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Abstract. The IKt-algebras were introduced in the paper An algebraic axiomatization
of the Ewald’s intuitionistic tense logic by the first and third author. In this paper, our
main interest is to investigate the principal and Boolean congruences on IKt-algebras. In
order to do this we take into account a topological duality for these algebras obtained
in Figallo et al. (Stud Log 105(4):673-701, 2017). Furthermore, we characterize Boolean
and principal IKt-congruences and we show that Boolean [Ktcongruence are principal
IKt-congruences. Also, bearing in mind the above results, we obtain that Boolean IKt-
congruences are commutative, regular and uniform. Finally, we characterize the principal
IKt-congruences in the case that the IKt-algebra is linear and complete whose prime filters
are complete and also the case that it is linear and finite. This allowed us to establish that
the intersection of two principal IKt-congruences on these algebras is a principal one and
also to determine necessary and sufficient conditions so that a principal IK#congruence is
a Boolean one on theses algebras.

Keywords: Heyting algebras, Tense operators, IKt-algebras, Boolean congruences,

Principal congruences.

1. Introduction and Preliminaries

This paper is organized as follows: in Section 1, we summarize the principal
notions and results on IKt-algebras ([17,27]), in particular the topological
duality for these algebras obtained in [28]. In Section 2, our attention is
focused on Boolean IKt-congruences. Firstly, we characterize them by means
of certain closed and open subsets of the associated space. These results
allow us to prove that the Boolean IKtcongruences are commutative and
they are the congruences associated with filters generated by a Boolean
and [Kt-element of the algebra, and so they are regular and uniform. In
Section 3, we characterize the closed and increasing IKt-subsets of the dual
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space associated with an [Kt-algebra which determine the principal IKt-
congruences. This last result enables us to prove that every Boolean IKt-
congruence is a principal IKt-congruence. Furthermore, whenever the IKt-
algebra is linear and complete and its prime filters are complete or linear and
finite, we obtain the filters which determine principal congruences. This last
results allows to show that the intersection of two principal IKt-congruences
on these algebras is a principal one and also to determine necessary and
sufficient conditions so that a principal IKt-congruence is a Boolean one on
theses algebras.

In this paper, we take for granted the concepts and results on distributive
lattices, Heyting algebras, category theory, universal algebra and Priestley
duality. To obtain more information about these topics, we direct the reader
to the bibliography indicated in [1,6,7,31,34-36]. However, in order to sim-
plify reading, in this section we will summarize the fundamental concepts
we use.

If X is a poset (i.e. partially ordered set) and Y C X, then we will denote
by | Y (1Y ) theset of all x € X such that x <y (y < x) for some y € Y.
If x € X we shall denote by | = ( T z) instead of | {z} (T {z}).

Let X,Y be sets. Given a relation R C X x Y, for each Z C X, R(Z)
will denote the image of Z by R. If Z = {x}, we will write R(z) instead of
R({z}). Moreover, for each V C Y, R™1(V) will denote the inverse image
of Vby R,ie. RFY(V)={z € X : R(x)NV #0}. f V = {y}, we will write
R~Y(y) instead of R™1({y}).

On the other hand, it is known that propositional logics, both classical
or non-classical ones, do not incorporate the dimension of time. To obtain
a tense logic, we enrich the given propositional logic by new unary opera-
tors (called tense operators) which are usually denoted by G, H, F' and P.
Study of tense operators has originated in 1980’s [5,8]. Recall that for a
classical propositional calculus represented by means of a Boolean algebra
B =(B,V,A,—,0,1), tense operators were axiomatized [16] by the following
axioms:

G(1)=1, H(1) = 1,
Gz Ay) =G(x) NG(y), H(xz Ay) = H(z) N H(y),
x < GP(x), x < HF(x),

where P(z) = =H(—z) and F(z) = =G(—x).

In recent years tense operators have been considered by different authors
for various classes of algebras. Some contributions in this area have been the
papers by Diaconescu and Georgescu [16], Botur et al [3], Chirita [14,15],
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Chajda [9], Chajda and Kolafik [13], Figallo and Pelaitay [20,24,26,27],
Chajda and Paseka [12], Botur and Paseka [4,33], Menni and Smith [32],
Dzik et al [17]. In particular, intuitionistic tense logic IKt was introduced
by Ewald [19] by extending the language of intuitionistic propositional logic
with the unary operators P (it was the case), F' (it will be the case), H (it
has always been the case) and G (it will always be the case). The Hilbert-
style axiomatization of IKt can be found in [19][p. 171]. It is well-known that
the axiomatization of Ewald is not minimal because several axioms can be
deduced from the other axioms. Besides, in contrast to classical tense logic,
F and P cannot be defined in terms of G and H (see [17,24]). In [27], Figallo
and Pelaitay introduced the variety IKt of IKt-algebras and proved that the
IKt system has IKt-algebras as algebraic counterpart. These algebras were
defined as we will describe below.

Let us recall that an algebra A = (A, V, A, —,0,1) is a Heyting algebra
if the following conditions hold for all z, y € A:

(H1) (A,V,A,0,1) is a lattice with 0, 1,
(H2) 2 A (z —y) =z Ay,
(H3) oA (y = 2) =2 Al Ag) — (A 2))
(H4) (zAy) —x =1

A Heyting algebra A = (A, V, A, —,0, 1) is linear or an L-Heyting algebra
if satisfies the followig property for all x, y € A:
L) (z—y)V(y—z)=1

In a Heyting algebra A, the following properties hold for all a,b, c € A:
H5) If a <bthenb— c<a—c,
H6)
HT)
HS)

a < a**, where where a* :=a — 0,
a** (i.e. a is a regular element of A), iff a = b* for some b € A,

a=
B(A) C R(A), where B(A) = {a € A: a is a boolean element of A},
R(A)={ac A: a** =a}.

(
(
(
(

If Ais an L-Heyting algebra, then:
(L2) B(A) =R(A),
(L3) a** € B(A) for all a € A.

DEeFINITION 1.1. Let A = (A,V,A,—,0,1) be a Heyting algebra and let
G, H, F and P be unary operations on A satisfying:
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(t1) G(1) =1 and H(1) =1,

(t2) G(z Ay) = G(z) AG(y) and H(z Ay) = H(z) A H(y),
(t3) x < GP(x) and x < HF(x),

(t4) F(0) =0 and P(0) =0,

(t5) F(zVy) = F(z)V F(y) and P(zVy)=P(z)V P(y),

(t6) PG(z) < x and FH(x) < x,

(t7) F(z —y) <G(z) = F(y) and P(z — y) < H(z) — P(y).

Then the algebra (A, G, H, F, P) will be called an IKt-algebra and G, H, F’
and P will be called tense operators.

REMARK 1.1. Note that (t1), (t2), (t4) and (t5) can be replaced by the
assumption that G, H, F' and P are order-preserving (see [8]).

DEFINITION 1.2. An [Kt-algebra (A, G, H, F, P) will be called a linear IKt-
algebra if A is a linear Heyting algebra.

Independently, in [17] (see also [32]), two algebraic models of the IKt
system were obtained in terms of Heyting algebras expanded with two Galois
connections verifying the Dunn’s axioms, in one case, and the Fisher—Servi’s
axioms, in another case. It is not difficult to check that all three algebraic
models of the IKt system are equivalent. In [28], we developed a topological
duality for IKt-algebras taking into account the results established by Dzik,
Jarvinen and Kondo in [17].

In order to determine this duality, we introduced a topological category
whose objects and their corresponding morphisms will be described below.

DEFINITION 1.3. An IKt-space is a system (X, <, R), where

(i) (X, <) is a Heyting space, specifically, (X, <) is a Priestley space such
that the downset | U is clopen (closed and open) for every clopen U in
X. Alternatively, (X, <) is a Priestley space such that the downset | U
is open for every open set U.

(ii) R is a binary relation on X and R~ is the converse of R such that the
following conditions are satisfied:

(tS1) for each x € X, R(x) and R™!(z) are closed subsets of X,

(tS2) for each z € X, R(z) =] R(xz) N R(T x),

(tS3) for each x € X, R(] z) and R™1(] ) are increasing and closed
subsets of X,

(tS4) Gr(U),Hg-1(U), Fr(U), Pr-1(U) € D(X) for each U € D(X),
where Gr, Hgr-1, Fr and Pg-1 are operators on P(X) defined
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for all Y C X as follows:
Gr(U)={ze X | R(Tz) C U}
Hp(U)={z € X| R7(12) C U},
FrlU)={z € X | R(x)NU # 0} and
Pra(U)={reX| R Yz)nU # 0}.

and D(X) is the set of all increasing and clopen subsets of X.

DEFINITION 1.4. An IK#function from an IKt-space (X7, <, R;) into an-
other one, (X2, <3, Rs), is a function f : X7 — X, which satisfies the
following conditions:

(pf) for all x € X3, z € Xy such that f(x) <s z, there is y € X; such that
x <y yand f(y) =z (i.e. fis a p-function),

(t1) f(Ri(x)) € Ra(f()),

(t2) Ro(T f(2)) = F(B.(T @),

(t£3) R~ (1 f(x)) = f(R1'(1 2)),

for all z € X.

Then, we proved that the category I KtS that has IKt-spaces as objects
and [Kt-functions as morphisms is naturally equivalent to the dual category
of the category IKtA of IKt-algebras and IKt-homomorphisms.

Next we will describe some results of the above duality with the aim of
fixing the notation we are about to use in this paper.

First, we defined a contravariant functor from I K¢S onto IKtA in the
following way:

(A1) Let (X, <, R) be an IKt-space. Then,
\II(X) - (-D(X)7 ) GR: HRfl)FR7 PRfl)

is an IKt-algebra, where D(X) is the lattice of all clopen and increasing
subsets of X, Gg, Hg-1, Fr, Pr—1 are defined as in (tS4) and

U—-V={zeX:T2nUCV}forall U V e D(X),
or equivalently
U—-V=X\(lUNX\V))=VU(X\|U)forall U,V € D(X).
(A2) Let f: (X1, <1, R1) — (X2,<9, R2) be a morphism of /K#spaces.

Then, ¥(f) : D(X3) — D(X4), defined by W(f)(U) = f~1(U) for all
U € D(X5), is an IKt-homomorphism.
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To achieve our goal we needed to define a contravariant functor from
IKtA to IKtS, as indicated below:

(A3) Let (A,G, H, F, P) be an IKt-algebra and let (X(A), C) be the Heyting
space associated with A. Then, ®(A) = (X(A), C, R4) is an IKt-space,
where for all S,T € X(A),

(5,T) € R <= G~ 1(S)c T C F1(S), (I)
or equivalently,
(S,T) € RY <= H Y(T)C S C P }T). (I1)

(A4) Let (Ay,Gy, Hy, Fy, Py) and (A, Go, Ha, Fy, Po) be two IKt-algebras
and h: Ay — As be an IKt-homomorphism. Then, the map
®(h) : X(Az) — X(A;), defined by ®(h)(S) = h=1(S) for all
S € X(Az), is an IKt-function.

Besides, we proved the following necessary results for the duality:
(A5) Let (A, G, H, F, P) be an IKt-algebra and let (X(A),C, R*) be the
IKt-space associated with A. Then, o4 : A — D(X(A)) defined by
oala) ={S € X(A): ac S}, (I11)

is an IKt-isomorphism.

(A6) Let (X, <,R) be an IKt-space. Then, ex : X — X (D(X)), defined
by
ex(x)={U e D(X): xzeU}, (IV)
is an isomorphism in the category I KtS.

Then, from the above results and using the usual procedures we proved
that the categories IKtS and IKtA are dually equivalent.

In addition, this duality allowed us to to characterize the IK#-congruences
on these algebras for which we introduced the following notion:

DEFINITION 1.5. Let (X, <,R) be an IKt-space. A subset Y of X is an
IKt-subset if it satisfies the following conditions for all y, z € X:

(IKt1) if y € Y and z € R(] y), then, there is w € Y such that w € R(7 y)
and w < z,

(IKt2) if y € Y and z € R7!(] y), then, there is v € Y such that
ve R Y (Ty) and v < 2.
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The notion of an increasing IKt-subset of an IKt-space has several equiv-
alent formulations, which were useful in the characterization of simple and
subdirectly irreducible algebras and also they will be used later.

PROPOSITION 1.1. Let (X, <, R) be an IKt-space. If Y is an increasing sub-
set of X, then, the following conditions are equivalent:

(i) Y is an IKt-subset,

(i) Y =Gr(Y)NYNHz-1(Y), where Gr(Y) ={zx € X : R(] ) C Y},

and Hr—+(U)={z € X : R71(12) C Y},

(iii) for all y €Y, the following conditions are satisfied:
(IKt3) R(1y) C Y,
(IKt4) R (1) C V.

The closed and increasing IKt-subsets of the IKt-space associated with
an IKt-algebra perform a fundamental roll in the characterization of the
IKt-congruences on these algebras as we will indicate in what follows.

THEOREM 1.6. Let (A,G,H, F, P) be an IKl-algebra, and X(A) be the IKt-
space associated with A. Then, the lattice Crp(X(A)) of closed and increasing
IKt-subsets of X(A) is isomorphic to the dual lattice Conyri(A) of IKt-
congruences on A, and the isomorphism is the function ©p defined by the
prescription,

Orr(Y)={(a,b) e AxA: ga(a)NY =0ca(b)NY}, (V)
fOT allY € C]T(%(A))

The characterization of increasing [Kt-subsets given in Proposition 1.1
suggested us to introduce the following definitions:

Let (X, <,R) be an IKtspace and let dx : P(X) — P(X), defined for
all Z € P(X), by:

dx(Z) = Gr(Z)NZ N Hp-1(Z), (VD)
For each n € w, let d% : P(X) — P(X), defined for all Z € P(X), by:
dx(Z) = Z, di"(Z) = dx(d%(2)). (VII)

By using the above functions dx, d%, n € w, we obtained another equiv-
alent formulation of the notion of increasing IKt-subset of an IKt-space as
we will indicate below:
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LEMMA 1.1. Let (X, <, R) be an IKt-space. If Y is an increasing IKt-subset
of X, then the following conditions are equivalent:

(i) Y is an IKt-subset,
(ii)) Y =d%(Y) foralln € w,
(iii) Y= N d%(Y).

necw
Then, we considered the restrictions to D(X) of the maps dx and d%,
n € w, defined in VI and VII respectively, and as a consequence of the duality
for IKt-algebras we defined the functions d : A — A and d" : A — A,
n € w by the prescriptions:

d(a) = G(a) Aa A H(a), d(a) = a, (VIII)
d"*(a) = d(d"(a)), (IX)

for all a € A, respectively. It should be noted that these operators were pre-
viously defined in [30] for tense Boolean algebras and in [16] for tense M V-
algebras. Then we determined the following properties of the IKt-algebras:

(A6) Let (A, G, H, F, P) be an IKt-algebra. Then, for all a € A, the following
conditions are equivalent:

(i) a=d(a),

(ii) a =d"(a) for all n € w,

(i) a = A d"(a),
new

besides if (A, G, H, F, P) is a complete IKt-algebra,

(iv) a= A d"(b) for some b € A.

necw
(AT) ([24,28]) Let (A,G,H,F,P) be an IKt-algebra. Then, for all n € w
and for all a,b € A, the following conditions are satisfied:

(d1) d™(1) =1 and d™(0) =0,
(d2) d"*(a) < d"(a),
(d3) d™(a A b) =d™(a) Ad™(b),
(d4) a <b 1mphes d™(a) < d™(b),
(d5) d"(a) <
(d6) d"*1(a) < G(d™(a)) and d" "1 (a) < H(d"(a)).
(d7) If A a; exists then:
i€l
(i) é\j G(a;) exists and /e\I G(a;) = G('/E\I a;),
(ii) Q}H(al) exists and A H(a;) = H( N\ a;),

el el
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(iii) A d(a;) exists and A d(a;) = d( A\ a;).

iel iel iel
In what follows if (A, G, H, F, P) is an IKt-algebra, we will denoted by
C(A) = {a € A:d(a) = a} = {aGA: a= A d"(a)}, and the ele-

new

ments of C(A) will be called IKt-elements of A. It should be mentioned
that (C(A), A, V,—,0,1) is a Heyting algebra (see [28, Lemma 3.5]).
In the IKt-algebras, the following particular case of filters is defined:

DEFINITION 1.7. Let (A, G, H, F, P) be an IKt-algebra. A filter S of A is an
IKtfilter iff for all a € S, d(a) € S, or equivalently d"(a) € S for all n € w.

The duality of IKt-algebras provide an isomorphism between the lattice
Frii(A) of all IKt-filters of an IKt-algebra A and the dual lattice of the
lattice Cyr(X(A)) of all closed and increasing IKt-subsets of X(A). Under
this isomorphism, any S € Frx(A) corresponds to the increasing and closed
IKt-subset

Yo={QeX(4): SCQ}=()oala), (X)
aes
and any Y € Crr(X(A)) corresponds to the filter
Sy=()Q={acA:Y Coala)}, (XI)
QeY

and O(S) = O;7(Ys), O;7(Y) = O(Sy), where O;7(Y) and ©;7(Ys) are
defined as in Theorem 1.6 and ©(S) and ©(Sy) are the congruence associ-
ated with the IKtfilters S and Sy, respectively.

A direct consequence of these last results and Theorem 1.6 is the fact
that there exists a lattice isomorphism between the lattice of all IKt-filters
of an IKt-algebra A and the lattice of all IKt-congruences on A. Under that
isomorphism, any IKt-congruence 6 on A corresponds to the IKt-filter

Sog={ae€A:(a,1) €0} (XII)
and any filter S of A corresponds to the IKt-congruence
Os ={(a,b) e AxA: (a—bA(b—a)ecS}
={(a,b) € Ax A: thereis s € S such that a As=0bAs}. (XIII)

And so, we obtained another characterization of the lattice of the IKt-
congruences.

PROPOSITION 1.2. Let (A, G, H, F, P) be an IKt-algebra. Then, the following
conditions are equivalent for all ¢ C A x A:
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(i) ¢ € Conyge(A),

(i) there is S € Frxi(A) such that ¢ = O(S), where ©(S) is the lattice
congruence associated with the filter S.

Finally, we will emphasize the following property of Priestley spaces and
so, IKt-spaces which will be quite useful in order to characterize the principal
congruences on [Kt-algebras.

(A8) C is a convex clopen of X if and only if there are U, V' € D(X)
such that V. C U and C' = U\V, where a subset Y of X is convex if
Y=lYNTY,orequivalentlyif z,y € Y and z < z <y imply z € Y.

2. Boolean Congruences on I Kt-Algebras

Next, our attention is focus on determine the Boolean congruences on IKt-
algebras bearing in mind the topological duality for them established in
Section 1. In order to do this, we will start obtaining a new characterization
of the congruences on IKt-algebras, which will be fundamental to reach our
goal.

THEOREM 2.1. Let (A,G,H,F,P) be an IKt-algebra, Ocir(X(A)) be the
lattice of the open subsets of X(A) whose complements are increasing IKt-
subsets of X(A) and Conyg(A) be lattice of the IKt-congruences on A.
Then Ocrr(X(A)) and Conrii(A) are isomorphic and the isomorphism

Oor : Ocrr(X(A)) — Conrki(A),
is defined by:

Oor(Y) = {(a.b) € 42 PN E) =240 EA))
={(a,b) € A*: (ga(b) Aoa(a)) CY}.

PRrROOF. It is a direct consequence of Theorem 1.6, bearing in mind that
there is a one-to-one correspondence between the closed and open subsets of
X(A) and the fact that o4(a)NY = o4 (b)NY if and only if (64(b) Aca(a)) C
X(A)\Y. [ |

The lattice of the increasing, decreasing, closed and open IKt-subsets of
the IKt-space associated with an IKt-algebra perform a fundamental roll in
the characterization of the Boolean [Kt-congruences on these algebras, as
we will show next.



Principal and Boolean Congruences on IKt-Algebras 867

LEMMA 2.1. Let (X, <, R) be an IKt-space. If Y is an increasing and decreas-

ing IKt-subset of X, then X\Y is an increasing and decreasing IKt-subset
of X.

PROOF. From the hypothesis we have that X\Y is an increasing and de-
creasing subset of X. Suppose that there is (1) x € X\Y such that x ¢
Gr(X\Y). Then R(T ) NY # (), from which it follows that there is (2)
y € Y such that y € R(1 ), which allows us to assert that there is (3)
z €] z, such that (z,y) € R. Since y €7 y, then from the last assertion
we obtain that z € R™(7 y). From the hypothesis, Y is an increasing IKt-
subset of X, then from (2) and Proposition 1.1, we infer that (4) z € Y.
On the other hand, from (1), (3) and the fact that X\Y is an increas-
ing subset of X it results that z € X\Y, which contradicts (4). Therefore
X\Y C Gr(X\Y). The inclusion X\Y C Hpr-1(X\Y) follows similarly and
so, X\Y = (X\Y)NGr(X\Y)N Hp-1(X\Y). Taking into account this last
assertion, the fact that X\Y is an increasing subset of X and Proposition
1.1, we conclude that X\Y is an IKt-subset of X. ]

COROLLARY 2.2. Let (X,<,R) be an IKt-space, B(D(X)) be the Boolean
algebra of the complemented elements of the lattice D(X) and let C(X) =
{U € D(X) : U =dx(U)}. Then, for all U € B(D(X))) N C(D(X)),
X\U € B(D(X))NC(D(X)) and dx(X\U) = X\dx(U).

PRrROOF. It follows immediately that X\U € B(D(X)) for all U € B(D(X))
NC(D(X)). Besides, from Lemma 1.1 we have that U is an increasing and
decreasing IKt-subset of X, from which we infer by Lemma 2.1 that X\U
is an IKt-subset of X and so X\U € B(D(X)) N C(D(X)). Then, taking
into account that U, X\U € C(D(X)), we obtain that dx (X\U) = X\U =
X\dX (U) . |

COROLLARY 2.3. Let (A, G, H, F, P) be an IKt-algebra, B(A) be the Boolean
algebra of the complemented elements of A and C(A) ={a € A: a=d(a)}.
Then for all a € B(A) NC(A), —a € B(A) NC(A) and d(—a) = —d(a),
where —x is the Boolean complement of x for all x € B(A).

PROOF. : It is a direct consequence of Corollary 2.2 and the fact that the
map o4 : A — D(X(A)) is an IKt-isomorphism. |

In what follows we will denote by Conyri(A) the lattice of all Boolean
IKt-congruences on A, and we will denote by CO;pr(X(A)) the lattice of
all increasing, decreasing and clopen IKt-subset of X(A).

PROPOSITION 2.1. Let (A,G, H, F, P) be an IKt-algebra and let X(A) be the
IKt-space associated with A. Then for each Y C X(A) holds:
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(i) ©rr(Y) is a Boolean IKt-congruence on A if and only if Y is an increas-
ing, decreasing and clopen IKt-subset of X(A), where Orp(Y) is defined
as in Theorem 1.6.

(ii) ©®or(Y) is a Boolean IKt-congruence on A if and only if Y is an in-
creasing, decreasing and clopen IKt-subset of X(A), where ©or(Y) is
defined as in Theorem 2.1.

PROOF. The statements (i) and (ii) are direct consequences of Theorems
1.6 and 2.1 and Lemma 2.1, respectively. Indeed, let CO;pr(X(A)) be the
lattice of all increasing, decreasing and clopen IKt-subset of X(A).

(i): Let ©17(Y) € Conprii(A), then there is ¢ € Conprgi(A) such that
Orr(Y) ANy = {(a,a) : a € A} and O;7p(Y) V¢ = A x A. Besides,
from Theorem 1.6, we have that there is Z € Ocrr(X(A)) such that ¢ =
O;7r(Z). Therefore, from these last assertions and Theorem 1.6, we ob-
tain that Z = X(A)\Y and so, Y € COrpr(X(A)). On the other hand,
let Y € COrpr(%(A)). Then from Lemma 2.1, X(A)\Y € COrpr(X(4)),
and so, from Theorem 1.6, we obtain that ©;7(Y) and ©;7(X(A)\Y) are
IKt-congruences on A. Besides, from Theorem 1.6, we get that O;7(Y) A
@[T(X(A)\Y) = @]T(Y U (:{(A)\Y)) = @]T(:{(A)) =Ax Aand @]T(Y) V
Orr(X(A\Y) = 010 (Y N (X(A)\Y) = {(a,a) : a € A}, from which it
follows that ©;7(Y) € Conprii(A).

(ii): Let ©or(Y) € Conprit(A), then there is ¢ € Conyrit(A) such that
Oor(Y)Np ={(a,a):a € A} and ©or(Y)V ¢ = A x A. Besides, from The-
orem 2.1, we have there is Z € Ocrr(%(A)) such that ¢ = Oor(Z). There-
fore, from the last assertions and Theorem 2.1, we infer that Z = X(A)\Y
and so, Y € CO[DT%(A)) On the other hand, let Y € CO[DT(}:(A))
Then, from Lemma 2.1, we have that X(A)\Y € CO;pr(X(A)), and there-
fore, by Theorem 2.1, we obtain that ©or(Y) and ©or(X(A)\Y) are IKt-
congruences on A. Also, from Theorem 2.1, we get that ©or(Y)AOor(X(A)
\Y) = Oor(Y N (X(A)\Y)) = Oor(®) = {(a,a) : a € A}, and Opr(Y) V
Oor(X(A)\Y) = Oor(Y U (X(A)\Y)) = Oor(X(A)) = A x A, and so it
follows that ©or(Y) € Conprii(A). ]

The above results allow us to obtain the description of Boolean IKt
congruences we were looking for.

THEOREM 2.4. Let (A, G, H, F,P) be an IKt-algebra and let (X(A), C, R*)
be the IKt-space associated with A. Then, the lattice COrx(X(A)) of all
increasing, decreasing and clopen IKt-subsets of X(A), is isomorphic to the
lattice (dual of the lattice) Conyrice(A) of the Boolean IKt-congruence on A,
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where the isomorphism ©cor (Ocrr) is the restriction of the isomorphism
Oor (©r7) to COrpr(X(A)), defined in Theorem 2.1 (Theorem 1.6).

PROOF. From Theorem 2.1 and Proposition 2.1 it follows that Ocor =
Oorlco, pr(x(4)) is an isomorphism between the lattice COrpr(X(A)) and
the lattice Conpri¢(A). In addition, from Theorem 1.6 and Proposition 2.1
we infer that O¢rr = @IT|COIDT(3€(A)) is an isomorphism between the lattice
CO;pr(X(A)) and the dual lattice of Conprr:(A). (]

COROLLARY 2.5. Let (A,G, H, F,P) be an IKt-algebra. Then, the Boolean
IKt-congruences on A are commutative.

PROOF. Let @1, pa € Conpri¢(A). Then, by Theorem 2.4 there are increas-
ing, decreasing and clopen IK#subsets Y7, Y5 of X(A) such that ©pcr (Y1) =
1 and Opcr(Y2) = @a2. Suppose that (x,y) € @3 o 1. Hence, there is
z € A such that (z,2) € ¢1 and (z,y) € @2 and so, from Theorem 2.4
we obtain that oa(x) NY: = oa(z) NY; and oa(y) NYe = oa(z) N Ya.
These statements imply that oa(z) N (Y1 NYs) = oa(y) N (Y1 NY3). On
the other hand, since COk(X(A)) € D(X(A)), we have that (ca(z) N
(Y1 NY3) U (oa(z) N (Y2\Y1)) U (ca(y) N (Y1\Y2)) € D(%(A)), and so
w = 0731 ((04(2) N(YiNY2)) W04 (2)N(¥2\Y1) V(0.4 (1)1 (Y1\V2))) € A. Fur-
thermore, we have that o4 (x)NY2 = 04(w)NY2 and 04 (w)NY; = oa(y)NY7,
hence (z,w) € ps and (w,y) € ¢1. Therefore, (z,y) € 1 © po from which
we conclude that ps 0 1 C 1 0 9. The other inclusion follows similarly. m

Next, we will give another characterization of the Boolean congruences on
an [Kt-algebra, which will be useful in order to determine some properties
of them.

LEMMA 2.2. Let (A,G, H, F, P) be an IKt-algebra. Then ©(7 a) is an IKt-
congruence on A for all a € C(A), where T a is the principal filter generated
by a.

PROOF. From the hypothesis we have that a = d(a) and so 1 a is an IKt
filter of A. Then by Proposition 1.2, we conclude the proof. [ |

ProrosITION 2.2. Let (A,G, H, F, P) be an IKt-algebra and let (X(A),C,
RA) be the IKt-space associated with A. Then, for allY C X(A), the follow-
ing conditions are equivalent:

(i) Y € COrpr(X(A)),
(ii) there is a € C(A) N B(A) such that Y = oa(a).
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PROOF. (i) = (ii): From the hypothesis, we have that Y € D(X(A)) and
X(A)\Y € D(X(A)). Hence, there exists a € B(A) such that (1) Y =
oa(a). Then, from the hypothesis and Lemma 1.1, we obtain that ¥ =
dx(ay(ca(a)). Taking into account that o4 is an IKt-isomorphism it follows
that Y = o4(d(a)) and therefore, by (1) we can assert that a = d(a).
This statement implies that a € C(A), from which we conclude that a €
B(A)NC(A).

(ii) = (i): Since a € B(A) and Y = o4(a) it follows that Y € D(X(A))
and X(A)\Y € D(X(A)). Besides, a € C(A), which implies that o4(a) =
oa(d(a)) = dxayoa(a) = dxa)(Y). Therefore, dx4)(Y) =Y, which com-
pletes the proof by Lemma 1.1. [

COROLLARY 2.6. Let (A,G, H, F,P) be an IKt-algebra. Then, the Boolean
algebras C(A) N B(A) and Conprxi(A) are isomorphic and therefore,
|Conprii(A)| = |C(A) N B(A)|, where |Z| denotes the cardinality of the
set Z.

PRrOOF. It is a direct consequence of Theorem 2.4 and Proposition 2.2. =

PROPOSITION 2.3. Let (A, G, H, F, P) be an IKt-algebra. Then for all binary
relation o C A x A, the following conditions are equivalent:

(i) ¢ is a Boolean IKt-congruence on A,
(i) there is a € C(A) N B(A) such that ¢ = O(7 a),
(iii) there is a € A such that N\ d™(a) € C(A)N B(A) and

e=6(1 A d(),

necw
(iv) there is a principal IKt-filter S of A, generated by a Boolean IKt-
element of A, such that ¢ = ©(S).

PRrROOF. (i) = (ii): From the hypothesis and Theorem 2.4 there is
Y € COrgi(X(A)) such that p = ©77(Y). Besides, from Proposition 2.2
there is a € C(A) N B(A) such that Y = 04(a). Therefore, for all b,c € A
we have that (b,c¢) € ©;p(Y) if and only if 04(b) N oa(a) =oca(c) N oa(a).
Hence, taking into account that the map o4 is an isomorphism, it follows
that (b,c) € ©rp(Y) if and only if b A a = ¢ A a. From this last assertion we
conclude that ¢ = O([a)).

(ii) = (i): Since a € C(A) N B(A), then from Proposition 2.2, we infer
that o4(a) is an increasing, decreasing and clopen IKt-subset of X(A), and
so by Theorem 2.4, ©;7(04(a)) is a Boolean IKt-congruence on A. Besides,
taking into account that ©(T a) = ©;r(ca(a)), the proof is complete.
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(ii) < (iii): It is a direct consequence of (A6).
(ii) < (iv): It follows from the fact that for all a« € C(A), T a is a
principal IKt-filter of A. [

COROLLARY 2.7. Let (A,G,H, F,P) be an IKt-algebra. Then, for any a €
C(A)NB(A), O(T a) and ©(T —a) are Boolean IKt-congruences on A.

PrOOF. From Corollary 2.3, we have that —a € C(A) N B(A) for any a €
C(A) N B(A). From this last statement and Proposition 2.3 it follows that
O(7 a) and O(] —a) are Boolean IKt-congruences on A. ]

COROLLARY 2.8. Let (A,G,H, F,P) be an IKt-algebra. Then, the Boolean
IKt-congruences on A are reqular and uniform.

PROOF. Let ¢ be a Boolean [Kt-congruence on A. Then, by Proposition
2.3 there is a € C(A) N B(A) such that ¢ = ©([a)). Furthermore, for each
b € A we have that [b, = {(b Na) Vc: c €| —a}, where [b], stands for
the equivalence class of b modulo ¢. From this last assertion we infer that
(0], =] —a and therefore, [b], = {(b ANa)Vc: ce[0],} and |[b],| = |[0],]
for all b € A, which allows us to conclude the proof. [

3. Principal Congruences on I Kt-Algebras

In this section our first objective is to characterize the principal IKt-cong-
ruences on an IKt-algebra by means of certain closed and increasing IKt
subsets of its associated IKt-space.

From now on, if A is an IKt-algebra and a,b € A, we will denote by
O(a,b) the principal IKt-congruence generated by (a,b). Besides, we will
consider O(a,b), with a < b. This condition does not remove generality of
the problem because for all a,b € A, ©(a,b) =O(aAb,aVb).

To reach our objective we begin by characterizing those closed and in-
creasing [Kt-subsets of the IKt-space associated with an IKt-algebra that
correspond to principal IKt-congruences of this algebra under the duality.
For this we consider the following definition:

DEFINITION 3.1. Let (X, <,R) be an IKt-space and let F be a family of
subsets of X. If M is a subset of X, then Y € F is maximally disjoint from
M with respect to F if and only if YN M =0 and Z C Y for all Z € F
such that Z N M = (.

REMARK 3.1. Let (X, <, R) be an IK#-space and let F be a family of subsets
of X. If M is a subset of X, then Y € F is maximally disjoint from M with
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respect to F if and only if Y "M =0 and Z N M # ( for all Z € F such
that Z D Y.

ProrosITION 3.1. Let (A, G, H, F, P) be an IKt-algebra, a,b € A such that
a < b and let X(A) be the IKt-space associated with A. If'Y is an increasing
and closed IKt-subset of X(A), then the following conditions are equivalent:

(1) @[T(Y) = @(a,b),
(ii) Y is mazimally disjoint from o4(b)\oa(a) with respect to Crr(X(A)).

PROOF. (i) = (ii): From the hypothesis and the definition of ©;7(Y") given
in Theorem 1.6, we have that (04(b)\ca(a))NY = (. On the other hand, if
Q € Crr(X(A)) and (04(b)\oa(a)) N Q = (), then by Theorem 1.6, O;7(Q)
is an IKt-congruence on A and (a,b) € O;7(Q). Since Orp(Y) = O(a,b),
then ©;7(Y) C ©;7(Q) and by Theorem 1.6 it follows that @ C Y.

(ii) = (i): Let Y € Crp(X(A)) such that (1) Y is maximally disjoint from
o4(b)\oa(a) with respect to Crp(X(A)), where a,b € A, a < b. By virtue
Theorem 1.6, ©;7(Y) is an IKt-congruence on A, and by Theorem 1.6, we
have that (a,b) € ©;7(Y). On the other hand, if 9 is an IK#congruence on
A such that (a,b) € ¥, then by Theorem 1.6, it follows that there exists (2)
Q € Crr(X(A)) such that ¥ = O;7(Q), and by Theorem 1.6, we obtain that
(3) (ca(b)\ca(a)) N Q = 0. From (1), (2) and (3), we infer that @ C Y.
From Theorem 1.6, we conclude that O;7(Y) C 9 and therefore O (Y) =
O(a,b). |

ProposITION 3.2. Let (A,G,H, F,P) be an IKt-algebra, and let X(A) be
the IKt-space associated with A. If Y is an increasing and closed IKt-subset
of X(A), then the following conditions are equivalent:

(i) ©rr(Y) is a principal IKt-congruence on A,

(ii) there exists a clopen and convexr subset C' of X(A) such that'Y is maxi-
mally disjoint from C with respect to Crp(X(A)).

PRrROOF. (i) = (ii): It follows from Proposition 3.1, considering C' = o 4(b)
\UA(G,).

(ii) = (i): From the hypothesis (ii) and (A8), we infer that there exist U,
V € D(%(A)) such that V C U and Y is maximally disjoint from U\V with
respect to Crr(X(A)). From the fact that 04 : A — D(X(A)) is a lattice
isomorphism, we obtain that V' = o4(a) and U = o4(b), with a, b € A,
a < b, and so by Proposition 3.1, we conclude that O;7(Y) = O(a,b). =

REMARK 3.2. Note that, in Proposition 3.2, the clopen and convex subset
C' is not necessarily unique.
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COROLLARY 3.2. Let (A,G,H,F,P) be an IKt-algebra and X(A) be the
IKt-space associated with A. Then every Boolean IKt-congruence on A is a
principal IKt-congruence on A.

PROOF. Let ¢ be a Boolean IKt-congruence on A. Then, Theorem 2.4 im-
plies that there is Y € COyx(%(A)) such that ¢ = O;7(Y). Furthermore,
the fact that X(A)\Y € CO;k+(X(A)) implies that X(A)\Y is a clopen and
convex subset of X(A). Since Y is maximally disjoint from X(A)\Y with
respect to Cyr(X(A)), we conclude, by Proposition 3.2, that ¢ is a principal
IKt-congruence on A. [ |

COROLLARY 3.3. Let (A,G, H, F, P) be an IKt-algebra and let X(A) be the
IKt-space associated with A. If Y is an increasing IKt-subset of X(A) such
that X(A)\Y is clopen and convex subset of X(A), then O (Y') is a principal
IKt-congruence on A.

Proor. It follows immediately from Proposition 3.2, considering C' =
X(A)\Y.

LEmMA 3.1. Let (A,G, H, F, P) be an IKt-algebra, a,b € A such that a <b
and let X(A) be the IKt-space associated with A. If S is an IKt-filter of A,
then the following conditions are equivalent:

(i) ©(5) = 6(a,b),

(ii) Ys is mazimally disjoint from o 4(b)\oa(a) with respect to Crp(X(A)).

PROOF. It is a direct consequence of Proposition 3.1 and the fact that for
all S € f[Kt(.A), Ys € C[T(X(A)) and @(S) = @IT(YS)' |

ProrosiTiON 3.3. Let (A,G,H, F,P) be an IKt-algebra and X(A) be the
IKt-space associated with A. If S is an IKt-filter of A, then the following
conditions are equivalent:

(i) ©(S) is a principal IKt-congruence on A,

(ii) there exists a clopen and convex subset C' of X(A) such that Ys is maz-
imally disjoint from C with respect to Crr(X(A)).

PROOF. (i) = (ii): It follows from Lemma 3.1, considering C' = o4(b)\oa(a)
if ©(S) =0O(a,b), with a, b€ A, a <b.

(ii) = (i): From the hypothesis (ii) and Lemma 3.1, we infer that there
are U,V € D(X(A)) such that V' C U and Yy is maximally disjoint from
U\V with respect to Crr(X(A)). From the fact that o4 : A — D(X(A))
is a lattice isomorphism, we obtain that V = o4(a) and U = 04(b), with
a, b€ A, a<b, and so by Lemma 3.1, we get that O(S) = O(a,b). [ |
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COROLLARY 3.4. Let (A,G, H, F, P) be an IKt-algebra and X(A) be the IKt-
space associated with A. If S is a principal IKt-filter of A generated by some
a € C(A), then O(S) is a principal IKt-congruence on A.

PROOF. Let S = [a) for some a € C(A). Taking into account that a = d(a)
and Ys = 04(a), it follows that Yg € C;p(X(A)). Besides, since X(A)\oa(a)
is a clopen and convex subset of X(A), then by Proposition 3.3 the proof is
complete considering C'= X(A)\oa(a). |

REMARK 3.3. Note that Corollary 3.4 is also a consequence of Corollary 3.3
and the fact that ©(5) = O (Ys).

COROLLARY 3.5. Let (A,G,H,F,P) be an IKt-algebra. Then every IKt-
congruence on A associated with a principal IKt-filter of A is a principal
IKt-congruence on A.

PRrROOF. Let ¢ = ©(S), where S = [a) is an IKtfilter of A. From this last
statement, we infer that d(a) € [a), from which it follows by the property
(d5) that @ = d(a) and so a € C(A). Then, by Corollary 3.4, we conclude
that ¢ a principal IKt-congruence on A. [

COROLLARY 3.6. Let (A,G,H,F,P) be a finite IKt-algebra. Then every
IKt-congruence on A is a principal IKt-congruence, and therefore the inter-
section of two principal IKt-congruences on A is a principal one.

PRrROOF. It is a direct consequence of Proposition 1.2, Corollary 3.5 and the
fact that every IKt-filter of a finite [Kt-algebra is a principal filter. [ |

COROLLARY 3.7. Let (A,G, H, F, P) be a complete IKt-algebra. Then every
IKt-congruence on A associated with a complete IKt-filter of A is a principal
IKt-congruence on A.

PROOF. It is a direct consequence of Corollary 3.5 and the fact that every
complete IKtfilter of A is a principal filter. [

COROLLARY 3.8. Let (A,G,H, F,P) be a complete IKt-algebra such that
every IKt-filter of A is complete. Then every IKt-congruence on A is a
principal IKt-congruence, and therefore the intersection of two principal IKt-
congruences on A is a principal one.

PRrOOF. It is a direct consequence of Proposition 1.2 and Corollary 3.7. =

Next, we will characterize the principal IKt-congruences on linear and
complete IKt-algebras whose filters are complete and on linear and finite
IKt-algebras. First, we will show a property of the dual algebra of a Heyting
space whose dual Heyting algebra is linear, which will be useful for this
characterization.
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LEMMA 3.2. Let (X, <) be Heyting space such that the associated Heyting
algebra D(X) is linear. Then, for allU € D(X):

(i) VU :=| U € B(D(X)), where B(D(X)) is the Boolean algebra of the
Boolean elements of D(X),

(ii) VU is the least element of By ={V € B(D(X)): U CV}.

ProoF. (i): Let U € D(X). Since X is a Heyting space, then (1) | U is
closed and open. It is immediate that (2) | U is decreasing. Taking into
account that D(X) is a linear Heyting algebra and the fact that | U is
an decreasing and closed subset of X, we obtain that (3) | U is increasing.
Indeed, suppose that there exists y € X such that z < y for some z €] U and
y €] U. Since | U is closed and consequently it is compact, then from the
last assertion and (2) we infer that there is V' € D(X) such that y € V and
VN | U = 0. Hence UNV = {), from which it follows that {x € X : T 2 NU C
Vi=fQand {z e X: 12NV CU}=0,andso (U —V)U(V = U) =0,
which contradicts that D(X) is a linear Heyting algebra. Therefore | U
is increasing. Finally, the statements (1), (2) and (3) and the fact that
B(D(X)) is the Boolean algebra of all increasing, decreasing, closed and
open subsets of X, allow us to assert that VU :=| U € B(D(X)).

(ii): It is immediate that U C VU. Besides, let V € B(D(X)), such that
U CV,then | U C| V. And so, from this last assertion and the fact that
V =| V the proof is complete. [

LEMMA 3.3. Let A be a linear Heyting algebra and B(A) be the Boolean
algebra of the Boolean elements of A. Then for all a € A, the set B, :=
{b€ B(A): a<b} has least element and it will be denoted by Va.

PRrROOF. For each a € A, let a* := a — 0. Assume that a < b, b € B(A).
Then, from property (H5) of Heyting algebras we infer that b* < a* and
hence a** < b**. From this last assertion, properties (H6) and (H8) and the
fact that b € B(A), we obtain that a < a** < b. Besides, since A is a linear
Heyting algebra, then from property (L3) we have that a** € B(A), and so
we conclude that Va =: a™* is the least element of B,. [ |

COROLLARY 3.9. Let (X, <) be Heyting space such that the associated Heyt-
ing algebra D(X) is linear. Then, for all U € D(X), | U = U** = VU,
where U* :=U - 0 ={x e U :T2nU = 0}.

PRrROOF. It is a direct consequence of Lemmas 3.2 and 3.3 and the fact that
(D(X),U,Nn,—, X,0) is a Heyting algebra, where for all U, V € D(X),
U—-Vi={zxeX:TzNnUCV} |
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Bearing in mind the above results, our next task is to obtain an an-
other characterization of the principal congruences on complete and linear
IKt-algebras whose prime filters are complete, which will enable us to de-
termine the generator of the IKtfilter that corresponds to each principal
IKt-congruence of this algebra.

PROPOSITION 3.4. Let (A,G,H, F,P) be a linear IKt-algebra and X(A) be
the I[Kt-space associated with A. Then, for all a, b€ A, a <b,

X(A)\ | (ca(b)\ca(a)) =ca(=VbVe), for some ec A, a<e<Va,

where —x is the Boolean complement of x for all x € B(A) and

(i) e=aif | oa(a)\oala) €| (0a(b)\oa(a)),
(i) e = Va if (L oa(a)\oa(a))N | (ca(b)\oa(a)) =0,

(iii) a < e < Va, in another case.

PROOF. Since X(A) is a Heyting space and for all a, b € A, a < b, the
set 04(b)\oa(a) is a clopen subset of X(A), it follows that | (c4(b)\ca(a))
is a clopen and decreasing subset of X(A) and so, X(A)\ | (ca(b)\ca(a))
is a clopen and increasing subset of X(A). Then, there is ¢ € A such that
oalc) =X(A)\ | (ca(b)\oa(a)). In what follows we determine this element
¢ € A. By virtue of hypothesis and the fact that o4 : A — D(X(4)) is
an [Kt-isomorphism, we have that o4(a) C o4(b), and so we obtain that
oa(b) = (04(b)\oa(a)) U oga(a), from which it follows that:
(1) L oa(b) =1 (ca(®)\oa(a))VU | gala)
=1 (0a(0)\oa(a)) U (1l 0a(a)\ | (¢4(b)\0a(a))),

and one of the conditions holds:

(a) | oa(@)\oaa) C | (G4(b)\oa(a)),
(b) (1 oa(@)\oa(@)N | (ca(b)\oa(a)) = 0,
(c) L oal@\oa(a) Z | (@a(b)\oa(a)) and
(1 oa(@)\oa(@)N | (a(b)\oa(a)) # 0.
(

(i): Suppose that the condition (a) holds. Then, from (1) we infer that

Loa(d) =] (ca(b)\oa(a)) Uoa(a).

Therefore, from this last statement and taking into account that

L(oa(®)\oa(a)) Noala) =0,
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and the fact that the map o4 is an IKt-isomorphism and A is a linear IKt
algebra, we obtain that

X(A\ | (0a(b)\oa(a))

(X(A)\Voa(b)) Uoa(a)
oa(—=VbV a).
(ii): From the condition (b) and (1) we get that

L oa(b) =l (ca(b)\oa(a)U | oa(a),

L (0a(®)\oa(a))N | oa(a) =0.

From these last assertions and taking into account that the map o4 is an
IKt-isomorphism and A is a linear IKt-algebra, we infer that

XA\ L (oa(b)\oa(a)) = (X(A)\oa(VD)) UVoa(a)
=04(—VbV Va).

(iii): From the conditions stated in (c), we infer that
(2) oa(a) Cloa(a)\ | (oa(b)\oa(a)) Cloala).
Besides, from (1) we obtain that
3) (AN | (ga(d)\oa(a)) = (X(A\ | 0a(b)) U (| ca(a)\ | (ca(b)\oa(a))).

Since | (ca(b)\ca(a)) is a clopen and decreasing subset of X(A), and |
oa(a) € D(X(A)), it follows that

Loat@N | (ea(b)\oa(a)) € D(X(A)),
and therefore there is e € A such that
(4) oa(e) =l oa(a)\ | (0a(b)\oa(a)).
Finally, from the assertions (2), (3) and (4), we conclude that

X(AN | (0a(0)\oa(a)) = (X(A)\oa (VD)) Uoa(e)
= UA(—Vb V 6),

for some e € A, a < e < Va. [

PROPOSITION 3.5. Let (A, G, H, F, P) be a complete and linear IKt-algebra
whose prime filters are complete, or a finite and linear IKt-algebra and let
X(A) be the IKt-space associated with A. If a,b € A, a < b and Y €
Crr(X(A)), then the following conditions are equivalent:

(i) ©17(Y) = O(a,b),
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(i) Y = O'A< A d"(=VbvV e)), for someeec A, a <e < Va, where

new

e=a if | oa(a)\oa(a) C| (ca(b)\oa(a)),
e=Va if (| cala)\oala))N | (ca(b)\ca(a)) =0,

a < e < Va, in another case.

PRrROOF. (i) = (ii): From the hypothesis (i) and Lemma 3.1, we can assert

that

(1) Y is maximally disjoint from o 4(b)\o 4(a) with respect to Crr(X(A)).
If A is a complete IKt-algebra whose prime filters are complete, since A

is isomorphic to D(X(A)), it follows that D(X(A)) is a complete IKt-algebra

and for all U € D(X%(A)),

2) N\ dzaU= N\ diaoala) = UA( A d'(a ) = [ d%oala)

new new new new

= () dxw)U.

new

On the other hand, if A is a finite IKt-algebra, then D(X(A)) is a finite IKt-
algebra and so for all U € D(X(A)), there is ng € w, such that dy 4, (U) =

d;(A)(U) for all n € w, ng < n, from which it follows that

3) N\ diayU = di ) (U) = () dieayU.

new new
From (2) and (3), we have that for all a, b, e € A, a < b, a < e < Va,
N dxyoa(=VbVe) € C(D(X(4))),
new
and so
4) N\ dxaoa(=VbVe) € Crp(X(A)).
new
In addition, since by the property (d2) of the IKt-algebras,
/\ dyay0a(=VbVe) Cos(—VbVe),
new

and by Proposition 3.4,

oa(=VbVe) N (ca(b)\oa(a)) =0,
it follows that

5) /\ d%ay0a(=VbVe) N (oa(b)\oa(a)) = 0.

new
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Now, let (6) W € Crr(X(A)) such that (7) W N (04(b)\ca(a)) = 0. Since
W is increasing, then from (7) it results that
B)WnN | (cad)\oala))=0.
Besides, from Proposition 3.4, we have that
X(A\ | (0a(b)\oa(a)) = oa(=VbVe).
Then, from (8) and this last statement, it follows that
W Coa(—=VbVe),

and consequently, from Lemma 1.1, the assertions (2) and (3), and the fact
that o4 is an IKt-isomorphism, we get that

W = () diay(W) € () diayoa(=VbVe)
new new

= N\ diayoa(=Vbve) =oa( \ d'(~Vbve)).

new necw

From (4), (5), (6), (7) and (9), we conclude that UA( N d"(=VbV e)) is

maximally disjoint from o 4(b)\oa(a) with respect to Crr(X(A)), and so by
(1) the proof is complete. |

COROLLARY 3.10. Let (A, G, H, F,P) be a complete and linear IKt-algebra
whose prime filters are complete, or particularly o finite and linear IKt-
algebra. If a, b € A, a < b then the following conditions are equivalent:

(i) ¢ =6(a,b),
(i) p = @( T A d"(=VbVv e)), for some e € A, a < e < Va, where

new

e=a if | oala)\oa(a) C| (ca(b)\oa(a)),
e=Va if (| oala)\ca(a))N | (cga(b)\cal(a)) =0,

a < e < Va, in another case.

PROOF. From Theorem 1.6 we have that ¢ = ©O(a,b) if and only if there
exists Y € Crp(X(A)) such that ©;7(Y) = ¢ = ©(a,b), where X(A) is
the IKt-space associated with A. Then, from this last assertion, Proposition
3.5 and bearing in mind that for all @ € C(A), oa(a) € Crr(X(A)) and
Orr(cala)) = O(1 a), we conclude the proof. ]

COROLLARY 3.11. Let (A,G,H, F, P) be a complete and linear IKt-algebra
whose prime filters are complete, or particularly a finite and linear IKt-
algebra. If a, b € A, a < b, then the following conditions are equivalent:
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(i) ©(a,b) is a Boolean IKt-congruence,
(i) O(a,b) = @( T A d*(=VbV e)) such that N\ d"(—VbV e) € B(A),

new new

for somee€ A, a <e < Va.
PROOF. It is a direct consequence of Corollaries 3.2 and 3.10. [

COROLLARY 3.12. Let (A,G,H, F,P) be a complete and linear IKt-algebra
whose prime filters are complete, or particularly a finite and linear IKt-
algebra. If a,b € A, Va,Vb € C(A), a < b and | ca(a)\oa(a) C|
(ca(b)\oal(a)), then ©(a,b) is a Boolean IKt-congruence and ©(a,b) =
O (T (=VbV Va)).

PROOF. Taking into account the fact that Va,Vb € C(A) and Corollary
3.3, we have that Va,Vb € B(A) N C(A). Then from Corollary 2.3, we
infer that —Vb VvV Va € B(A) N C(A), and therefore from the statement
(A6) in Section 1, we obtain that (1) —=VbV Va = A d"(=VbV Va).

ncw
Hence, we can assert that (2) A d"(—VbV Va) € B(A) N C(A). Besides,

new

since | oca(a)\oa(a) C| (ca(b)\ca(a)), from Corollary 3.10 it follows that
O(a,b) = @( T A d"(=VbV Va)). From (2), this last assertion and Corol-

new
lary 3.11, we conclude that ©(a,b) is a Boolean IKt-congruence and by (1)
the proof is complete. [

References

[1] BALBES, R., and P. DWINGER, Distributive lattices. University of Missouri Press
Columbia, Mo., 1974.

[2] BIRKHOFF, G., Lattice theory. Third edition. American Mathematical Society Col-
loquium Publications, Vol. XXV American Mathematical Society, Providence, R.I.
1967.

[3] BOTUR, M., I. CHAJDA, R. HALAS, and M. KOLARIK, Tense operators on basic alge-
bras. Internat. J. Theoret. Phys. 50(12):3737-3749, 2011.

[4] BOTUR, M., and J. PASEKA, On tense M V-algebras. Fuzzy Sets and Systems 259:111—
125, 2015.

[5] BURGESS, J. P., Basic tense logic. Handbook of philosophical logic, Vol. II, 89-133,
Synthese Lib., 165, Reidel, Dordrecht, 1984.

[6] BURRIS, S., and H. P. SANKAPPANAVAR, A course in universal algebra. Graduate Texts
in Mathematics, 78. Springer-Verlag, New York-Berlin, 1981.

[7] CHAIDA, L., R. HALAS, and J. KUHR, Semilattice structures. Research and Exposition
in Mathematics, 30. Heldermann Verlag, Lemgo, 2007.

[8] CHAJDA, L., and J. PASEKA, Algebraic Approach to Tense Operators, Research and
FEzxposition in Mathematics, 35, Heldermann Verlag, Lemgo, 2015.



Principal and Boolean Congruences on IKt-Algebras 881

[9] CHAJDA, 1., Algebraic axiomatization of tense intuitionistic logic. Cent. Eur. J. Math.
9(5):1185-1191, 2011.

[10] CHAJDA, L., and J. PASEKA, Dynamic effect algebras and their representations, Soft
Computing 16(10):1733-1741, 2012.

[11] CHAJDA, L., and J. PASEKA, Tense Operators and Dynamic De Morgan Algebras, In:
Proc. 2013 IEEE 43rd Internat. Symp. Multiple-Valued Logic, Springer, pp. 219-224,
2013.

[12] CHAJDA, L., and J. PASEKA, Dynamic order algebras as an axiomatization of modal
and tense logics. Internat. J. Theoret. Phys. 54(12):4327-4340, 2015.

[13] CHAJIDA, 1., and M. KOLARTK, Dynamic effect algebras. Math. Slovaca 62(3):379-388,
2012.

[14] CHIRITA, C., Tense 6-valued Lukasiewicz-Moisil algebras. J. Mult.- Valued Logic Soft
Comput. 17(1):1-24, 2011.

[15] CHIRITA, C., Polyadic tense f#—valued Lukasiewicz-Moisil algebras, Soft Computing
16(6):979-987, 2012.

[16] DiacoNEscu, D., and G. GEORGESCU, Tense operators on MV-algebras and
Lukasiewicz-Moisil algebras. Fund. Inform. 81(4):379-408, 2007.

[17] Dzik, W., J. JARVINEN, and M. KoNDO, Characterizing intermediate tense logics in
terms of Galois connections. Log. J. IGPL 22(6):992-1018, 2014.

[18] EsAKkIA L., Topological Kripke models. Soviet Math Dokl., 15:147-151, 1974.

[19] EwALD, W. B., Intuitionistic tense and modal logic. J. Symbolic Logic 51(1):166-179,
1986.

[20] F1GAaLLO, A. V., and G. PELAITAY, A representation theorem for tense n x m-valued
Lukasiewicz-Moisil algebras. Math. Bohem. 140(3):345-360, 2015.

[21] F1GALLO, A. V., and G. PELAITAY, Discrete duality for tense Lukasiewicz-Moisil al-
gebras. Fund. Inform. 136(4):317-329, 2015.

[22] F1GAaLLO, A. V., and G. PELAITAY, Note on tense SHn-algebras. An. Univ. Craiova
Ser. Mat. Inform. 38(4):24-32, 2011.

[23] FicaLLO, A. V., G. PELAITAY, and C. SANzA, Discrete duality for 7'SH-algebras.
Commun. Korean Math. Soc. 27(1):47-56, 2012.

[24] F1GALLO, A. V., and G. PELAITAY, Remarks on Heyting algebras with tense operators.
Bull. Sect. Logic Unv. Ldédz 41(1-2):71-74, 2012.

[25] F1cAaLLO, A. V., and G. PELAITAY, Tense polyadic n x m-valued Lukasiewicz-Moisil
algebras. Bull. Sect. Logic Univ. Lédz 44(3-4):155-181, 2015.

[26] F1GALLO, A. V., and G. PELAITAY, Tense operators on De Morgan algebras. Log. J.
IGPL 22(2):255-267, 2014.

[27] F1GAaLLO, A. V., and G. PELAITAY, An algebraic axiomatization of the Ewald’s intu-
itionistic tense logic. Soft Comput. 18(10):1873-1883, 2014.

[28] F1GAaLLO, A. V., I. PAscuAL, and G. PELAITAY, Subdirectly irreducible IKt-algebras,
Studia Logica 105(4):673-701, 2017.

[29] JOHNSTONE, P. T., Stone Spaces. Cambridge Studies in Advanced Mathematics, 3.
Cambridge University Press, Cambridge, 1982.

[30] KowaLskl, T., Varieties of tense algebras. Rep. Math. Logic 32:53-95, 1998.



882 A. V. Figallo et al.

[31] MAC LANE, S., Categories for the working mathematician. Second edition. Graduate
Texts in Mathematics, 5. Springer-Verlag, New York, 1998.

[32] MENNI, M., and C. SMITH, Modes of adjointness. J. Philos. Logic 43(2-3):365-391,
2014.

[33] PASEKA, J., Operators on MV-algebras and their representations. Fuzzy Sets and
Systems 232:62-73, 2013.

[34] PrIESTLEY, H. A., Representation of distributive lattices by means of ordered stone
spaces. Bull. London Math. Soc. 2:186-190, 1970.

[35] PRIESTLEY, H. A., Ordered topological spaces and the representation of distributive
lattices. Proc. London Math. Soc. 24(3):507-530, 1972.

[36] PRIESTLEY, H. A., Ordered sets and duality for distributive lattices. Orders: de-
scription and roles (L’Arbresle, 1982), 39-60, North-Holland Math. Stud., 99, North-
Holland, Amsterdam, 1984.

A. V. FicaLLoO, I. PAscuAL, G. PELAITAY
Instituto de Ciencias Bésicas

Universidad Nacional de San Juan

San Juan

Argentina
aldofigallonavarro@gmail.com

I. PAscuaL
inespascual756@gmail.com

G. PELAITAY
gpelaitay@gmail.com

1. PAscuAL

Departamento de Matematica
Universidad Nacional de San Juan
San Juan

Argentina



	Principal and Boolean Congruences on IKt-Algebras
	Abstract
	1. Introduction and Preliminaries
	2.  Boolean Congruences on IKt-Algebras
	3. Principal Congruences on IKt-Algebras
	References




