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Abstract. In our paper, monadic modal pseudocomplemented De Morgan algebras (or
mmpM) are considered following Halmos’ studies on monadic Boolean algebras. Hence,
their topological representation theory (Halmos—Priestley’s duality) is used successfully.
Lattice congruences of an mmpM is characterized and the variety of mmpMs is proven
semisimple via topological representation. Furthermore and among other things, the poset
of principal congruences is investigated and proven to be a Boolean algebra; therefore,
every principal congruence is a Boolean congruence. All these conclusions contrast sharply
with known results for monadic De Morgan algebras. Finally, we show that the above
results for mmpM are verified for monadic tetravalent modal algebras.
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1. Introduction and Preliminaries

In 1978, Monteiro introduced tetravalent modal algebras (or TMA for short)
as algebras (L, A, V,~,V,0,1) of type (2,2,1,1,0,0) such that (L, A,V,~,
0,1) are De Morgan algebras which satisfy the following conditions:

(i) Vav ~x =1,
(ii) VaA ~x =~z Az

These algebras arise as a generalization of three-valued Lukasiewicz al-
gebras by omitting the identity V(xz A y) = Va A Vy. The variety of TMAs
is generated by the well-known four-element De Morgan algebra expanded
with a simple modal operator V (i.e., V1 =1 and Vz = 0 for z # 1. Be-
sides, ~ 0 =1 and ~ & = x for  # 0,1). These algebras were studied by
I. Loureiro (see [11,12]) in her Ph. D. studies under Monteiro’s supervision
(for more historical information see [10]).
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TMAs have been studied by different authors. For example, Font and
Rius studied this class of algebras with the methods of abstract algebraic
logic ([10]). More recently, Celani proved that the variety of TMAs has
the Amalgamation and the Superamalgamation Property [4]. Besides, M.
Coniglio and M. Figallo studied them under the perspective of paraconsistent
logics [6].

On the other hand, in [8], Figallo considered the subvariety of pseudo-
complemented De Morgan algebras which verifies:

(tm) vV ~z <z Vz*

This author called them modal pseudocomplemented De Morgan algebras
(or mpM-algebras). Recall that a pseudocomplemented De Morgan algebra
A is a De Morgan algebra with a unary operator * such that every a € A
the element a* is the pseudocomplement of a; i.e. a A xz = 0 if and only
if x < a*. Later, he showed that all mpM-algebra is a TMA by defining
Vr =~ (~ 2z Az*). In [9], the authors have proven that the subdirectly
irreducible mpM-algebras are three as TMAs, in fact Hasse diagrams are
the same in each case, but 3-chain-mpM-algebra is not a subalgebra of four-
elements.

On the other hand, it is worth mentioning that mpM-algebras constitute
a proper subvariety of the variety ), studied by Sankappanavar in [15].
Furthermore, the variety of mpM-algebras is a proper subvariety of the
variety of classical modal De Morgan algebras introduced by S. Celani in [4].

In order to simplify the reading, we will summarize the main notions and
results needed throughout this work.

If X is a partially ordered set and Y C X, we will denote by 1Y (| Y)
the set of all z € X such that y < x (z < y) for some y € Y, and we will
say that Y is increasing (decreasing) if Y =T Y (Y =| Y). In particular, we
will write Ty (| y) instead of T {y} (| {y}). Furthermore, we will denote by
maz Y the set of maximum elements of Y.

In [14], Priestley described a topological duality for pseudocomplemented
distributive lattices (for short p-algebras). For this purpose, the category
whose objects are d-spaces and whose morphisms are d-functions was con-
sidered. More precisely, a d-space is a Priestley space X which satisfies
the following condition: | U is an open subset of X for all U € D(X),
where D(X) denotes the family of increasing, closed and open subsets of
X. Furthermore, a d-function f from a d-space X; into another one Xj is
an increasing and continuous function (i.e. a Priestley function) such that
flmazX1N T ) = maxXoN T f(x) for each x € X;. Besides, it is proved
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(P1) If A is a p-algebra, then the Priestley space X (A) of all prime filters
of A is a d-space. Moreover, o4 : A — D(X(A)) defined by 04(a) =
{P € X(A) : a € P} is a d-isomorphism.

(P2) If X is a d-space, then (D(X),U,N,*,0, X) is a p-algebra where U* =
X\ | U for each U € D(X) and ex : X — X (D(X)) defined by
ex(x) = {U € D(X) : x € U} is a homeomorphism and an order
isomorphism.

Then, the category of d-spaces and d-functions is naturally equivalent to
the dual of the category of p-algebras and their corresponding homomor-
phisms, where the isomorphisms oy and x are the corresponding natural
equivalences.

On the other hand, she proved that

(P3) the lattice of all closed subsets Y of X(A) with mazX(A)NTY CY
is isomorphic to the dual lattice of all congruences on A.

In 1977, Cornish and Fowler ([7]) restricted Priestley duality for bounded
distributive lattices to De Morgan algebras by considering the De Morgan
spaces (or m-spaces) as pairs (X, g), where X is a Priestley space and g :
X — X is decreasing and continuous function satisfying ¢ = idx. They
also defined the m-functions f from an m-space (Xi,¢1) into another one,
(X2, g2) as Priestley functions which satisfy the additional condition fog; =
g20 f.

In order to restrict Priestley duality to the case of De Morgan algebras,
these authors defined the unary operation ~ on D(X) by

(P4) ~U = X\g(U) for each U € D(X),
and the homeomorphism g4 : X(A) — X (A) by
(P5) ga(P) = A\f~ a2 € P}.
Then, the category of m-spaces and m-functions is naturally equivalent

to the dual of the category of De Morgan algebras and their corresponding
homomorphisms. In addition, these authors showed that:

(P6) the lattice of all involutive closed subsets of X (A) is isomorphic to the
dual of the lattice of all congruences on the De Morgan algebra A,
where Y C X (A) is involutive if g4(Y) =Y.

In our work, we consider monadic modal pseudocomplemented De Mor-
gan algebras (M-algebra) as an algebraic model of monadic predicate four
valued logic, following Halmos’ studies on monadic Boolean algebras. With
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the addition of an existential quantifier 3 the variety of M-algebra is no
longer finitely generated as occurs in monadic boolean algebras.

The main objective of this paper is to study the lattice of congruences
of given M-algebra. Also, the properties of generating algebras were inves-
tigated and the poset of principal congruences was proven to be a Boolean
algebra. Our results are not verified in monadic De Morgan algebra despite
the fact that an M-algebra is special monadic De Morgan algebras, this
is because the variety of monadic De Morgan algebras are not semisimple
and the intersection of two principal congruences for a given algebra is not
always principal congruence (see [1,13]).

2. M-Algebras

DEFINITION 1. A M-algebra is an algebra (A, A,V,~,* 3,0,1), where the
reduct (A, A, V,~,*,0,1) is an mpM-algebra and the unary operator 3 (ex-
istential quantifier) verifies the following conditions:

ml) z A 3Jz =z,

) 3(z A Jy) =3z Ay,

) 3~z =~ Jz,

) 3((~ @) A) = (~ F) AT,
mb) 3~ z* =~ (x)*.

(

(m2
(m3
(
(

m4

We will denote the variety of M-algebras by M and as usual, we denote
an algebra of the variety by (A,3) or simply A.
Next, we indicate some properties of M-algebras.

PROPOSITION 2. For every M-algebra the following properties hold:
(m6) x <3Jz, (m7) I1=1,30=0, (m8) Iz = Jz,
(m9)
(ml0) ~x Vv V3r =1, where Vo =~ A ~x and Az = (~ )" Az,
(mll) 3z VV ~z =
(m12) 3A ={x € A: Jx =z} is an mpM -subalgebra of A,
(m13)
(m16)

x <y implies Jx < Jy,

=)

13) Iz Vy)=3zVvIy, (ml4) = <Vz, (ml5) V(zVy) =VzVVy,
ml6) AVz =Vz, (ml7) VAzr=Az, (ml8) IVzr=Viz.

PROOF. We only prove (m12) and (m18), the others can be seen in [16].
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(m12): From (m2) and (m3), it is easy to see that 3A is a subalgebra
of De Morgan algebra A. Besides, let a € JA, then a* = (Ja)*. According
to (mb), we have ~ a* =~ (da)* = 3 ~ a* and so, ~ a* € JA. Therefore,
a* € 3A.

(m18): We will show that 3Vz < V3z. Firstly, we note that (1) 3V3zx =
V3z. Indeed, as 3VIz = 3 ~ A ~ Jz, from (m3) and (m4) we infer IVIz =
dreNd~vdr=d~JdA ~dz=~dA ~dz =~ Ad~dz =~ A ~ dz =
V3z. On the other hand, according to (m6) and (m15), we conclude that
Vz < V3z. Therefore, by (m9) we can write 3Va < 3V3x. Hence, from (1)
we have dVx < Vdz.

On the oher hand, from x < Vz and (m9), we have Jx < IVzx and
therefore, by (m15) we infer (2) V3z < V3Vz. Furthermore, as (3) V3Vae =
IVz holds and according to (m16), (m4) and (ml7), we write VIVze =
VIAVz = VAIVz = AIVze = IAVzx = IVz. Therefore, from (2) and (3)
the proof is complete. [

From Proposition 2, we can see that (A, A,V,~,A,3,0,1) is a monadic
tetravalent modal algebra according to [16]. As a consequenceof this, from
(m1), (m2) and (m3), we have the reduct (A, A, V,~,3,0,1) is a monadic De
Morgan algebra. Also, if M-algebra (A, 3) verifies V(x Ay) = Vo A Vy, then
(A, 3) is a monadic 3-valued Lukasiewicz-Moisil algebra (see for example [3]).
The latter assertions were our motivations to define an M-algebra.

DEFINITION 3. Let A € M and z € A. We say that z is a regular element if

~ x = z* holds, and we denote the set of regular elements of A by Reg(A).

LEMMA 4. If A € M, then the following properties hold:

(m19) AA = VA = Reg(A) where NA = {Ax: 2z € A} and VA = {Vz :
x € A},

(m20) Reg(A) C B(A), where B(A) = {x € A: oV x* = 1} is the set of
boolean elements of A,

(m21) z is a fizred point of A iff Vx = 1 and Ax = 0, where x is a fized
point if ~ x =,

(m22) if JA ~ T5, then ~ x is a boolean complement of x for all x € A,

(m23) (AA,3) is a monadic Boolean algebra,

(m24) 3AA is a Boolean algebra,

(m25)

m25) if A ~ T3 and z is a fized point of A, then z is a unique fixed point

of A and it is not a boolean element,
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(m26) if 3A ~ T}, then there exist two fixed points of A such that each one
s a boolean complement of the other, where

Ty ={0,1} where 0 <1, ~0=0"=1,~1=1*=0,

T5 = {0,a,1}, where 0 < a <1, ~a =a,a* =0, ~0=0" =1,
~1=1"=0,

T, = {0,a,b,1} wherea £ b, b £ a and 0 < a,b <1, ~b=a* =b,
~a=b—=a,~0=0"=1,~1=1%=0.

ProOOF. The proof of (m19), (m20), (m21) and (m22) are easy to get and
left to the reader.

(m23): It is easy to see that AA is a Boolean algebra, and from (m4) we
infer that 3z € AA, for each x € AA. Besides, from (m7), (ml) and (m2)
we have complete the proof.

(m24): It is a direct consequence of (m23).

(m25): Let z € A be a fixed point, then 3z € {0,¢,1}. Let us see that
dz = c¢. Indeed, suppose that 3z = 0, then 0 = V3z. On the other hand,
from the hypothesis, (m21) and (m18) we conclude V3z = 1, which is a
contradiction. Analogously, we can prove that dz # 1. Furthermore, by
(m6) we have z < 3z = ¢, and as ¢ =~ ¢ <~ z = z holds, we obtain z = c.

Suppose now that z is a boolean element of A. Then, since z is a fixed
point, we have z # 0 and z # 1, and so, 2z’ € A, where 2’ is the complement
element of z. Therefore, from 3z = 2, (m7) and (m2) we infer that 0 =
A(zAz2") =3JzAF2' = 2 A 32, Besides, according to (m7) and (m13) we have
1 =3(zV2)=2zV3z. Hence, 32/ = 2’ which is a contradiction.

(m26): Let z be a fixed point of A. Following an analogous reasoning
to (m25), we prove that 3z # 0 and 3z # 1. Hence, 32 = a or 3z = b.
Suppose that 9z = a, then z < a and therefore, a =~ a <~ z = z. From the
latter, we have z = a. It is clear that if 92 = b, we have the proof of z = b
analogously to the last case. [

3. Relationship Between Special Subalgebras and Quantifiers

In this section, we will indicate how to obtain all quantifiers that can be
defined over an mpM-algebra A by special family of subalgebras.

Let us note that (m9), (m6), (m8) and (m13) are both conditions to
define a quantifier on bounded distributive lattices (for short, @Q-lattices)
(see [5]) and an additive closure operator (see [2, pag. 47]). Therefore, the
quantifier 3 is determined by its range JA.

PROPOSITION 5. Let (A,3) € M, then A verifies the following conditions:
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(i) for each x € A, Jx is the smallest element of [x) N A, where [x) =
{ye Az <y},

(ii) for each x,y € A, if v = y exists in A, then x = y € A, where
x =y is the pseudocomplemented element of x relative to y,

(iii) dx € AA, for each v € AA
(iv) [Az)N (Fz]NTFANAA has a unique element,
(V) ~ (3z)* € [3 ~ ).

PROOF. According to [5, Proposition 1.2], the conditions (i) and (ii) hold.
Besides, from (m4) and (m5) we have that (iii) and (v) are verified. Then,
we only have to prove (iv).

(iv): Let us put B = [(~ x)* Az) N (3z] N FAN AA. From (m4), we infer
that 3Ax € B. Hence, if z € B, then 4z = z = Az and Ax < z < dz. From
the latter, we conclude Az < z = Jz. On the other hand, z = Az < Adx
and according to (m4), we have z < 3Az. Therefore, z = IAz. [

PROPOSITION 6. Let A be an mpM -algebra and let M be a subalgebra of A.
Assume that the following conditions hold:

(i) the set [x) N M has the smallest element, for each x € M,
(i) if x,y € M and exists v = y in A, thenx =y € M,

(iii) for each x € AA, then Iy € AA, where Iprx is the smallest element
of [x) N M,

(iv) [Az)N Tz NAANM has an unique element,
Then (A, 3ar) is an M-algebra and 3y A = M.

PROOF. According to [5, Proposition 1.3], we have that Jp; verifies (ml),
(m2) and Iy A = M. We shall see that (m3), (m4) and (mb) are verified.
Indeed,

(m3): Since Iprz € M and M is a subalgebra of A, then ~ 3z € M.
Hence, ~ Jpx € [~ Ipsz) N M and from the latter, we have 3y ~ Iy <~
dprx. The other inequality is obtained analogously.

(m4): From (iii) and the fact that M is a subalgebra of A, we infer
that Iy Az € [(~ x)* Az) N (3pz] N AAN M. Furthermore, AJpyx € [(~
x)* ANz)N (Gpx) N AAN M. From this last assertion and (iv), we conclude
the proof.

(mb): Let x € A. Since 3p/ is an operator which verifies (m1l), we have
x < Iy and so, ~ z* <~ (Ipx)*. Hence, ~ (Ipyx)* € [~ 2*) N M. Then,
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by definition of 3y, we infer that 3y, ~ 2* <~ (Ipx)* and from (v), we
conclude Jp; ~ x* =~ (Ips2)*, which completes the proof. [

4. Topological Representation for M-Algebras

Next, we are going to show a topological duality for M-algebras. For this
task, we will extend the dualities for @Q-lattices [5] and for mpM-algebras
[9] to our case. Firstly, we will make a synthesis of the duality obtained in
[9] and to simplify reading, we summarize the fundamental concepts.

Recall from [9] that (X, g) is a mpys-space if it is a De Morgan space and
a d-space, which satisfies the following condition:

(pml) z <y implies x =y or g(z) = y.

An mpps-function from an mpys-space to another one is both a De Mor-
gan function and an d-function. Furthermore, we have

(Dmpl) If (X, g) is an mpas-space, then (D(X), U, N, ~,* 0, X) is an mpy;-
algebra where ~ U = X\g(U) and U* = X\(U], for each U €
D(X). Besides, the function ex : X — X (D(X)) is a homeo-
morphism and order isomorphism.

(Dmpll) If A is an mpys-algebra, then (X (A), g4) is an mpy-space. More-
over, the function o4 : A — D(X(A)) is an mpM-isomorphism.

Therefore, using the usual procedures, we conclude that the category of
mpM-spaces and mpM-functions is naturally equivalent to the dual of the
category of mpM-algebras and their corresponding homomorphisms.

REMARK 7. ([9]) By virtue of (pml) we infer that any mpM-space is the
cardinal sum of chains, each of them with two elements at most. Then, any
totally ordered mpM-space has two elements at most.

THEOREM 8. Let (A,3) be an M-algebra and let S, T € X(A) such that
SN3ACT. Then, there exists Q € X(A) such that

(i) SCQ,
(i) QNIA=TnNJA.

PROOF. Firstly, let us consider the filter F' generated by {SU(T'N3A)} as
F = F(SU(T'n3A)) and the ideal J generated by {3A\T'} as J = I(3A\T),
then it is clear that F'NJ = (. Indeed, suppose € F N J then, there are
(1) k € JA\T, s € S and 3t € T'N 3A such that s A 3t < x < k. Hence,
(s A 3t) < Jk = k and form (m2), we infer that (2) Is A 3t < k. Since
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ds € SN3JA and by the hypothesis, we have ds € T" and so, by (2), we write
k € T, which contradicts (1). Furthermore, according to Birkhoff-Stones
Theorem we know that there exists Q € X(A) such that (3) FF C @ and
QN J = 0. By (3), we have that S C @ and TN 3A C Q. Therefore,
TNdA C Q N3JA. On the other hand, let us consider z € @ N 3A and
suppose that 2 ¢ T then, we obtain € 3A\T C J and so, QN J # () which
is a contradiction. [

THEOREM 9. Let (A, 3) be an M-algebra and let R3 an equivalence relation
on X(A) defined by Rz = {(P,Q) € X(A) x X(A) : PN3A = Qn3A}.
Then, the following properties hold:

(i) the equivalence classes for Rs are closed in X (A).

(i) (P,Q) € R implies (g(P),9(Q)) € R,
(iii) If for each (P,Q) € R3 there exists R € X(A) such that g(R) C P,
then there are S,T € X(A), such that (9(S5),T) € R3 and T C Q.

(iv) If S,T,Q € X(A) such that (g(S),T) € R3 and T C Q, then there
exist PR € X(A) such that (P,Q) € R3 and g(R) C Q.

PROOF. (i) and (ii): It follows immediately from [5] and [13], respectively.

(iii): Let P,@ € X(A) such that (1) PN3A = QN 3A and suppose that
there exists R € X (A) such that g(R) C P. Hence, g(P)N3A C R and by (1)
and (ii), we have that g(Q) N3A C R. According to Theorem 8, there exists
W e X (A) such that (2) g(Q) € W and (3) WN3A = RNIA. Therefore, let
us put g(W) =T and R = S and so, by (2), we infer that 7' C (). Besides,
from the latter and from (3) and (ii), we obtain ¢g(S) N3A =T N3JA.

(iv): Let S,T,Q € X(A) such that g(S)NFA=TN3A and T C Q. Let us
put R = g(7T') then, it is clear that g(R) C @ and therefore, g(R) N3A C Q.
By Theorem 8, there is P € X(A) such that P N34 = @Q N 3A, which
completes the proof. [

Recall that in [5], Cignoli defined g¢-space as a pair (X, R) where X is
a Priestley space, R is a equivalence relation such that R(U) € D(X) for
every U € D(X), and the equivalence classes for R are closed in X. Besides,
if (X1, Ry) and (X2, Rs) are g-spaces, then f: X; — X5 is an g-function iff
Y R2(U)) = Ri(f~H(U)) for every U € D(X>).

DEFINITION 10. A monadic space (or M-space) is a triple (X, g, R), where
(X, g) is an mpys-space and (X, R) is a g-space that satisfies the following
conditions:

(msl) if (z,y) € R, then (g(x),g(y)) € R,
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(ms2) R(U)N R(g(U)) € R(UNg(U)) for every U € D(X),

(ms3) if for each U € D(X) there exist (z,y) € R and ug € U such that
g(up) <y, then there is ¢ty € X such that (tg, g(ug)) € R and o < z,

(ms4) if for each U € D(X) there are s € U and z,t € X such that t <z
and (t,g(so)) € R, then there exist ug € U and y € X such that
9(uo) <y and (z,y) € R.

If (X1,91,R1) and (X3, g2, R2) are M-spaces, then f : X; — X5 is an
M-function iff f is an mpys-function and a g-function, simultaneously.

REMARK 11. Let (X, g) be a De Morgan space and let W € D(X). Then,
g(l W) =7 g(W). Indeed, suppose that € g(| W) then, there is wy €
W such that g(x) < wg. Hence, we have g(wgy) < z and so, z €] g(W).
Analogously, we have the other inclusion.

LEmMA 12. If (X, g, R) is an M-space, then it verifies the following prop-
erties:

(i) g(R(z)) = R(g(x)) for every x € X

(ii) g(R(Y)) = R(g(Y)) for every Y C X, where it is clear that R(T) =
R(x) for all T C X,

PRrROOF. (i): It follows immediately from (msl).
1

(ii): It follows immediately from (i) and the fact that g =g~ . |

DEFINITION 13. Let (X, g, R) be an MS-space and let Y be an subset of X
is said to be an involutive if g(Y) =Y.

COROLLARY 14. Let (X, g, R) be an M-space. If Y is an involutive subset
of X, sois R(Y') too.

PROOF. It is a direct consequence of Lemma 12. [

ProposITION 15. If (X, g, R) is an M-space, then M(X) = (D(X),U,N,
~* 3R, 0, X) is an M-algebra where for each U € D(X), U* = X\ | U,
~U=X\g(U) and Ig(U) = R(U).

PROOF. By the hypothesis, (Dmpl) and from [9], we only have to prove that
(m3), (m4) and (m5) hold:

(m3): Let # € 3g ~ IRU. Then, there is y €~ IrU such that (x,y) € R.
From the latter and (msl), we have (1) (¢9(x), g(y)) € Rand (2) g(y) & 3rU.
Hence, g(z) ¢ JrU. Indeed, suppose that there exists z € U such that
(9(z),2z) € R, then from (1) we infer that (g(y),z) € R from which it
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follows g(y) € IrU, which contradicts (2). Therefore, x €~ JrU. The other
inclusion follows similarly.

(m4): It is a direct consequence of (ms2) and Lemma 12.

(mb5): According to Remark 11 and Lemma 12, we have that (1)

2

(FrU)" = X\g((3rU)") = X\g(X\ | 3rU) = g(l IrU) =1 g(3rU) =1

g( LGJUR(S)) =1 gUR(g(s)). Therefore, (2) dp ~ U* = GEJU* R(s) =
U R(s).

seTg(U)

On the other hand, let = € ~ (3gU)*, then as a consequence of (1) there
isto € | R(g(s)) such that ¢y < x. Hence, from (ms4) there exist ug € U
seU

and y € X such that g(up) < y and (x,y) € R. From the latter, we have
that y €7 g(U), from which it follows by (2) that € g ~ U*. Vice versa,
let € 3z ~ U*. Then, from (2) we infer that there exists s €7 g(U)
such that (z,s9) € R and besides, there is ug € U such that g(ug) < so.
From the last assertions and (ms3), we obtain that there exists t; € X
such that (¢1,9(up)) € R and t; < x. Therefore, t; € |J R(g(s)) and so,
seU
z €T |J R(g(s)) =~ (3rU)*, which completes the proof. ]
seU

PRrROPOSITION 16. If (A,3) is an M-algebra, then m(A) = (X (A), ga, R3)
is the associated M-space where for each P € X(A), ga(P) = A\ ~ P
and R3 = {(P,Q) € X(A) x X(A) : PN3A = QN 3JA}. Furthermore, the
function o 4 is an M-isomorphism.

PROOF. From the hypothesis, we have that (X(A),3Jr) is a g-space and
(X(A),ga) is an mpps-space. Then, (msl) is verified.

(ms2): As a consequence of o4(a) = U for some U € D(X(A)) and
a € A, we only have to prove that R3(oc4(a))NR3(ga(ca(a))) € R3(oa(a)n
ga(oa(a)) holds. Which is an immediately consequence of Lemma 12 and
O’A<E|Aa) = UA(AH(J,).

The conditions (ms3) and (ms4) follow immediately from Theorem 9. m

From Propositions 15 and 16 and using the usual procedures, we conclude
the following theorem.

THEOREM 17. The category of the M-space and of the M-function is nat-
urally equivalent to the dual of the category of the M-algebras and their
corresponding homomorphisms.
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5. Congruences

Bearing in mind the above results, our next task is to characterize the lattice
Con(A) of M-congruences on M-algebra A.

DEFINITION 18. Let (X, g, R) be an MS-space and let Y be an subset of
X. We will say that Y is R-saturated if Y = R(Y).

THEOREM 19. Let (A,3) be an M-algebra. Then, the lattice Crrs(X(A))
of all closed, involutive and R3-saturated subsets of X(A) is isomorphic
to the dual lattice Con(A), and the isomorphism is the function Ocrrs :
Crrs(X(A)) — Con(A) defined by Ocrrs(Y) = {(a,b) € Ax A:04(a)N
Y =04(b)nY}.

PROOF. Suppose Y € X(A) then, from [9] we know that O;r,(Y) is a
mpM-congruence. So, by virtue of the results established [5, Lemma 3.1],
we have that the congruence is compatible with .

Conversely, suppose now that § € Con(A) and Y = {P € X(A) : |1]9 C
P}. Then, we will prove that Y € Crr (m(A4)) and 0 = O(Y). Indeed,

(i) Y is closed: if @ ¢ Y, then by the hypothesis we infer that |1|p Z Q
and therefore, a € |1]p\Q. As consequence from the latter, we have that Q) €
X (A)\oa(a). Furthermore, it is simple to verify that (X (A)\oa(a))NY = 0.
Hence, we obtain that X(A)\oca(a) is an open set that contains @) and
X(A)\oa(a) € X(A)\Y. Therefore, Y is closed.

(ii) Y is involutive: let P € Y and let = € |1]y. Since Ax € |1|g and then,
we can conclude that ~ = ¢ P. Hence, |1]p C ga(P) and so, ga(P) € Y.
The other inclusion follows similarly.

(iii) Y is Rg-saturated: We only prove that R(Y) C Y because the other
inclusion is immediate. Let us suppose (1) P € Y, then R(P) C Y. Indeed,
let (2) Q € R(P) and let t € |1]p. So, ~ I ~ t € |1|g and then, from (m3), (1)
and (2) we have that ~ 3~ ¢t € PN3A =QNIJA. And, since ~ I~ t <t
then, we can write ¢ € Q. Therefore, |1|g C @ and as consequence we
infer that @ € Y. Finally, according to Priestley representation for bounded
distributive lattices and from Theorem 2.4.6 of [9], we conclude that 6 =
©(Y), then the proof is now complete. |

The following version of Theorem 19 will facilitate to determine the lattice
of principal congruences of an given M-algebra. Firstly, let us remark the
following;:

(i) Y € X(A) is a closed (open) and involutive set if only if X(A)\Y is an
open (closed) and involutive one,
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(ii)) ca(a) NY = oa(b) NY if only if ca(a) Aoa(b) € X(A)\Y, where
WAZ=(W\Z)U(Z\W).
Next, we will give another characterization of the lattice of congruences
via open sets.

THEOREM 20. Let A be an M-algebra. Then, the lattice Orr, (X (A)) of all
open, involutive and R3-saturated set of X (A) is an isomorphism to lattice
Con(A); and this isomorphism is defined as follows: Oorrs : Orrgs(X(A))
— Con(A) where ©orr(G) = {(a,b) € Ax A:04(b) Aoa(a) C G}.

6. The Semi-simplicity of the Variety of M-Algebras

Our next task is to prove that subdirectly irreducible algebras are simple
in the variety of M-algebras, that is to say, the variety is a semisimple one.
For this specific purpose, we recall some properties from [9].

LeMMA 21. [9] If (X, g) is an mppr-space, then min X Umaz X = X.

LEMMA 22. [9] Let (X, g) be an mpyr-space, and let Y be a non-empty and
involutive set of X, then Y 1is increasing and decreasing.

As direct consequence from Lemma 22, we have the following;:

COROLLARY 23. Let (X,g) be an mpyr-space. If Y is a non-empty and
involutive subset of X, then minY UmazxzY CY.

PROPOSITION 24. Let (X, g, R) be an MS-space, and let Y be an non-empty
and involutive subset of X. Then, the followings conditions are equivalent:

(i) min R(y) C Y, for eachy €Y,
(ii) Y is R-saturated.

PRrROOF. (i)= (ii): Since R is a reflexive relation, we have that ¥ C R(Y).
On the other hand, let us suppose z € R(Y), then there is y € Y such that
z € R(y). As R(y) is a closed set, then min R(y) # (). Therefore, there exists
m € min R(y) such that m < z and by (i), we conclude that m € Y. So,
from Lemma 22, we can infer that z € Y and then, R(Y) C Y.

(ii)= (i): It is an immediate consequence of (ii). |

PROPOSITION 25. Let (X, g, R) be an MS-space. Then X is the only closed
and involutive set which contains min X.
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PROOF. Suppose now Y C X, Y # () a closed and involutive set such that
(1) min X C Y. Let us consider x € X then, from Lemma 21 we obtain (2)
x € minX or (3) x € max X. If (2) holds, we have X C Y, and if (3) holds,
we infer that there exists t € min X such that ¢ < z, then ¢t € Y. From
the latter, Lemma 22 and since Y is involutive, we can conclude that Y is
increasing and therefore, x € Y. [

THEOREM 26. Let (X,g,R) be an MS-space such that D(X) is an sub-
directly irreducible M-algebra. If Y is a non-empty, closed and involutive
subset of X, then the following conditions are equivalent:

(1) Y is R-saturated,
(ii) min X CY.

PROOF. (i) = (ii): Let Y € Crry(X) and suppose that Y # 0. ff min X Z Y,
then Y # X and therefore Y € Crry(X)\{0, X}. From Theorem 19 and
since D(X) is a subdirectly irreducible algebra, we have that there exists
My € Crrs(X)\{0, X} such that (1) S C M, for each S € Crr(X)\{X}.
As My # X and from Proposition 25, we infer that there is m € min X
such that m ¢ M. Besides, as M is involutive then, g(m) & My. Now, let
us put W = R(m) U g(R(m)). Then, W is a closed and involutive subset
of X. Furthermore, from Lemma 12 we have that R(W) = W. From the
last assertions, we can infer that R(m) N My = () and g(R(m)) N My =
R(g(m))NMy = 0. Consequently, WNMy = 0 and so, W € Crr.(X)\{0, X}
and W Z My, which contradicts (1). Therefore, min X C Y.

(ii) = (i): It is a direct consequence from Proposition 25. ]

Now, we are in a position to prove that subdireclty irreducible algebras
are each a simple algebra. Indeed,

COROLLARY 27. The variety of M-algebras is semisimple.

PROOF. Let us suppose Y € Crr.(X) such that Y # ) then, from Theorem
26 we have that min X C Y and as, Y increasing we infer Y = X. Therefore,
Crrs(X) = {0, X} and so, D(X) is simple. The proof is now complete. m

7. Principal and Boolean Congruences

In this section we will investigate the poset of principal congruences and
prove to be a Boolean algebra.

Let us remark if a,b € A and suppose 6(a,b) is a principal congruence
generated by (a, b), then since 6(a, b) = 0(aAb,aVb), we can suppose without
loss of generality that a < b.
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REMARK 28. Let us suppose that A is an M-algebra, a,b € A and G is an
open, involutive and R3-saturated subset of X (A). According to Theorem
20, we have that (a,b) € Oorr.(G) if only if o4(b)Aca(a) C G. If we
suppose that a < b, then we can infer that (a,b) € O(G) iff 4(b)\oa(a) C
G.

PROPOSITION 29. Let A be an M-algebra and let (X (A), ga, R3) be the M-
space associated with A. Let G be an open and involutive subset of X (A). If
a,b € A are such that a < b, then the following conditions are equivalent:

(i) ®o1rs(G) = 0(a,b), where ©Oo R, is defined in the Theorem 20,

(ii) G is the smallest subset of Orry(X(A)), in the sense of set inclusion,
which contains o 4(b)\oa(a).

PROOF. (i) = (ii): According to hypothesis and Remark 28, we have that
ca(b)\ca(a) € G. On the other hand, if H € Orp,(X(A)) is such that
oa(b)\ca(a) C H, then we can infer (a,b) € ©orrs(H). Therefore, from
(i) we obtain that ©orr.(G) € Oorrs(H) and from Theorem 20, we have
GCH.

(i) = (i): From the hypothesis and Remark 28, we can write (a,b) €
O©01rs(G). Besides, if ¢ € Con(A) is such that (a,b) € ¢, then from Theo-
rem 20 there exists H € Op,(X(A)) such that Oprr,(H) = ¢. From the
latter, we have that o4(b)\ oca(a) € H. Hence, according to (ii) and from
Theorem 20, we conclude that ©Opir(G) < ¢ and so,
@OIRS(G) = 9(@, b) |

Recall that the poset P is convez iff for each S C P and for every a,b € S,
then {z € P:a<ax <b} CS (]2, p. 41]).

LEMMA 30. Let X be an mpM -space and let R C X. Then the following
conditions are equivalent:

(i) R is a closed, open (henceforth clopen) and convez subset of X,
(i) there exist W,V € D(X) such that W CV and R=V\W.

PROOF. (i)= (ii): From the hypothesis and [9, Lemma 3.1.1], we have that
T R\R is closed and increasing. On the other hand, from [9, Lemma 3.1.2]
there exists W € D(X) such that T R\R C W and RNW = (). Let V = RUW
and V is increasing. Indeed, let z € V and y € X such that < y. Ilf z € W,
then y € W C V and if x € R, we have that y € R or y ¢ R. In the first
case, it is clear that y € V and in the second case, we infer that y € (T R)\R,
therefore y € W C V. From the latter, V,W € D(X).

(ii)= (i): It is an immediate consequence of hypothesis. |
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Next, we we will describe with more precision the open, involutive and
R-saturated subset of the space that determine a principal congruence.

PROPOSITION 31. Let (A,3) be an M-algebra and let (X (A), ga, R3) be the
M-space associated. Let G be an open and involutive subset of X (A). If
a, b € A is such that a < b, then the following conditions are equivalent:

(i) @OIRS (G) = 9((1, b)7

(i) G = R3((0a(b)\ga(a)) Uga(oa(b)\oa(a))),
(iii) there is a clopen subset T, of X(A), such that G = R3(T' U ga(T)).

PRrROOF. (i) = (ii): Itis clear that o0 4(b)\oa(a) C G, and since G is an invo-
lutive subset of X (A), we conclude that (g4(b)\ca(a))Uga(ca(b)\ca(a)) C
G. Furthermore, as G is Rz-saturated, we have that R3((c4(b)\oa(a)) U
ga(oa(b)\oa(a))) C G.

On the other hand, as (c4(b)\ca(a))Uga(ca(b)\oca(a)) is a clopen and in-
volutive subset of X (A), then from Lemma 22, we can infer that it is increas-
ing of X (A). Hence, Ra((ca(b)\oa(a)) Uga(oa(b)\oa(a))) € Orrs(X(A)).
As o4(b)\oa(a) € R3(ca(b)\ca(a)) Uga(ca(b)\oa(a))), then according to
Proposition 29 we have that G C R3((ca(b)\ca(a)) Uga(ca(b)\ca(a))).

(i) = (iii): If we put T = 04(b)\oa(a), then the proof is easy to get
and left to the reader.

(ili)) = (ii): Now, we have that T is a clopen and convex subset of X (A).
Besides, from Lemma 30 there exist U,V € D(X(A)) such that U C V and
T = V\U. From the latter, we have that there exist a, b € A such that a < b,
U =o04(a) and V = 04(b). Therefore, T = 04(b)\oa(a) which completes
the proof.

(i) = (i): It is a direct consequence of Proposition 29. |

THEOREM 32. Let A be an M-algebra and (X (A), ga, R3) the M-space asso-
ciated. Then, there exists an isomorphism from CO1r(X(A)) (the clopen,
involutive and R3-saturated subsets of X(A)) into Conp(A) (the poset of
principal M-congruences of A).

PROOF. Let G € CO1s X (A). Then, it is easy to see that G = R3(GUga(G)).
Hence, according to Proposition 31, we have ©Oprr,(G) € Conp(A).

Vice versa, if p € Conp(A), then from Theorem 20 we have there is
G € Orrs(X(A)) such that p = ©prr.(G). Then, from Proposition 31 we
infer that there exists 7" C X (A) clopen such that G = R3(T'U ga(T')) and
S0, GECO[RS(X(A)) |
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Let us note that in general two principal congruences of a given De Mor-
gan algebra has non-principal intersection ([1]). In our case, from Theorem
32, we have Conp(A) is an isomorphic order to a special lattice. Moreover,

COROLLARY 33. If A is an M-algebra, then Conp(A) is a boolean algebra.
PROOF. It follows as a consequence of Theorem 32 and Lemma 12. [

According to Corollary 33, every principal M-congruence is a boolean
M-congruence, now we will show the reciprocal condition.

PROPOSITION 34. Let A be an M-algebra and ¢ € Con(A). Then, ¢ is a
boolean M-congruence iff ¢ is a principal M-congruence.

ProOF. From Theorem 20, we have that ¢ = Oorr(G). On the other
hand, there is p € Con(A) such that pV Oprr(G) = A x A and p A
O©01rs(G) = Ida. Furthermore, according to Theorem 20, we infer that
there exists H € Orpry(X(A)) such that p = Oorry(H). From the latter,
we can conclude that GUH = X (A) and GNH = (), and so G = X(A)\H is a
closed subset of X (A). Therefore, G € CO1,X(A)) and from Theorem 20, we
obtain that ¢ € Conp(A). The reciprocal condition is a direct consequence
from Corolary 33. ]

When A is a finite M-algebra, we have an important consequence:

COROLLARY 35. If A is a finite M-algebra, then Con(A) = Conp(A) =
Conp(A), where Conp(A) is the lattice of boolean M-congruences of A.

Next, we are to indicate some facts about mp,,-spaces:

(N1) Let (X, g) be an mpys-space and let {C;};er be the set of all maximal
chains of X. Then, the following conditions hold for every U € D(X):

(i) AU=Ung(U)= U G
C: CUNg(U)
i) VU=UuUgU)= U C.
C;iNU#D

or

Cing(U)#0
(N2) Let (X, g) be an mpys-space and let U € D(X). Then, we have the
following:
(i) U e V(D(X)) iff U = VU,
(i) U € A(D(X)) it U = AU,
(iif) V(D(X)) = AD(X)).
(N3) Let (X, g) be an mpp-space and U € D(X). Then, the following is
verified:
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(i) U € A(D(X)) iff U is a closed, open and involutive subset,

(i) U € B(D(X)) iff U is a clopen and U = |J C,, where C, is a
zcU
maximal chain which contains to z,

(iii) V(D(X)) = AD(X)) € B(D(X)).

PROPOSITION 36. Let (X, g, R) be an M-space and U € D(X). Then, U €
Ir(V(D(X))) if only if U is a clopen, involutive and R-saturated of X.

ProOF. If U € 3r(V(D(X))), then from (N3) and Lemma 22 we have that

U is a clopen, involutive and R-saturated of X. The reciprocal condition is
a direct consequence of the (N2) and (N3). |

THEOREM 37. Let A be an M-algebra. Then, the lattices IV (A) and Conp
(A) are isomorphic.

PROOF. It is a direct consequence of Proposition 36 and Theorem 32. [

COROLLARY 38. Let A be a finite M-algebra and let (X (A),ga, R3) be the
M-space associated. If X(3(A)) is the cardinal sum of n chains with two
elements, m involutive chains with one element, and 21 non-involutive chains
(n,m, 1 positive integers). Then, |Conp(A)| = |Con(A)| = 2ntm+,

PROOF. It is a direct consequence of Theorem 37 and the fact that |Conp
(A)| = |[VI(A)| = |Conmy,, (3A)| = 2ntm+L, '

8. Another Characterization of Principal M-congruences

Our next task is to obtain a new characterization of principal M-congruences
via certain subset of given algebra.

It is well-know that, given a bounded distributive lattice L, we have
the congruence determined by a proper filter F' of L in the follow way:
S(F) = {(a,b) € L x L : thereexist f € Fanda A f = bA f}. Then,
it is verified that Yr = {P € X (L) : FF C P} is a clopen and increasing
subset of the Priestley space of L and O(Yp) = S(F'). Furthermore, if a € L
and F' =1 a, then Y3, = {P € X(L) :T a C P} = or(a). Therefore, (#)
O(o1(a) = S(1 a).

PRrROPOSITION 39. Let A be an M-algebra. Then, the following conditions
are equivalent:

(i) ¢ is a principal M-congruence of A,
(ii) there is a € IV(A) such that ¢ = S(1 a).
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PROOF. (i)=>(ii): From Theorem 32 there exists G, a clopen, involutive
and Rz-saturated of X (A), such that ©prr.(G) = ¢. On the other hand,
from Lemma 22 and Corolary 36, we infer that G € 3, VD(X(A)). From
Theorem 37, it is verified that 3V(A) and 3p,VD(X(A)) are isomorphic.
Hence, there is a € 3V(A) such that G = o4(a). From the latter, we can
conclude that ¢ = Oprr,(ca(a)). Bearing in mind that the application
O©o01Rs is a restriction of © over COrr, (X (A)) and from #, we have that
¢=25(1a).

(ii))=(i): Let ¢ = S(1 a) and as a € IV(A), then from (ml8) we
have that o4(a) € V(Ir,D(X(A))). From (N3), we infer that o4(a) €
COrrs(X(A)). On the other hand, from # it is verified that S(T a) =
O(ca(a)) = Oorrs(ca(a)). From the latter and Theorem 32, we conclude
that ¢ is a principal M-congruence. [

PROPOSITION 40. Let A be an mpM -algebra and let (X (A), ga) be the mpys-
space associated. If a,b € A such that a < b, then:

0(a,b) = S(T ((VaVv ~ Vb) A (AaV ~ Ab)))
= @COI(O'A((VCL/\ ~ Vb) V (Aa/\ ~ Ab)))
PROOF. According to [9, Theorem 3.4.6, Theorem 2.4.6], we can infer that
0(a,b) = S(|1]g(a,p)) = S(1 d) with d = (VaVv ~ Vb) A (AaV ~ Ab). On
the other hand, from (#) and [9, Corolario 3.3.9], and bearing in mind that
Ad = d, we can conclude that S(1 d) = ©cor(oa(d)). |

PROPOSITION 41. Let A be an M-algebra and let (X (A),ga, Ra) be the
M-space associated. If a,b € A such that a < b, then:

B(a,b) = S(1 B((Vav ~ Vb) A (AaV ~ AD))))
= @COIRS (E|R3 (O’A((VCLA ~ Vb) V (AaA ~ Ab))))

PRrOOF. It follows from Theorem 32, and Propositions 40 and 39. [

9. Final Conclusions

It is not hard to see that the congruence properties of the variety of mpM-
algebras are verified for variety of tetravalent modal algebras. For instance,
for every mpM-algebra A, the lattice of congruences of A is isomorphic to the
lattice of A-filters; i.e., filters that verify AF = F. The same occurs for every
tetravalent modal algebra. Moreover, the proof of properties for congruences
in an mpM-algebra are the same for a tetravalent modal algebras, which can
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be transferred to the monadic case. Therefore, all above results are verified
in monadic tetravalent modal algebras.

Acknowledgements. The first author acknowledges support from a post-
doctoral grant from FAPESP, Brazil (2016/21928-0). This paper was chapter
IV of Figallo-Orellano’s Ph. D. Thesis.

References

[1] Apams, M. E., Principal congruences in De Morgan algebras, Eidimburgh Mathemat-
ical Society 30:415-421, 1987.

[2] BALBES, R., and P. DWINGER, Distributive lattices, University of Missouri Press,
Columbia, 1974.

[3] Boicescu, V., A. FiLipoiu, G. GEORGESCU, and S. RUDEANU, Eukasiewicz - Moisil
Algebras, Annals of Discrete Mathematics 49, North - Holland, 1991.

[4] CeELANI, S., Classical modal De Morgan algebras, Studia Logica 98(1-2):251-266,
2011.

[5] CiaNoLl, R., Quantifiers on distributive lattices, Discrete Mathematics 96:183-197,
1991.

[6] ConiGLIO, M., and M. FiGALLO, Hilbert-style presentations of two logics associated
to tetravalent modal algebras, Studia Logica 102(3):525-539, 2014.

[7] CornisH, W., and P. FOWLER, Coproducts of De Morgan algebras, Bull. Aust. Math.
Soc. 16:1-13, 1977.

[8] FicaLLO, A. V., Tépicos sobre algebras modales 4—valuadas, Proceeding of the IX
Simposio Latino-Americano de Légica Matemética, (Bahia Blanca, Argentina, 1992),
Notas de Logica Matemadtica 39:145-157, 1992.

[9] FicaLLO, A. V., N. OLIvA, and A. ZIiLIANI, Modal Pseudocomplemented De Morgan
Algebras, Acta Univ. Palacki. Olomuc., Fac. rer. nat., Acta Univ. Palacki. Olomuc.,
Fac. rer. nat., Mathematica 53(1):65-79, 2014.

[10] FonT, J., and M. RIUS, An abstract algebraic logic approach to tetravalent modal
logics, J. Symbolic Logic 65:481-518, 2000.

[11] LouREIRO, 1., Axiomatisation et propriétés des algebres modales tétravalentes, C. R.
Acad. Sc. Paris, Serie I 295:555-557, 1982.

[12] LOUREIRO, I., Prime spectrum of a tetravalent modal algebra, Notre Dame Journal
of Formal Logic 24:389-394, 1983.

[13] PETROVICH, A., Monadic De Morgan algebras. Models, algebras, and proofs (Bogota,
1995), Lecture Notes in Pure and Appl. Math., 203, Dekker, New York, 1999, pp.
315-333.

[14] PrRIESTLEY, H. A., Ordered sets and duality for distributive lattices, Ann. Discrete
Math. 23:39-60, 1984.

[15] SANKAPPANAVAR, H., Pseudocomplemented Ockham and De Morgan algebras,
Zeitschr. f. Math. Logik und Grundlagen Math. 32:385-394, 1986.



On Monadic Operators on Modal Pseudocomplemented 611

[16] ZiLIANI, A., On azioms and some properties of monadic four-valued modal algebras,
Proceedings of the Third “Dr. Antonio A. R. Monteiro” Congress on Mathematics
(Spanish) (Bahia Blanca, 1995), Univ. Nac. del Sur, Bahia Blanca, 1996, pp. 69-78.

A. F1IGALLO ORELLANO
Departamento de Matematica
Universidad Nacional del Sur
Buenos Aires

Argentina
aldofigallo@gmail.com

and

Centro de Légica, Epistemologia e Histéria da Ciéncia
Universidade Estadual de Campinas

Campinas

Brasil

I. PAscuaL

Instituto de Ciencias Bésicas
Universidad Nacional de San Juan
San Juan

Argentina
inespascual756@hotmail.com



	On Monadic Operators on Modal Pseudocomplemented De Morgan Algebras and Tetravalent Modal Algebras
	Abstract
	1. Introduction and Preliminaries
	2. calM-Algebras
	3. Relationship Between Special Subalgebras and Quantifiers
	4. Topological Representation for calM-Algebras
	5. Congruences
	6. The Semi-simplicity of the Variety of calM-Algebras
	7. Principal and Boolean Congruences 
	8. Another Characterization of Principal calM-congruences
	9. Final Conclusions
	Acknowledgements
	References




