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CARLOS GALLARDO A Generalization of Monadic
ALICIA ZILIANI n-Valued Lukasiewicz
Algebras

Abstract. ML;' of monadic m-generalized Lukasiewicz algebras of order n (or ML}~
algebras), namely a generalization of monadic n-valued Lukasiewicz algebras. In this arti-
cle, we determine the congruences and we characterized the subdirectly irreducible M L;'-
algebras. From this last result we proved that MLy" is a discriminator variety and as a
consequence we characterized the principal congruences. In the last part of this paper we
find an immersion of these algebras in a functional algebra and we proved that in the finite
case they are isomorphic. This last result allows to show a new functional representation
for monadic n-valued Lukasiewicz algebras. Finally, we define the notions of M L;'-algebra
of fractions and maximal algebra of fractions and we prove the existence of a maximal
M Ly}-algebra of fractions for an M L;'-algebra.

Keywords: Monadic n-valued Lukasiewicz algebras, m-generalized Lukasiewicz algebras of
order n, Congruences, Subdirectly irreducible algebras, Discriminator variety, Functional
representation, M L;'-algebra of fractions, Maximal M L;;'-algebra of fractions.

1. Introduction and Preliminaries

In 1971, Georgescu and Vraciu [17] in a very interesting paper introduced
monadic n-valued Lukasiewicz algebras and studied their relationship with
monadic Boolean algebras. From the results obtained by these authors, a
functional representation theorem for these algebras is deduced without fol-
lowing Halmos’s reasoning [18]. These algebras were extensively studied in
[4,12,13,19] to mention a few.

On the other hand, in 2001, Almada and Vaz de Carvalho [1] considered a
generalization of Lukasiewicz algebras of order n (or L,-algebras) and they
introduced the variety £ of m-generalized Lukasiewicz algebras of order n
in the following way.

An m-generalized Lukasiewicz algebra of order n (or L!'-algebra) is
an algebra (L,V,A, f,{D;}1<i<n—1,0,1) of type (2,2,1,{1;}1<i<n—1,0,0)
which satisfies the following conditions:
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(GLy) (L,V,A, f,0,1) is a bounded distributive lattice where f is a dual
endomorphism satisfying the identity f?™z = x,

(GL3) Di(xANy) = D;x AD;y, 1 <i<n-—1, where Z denotes the element

m—1

Vo [Pz,

p=0

( ) Dix ANDjz =Djz, 1<i<j<n-—1,
( )len\/flenzl,lgzgn—l,

( ) Dift = fD,_7, 1<i<n-—1,
(GLG) DiDjLU:DjIE, 1 SZ,] Sn—l,

( ) *V Dyz = Dy,

(GLg) (z A fx)VyV fy=yV fy,

(GL1) T<yV fDiyV Dip17, 1 <i<n-—2.

In every LI"-algebra the identities listed below are also verified [1,14] and
they will be use throughout this paper.

PROPOSITION 1.1. Let A € L. Then it holds:
(GL11) Di(xzVy) =D;(z) VDi(y), 1 <i<n-—1,
(GL12) f*(Di(x)) = Di(x), 1 <i<n—1,

(GL13) Di(z) A f(Di(x)) =0,1<i<n-—1,
(GLia) f(z)V Di(z) =1,

(GLys5) f(Z) A Dyp1(T) =0,

(GL1g) TN Dy—1(T) = Dy—1(T),

(GL17) D;i(0) =0,1<i<n-—1,

(GLig) Di(1)=1,1<i<n-—1.

(GLyg) 7 =T,

(GLy) f7 = fz,

(GLay) f*7 = ffz,

(GLys) x <y implies T <7,

(GLa3) xVy

(GLyy) TAY =T ATY.

TV,
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— m—1
(GLss) T =T, where z denotes the element N f?Pz,
p=0

(GLys) Dix = D;T = Dz, 1 <i<n—1,
(GLa7) Dix = Dy for alli, 1 <i<n-—1implyT =7.

From the above results is simple to verify that the operators D; do not
distribute with the infimum and the negation does not commute with them.
However, we will see that it is possible to define a quantifier on these algebra
such that they constitute a generalization of monadic n-valued Lukasiewicz
algebras.

REMARK 1.1. Let A € £™. The set S(A) = {x € A : f?(z) = x} plays
an important role in the study of these algebras. In particular, S(A) is a
subalgebra of A and it is the greatest subalgebra of A that belongs to the
variety of L,-algebras. Let us observe that for all x € A, both T and x
belong to S(A) and z < z < T. Obviously, z € S(A) if and only if x = z (if
and only if T = z). [1, Proposition 2.2].

REMARK 1.2. In [1] T. Almada and J. Vaz de Carvalho determine that
the variety £ is semisimple and locally finite, then we conclude that all
L™-algebra is a Heyting algebra. On the other hand, A. Iorgulescu in [22],
after surveying chronologically several algebras related to logic, she rede-
fined them as particular cases of BC K-algebras (see also [20,21]). Thus, she
showed that Hilbert algebras are positive implicative BC K-algebras. Hence,
from the above results and taking into account that the implicative reduct
of a Heyting algebra is a Hilbert algebra, it follows that every L;'-algebra
is a positive implicative BC K-algebra.

2. Monadic m-Generalized Lukasiewicz Algebras of Order n

The class of algebras which is of our concern now, rises from m-generalized
Lukasiewicz algebras of order n endowed with a unary operation which ve-
rifies certain properties.

DEFINITION 2.1. Let L € L)". An existential quantifier on L is a mapping
J: L — L which verifies the identities:

(El) 30= 07
(E2) o Az =,
(E3) 3(x A Jy) = Fz ATy,
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(E4) HDl(E) = Dl(ﬂf) foralli, 1 <i<n-—1,
(B5) 3f*m—13g = f2m—13z.

DEFINITION 2.2. Let L € L]". A universal quantifier on L is a mapping

vV : L — L verifying the following conditions:
(Up) V1=1,

(Us) Vz =V Az,

(Us) Y(z VVy) =V VVy,

(Uy) VYDi(T) = D;(Vz) for all i, 1 <i<n-—1,
(Us) Vf*m=Va = f2m= 1.

Propositions 2.1 and 2.3 summarize the most important properties of
both existential and universal quantifiers in L;"-algebras which are necessary
for further development.

PROPOSITION 2.1. Let L € L)' and 3 be an existential quantifier on L.
Then the following properties are satisfied:

(Ee) 31 =1,

(E7) 33z = 3z,

(Es) = <y implies Iz < Ty,

(Eg) 3(3x A Jy) = Fx A Ty,

(E1o) x € 3L if and only if Iz = =z,

(E11) x € 3L implies f>™~Ix € 3L, for all j, 1 < j < 2m,

(E12) x,y € AL imply z V y € 3L,

(E13) 3(z Vy) =3z V Iy,

(Eia) 3L<L,

(Ers) x € B(S(L)) implies 3x € B(S(L)),

(E16) x € S(L) implies 3z € S(L),

(E17) S(3L) = 3S(L).
PrROOF. We only prove (E11), (E12), (F16) and (Ei7).

(E11): By the hypothesis, (Fig) and (E5) we have that f>m~1lz € 3L.

This assertion and (Es) imply that f2m =2z = f?m=1f2m=1ly ¢ 31 Hence,

following an analogous reasoning we conclude that f>™ 7z € 3L, for all j,
1<j5<2m.
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(E12): Let 2,y € 3L. Then, by (E10) and (Es) it follows that f2™~1(x) A
f?m=1(y) € IL. So, by (E3) and (E1;) we have that x Vy = f(f? 1(z) A
f2m=y)) € 3L.

(E16): Let us suppose that 3x ¢ S(L). Hence, there is y € L\ S(L)
such that y = 3x. By the hypothesis and (E3) we have that z < f2y which
implies that < y. From this assertion and (Fgs) we infer that 3z < Jy. On
the other hand, by (F14) and the fact that y € 3L we conclude that Jy = y.
Therefore, y < y which is a contradiction. S

(E17): Let € 3S(L). Hence, there is y € S(L) such that 2 = Jy. Taking
into account (Ej6) we have that f2xr = f?Jy = Jy = 2 and so x € S(IL).
The converse follows immediately. [

Next we show the relationship between existential and universal quanti-
fiers in L))"

PROPOSITION 2.2. Let L € L)'. If 3 is an existential quantifier on L, then
Vo = f2"=13fx is a universal quantifier.

ProOOF. We only prove (Uy). Indeed, taking into account (GLs), (GLao),
(E4) and (Elﬁ) we have that: VD;x = f2m_1Dn,ZE|ff = Difzm_lEIff =
DZW |

PROPOSITION 2.3. Let L € L)' and ¥ be a universal quantifier on L. Then
the following properties hold:

(Us) Y0 =0,
(Uz) Wz =V,
(Ug) x <y implies Vo < Vy,
(Ug) ¥(x A y) =V AVy,
(Uio) x € VL if and only if x =V,
(Uy1) x € VL implies f*™ Iz € VL, for all j, 1 < j < 2m,
(Urs) YL < L.
(U1s) x € S(L) implies Vx € S(L).
Proor. It is routine. ]

PROPOSITION 2.4. Let L € L. If Y is a universal quantifier on L, then
Jx = VY2 ~1x is an existential quantifier.

PRrROOF. Properties (Eq)-(E3) and (Es) follow immediately. Therefore, it
only remains to prove (FEy). Indeed, bearing in mind (GLs), (GLyg) and (Uy)
we have that 3D,z = fVf*" 1D,z = fVD,_;f*" 'z = fVD,_;f?" 1z =
fDn_i\V/meilf = Dif\V/me*lf = D;37. |
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DEFINITION 2.3. Let L € £7". A monadic m-generalized Lukasiewicz alge-
bra of order n (or M L!"-algebra ) is a pair (L, 3), where 3 is an existential
quantifier on L or equivalently, is a pair (L, V), where V is a universal quan-
tifier on L.

In what follows we will denote by ML the variety of M L™-algebras.

Some of the results on M L]"-algebras given in this paper were commu-
nicated in the meeting indicated in [16].

Let us observe that by defining 3x = x on every L]’-algebra L we have
that (L,3) € ML, In Example 2.1 we show an M L)"-algebra where the
quantifier is not the trivial one.

EXAMPLE 2.1. Let us consider the LZ-algebra L represented bellow and
where the operations f, D;, 1 < i <4, 3 and V are defined as follows:

x |0lal|b|lc|dle|h|j|1
fxr |1|hle|jld|a|b|lc|O
Dz |01 |1 |1|1]1|1]|1]|1
Dox |O| 1101 ]1|1]1]1
Dsx|0|0]0[0]0]1|1]1]1
Dyxz |00 [0|0[0]0|0]O0]|1
dr [0|d|d|c|d|j|j|g|1
Ve |O|lc|clc|d|d|d]|j]|1

Furthermore, in this case it holds that Vo = fdfx for all x € L. However,
this is not true if we define dr = x = V. Indeed, f3fa =b # a = Va.

REMARK 2.1. Let L € MJL?". Bearing in mind the above results we can
assert that 3 is an additional closure operator on L [3]. Furthermore, ML}
coincides with the variety of monadic n-valued Lukasiewicz algebras.

Other properties of the quantifiers on M L]*-algebras are indicated in
Proposition 2.5. The proof of them is an easy exercise.

PROPOSITION 2.5. Let L be an M L]"-algebra. Then the following properties
are satisfied:

(M;) V3zx = 3z,



A Generalization of Monadic... 463

(M, Iz = Vz,

(Ms) x =V if and only if x = Iz,
(My) 3(x AVy) = Fz A Vy,

(Ms) ¥(z V Jy) =V V Iy.

Proposition 2.6 determines the relationship between the existential quan-
tifiers and special subalgebras of L]*-algebras.

PROPOSITION 2.6. Let L be an L]'-algebra.

(a) A subset M of L is of the form M = 3L where 3 is an existential
quantifier, if and only if the following conditions hold:

(i) M is a Moore family of L,
(ii) M is a subalgebra of L,
(iii) for any a,b € M, a = b exists in L and a = b € M, where x = y
stands for the relative pseudocomplement of x with respect to y,

(iv) Di(N{z€3L:T<z})=N{z€3L:Dix <z} foralli,1 <i<n-—1.

(b) When this is the case, 3 is uniquely determined by Iz = /\{z e M:
x < z}.

PROOF. Let 3 be an existential quantifier on L and M = 3L. Then [3,
Theorem 2.4.11]) implies (i) and (b). Besides (iv) follows from (E,). To
prove (ii) we use (Ejg), which shows that 0 € 3L by (£1) and 1 € 3L by
(Eg), while if z,y € 3L then x Ay € 3L and =V y € 3L follow from (E3) and
(E73) respectively. Furthermore, to prove (iii) suppose that x,y € 3L and
x = y € L. Then taking into account (Eyg), (F3), the fact that = y is the
relative pseudocomplement of = with respect to y, and (Eg) we have that
zAI(xz=y)=FeAI(z=y)=F(FeA(z=y) =F(zA(zr=y)) <Jy=y.
From this last assertion and (FE3) we conclude that z = y = 3(z = y).
Conversely, suppose (i)—(iv) hold and define 3 by (b). Then (E;) follows
from (ii) and (E4) from (iv) while 3 is a closure operator by (i), therefore
(E2) also holds. This assertion implies that x AJy < JzAJy. By virtue of (ii)
it results that 3z AJy € M. Hence, 3(z A Jy) < Jz A Jy. On the other hand,
if k € M verifies that A 3y < k, then « < Jy = k. Furthermore, from (iii)
we infer that 3y = k € M. Therefore, 3z < Jdy = k and so, dz A dy < k.
Thus, 3z A Jy < 3(z A Jy) and consequently, we conclude that (Fs5) holds.
Finally, taking into account (ii) we have that f2"~!'3x € M, Hence by (b)
Jf2m=13 < f2m=13z and so by (E») we obtain (Ej). |
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3. Congruences and Subdirectly Irreducible ML™"-Algebras

Now, we will describe the congruence lattice of M L]"-algebras taking into
account the results established in [11].

Let us recall that in any L"-algebra L the congruences were characterized
by means of the m-filters of L, that is to say the filters F' of L which verify
this condition: = € F implies fD; fx € F. In what follows, we will denote
by F.n(L) the set of all m-filters of L.

DEFINITION 3.1. Let L € ML} An m-filter F of L is monadic (or M-filter)
if it verifies this condition: x € F' implies Vx € F'.

We will denote by Fps(L) the set of all monadic filters of L.

THEOREM 3.1. Let (L,3) be an M L)"-algebra with more than one element.
Then

(i) Con(L) = {R(F) : F € Fym(L)}, where R(F) = {(z,y) € L x L :
there exists w € F such that x AN Dp_1w =y A D _jw},

(ii) the lattices Con(L) and Fpr(L) are isomorphic considering the map-
pings 0 — [1]p and F —— R(F) which are mutually inverse, where
[x]g stands for the equivalence class of x modulo 6.

PROOF. It only remains to prove that if (z,y) € R(F') then (3x,3y) € R(F).
Suppose that there is w € F such that x A D,,_1w = y A D,_jw. Hence,
by (Ug), (GL11), (GLg) and (Uy) we have that 2 AVD,,_1w = y AVD,,_1w@.
This assertion, (My) and (Uy) imply that 3z A D,,_1Vw = Jy A D,,_1Vw.
Furthermore, taking into account that w < w and the fact that F is a
monadic filter of L we infer that w; = Yw € F and so (3z,3y) € R(F),
which completes the proof. [

Next, our attention is focused on characterizing subdirectly irreducible
M L7"-algebras. To this end recall that a filter F' of an M L]"-algebra L is a
Stone filter of L if it verifies « € F' implies D,,_1xz € F [31, p 295]. We will
denote by Fg(L) the set of all Stone filters of L. On the other hand, for each
(L,3) € ML, let us consider the L'-algebra 3L, the monadic Lukasiwicz
algebra of order n (S(L),d) and the Lukasiewicz algebra of order n 3S(L).
Then by defining the mappings:

ay: Fu(L) — Fn(3L), o (F)=FN3L,

Qo :fM(L) HfMS(S L)), 042( ) FQS( )

00 Fn(3L) = F6GS(D), a(F) = F N S(L).

oy Fars(S(L)) — Fs(3S(L)), as(F) = F N 3(S(L)),
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where Fars(S(L)) is the set of the monadic Stone filters of (S(L),3), we
have the following result:

THEOREM 3.2. Let L be an ML'-algebra. Then the mappings a1, ag, a3
and oy are order isomorphisms where Far(L), Fp(3L), Frms(S(L)) and
Fs(3S(L)) are ordered by set inclusion. Besides, az 0 a1 = g 0 ap.

PRrOOF. From Remark 11, (E7), (Eg) (Elo), (E14), (E16),(E17), (Ulg), [11,
Proposition 2.12], [31, Proposition 3.5], [12, Corollary 3.3] and by applying
standard techniques we infer that «;, 1 < ¢ < 4 are isomorphisms. Finally,
it is straightforward to show that as o a1 = a4 0 as. [ |

Now, by Theorems 3.1 and 3.2 we are ready to characterize subdirectly
irreducible M L]"-algebras as follows:

THEOREM 3.3. Let (L,3) € ML". Then the following conditions are equiv-
alent:

(i) (L,3) is simple,
(ii) 3L is a simple L) —algebra,
(iii) 3S(L) is a simple n-valued Lukasiewicz algebra,

(iv) B(35(L)) = {0,1}
(v) (L,3) is subdirectly irreducible.

REMARK 3.1. Example 2.1 and Theorem 3.3 allow us to assert that it is pos-
sible to define more than one existential quantifier on a simple L]'-algebra.
This shows a fundamental difference with simple L,,-algebras.

As a direct consequence of Theorem 3.3 and from well-know results of
universal algebra we conclude that

COROLLARY 3.1. Let ML} is semisimple.

In order to determine the principal congruences on M L;"-algebras in a
simple way we will start by pointing out some results established in [31]
and [11], which will be fundamental in what follows. M. Sequeira obtained
some unpublished results in the context of congruences on algebras of certain
subvarieties of Ockham algebras some of which are K, o. Bearing in mind
these notions J. Vaz de Carvalho [31] considered certain elements which we
will describe in what follows. Let L € £ and T' = {0,1,...,m — 1}. For
each z € L and s € {1,...,m} take

qsz = /\ \/fsz.

JCT jeJ
J

I=s
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where | X | means the cardinal number of the set X.
The same author asserted that it is straightforward to see the following
statements.

LeMMA 3.1. [31] Let L € L. Then it holds:

(i) gsz € S(L), s € {1,...,m},
(i) gsz < gs412, s € {1 ,m — 1},

)
)
)
)

(v) & < z implies gsx < qsz, s € {1,...,m}.

(iii)) 12 =z and gz = Z,

(iv) z € S(L) implies qsz =z, s € {1,...,m},

On the other hand, in [11] we introduced a new binary operation on L'~
algebras which we called weak implication as follows: © — y = Dy fx V y.
This implication allowed us to define an element which played a central role
to characterize the principal L]'-congruences. Let L € L and a,b € L.
Then

n—1
wap = /\ (Dsja — Db) A (Dib — Dya)).
i=1
LEMMA 3.2. Let L € L' and a,b € L. Then the following properties are
satisfied:
(i) wap = AiZy (fDia A fD;b) V (Dia A D;b)),
(ii) Djwgp = wap, forall j, 1 <j<n-—1,

)
) wap € S(L),
) D
)

(iii

(IV (CL/\U}ab) '(b/\wab) fOT’allj,]_San—]_,

(V a N /\ —1 Wy, (anbd),qs(aVvb) = =bA /\ —1 Wy, (anb),qs(aVb)s
(Vl) Dn_l /\s:l qus (a/\b)7QS (a\/b) = /\S:l qus(a/\b)ﬂqs(a\/b) :
PROOF. From [11, Lemma 2.9] and [15, Proposition 1.3]) it follows (i)-(iv)

and (v) respectively.
(vi) Taking into account (Uy), (i) in Lemma 3.1, (Uy) and (G L) we have

that D, /\5:1 qus(a/\b),qs(avb) = v/\szl Dn—lqu(a/\b),qs(a\/b)' Hence, by
(ii) and (Uy) we conclude the proof. |

Let L € ML and z € L. We will denote by [z) the principal filter of L
generated by z (i.e.: [z) ={z € L:z <z}).
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PROPOSITION 3.1. Let L € ML}, k be a positive integer and aj;,b; € L,
1<j<k. Then [/\;?:1 Ywa, p,) i an M-filter of L.

PROOF. It is a direct consequence of [11, Proposition 2.6], [11, Proposition
2.10], (Uy) and (Uz). |

Now, Theorem 3.4 gives us a new characterization of simple M L]"-alge-
bras.

THEOREM 3.4. Let L € ML. Then the following conditions are equiva-
lent:

(i) L is simple,
(ii) wp,va,1 =1 for all a € L such that Va # 0.

PrOOF. (i) = (ii): Let F' = [wp,vg,1). By Remark 1.1, items (iii) and
(ii) in Lemma 3.2, (Ug) and (Uy) it follows that F' is an M-filter. Hence,
by Theorem 3.1 we have that R(F) € Con(L) and F' = [1]p) and so,
(leva,la 1) S R(F) If Wp,va,1 = 0 then DyVa = 0 which implies by (GL7)
and (GLg) that Va = 0 and also that L/R(F) = L x L. Since L is simple,
the only congruences on L are the trivial ones. Therefore, L/R(F) = idy,
and wp,vg,1 = 1 for all a € L such that Va # 0.

(ii) = (i): Let @ € Con(L), 0 # idy,. Then, there are z,y € L, x # y such
that (x,y) € 6 = R([1]g). By Theorem 3.1 it follows that there is v € [1]g and
x A Dyp_ 1V =y A D,,_1V0. These assertions and (G Lig) imply that Vv # 1.
Hence, by (Uyg) and (Uy2) we have that VvVt = fVo # 0 and so by the
hypothesis we conclude that wp,v v 1 = 1. On the other hand, taking into
account that (v, 1) € 6 we infer that (wp,vvs,1,0) € 6. Therefore, (0,1) € 6
which implies that 6 = L x L. [

Next, we will apply the results we developed so far to show that ML
is discriminator variety. Furthermore, we will determine the principal con-
gruences. It what follows, for each a,b € L we will denote by 6(a,b) the
principal congruence generated by (a,b).

Recall that the ternary discriminator function ¢ on a set A is defined by
the conditions:

t(w,y,2) = x otherwise.

A variety V is a discriminator variety, if it has a polynomial p that coin-
cides with the ternary discriminator function on each subdirectly irreducible
member of V; such a polynomial is called ternary discriminator polynomial
for V.
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THEOREM 3.5. The variety MLT" is a discriminator variety.

PROOF. Let p(z,y,2) = (A2 YWy, (wry).qe (ovy) N2V (f Noey YW (ong) qs (v
») A ). In view of the definition of wq for all a,b € L, (GLy3) and (Uy)

we have that p(x,y, z) = z. On the other hand, by Lemma 3.2 (v) we infer
that 2 A AL Vg, (way).q.(eve) = YA N1 YWq, (wy) g0 (vvy)- Hence, if @ # y
we have that AL, YWq, (wAy),q.(xvy) 7 1. Furthermore, by Lemma 3.2 (iii)
and (Ms) follow that A", Ywy, (zay),q.(zvy) € 3S(L). From this assertion,
Lemma 3.2 (vi), the fact that 3S(L) is an n-valued Lukasiewicz algebra and
( [6, Theorem 1.9]) we conclude that A", Ywg, (sry).q.(evy) € B(3S(L)).
So, by Theorem 3.3 we have that A", Ywy, (zay).q.(zvy) = 0. Therefore,
p(x,y,z) = . [

COROLLARY 3.2.
(i) ML is arithmetic,
(ii) for each L € ML) and a, b, ¢, d € L, it is verified that (¢,d) € 0(a,b)
if and only if p(a,b, c) = p(a,b,d), i.e. ML has equationally definable
principal congruences,

(iii) every principal congruence on L € ML is a factor congruence,

(iv) the principal congruences on L € ML form a sublattice of the lattice
Con(L),

(v) each compact congruence on L € ML is a principal congruence,
(vi) the congruences on each L € ML are reqular, normal and filtral,
(vil) L € ML has the congruence extension property.

Lemma 3.3 will allow us to determine the principal congruences on M L"-
algebras.

LEMMA 3.3. Let L € ML Then

(i) 0(a,b) = O(A\L; Vwg, (anb),q.(avb) 1)

(ZZ) [H@(a,b) = [/\?::1 qus(a/\b),qs(avb))'
PROOF. (i) Bearing in mind the definitions of gsz and w, ; with z,¢ € L and
the fact that (a Ab,aVb) € 0(a,b) we infer that (A, VWq, (anb),qs(avb), 1) €
6(a,b). On the other hand, (aAA]L | Ywg, (arb),q.(ave) @) € O\ ey Yq, (an),
g:(avp), 1) and (b A /\T:l VWq, (anb),q.(avb)> @) € 9(/\?:1 YWq, (anb),gs(avb)s 1)
and so, from Lemma 3.2 (v) it results that 6(a,b) € O(A\]L, Ywy, (anb),q.(avb)s
1). Consequently (i) holds.

(ii) Let @ € [AL; YW, (anb),q.(avp))- Hence, by Theorem 3.1 and (i) we
conclude that z € [1]g(q,5). On the other hand, let x € [1]g(q,p). By virtue
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of item (ii) in Corollary 3.2 we have that p(a,b,z) = p(a,b,1) and so,
(AeZ1 YW, (anb) q. (avt) NV (f NgZy Vg, (anb).q. (avb)AN) = (NG YW, (anb).q.
@y AV (f AV VWg, (anb),q. (avb)Na). Hence, (A= YW, (anb), g (avb) NE)V
(f /\:1:1 qus(a/\b),qs(aVb) N (Z)) A /\szl \v/qu(a/\b),qs(a\/b) = ((/\szl
Vg, (anb),q.(ave ) ALV (f Aoy Vg, (anb).q. (avi) AN@)) A Naey Vg, (anb).q. (avb)s
which implies by Lemma 3.2 (ii) and [6] that A", Vw, (aab),q.(ave) A T =
N1 Y0g, (anb).g. (ave) and s0, ATL) Vg, (anb) q.(avb) < @ Therefore, [1g(a,p)
€ [AZ1 Y. (anb).gu(av b)- -

THEOREM 3.6. Let L € ML, and a,b € L. Then 6(a,b) = {(x,y) € L?:

n’

2 A Nozy YWq, (anb).gu(av) = Y A Nisy YWq, (anb).qa(avh) }-

PROOF. From Theorem 3.1 and (ii) in Lemma 3.3 we have that 6(a,b) =
R([Woca) = BIALL Vg, (anb)a.av)) = {(2,9) € L2t 2ANZ Vg, anv),
Gstavey = YN /\s:l qus(aAb),qs(aVb)}' u

4. Functional Representation for ML'-Algebras

Multipliers have been studied in different branches of mathematic, for exam-
ple in semilattices and lattices from the point of view of interior operators by
Szész [29], Szdsz and Szendrei [30] and Kolibiar [23], in semigroups by Pet-
rich [26] and Laca and Raeburn [24], in rings by M. Ashraf and A. Shakir
([2]), in f-rings by P. Colville, G. Davis, K. Keimel in [8], in lattices and
BCK-algebras by W. H. Cornish in [9,10], in subtraction algebras by Y. H.
Yon and K. H. Kim ([32]), and in implicative algebras by J. Cirulis ([7]).
On the other hand, in [16] we introduced the concept of multiplier in L"-
algebras. In this section, we will extend these last results in order to get
a functional representation for monadic L;'-algebras, and in particular, for
monadic Lukasiewicz algebras of order n.

Let L be an L]"-algebra and I C L. Recall that [ is a 1-ideal of L if I is
an ideal of the lattice L which verifies the condition: « € I implies D1z € [

([16]).

DEFINITION 4.1. Let L € ML}". A non-empty set I of L is a g-ideal of L, if
I is a 1-ideal of L and verifies the following condition: x € I implies dx € I.

Let us observe that {0} and L are g-ideals of L. In what follows we will
denote by Z,(L) the set of all g-ideals of L.

EXAMPLE 4.1. Let L be the L3-algebra whose Hasse diagram and the ope-
rations are the following ones:
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v [0]albleld|elg|h|i|j|lk|[m|[n]|]

fr |1lin|ml|k|i|j|h|lg|le|ld|c|al|b|O
Dizx|0|lglglglglglg|h|1]|1]1]1]1]|1

Dox |0O|0|0|0|glglg|h|h|h|h|1]1]|1

dr |O|a|b|c|d|le|g|h|i|j|k|m|n]|l
Then we have that I = {0,a,b,c,d,e, g} is a proper g-ideal of L.

LEMMA 4.1. Let L € MLY and I € Z,(L). If v € I then 3z € IN S(3L).

PROOF. From the hypothesis and Definition 4.1 follow that D;3x € I. Hence
from (Glg) and (GL7) we have that 3z € I, which allows us to conclude the
proof. [

DEFINITION 4.2. Let L € ML) and I € Z,(L). A g-multiplier on L is a
map h : I — L, which verifies the following condition:
h(e Nz) =e A h(z), for each e € L and x € I N S(3L).

Let L € ML;'. We will denote by Mz(I, L) the set of all g-multipliers
having domain I € Zy(L) and by M3(L) = U;ez, (1) Ma(I, L) the set of all
g-multipliers of L.

REMARK 4.1. The maps 0,1 : L — L defined by 0(z) = 0 and 1(z) = « for
all z € L are g-multipliers.

LEMMA 4.2. Let L € ML and I € Z,(L). If f : I — L is a g-multiplier of
L, then f(x) <x < 3x for all x € I.

Proor. Taking into account Definition 4.2, (E2) and Lemma 4.1 we have
that f(z) = f(x Adx) =2 A f(Fx) <z < Jz. |

LEMMA 4.3. Let L € ML and h,g € M35(I,L). If h(x) = g(z) for all
x € INS(3L), then h(x) = g(x) for all x € 1.

Proor. It follows by Lemma 4.1, Definition 4.2 and the hypothesis. [



A Generalization of Monadic... 471

PRrOPOSITION 4.1. Let L € ML, a € L and I € Z,(L). Then, the map

he : I — L defined by ho(x) = a Az for every x € I, is a g-multiplier of L.
ProOF. It is routine. [

The map h, defined in Proposition 4.1 is called principal g-multiplier.
Besides, if dom h, = L we will denote it by hl.

DEFINITION 4.3. Let L € ML)". A non-empty set R C L is regular, if for
all xz,y € L such that t AT =y AT for all r € R, then x = y.

We will denote by R(L) = {R C L: R is a regular subset of L}. Let us
observe that 3L € R(L). More generally, every subset of L which contains
1 is regular.

LEMMA 4.4. If R,T € Z,(L)NR(L), then RNT € Z,(L) N R(L).
PRrRoOOF. It is routine. ]

PROPOSITION 4.2. Let L € ML and f1, fo € M3(L) such that f1 : [y — L
y fo : Iy — L. Then, the operations defined as follows belong to Mz(L):

° fl A f2 LNl — L, (fl A fz)(l‘) = fl(ﬁ) A fg(x),
o fivVfo:1NIy — L, (fiV fo)(x) = fi(z) V fa2),
o fi:1;— L, fi(z) =2 ANfj(Diz), for all j = 1,2,

° Eifj I — L, ﬁzfj(x) =2 AD;fj(Dix), for all j =1,2,
. g’fj 1, — L, gfj(x) =2 AVf;j(3x), for all j =1,2.

PRrOOF. Following an analogous reasoning to that of [16, Proposition 5], it
only remains to prove that v fj is a g-multiplier of L. Indeed, let e € L and
z € INS(3L), then by (Es) we deduce that Vf;(eAz) = e Az AV f;(FzATe).
Taking into account that f; € M5(I, L) and (Uy) we have that gfj (enz) =
e AN x A 3Je ANV f;Jx. Thus, by (M) we conclude the proof. |

PRrROPOSITION 4.3. Let (L,V,A,N,{D;}1<i<n-1,0,1) be an LI*-algebra.
Then <M3R(L),\/,/\,*,{l~)i}1§i§n,1,g,0, 1) is an ML]'-algebra, where
M3R(L) = {f € M3(L) : domf € ¢Z,(L) N R(L)} and the operations
are the ones defined in Proposition 4.2 and Remark 4.1.

PRrOOF. Taking into account [16, Proposition 5], Proposition 4.2 and Lemma
4.4, it only remains to prove that V verifies Definition 2.2. We only prove
(Ug), (U4) and (U5)

(Us): For all fy, fo € M3R(L) such that f, : Iy — L, fo: Iy — L and for
all z € I; N I, using in turn (E7), Lemma 4.2, (Uyg), (M;), (E2) and (Us)
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we have that

G5 V1)) (@) = 2 AY(f(B2) V (Br AV f>(32)))
=2 AV 3z A (f1(3x) VVfa(3x)))
=2 AV(3z) AY(f1(Fz) vV f2(Ix))
=z A (Vfi(3x) VVfa(3x))
= (V1)(@) V (Vo) (@).

(Uy): For all f € MsR(L), f: 1 — L and for all z € I N S(3L), taking
into account (Uy), (M1) and (E3) we get
(YDif)(x) = AVYD; [ (3w)
=z AV(3z A D;f(D1(3x)))
=z A3z AVYD,f(D:(3x))
=z A DNf(D:(3z)).
On the other hand, bearing in mind (GL2), (GLag), (GLg), (GL7) and
(E4) we have that
(DVf)(z) =2z A DNF(D:z)
=2 A D;j(D1x AVf(3D1x))
=2 A D;Diz A DNf(3D;x)
=2 ADNf(3D;x)
=z A DVf(D;3x).
From the above assertions it follows that (gﬁj)(@N: (D;Vf)(z) for all
x € I N S(3L). Hence, by Lemma 4.3, (VD; f)(x) = (D;Vf)(z) for all z € I.
(Us): For all f € M3R(L), f : I — L and for all x € I N S(3L), using
(Uy), (My), (E3), (Er4), (M3), (Us), we have that
(V(Vf)=2m=r)(2) = 2 AV(Vf)™m ()
= 2 AV(3z A N>V f)(Dy3x))
=2 AVY(3z A N?*"" D3z AVf(3D,3z))
= 2 AV(3z A (N?™1D, 3z v N2~ £(3D; 3x))
=2 AV(N?*""1D, 3z v N*"~ 1Y f(3D,32))
=2 AV(YN?*™ 1D 3z v N*"~ 1y f(3D,3z))
=2 A (VN?*™ 1Dy 3z v N*" 1Y f(3D;32))
=ax A (N?*" 1Dz v N*" 1Y f(3D2))
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=2 AN*™ YDz AVf(ID; 1))
=2 ANV f)(Dya)
= (Vf)*>m)(z), forallz € I N S(3L).
Hence, by Lemma 4.3, (V(Vf)*2m-1)(z) = ((Vf)*2m—1)(z) for all z € I. m

Now, in order to obtain a functional representation for monadic m-genera-
lized Lukasiewicz algebras of order n we define a binary relation p on M3R(L)
as follows:

(h1,he) € p < hi(z) = ha(z) forall z € dom(hy) N dom(hsg).
LEMMA 4.5. p is a congruence on the ML!"-algebra M3R(L).
PRrOOF. It is routine. [

Let h € M3R(L) with domh = I. Then [I,h| and gL denote the
congruence class of h relative to p and the quotient algebra MsR(L)/p,
respectively.

REMARK 4.2. Let L be an M L™-algebra and h € M3R(L) with domh = 1.
Let us observe that for all a € L we have that [L, h%] = [I, h,].

PROPOSITION 4.4. qLaq is an ML -algebra, where the operations are de-
fined for all [I1, h1], [I2, ho] € gLt by:

o [[1,h1|V [Ig, ho) = [I; N I, hy V hs),
o [I1,hi] A[Ig, ho) = [I1 N Iz, hy A ho),
o [, ] = [I,h]],
° E[Il,hl] = [Il,ﬁihl] foreachi, 1 <i<n-—1,
o VI, h] = [I1,Yhi],
e 0=[L,00y1=|[L,1].
Proor. It follows from Proposition 4.3 and Lemma 4.5. [

THEOREM 4.1. Let L € ML} and v : L — qLaq be the function defined by
v(a) = [L,hl] for all a € L. Then,

(i) © is a monomorphism in ML,

(1) V(L) € R(qL).
PrOOF. (i) To prove de injectivity of v let us consider a,b € L such that
v(a) = ©v(b). Hence, hi(z) = a Nz = bAx = hi(z) for every z € L.
Therefore, by choosing x = 1 we obtain that a = b. Now, following an
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analogous reasoning of [16, Lemma 20], we only show that 7(Va) = V((a))
to complete the proof. Taking into account (Ug), (M;) and (E2) we infer
that (ghfl)(:r) =z AVAh (Fz) = x AV(aANTz) =2 AVa ATz =2 AVa =
h!, (z). Hence, from this last assertion, the definition of 7 and Proposition 4.4
we have that 5(Va) = [L,ht,] = [L,Y(ht)] = V[L,ht] = V(w(a)). (ii) Let
[I1, h1], [I2, ho] € qLaq and suppose that [L, ht] A [I1, k1] = [L, hi] A [I3, ho]
for all [L, ht] € ©(L). For each a € L, there exists K, C LNI1NI; =1, N1y
such that hf (z)Ahy () = hi (x)Ahy(z) for every x € K,. Taking into account
Proposition 4.2, Proposition 4.1, (GL12) and (GL7) we have that hf (z) =
Voo (z AN?PRL (D)) = o Ay N?hE (Dyz) = o A\ N2 (D A
a) = \/Z;Bl (x A Dz A N?Pa) = \/Z;}l (x AN?Pa) = x A \/Z;Bl N?Pq = z \G.
From these assertions we infer that = A @ A hy(z) = x A @ A ha(x). This
equality and Lemma 4.2 imply that @ A hy(z) = @ A hy(zx) for every a € L.
Hence, taking into account that L € R(L) we conclude that hi(x) = ha(z).

REMARK 4.3. Finally, from Theorem 4.1 and Remark 2.1 we obtain a new
functional representation for monadic Lukasiewicz algebras of order n, as
we previously announced.

Now our attention is focus on define the notions of M L"-algebra of frac-
tions and maximal algebra of fractions where the central role in these con-
structions is played by the concept of multiplier. Let us recall that the
concept of maximal lattice of fractions for a distributive lattice was defined
by Schmid in [28] taking as a guide-line the construction of a complete ring
of fractions by partial morphisms introduced by Lambek [25]. On the other
hand, it is worth mentioning that bearing in mind, that a large part of the
researches of the theory of localization and maximal algebras of fraction
in different classes of algebras reveal quite similar techniques and results,
S. Rudeanu in his important paper [27] gave a unifying approach able to
eliminate redundancies. Thus, we will define the following notion.

DEFINITION 4.4. An M L™-algebra L’ is called an M L]"-algebra of fractions
of L if it verifies the following conditions:

(i) L is an M L}"-subalgebra of L',
(ii) For every a/,b',¢’ € L', a’ # b there is e € L such that e Aa’ ZeAl
and 3Die A € L.

We will write L < L' to indicate that L’ is an M L]'-algebra of fractions
for L.
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LEMMA 4.6. Let L € ML™ and [I,g] € L. ThenI C {a € L : 3D;[L, h!]
AL, g] € v(L)}.

Proor. Using in turn Proposition 4.4, Lemma 4.2, Proposition 4.1, Lemma
4.3, Remark 4.2 and Theorem 4.1 we obtain the proof. [

LEMMA 4.7. Let L' € ML, L < L' and o' € L'. Then I,, = {x € L :
dDizNad' € L}y € Z,(L) N R(L).
PROOF. Let e € I,. Then by (GLg), (F14) and (E4) we have that 3D DqeA
a’ € L and so, 3D13e A @’ € L . Therefore, I,, € Z,(L). To prove that
I, € R(L) let z,y € L such that x Ae =y A€ for all e € I,; and suppose
that = # y. Hence taking into account that L < L', there is e; € I,/ such that
x ANey # yAey, which is a contradiction. Thus, we conclude that I, € R(L).
|

LEMMA 4.8. For every [I,g],[J,s],[H,t] € gL, if [I,g] # [J, s| then there
is ap € L such that [I,g|AN[L, b | # [J,s|\[L,h, ] and 3D, [L,ht IN[H, ] €
u(L).
PROOF. Indeed, suppose that for all @ € L we have that [I,g] A [L,hl] =
[J,8] A [L,ht] and so, (hi A g)(z) = (AL A s)(z) for every x € I N .J. Conse-
quently, @ Az A g(z) = a A x A s(z). This statement and Lemma 4.2 imply
that @A g(x) = aAs(x) and taking into account that L € R(L), we conclude
that g(x) = h(x) for every x € I N J. Therefore, [I,g] = [J,s] which is a
contradiction. On the other hand, as [H,t] € Ly by Lemma 4.6 we infer
that H C{a € L: 3D, [L,ht)A[H,t] € v (L)}. Hence, since a, € L we have
that 3D, [L, k% | A [H,t] € B(L). n
Now, we will prove that for finite M L]"-algebras the function v is an
isomorphism.

THEOREM 4.2. Let L be a finite M L -algebra. Then v(L) = qL .

PROOF. Let [I,h] € gL Since 0 = 3D4[L,hS] = [L,hS] € B(L) and
[I,h) A3Dy[L, ht] = [L, h§), we have that B = {[L,h%] : [I, k)] A3D;[L, hL] €
(L)} # 0. From the hypothesis B is a finite set and so, it has last element
(L, hy].

Suppose that [I, h] vV 3D;[L, ht] # 3D, |L, hi]. Then by Lemma 4.8 there
is ag € L such that [L,h% ) A ([I,h] V 3D [L,ht)) # [L,hi ] A 3D[L,ht)]

and 3D, [L,ht ] A[I,h] € U (L). Hence, from the above assertions it follows
that [L,hl, ] € B and so [L,hl | < 3D4[L, hy]. This statement implies that

[L,ht,] = [L, ki, A([1,R] V3D, (L, hi]) # [L,hi ], which is a contradiction.

) ao Y ag

Then, [I,h] = [I,h] A3D,[L, h] € Ty, (L) and so gL C T(L). o
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THEOREM 4.3. Let L € ML]". Then L verifies the following conditions:

(1) 9(L) = gL,
(ii) For every M L"-algebra L' such that L < L', there exists an ML -mo-

nomorphism u : L — L aq which induces the canonical monomorphism
vy, of L into qL .

ProoF. (i) It follows immediately from Lemma 4.8.

(ii) By Lemma 4.7 for each o’ € L' we have that I,, € Z,(L) N R(L).
Hence, we define the multiplier h, : I,, — L by hy(z) = o’ A x and
u: L' — L by u(a') = [Iy, he] for every o’ € L'. Thus, we have that
[L,ht,] = [Lar, ha') and u), = . Then, following an analogous reasoning of
Theorem 4.1 we conclude that v is a monomorphism. [

Theorem 4.3 provides the motivation for the following

DEFINITION 4.5. For any M L™*-algebra L, gL 4 is called a maximal M L"-
algebra of fractions of L.

Final Remarks As M L)"-algebras for m = 1 coincide with monadic n-valued
Lukasiewicz algebras, from Definition 4.5, we obtain the maximal algebra
of fractions for these last ones. Furthermore, if the quantifier is the trivial
one, some of the results that have been shown above coincide with those
established by D. Busneag and F. Chirtes in [5] where they introduced the
concept of n—valued Lukasiewicz algebra of fractions and proved the exis-
tence of the maximal one. Finally, for n = 2 and m = 1 we obtain a maximal
algebra of fractions for a monadic Boolean algebra.
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