,34].

2. Similar to LT,,, we can obtain some useful variants of NLT,, and DLT,
by modifying the infinite premises rules. Replacing the infinite premises
rules in NLT,, and DLT,, with the finite premises versions of the rules,
we can easily define some useful time-bounded fragments of the calculi.
Such time-bounded fragments of LTL and L'T were studied, for example,
in [31-33]. These time-bounded fragments are embeddable into proposi-
tional classical logic; have some efficient decision procedures; and have
some practical applications [31-33].
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As a future work, we intend to develop a sequent-calculus-based uniform-
proof theoretic logic programming (or automated theorem proving) framework
[48] using NLT,,, DLT,,, NLT_, and DLT_ . Concerned with this direction, a
uniform-proof theoretic paraconsistent logic programming, which was based
on a refutation-aware Gentzen-style sequent calculus for Nelson’s N4, was de-
veloped in [29]. We also intend to develop a refutation-aware model checking
framework extending the proposed refutation-aware Kripke-style semantics
for LT and its paraconsistent subsystem. A work of this direction is in [37].
We also intend to develop a refutation-aware Gentzen-style natural deduc-
tion systems for LT. Concerned with this direction, some refutation-aware
Gentzen-style natural deduction systems for Nelson’s N4 were developed in
[27].

4.2. Remarks on Until Operator

We have not yet obtained a cut-free and complete refutation-aware nor-
mal, dual, or split-context Gentzen-style sequent calculus that is theorem-
equivalent to an extended LT, with the until operator U. A reason why we
cannot obtain such a calculus is that we have not yet obtained a cut-free
and complete extension of LT, with the addition of U. An extension called
LTY with U was considered in [34], although it is unknown whether the
cut-elimination and completeness theorems for LTY holds or not. In what
follows, we explain this system.

The language of LTV is obtained from the language of LT, by adding
a binary temporal operator U (until). An expression {X*a};<r<; for any
natural numbers i,j and k is used to represent an arbitrary formula X*o
with ¢ < k < j if there is k with ¢ < k < j, or the formula « if there is no
such k. A sequent expression {I' = A, X*a};<p < ;j for any natural numbers
i,j and k is used to represent the set {I' = A, X*a | i < k < j} if there is
k with i < k < j, or the sequent I' = A, « if there is no such k.

Then, LTY is defined as follows.

DEFINITION 4.1. (LTY) LTY is obtained from LT, by adding the logical
inference rules of the form:

{ X3, {X*a}ic<kcirj: T = A }ew
Xi(aUB),T = A
[ = AXYE {T=AXalickeirs
I = A, Xi(aUp)

(Uleft)

(Uright).

REMARK 4.2. We make the following remarks.
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1. (Uleft) and (Uright) are formulated based on the following informal
axiom scheme:
X'(aUB) = \/ (XA N\ XFa).
jEw i<k<i+j
2. The above informal axiom scheme is closely related to the following
semantic clause for U:

(M. i) | QUB iff 3j > i [(M,j) |= 6 and Vi < k < j (M, k) E al.

3. A weak theorem for one-directionally embedding LTV into a cut-free
Gentzen-style sequent calculus LK, for infinitary logic was proved in
[34].

4. If we consider to develop falsification-aware variants of LTV, we need to
extend it by adding the release operator R, which is the dual counterpart
of U and has the following clause:

(M,1) EaRBifIVj >i [(M,j)EpLor Ji<k<j(Mk)Eaq.

4.3. Related Works

In model checking [8,10], which is well-known to be a software verifica-
tion technique, refutation or falsification plays a critical role in obtain-
ing the counterexample traces for the underlying object specifications. A
counterexample-guided abstraction and refinement technique [9] for model
checking can be considered an example of a useful refutation- or falsification-
aware technique in model checking. Yet Another Software Model Checker
(YASM) [22,23] is regarded as a refutation-aware model-checker because it
explicitly divides and simultaneously performs falsification and verification.
YASM could prove and disprove properties with equal effectiveness and was
constructed based on Belnap and Dunn’s four-valued logic [4,5,14], which
is regarded as a subsystem of Nelson’s paraconsistent logic N4 [2,49].
Falsification-aware model checking has recently been proposed and stud-
ied in [37,38]. This technique is regarded as a generalization of inconsistency-
tolerant (or paraconsistent) model checking [36,42], which is a variant of
model checking. This falsification-aware model checking paradigm was roughly
defined based on refutation-aware Kripke-style semantics for some temporal
logics. In [38], falsification-aware normal and dual Kripke-style semantics for
computation tree logic (CTL) [8] were introduced to obtain the theoretical
foundation of falsification-aware CTL-model checking. In [37], falsification-
aware normal and dual Kripke-style semantics for a wide range of temporal
logics including LTL with the until and release operators were also consid-
ered for extending the framework of falsification-aware CTL-model checking.
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In falsification-aware model checking, we can simultaneously verify and
falsify formulas using two falsification-aware dual satisfaction relations ="
and =" in the falsification-aware dual Kripke-style semantics for the under-
lying logics. Suppose that CTL is considered the basic logic in the follow-
ing explanation. We can then formally consider a falsification-aware model-
checking problem as follows. Suppose that M is a falsification-aware dual
CTL model (S, Sy, R, L™, L~), where S is a set of states, Sy is a set of ini-
tial states, R is a binary relation on S, and L™ and L~ are positive and
negative labeling functions, respectively. In addition, suppose that =" and
" are falsification-aware dual CTL-satisfaction relations on M. Then, the
falsification-aware model checking problem for CTL is defined as follows. For
any formula «, find the verification set {s € S | (M, s) =" a} and the falsi-
fication set {s € S| (M,s) =~ a}. These sets can be simultaneously found.
Thus, we can simultaneously perform verification and falsification.

Other traditional refutation-aware systems so called the Lukasiewicz-style
refutation systems have been proposed and studied, for example, in [21,46,
61-64], although a Lukasiewicz-style refutation system for LTL or LT has not
yet been developed. For example, some Lukasiewicz-style refutation systems
[46] for modal logics including S4 were introduced and studied in [61,62].
An Lukasiewicz-style refutation system for Wansing’s nonmonotonic logic
W [70] was introduced in [64], wherein the decidability and finite model
property were proved for W using the refutation system. The logic W is
regarded as an extension of Nelson’s N4.

Another famous refutation-centric formal system is Robinson’s resolution
calculus or principle [57]. Resolution calculi for LTL and its variants have
been studied in developing an efficient method for mechanical theorem prov-
ing [1,7,12,13,16,17,26, 32,58, 68]. Resolution calculi for decidable fragments
of first-order LTL were of the utmost interest in this area of research. Most
of the monodic fragments of first-order LTL were shown to be decidable [24].
The corresponding resolution calculi, which were called monodic temporal
resolution, have been studied [12]. The method of the monodic temporal
resolution was based on the technique of clausal temporal resolution [17].
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