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CONSTRUCTION OF THE THEORY OF PLASTICITY

IRRELATIVE OF THE LOADING SURFACE AND ASSOCIATED FLOW LAW

V. S. Bondar,
1
D. R. Abashev, UDC 539.374

and V. K. Petrov

The experimental uniaxial cyclic loading diagram for a 40Kh16N9G2S steel specimen was analyzed

to define the three sections representing different stress behavior, i.e., three different stress modes.

For each stress mode, the corresponding evolutionary equations governing anisotropic hardening

were formulated. For describing the isotropic hardening, the evolutionary equation for the

second-mode saturation parameter is introduced. The stress deviator is defined as the sum of stress

deviators of the three modes. The nonlinear damage accumulation is represented by the kinetic

equation based on the energy principle, where the energy equal to the work of second-mode stresses

within the strain field is taken as the energy spent for damaging of the material. The material

functions governing the theory are defined, the basic experiment and the identification method of

the material functions are formulated. The material functions of 40Kh16N9G2S steel and theory

verification results under proportional strain-controlled cyclic loading and nonproportional loading

along the strain path in the form of concentric circles with the common center in the origin of

coordinates are presented. Five path turns are examined, starting from the large-curvature path to

the mean-curvature one. Computational and experimental results are in close agreement.

Keywords: plasticity, cyclic loading diagram, loading surface, damage accumulation, material functions, identification,

verification.

Introduction. Mathematical simulation of deformation processes under arbitrary nonproportional cyclic

loading is mainly based on the plastic flow theory versions under multicomponent hardening, which are reviewed

and analyzed in [1–13]. The main problem in constructing those versions is the formulation of sufficiently adequate

evolutionary equations for the displacement of the loading surface center, as well as the ambiguity of the

experimental determination of the loading surface boundaries. In the flow theory, elastic and plastic strains are

distinguished. The loading surface-associated flow law (gradient flow law) is used to determine plastic strains.

The present study, making use of experimental results under cyclic loading, viz cyclic hysteresis loops

(cyclic loading diagrams), defines three stress modes, with formulating corresponding evolutionary equations. Those

three stress modes are consistent with anisotropic hardening. For its description, the evolutionary equation for the

second-mode stress saturation parameter is introduced. The combined stress deviator is defined as the sum of the

three stress deviators.

The kinetic equation, is set up to describe nonlinear damage accumulation, processes similarly to [1–4,

14–16], where the energy equal to the work of second-mode stresses in the total strain field is taken as the energy

spent for damaging the material.

The proposed plasticity theory version features strain as an integral value without distinguishing between

elastic and plastic ones, as well as the loading surface concept and, accordingly, the associated flow law is not used.
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The material functions that govern the theory version and are subject to experimental determination are

defined. The basic experiment and identification method of material functions are formulated. Experimental material

functions of 40Kh16N9G2S steel are presented [17, 18]. The theory is verified under proportional and nonproportional

cyclic loading.

1. Basic Theory Concepts and Equations. The hysteresis loop (Fig. 1) is examined in the deviator

components
3

2
11s and e11 in uniaxial tension–compression to derive the plasticity theory relations. Then, on the

half-cycle from the deformation direction change point, the coordinate stress – strain system is introduced. The

curve in the , coordinates includes elastic and plastic strains without distinguishing between them. Then, the

d d derivative is calculated and the curve is plotted in the d d and coordinates (Fig. 2).

On this curve, the three sections characterizing different stress behavior can be defined. On the first section

( 480 MPa), the derivative is practically constant, and here the evolutionary equation similar to the Ishlinskii–

Prager one [19, 20] for first-mode microstresses [15, 16] is proposed for the first-mode stresses
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Fig. 1. Hysteresis loop.

Fig. 2. Curve in the d d coordinates.



In the second section { ( , ]250 480 MPa}, the derivative varies linearly, and the evolutionary equation,

similar to the Amstrong–Frederick–Kadashevich one [21, 22] for second-mode microstresses [15, 16], is proposed

for the second-mode stresses
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Then, in the third section ( [ , ]0 250 MPa) , the derivative varies nonlinearly, which can be described by a

set of evolutionary equations of the Ohno–Wang type [3, 23] for the third-mode microstresses [15, 16]
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The defining functions g
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, gs
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in Eqs. (1)–(3), are expressed [1–3, 14–16] via the material

ones as follows:
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Isotropic hardening and softening are described with the relation between the saturation parameter s for

the second-mode stress and the accumulated strain u*

s s u u u
dt0 0 ( ) ( ).* * * (6)

Here in Eqs. (4)–(6), Es0 , s u0 ( ),* , s

m( )
, and

( )m
are the material functions subject to experimental

determination.

The stress deviator similar to the Novozhilov–Chaboche model [24, 25] for microstresses [15, 16] is defined

as the sum of three-mode stresses with the corresponding evolutionary equation:
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The equation for the stress deviator in view of (1)–(3) and (7), would finally have the following form:
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The equation relating the spherical components of the stress 0 3u and strain 0 3u tensors:

should be added to Eq. (8)
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0 03K . (10)

For describing the nonlinear processes of damage accumulation, the kinetic equation is introduced based on

the energy principle, where the energy equal to the work of second-mode stresses in the strain field is taken as the

energy spent for damaging the material. This kinetic equation is introduced by analogy with the kinetic one [15, 16]

based on the work of second-mode microstresses in the plastic strain field. Then the kinetic equation of damage

accumulation will have the following form:
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Here is the damage measure, Ws0 is the fracture energy, and n are the function and parameter of the damage

accumulation nonlinearity (n 1.5 practically for all structural steels and alloys), and u

( )2
is the second-mode

stress intensity.

The version of the plasticity theory, in contrast to the versions of the plastic flow theory, has the following

features:

(i) elastic and plastic strains are not distinguished;

(ii) introduction of the loading (yield) surface is not necessary;

(iii) associated flow law is not used;

(iv) introduction of loading or unloading conditions (elastic or elastoplastic conditions) is not necessary;

(v) second-mode stresses are calculated that coincide with second-mode microstresses responsible for the

damage accumulation process.

Thus, this version of the plasticity theory is governed with the following material functions subject to

experimental determination: K and G are the volumetric elasticity and shear moduli, Es0 , s u0 ( ),* , s

m( )
,

( )m
(m M3, ..., ) are the anisotropic hardening moduli, and Ws0 is the fracture energy.

2. Computation-Experimental Method of Determining the Material Functions. The material functions

are determined from the test results in a uniaxial stress state (tension–compression or torsion). The basic experiment

includes the following data set:

(i) volumetric elasticity and shear moduli determined by conventional methods;

(ii) tensile (torsion) diagram to the strain of 0.05–0.1;

(iii) cyclic loading diagram in symmetrical tension–compression or alternating torsion at a constant strain

range of 0.02–0.03;

(iv) data on low-cycle fatigue under strain-controlled symmetrical cyclic loading.

Here and hereafter, strain-controlled loading corresponds to that at preset strains.

For determining the anisotropic hardening moduli, the hysteresis loop (cyclic diagram) is reconstructed in

the stress – strain coordinates (Fig. 1). The origin of this coordinate system is located in the deformation

direction change point.

Then the d d derivative is calculated, and the curve is plotted in the d d coordinates (Fig. 2). On

the curve (Fig. 2) the three sections characterizing different behavior of the d d derivative are defined. On the

first section, the derivative is practically constant, equal to the parameter Es0 . Then the curve in Fig. 2 is

reconstructed in the coordinates:

d d d d Es( )0 and ( ),Es0

i.e., the effect of first-mode stresses is excluded. The linear relation on the second section (Fig. 3) is used to find the

parameters s0 and by the following formulas:
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Here M is the strain of the third section end (end of the third-mode) stress change.

The curve in Fig. 1 is then rebuilt in the coordinates:

~
[ exp( )]Es s0 02 1 and ( [ , ]).0 M

The curve (Fig. 4) corresponds to the third-mode stresses only. The length of the third section is quite small

M 0.002–0.004, i.e., the third-mode stresses practically arise within the operating residual strain tolerance in

determining the yield limit. Then the interval [ ;
~

]0 M is divided into the ( )M 2 parts, and the anisotropic

hardening parameters are calculated by the following formulae:
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With the anisotropic hardening parameters, the isotropic hardening level can be calculated. For this, the

experimental tension diagram and experimental stress values at the end of tension half-cycles are used. By fitting the

calculated stress values at the corresponding accumulated strains until their coincidence with the experimental stress

values, the isotropic hardening function s u0 ( )* can be obtained. The initial s0 0( ) value is determined by the

following formula:
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Fig. 3. Curve in the d d coordinates.



Here G is the shear modulus. Then, the iterative match of s u0 ( )* values is made for growing accumulated

strains.

The fracture energy Ws0 is evaluated by calculating the second-mode stress work under cyclic loading to the

experimental values of the number of cycles to fracture.

The material functions of 40Kh16N9G2S steel obtained in the experiment [17, 18] are given below.

Here, the deformation curve at the first half-cycle of cyclic loading (Fig. 5) and the tension diagram of this

steel [17, 18] are used to obtain the material functions.

Es0 3600 MPa, 320.

u*
0 0.0016 0.0024 0.0033 0.0092 0.028 0.046 0.083 0.122 0.25

s0
, MPa 484 400 202 233 233 236 239 251 261 287

( )
,

3
3060 s
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.
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12 2 MPa,

( )
,

4
1530 s

( )
.
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11 8 MPa,

( )
,

5
905 s

( )
.

5
9 1 MPa.
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Fig. 4. Curve in the
~

coordinates.

Fig. 5. Cyclic diagrams.



3. Plastic Deformation under Proportional and Nonproportional Cyclic Loadings. The theoretical

experiment and comparison with the results of experimental studies are carried out on 40Kh16N9G2S steel under

proportional and nonproportional cyclic loading. The calculated cyclic diagram for strain-controlled symmetrical

uniaxial loading with the strain range E1 0 0226. is shown in Fig. 5. The four loading cycles were performed.

Calculation results are presented with the solid curve, experimental results [17, 18] are designated with dark circles

(zero and first cycles) and dark triangles (fourth cycle). Hereinafter, the calculated and experimental results are given

in the Ilyushin vector representation of strains and stresses [26].

Calculated and experimental [17, 18] results for nonproportional loading of 40Kh16N9G2S steel along the

strain path (Fig. 6) in the form of concentric circles with the common center, coinciding with the origin of

coordinates, are presented in Figs. 6–9. The transition from one circle to another is performed along the rectilinear

path coinciding with the radius. The total of five path turns with the radii of curvature of 0.0025, 0.005, 0.0075, 0.01,

and 0.0125 are realized. The transition to each subsequent turn is carried out as a result of additional loading by Ei .

556

Fig. 6. Path of strains. Fig. 7. Path of stresses.

Fig. 8. Scalar properties.



The calculated path of stresses is shown with solid curves and the experimental ones [17, 18] are designated with

open circles (Fig. 7). The scalar and vector properties (changes in the stress vector length and the angle of deflection

of the stress vector from the tangent to the strain path are presented in Figs. 8 and 9, respectively (solid curves are the

calculation, open circles are the experiment [17, 18]). The calculated and experimental results for proportional and

nonproportional cycle loading display satisfactory agreement.

Conclusions. The basic principles and equations of the version of the theory of plasticity without

distinguishing between elastic and plastic strains and introducing the loading surface and the associated flow law

were formulated.

The formulation of the kinetic equation for nonlinear damage accumulation processes is based on the fact

that the work of second-mode stresses in the field of total strains, as well as the work of second-mode microstresses

in the field of plastic strains, is the universal characteristic of the material fracture at cyclic loads. The material

functions that govern the theory are defined, and a fairly simple basic experiment and method for identifying the

material functions are formulated.

The results of calculations and experiments under proportional and nonproportional cyclic loading of

40Kh16N9G2S steel are compared. The strain paths from large to mean curvatures were examined. The above results

exhibit satisfactory agreement, which is indicative of adequate efficiency of the proposed version of the theory of

plasticity.
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