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Abstract Belief propagation (BP) has been applied in a vari-
ety of inference problems as an approximation tool. BP does
not necessarily converge in loopy graphs, and even if it does,
is not guaranteed to provide exact inference. Even so, BP is
useful in many applications due to its computational tractabil-
ity. In this article, we investigate a regularized BP scheme by
focusing on loopy Markov graphs (MGs) induced by a mul-
tivariate Gaussian distribution in canonical form. There is a
rich literature surrounding BP on Gaussian MGs (labelled
Gaussian belief propagation or GaBP), and this is known
to experience the same problems as general BP on graphs.
GaBP is known to provide the correct marginal means if it
converges (this is not guaranteed), but it does not provide the
exact marginal precisions. We show that our adjusted BP will
always converge, with sufficient tuning, while maintaining
the exact marginal means. As a further contribution we show,
in an empirical study, that our GaBP variant can accelerate
GaBP and compares well with other GaBP-type competitors
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in terms of convergence speed and accuracy of approximate
marginal precisions. These improvements suggest that the
principle of regularized BP should be investigated in other
inference problems. The selection of the degree of regular-
ization is addressed through the use of two heuristics. A
by-product of GaBP is that it can be used to solve linear
systems of equations; the same is true for our variant and we
make an empirical comparison with the conjugate gradient
method.
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1 Introduction

Belief propagation (BP) is a message-passing algorithm used
to marginalize distributions to variables contained in nodes
of a graph. BP operates by sending messages between nodes
which are linked in a graph and these messages are updated
iteratively. At initialization each node receives a set of ran-
dom variables and an associated distribution function (often
called the potential of the node). At any stage of BP we
can instruct nodes to collect all incoming messages, these
messages are processed and used by nodes to update their
potentials. From this point onwards, we refer to these updated
potentials as posterior distributions. A message from a node i
to a neighbour j is updated by node i collecting all incoming
messages, excluding the message from node j, computing
the posterior distribution and then processing this posterior
distribution as a message to node j. The way posterior dis-
tributions are converted to messages depends on the type of
the graph and the goal of the propagation procedure (usually
marginalization or determining the mode).
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When applied to loopy graphs BP may not converge
and if it does, it does not necessarily converge to the cor-
rect marginals. Even though BP does not necessarily supply
true marginal distributions, it is still useful as an approx-
imate inference tool due to its computational tractability.
In this article, we propose a regularized message-passing
scheme on general Markov graphs (MGs). The goal here is
to improve on the performance of message passing in loopy
graphs. The performance of a message-passing scheme in
the BP context can be measured by whether or not it con-
verges, the rate at which it converges and the accuracy of
the converged posterior distributions as approximations to
the true marginals. We illustrate how regularized message
passing can be used to address all three of these issues
by implementing the scheme on a Gaussian MG under
canonical parametrization. This type of belief propagation
is often referred to as Gaussian belief propagation (GaBP).
For GaBP involving synchronous message passing, each iter-
ation can be performed in at most O(p?) computations,
assuming p variables distributed among p nodes. The num-
ber of computations can be substantially lower than O(p?)
depending on the degree of sparsity in the precision matrix
and further acceleration can be obtained through distributive
computing.

A by-product of this inference algorithm is the implicit
solving of linear systems, Su = b, where S : p x p is the
precision matrix and b the potential vector of a multivari-
ate Gaussian in canonical form. In the literature (Bickson
2008), GaBP has been compared favourably to the Jacobi
and Gauss-Seidel methods as a solver of large and sparse lin-
ear systems, but faces tough competition from other methods
such as the conjugate gradient (CG) and preconditioned con-
jugate gradient (PCG) algorithms. GaBP does not converge
for all positive definite precision matrices and, in the case
of convergence, the posterior precisions are not necessar-
ily equal to the marginal precisions (Malioutov et al. 2006).
However, if GaBP converges, the posterior means are equal
to the marginal means (Weiss and Freeman 2001). We label
the application of our regularized message passing on a Gaus-
sian MG in canonical form slow Gaussian belief propagation
(sGaBP). We show that sGaBP will converge given suffi-
cient regularization and provide posterior means equal to the
marginal means. This article includes empirical comparisons
with other GaBP variants as well as with the CG solver. The
results indicate that sGaBP converges faster than variants of
GaBP and provides more accurate approximations to the true
marginals. Our simulations show that sGaBP can be com-
parable to CG (which provides no precision estimates); we
make some suggestions on how to further accelerate sGaBP
and comment on the use of preconditioning for both methods.
In our concluding remarks, we discuss regularized message
passing in a broader class of optimization and marginaliza-
tion problems (beyond the Gaussian context).

@ Springer

2 Literature review

In the context of error-correcting codes, the roots of BP
can be traced back to the development of the sum-product
algorithm as a decoding algorithm for LDPC codes (Gal-
lager 1963). Belief propagation (Probability propagation) for
Bayesian networks was introduced by Pearl (1988), Shachter
(1988), Shafer and Shenoy (1990), Lauritzen and Spiegelhal-
ter (1988) and later found to be equivalent to the sum-product
algorithm (Aji and McEliece 2000; Frey and Kschischang
1996). BP is known to provide exact inference on tree-
structured graphs but may fail to converge or may converge
to incorrect marginals in the case of loop graphs (Pearl 1988;
Weiss 2000). However, BP can still be a useful tool as an
approximate inference algorithm on loopy structures (Weiss
2000). Early work on GaBP in loopy graphs can be found
in Weiss and Freeman (2001). Important contributions made
here include:

1. If GaBP converges, the posterior node potentials contain
the correct marginal means.

2. An interesting representation of the computations in
loopy GaBP as GaBP applied on a tree-structured preci-
sion matrix (known as unwrapped or computation trees).

3. A precision matrix S : p x p is called diagonally dom-
inant if S;; > Zj#i |S;i| fori =1,2,..., p. Diagonal
dominance of a precision matrix is a sufficient condition
for the convergence of GaBP.

The spectral radius of a matrix, S : p x p, with eigenvalues
T :i=1,2,, pisdefined to be,

p(8) = max{|z[}. M

Suppose S is symmetric, positive definite and normalized to
have only ones along its diagonal, that is S = I — R where
diag(R) = 0. Let |R| be the matrix with entries equal to the
absolute values of the entries of R. The matrix S is walk-
summable if and only if the spectral radius of |R] is less than
one. The class of precision matrices for which GaBP con-
verges was expanded to include positive definite symmetric
matrices which are walk-summable, but may still converge
for other precision matrices (Malioutov et al. 2006). In gen-
eral, the converged posterior distributions do not give the
exact marginal precisions. In the walk-summable case, this
is because the computation trees do not cover all the walks
present in the expansion S~! = (I — R)~! = Y reo R¥
(Malioutov et al. 2006). The posterior precisions can still
be useful approximations for the marginal precisions. Sev-
eral variants of GaBP have been proposed in the literature
(Johnson et al. 2009; El-Kurdi et al. 2012a) to improve on
the convergence performance of the original GaBP. These
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methods are aimed at accelerating GaBP and/or achiev-
ing convergence in cases where ordinary GaBP diverges.
These variants emphasize the distributive implementation of
GaBP for solving large systems of linear equations. A vari-
ety of sufficient conditions for the convergence of GaBP has
been proposed in the literature (Weiss and Freeman 2001;
Malioutov et al. 2006). A recent work provides necessary
and sufficient conditions for the convergence of synchronous
GaBP under a specified initialization set (Su and Wu 2015).
Furthermore, necessary and sufficient conditions are estab-
lished for damped synchronous GaBP and they include the
allowable range for the damping factor. A further contribu-
tion is the theoretical confirmation that damping can improve
the convergence behaviour of GaBP. Applications of GaBP
include MMSE multi-user detection, equalization and chan-
nel estimation in communication systems (Montanari et al.
2006; Guo and Huang 2011; Guo and Li 2008), a fast
solver for systems of linear equations (El-Kurdi et al. 2012b;
Shental et al. 2008), sparse Bayesian learning in large-scale
compressed sensing problems (Seeger and Wipf 2010), and
estimation on Gaussian graphical models (Chandrasekaran
et al. 2008; Liu et al. 2012).

3 Message update rules

Before turning to our high-level approach, we make some
comments on message update rules within the BP context.
Bickson (2008) describes two conventional types of message
update rules. In synchronous message passing, new messages
are formed using messages from the previous round only
and are therefore not influenced by the message scheduling.
This is in contrast to the asynchronous case where messages
updated in the current round are used to compute new mes-
sages. Although asynchronous updates tend to outperform
the synchronous approach (Koller and Friedman 2009), our
main focus will be on the synchronous case. We do this since
one of the more attractive properties of GaBP is its appli-
cation in distributive settings which is far more compatible
with synchronous message updates. Synchronous implemen-
tation also allows us to compare different GaBP algorithms
without considering the effects of different message schedul-
ings. We do, however, include a section with comments on
asynchronous message updates.

4 High-level approach

Our high-level approach is based on the max-product belief
propagation algorithm. We will restrict our discussion to syn-
chronous message updates. Suppose we want to find the mode
of a density function f(x) with the expansion,

p 14
f& =X T8 x []eijxi.x)), )
i=1 i#j

where X = (X1, X2, ...,X,), X; may be higher dimensional
and eX is a normalization constant. The max-product algo-
rithm operates on

p P
1) =log(f(x) =K + Y ¢i(x)+ > _hij(xi.x)). (3)

i=1 i#j

where ¢; = log(s;) and h;; = log(g;;). Equations 2 and
3 correspond to a Markov graph with p nodes H; : i =
1,2,..., p. We assign to node H; the vector x;. Node i and
node j are linked if /;;(x;, X;) is not zero for certain x;, X;.
Let A; be the set containing the neighbours of node i (we
do not include i in this set), that is all nodes to which i has
a link. Suppose we are at stage n of a synchronous max-
product belief propagation algorithm with messages mf;‘) )
fori =1,2,..., pand j € N;. The updated messages are

)—max

m(n+1) (X]

&i (X;) + hij(X;, X;)

+ > mPxi ¢ “)
keN;/j

where by N;/j we mean the set N; with j removed. Sup-
pose at stage n — 1, the posterior mode is 1V =
w0, wD ) r DY, By node regularization, we
mean that the optimization problem in Eq. 4 is replaced by,

(n—H)(X/’ A) = max {¢>,~ (x;) + hij(xi, X;j)

+ Z mk,)(xz)

keNi/j

A n— q
—E[Hn—uﬁ D H } (5)

with A a scalar and || . ||4 the L, norm of a vector. The use of
w1 instead of u when propagating messages at stage
n (that is computing the stage n 4+ 1 messages) is impor-
tant. To understand the rationale behind node regularization,
one needs to understand one of the fundamental problems
in belief propagation, that is the problem of loopy graphs.
Consider a node i in a Markov graph and suppose there is at
least one path P; through the graph back to node i. Sending
messages through this path means that the prior potential of
node i is cycled back to this node. This causes node i to con-
tinuously increase belief in its prior mode and this may cause
either divergence or incorrect convergence. The idea behind
the penalty in (5) is to slow down this increase in belief, hence
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the name slow Gaussian belief propagation. Although the for-
mulation in (5) seems to make sense for A > 0 there is also a
role for negative values. Negative values of A correspond to a
relaxation effect on the message propagation where nodes are
encouraged to favour their own prior beliefs. In the context of
GaBP, negative values of A relate sGaBP to RGaBP (relaxed
GaBP). In the empirical section, we provide an indication
of when it is appropriate to use a negative A and provide a
comparison of RGaBP and sGaBP in this context.

5 Slow Gaussian belief propagation message
updates

We use (5) to derive the message updates in the Gaussian
context. It is natural to use ¢ = 2 in (5) since this preserves
the conjugacy of the messages. For the Gaussian distribution,
we have

1
i (x;) = —EX;SI','X,' +X;bi.

hij(xi) = —Xx;Si;X;. (6)

We assume that the messages are of the form,
(H)(Xj) _ ——X Ql(;‘l)xj + X V(") + C(")’ (7)

foralli # j and Ci(]'.') is a constant. Applying (7) to (5) we
obtain,

XS+ Y Qi

m(”H)(Xj; A) = max {
ij Xi

keN:/j
+X;(b Sl]X] + Z th
keN;/j
A -1 _
_ E(Xi _ ILEn ))/(Xi . M;n 1))
+ ) ng”}- 8)
keN;i/j
Since ;(Xz _ (n—l))/(xi _ (n l)) X X — XXE[LEH_D
Hird D12,
+3

miy Vi) = max{——x (L+Si+ Y Qi
keN:/j

x(b + Y —

DI R ©
keN;/j

Sinj
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where Ci ;j 1s a constant. For convenience we set Ag) =AM+

-1
Sii+2keM/j Q](( anda(") bi+)»[Ll(n )+Zk€M/1 V]((’Z).
We now need to compute

mii P 2)

1 ~
= rr;(allx{ - EXZA(n)Xl +x; (a(") Sijx;) + Cij}- (10)

It is easy to show that substituting x; = [Ag) ]_l(ag.” —

S;jx;) into —%xlfA;;)x,- +x (al.(;?) —Sijx;)+ C~',~j gives (10).
We now make the assumption that Qg') is symmetric for all

i # j. We have,

1 —
mii g0 = ‘(a(") Six;)V AT @t — 8ijx))
+Cjj
EXJsz[A;;?)]_ISinj
- X8 j,-[AlF'?’]—la;;.” +coth
1 1 | .
= 3%l
(I
whereQ("“) S,,[A(”)] 1S/ l(/n+1) —S; [A(n)] 1 (n)

and C l(]l’l+ ) does not depend on x ;. In the literature, it is com-
mon practice to ignore the update of the constant-components
of messages since they are not needed to update Ql(;'ﬂ) and

Vi(;.lH) and we will follow this convention. We note that all
the assumptions made in this section are recurring and can
therefore be ensured by appropriate initialization. Our focus
will be on one-dimensional nodes. Here, all the matrices are
replaced by scalars and our message updates are performed

by

—S2
(n+1) ij
oVth — . (12)
N A+ Sii + 2keniyj oy
e+
yath ”,. )»,ul(n 1) + b+ Z Vk(;’l) ) (13)
Y keNi/j

In order to ensure the convergence of sGaBP, while preserv-
ing the exactness of the posterior means, the implementation
of the algorithm requires some additional steps (beyond the
message passing). The implementation of these steps and the
convergence properties of sGaBP are discussed in the next
section.
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6 Convergence analysis

The synchronous implementation of sGaBP is given in Algo-
rithm 1 where certain steps are discussed in this section. We
start by discussing the computation of the posterior distribu-
tions after each iteration. These computations are important
since they are sufficient to ensure convergence of sGaBP (for
large enough A) while preserving the posterior means as the
exact marginal means. This is followed by a study of the
convergence behaviour of the precision components of the
messages, i.e. the behaviour of Q™ in Algorithm 1. We then
proceed to the mean/potential components of the messages by
assuming convergence of the precision components. In our
convergence analysis, we assume that the precision matrix
has been preconditioned to have 1 on the diagonals. If the
precision matrix is S (before preconditioning), this can be
. . . 1 1
achieved by setting D = dlag(ﬁ, TS5

computing DSD. This type of preconditioning does not entail
any loss of information in the sense that both the marginal
means and precisions of the distribution in its original scale
can be recovered.

6.1 Computation of posterior distributions

In order to ensure convergence of sGaBP and to have the pos-
terior means (at convergence) equal to the correct marginal
means, it is necessary to adjust the manner in which posterior
distributions are computed. Consider the computation of the
posterior distribution of node i at stage n. As a first step, we
instruct node i to collect all incoming messages, which can be
characterized by the parameters ) _, £i Qf?) (precision com-

ponents) and ), £i V("> (mean/potential components). We
suggest keeping the posterior precisions as in normal belief
propagation, thatis 1+, #i Oy - Later, we investigate the
role of X in the tuning of the posterior precisions to better
approximate the marginal precisions. The posterior mean of
node i at stage n is given by

(n=1) () ™
) _ Al +z; (n) (n—1) +(- (n))
i = (n) i M (n)
A+ q; q;
(14)
. (n) (n) (n)
where z =bi+3,4Vy 4 =1+>,,V, and
<n>
y = " —2 . Note that “i; is the posterior mean we would
q; q;

have computed if no ad_]ustment was made to the computa-
tion of the posterior distribution. Hence, we can interpret (14)
as damping between the posterior mean, under normal belief
propagation, and the posterior mean computed in the previ-
ous round. What is nice here is that these damping factors
are computed automatically (using A and the current poste-
rior precisions) and no additional parameters are required.

Algorithm 1 Synchronous sGaBP.

1. Provide S: p x p,b: p x 1, A, m and € as inputs to the algorithm.
Here, we wish to solve Su = b where S is positive definite and
symmetric. The parameters A, m and € denote the degree of diag-
onal loading, the maximum number of iterations allowed and the
tolerance used to define convergence, respectively.

2. Initiate Q© = diag(l, 1,..., 1), VO = diag(by, b>, ..., b,) and
,L(*l) = 0.
3. Set Err = Infandn = 0.

4. while Err > €
(a) Computeqi(”) = ]+Zje/\/',- Q;’;) andzE") =bi+Yjen; V/(,")
fori =1,2,...
(n l)+ (n)

(b) Set ! = M

(¢c) For all i and all j € N, set ng;:+1) =

fori=1,2,...,p
—52
ij
and
A+q,‘")—Q(f'})

yoth _ Q( (X = 4 (n) V/(,{’)).
(n) (n=1)y2
(d) Set Err = Z"(;:k(iw‘)z) and increment n.
k(M
(e) If m = n break.
5. End.
The values, yi(") i =1,2,..., p, can also be relaxation

factors which correspond to negative A. We now show that
these adjustments are sufficient for the convergence and the
preservation of the (converged) posterior means as the exact
marginal means.

6.2 The precision components

The convergence analysis of the precision components is the
simpler of the two since we can apply results found in the
literature (Malioutov et al. 2006; Bickson 2008). Suppose
Q™ (1) holds the precision components of the messages at
iteration n. The analysis of QU (1) is simple since it is iden-
tical to the precision components provided by ordinary GaBP
applied on the matrix A1+4-S. Therefore, we only need to select
A large enough such that AI + S is walk-summable (although
smaller selections of A can also suffice). From this point
onwards, we use the symbol o(S) = p(I — S), we also refer
to p(S) as the zero-diagonal spectral radius of S. Selecting
A > p(SD)—1=p(R])—1,where S = I— R, is sufficient
for the precision components in Algorithm 1 to converge. In
addition to this, we prove Theorem 1 in “Appendix 1”.

Theorem 1 The following properties recur indefinitely (as
a set) in sGaBP.

1. Qg?) <O0foralli, j € N..
2101 > 100"V for all i, j € N;.

38" = Y, en 100 < 8 fora0 < & < 1+ Aand
all i.

4. Zte]\f,

2

m 8 for all i.
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(n) are monotone decreas-

S2
ing and bounded from below by =5 5 and will therefore

converge. Consider the case where §; = ¢ for all i and sup-
pose we want the conditions in Theorem 1 to hold from

n = 0. Since Ql(?) =0weneeda0 <§ < 1 + A satisfying
S2.

Zi# 15— < ¢ forall j. This inequality is equivalent to a

quadratic inequality with roots,

A+0+ [A+202—4%, ;s
2

If these conditions hold, then Q

(15)

If we select (1 + A)% — 4 x maxj{zi#/ Slzj} >0orA >

2\/maxj{ iz S } — 1, then we can select § = 4% to

guarantee monotone convergence of all the precisions. For
this selection, the bounds on the precisions are
28 2

iy () _
- 0. 16
Tpx =9 = (10)

An important consequence of (16) is that

lim Q" = (17)

A— 00

for all i # j. Here, we emphasize the role of A in the

tuning of the posterior precisions. Note that we can tune

the converged precisions, Q;;, to any value in the inter-
2

252
val [—ﬁ; 0] (this interval can be much larger) where

A = 2\/maxj{ Z[#/ S } 1, although there is depen-

dence among the Q;;’s in terms of A. This can in turn be
used to tune the posterior precisions, 1 + Z,#i Q;i, under
certain restrictions. The tuning can be made more flexible by
introducing multiple tuning parameters.

6.3 The mean components

In the previous section, we saw that the precision components
of the messages will converge for sufficiently large choices
of X. In this section, we proceed under the assumption that
the precision components have converged. We denote the
converged precision message-components, posterior preci-
sions and damping factors by Q;;, g; and y;, respectively.
The updates of the mean components are

(nt1) _ Qu (n—1) )
v [x Db+ Y V”.":|. (18)
teN;/j

We define "1 to be the vector obtained by stacking
the columns of VD, removing the diagonal entries and

@ Springer

appending ™ (after the columns of V1) This vector
can be expressed as,

00t — 9 + L™, (19)

for amatrix L : p? x p? and a vector of constants 8 : p* x 1.
The first p> — p entries of @ can be obtained by construct-
ing the matrix C = [%bi], with the understanding that the
diagonals are zero, and stacking the columns in the same way
as we did with the mean precision components. The final p

entries of 0 are %bi in orderi = 1,2, ..., p. The con-
struction of L is more complex. Consider,
Lip:IxI Lip:lxp
L:p?>xp*= 20
pxp [L212P><1L222P><P (20)

where [ = p*> — p. Consider one of the first / elements of
6+, say m. This element corresponds to an entry in the
matrix VD say Vi;"H). The next step is to identify the
neighbours of i, that is the set N;. For each k € N;/j, we
find the element in ™ corresponding to Vk(l" ) and note its
position. The entry in row m of L in this position is %’j’ This
accounts for the matrix Lj; with the understanding that all
elements not accessed are zero. Continuing with this notation,
the entry in row m of Lj; in position i is Q” and all other
elements in this row are zero. We see that L22 is a diagonal
matrix with entries y; inorderi = 1,2, ..., p. Consider the
matrix L. The first step is to identify the neighbours of node
i, that is \V;. We then move along the vector 8 and identify
all the positions corresponding to V(") :t € N;.Inrow i of
L1, we place the value =% in the identified positions, the
rest of the entries are zero..

Our goal is to analyse the spectral radius of L. We note
that the eigenvalues of L can possibly be complex. In the case
of complex eigenvalues, the spectral radius of L is defined
to be the largest modulus among the eigenvalues of L. If
the spectral radius of L is less than 1, sGaBP will con-
verge (assuming that the precisions converge). The value
of the spectrum has a heavy influence on the convergence
speed of sGaBP and can play a role in deciding on how
to select A. A natural way to select the amount of regular-
ization is to seek A such that the spectral radius (of L) is a
minimum. We make some comments on the form of the spec-
trum later in this section. For the purpose of this article, we
consider the asymptotic behaviour of the spectral radius and
show that the spectral approaches 1 from below as A — oo.
The selection of A is considered in the section on heuristic
measures. Theorem 2 provides information on the asymp-
totic behaviour of the spectrum, the proof is given in
“Appendix 1.
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Plot of the Spectral Radius of L as a Function of A for a Simulated Matrix

1.2 14
|
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Spectral Radius of L

0.4

0.2

0.0 0.2

0.4 0.6 0.8 1.0

A

Fig. 1 Plot of the spectral radius of the linear-update matrix as a function of A for a simulated 10 x 10 matrix with a zero-diagonal spectral radius
equal to one. The red solid line corresponds to a complex spectral radius. The black broken line corresponds to a real spectral radius

Theorem 2 Consider sGaBP applied to a multivariate
Gaussian with potential b and precision matrix S. The eigen-
values of the linear-update matrix can be characterized as,

o; 1 .
+5;; N
T+O<ﬁ>; P # . 22)

where o;,i = 1,2, ..., p represent the eigenvalues of S.

In particular, we see that if S is positive definite, the maxi-
mum of the eigenvalues in Theorem 2 tends to 1 from below
as A — oo. We see that the precisions will converge for
A large enough and will eventually generate a linear-update
matrix with a spectral radius less than 1, that is sGaBP will
converge for large enough A. In “Appendix 17, we show that
the posterior means provided by sGaBP (under the assump-
tion of convergence) provide the exact marginal means.

We now make some comments on the behaviour of the
spectrum (eigenvalues) of L. One interesting aspect of the
spectrum is when sGaBP is applied to tree-structured pre-
cision matrices. We generated a few of these and in each
case we found the matrix L to be nilpotent when A = 0.
This relates to BP as an efficient and exact marginalization
algorithm on tree structures. The use of values of A other
than zero is nonsensical in this case. A typical plot of the
spectral radius as a function of X is given in Fig. 1. In this
case, the spectral radius has a global minimum at a value of
A just under 0.4. The spectral radius can correspond to either

a complex or a real eigenvalue and the graph of the spec-
tral radius seems to change curvature when the eigenvalue
responsible for the spectral radius changes from real to com-
plex (and vice versa). This can be seen in Fig. 1 with the red
solid line corresponding to a complex spectral radius and the
black broken line to a real spectral radius. We also see that
the spectral radius eventually becomes real, which is consis-
tent with Theorem 2. Another important observation is that
the value of A which minimizes the spectral radius seems to
occur at a point where the eigenvalue responsible switches
from real to complex or vice versa. Furthermore, there can
be more than one point where this change occurs. Our sim-
ulations show similar results for other precision matrices.
The interaction between complex and real eigenvalues could
prove useful in the minimization of the spectral radius and
should be considered in further research.

6.4 The converged posteriors

Having proved convergence of sGaBP, we now turn to the
posterior distributions as approximations of the marginal
distributions. In Theorem 3, we prove that the posterior
means are the exact marginal means, the proof is provided in
“Appendix 1”. A consequence of Theorem 3 is that sGaBP
can be used to solve linear systems, Su = b, as long as S is
a valid precision matrix. Unfortunately, the posterior preci-
sions are not necessarily equal to the true marginal precisions.
In the experimental section, we show that the posterior pre-
cisions provided by sGaBP can be useful as approximate
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Algorithm 2 Heuristic Selection of A.

1. In Algorithm 1, step 1, add the specification of a lag (d) and a step
size ().

2. In Algorithm 1, step 2, add the initialization e

3. Before Algorithm 1, step 4a, add the following.

(a) If mod(n,d)=0
— If ™' > Err then A < A — « and €' « Err, else
A< A+o.

best — max; |b; .

quantities in the sense that the KL distance between the pos-
terior and marginal distributions can be small. Included in our
empirical study are two variants of GaBP namely Relaxed
Gaussian belief propagation (RGaBP) and Convergence Fix
Gaussian belief propagation (CF). All three methods (sGaBP,
RGaBP and CF) require the specification of at least one
hyper-parameter. We compare the precisions provided by
these 3 methods by finding the values of the hyper-parameters
yielding the fastest convergence. For RGaBP, the value of
the hyper-parameter is irrelevant in terms of comparing pre-
cisions since the posterior precisions provided are identical
to those provided by ordinary GaBP. Within this set-up, we
show empirically that sGaBP can provide substantially more
accurate approximations of the marginal precisions (com-
pared to RGaBP and CF) while also converging at faster
rates.

7 Heuristic measures

In this section, we propose some heuristic measures for the
selection of 1. These measures vary in degree of complexity
and we discuss some of their advantages and disadvantages.

7.1 Search heuristic

This heuristic is basically the same as the one proposed by
El-Kurdi et al. (2012a), adjusted for sGaBP, and is given in
Algorithm 2. The main advantage of this heuristic is that it is
easy to implement. There are some drawbacks to this mea-
sure arising from the monotone way in which the tuning is
adjusted. When the current tuning provides posterior means
with a smaller (larger) error, the heuristic will always decre-
ment (increment) the tuning. The heuristic seeks tuning for
which the spectral radius of L is less than one and not nec-
essarily tuning for which the value of the spectral radius is a
minimum.

7.2 Gradient descent heuristic (GDH)

GDH is more complex to implement, but does not have the
monotonicity of SH as described in Sect. 7.1. The heuristic
is aimed at determining the direction in which the tuning
needs to be adjusted to achieve the smallest possible spectral
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radius. The tuning is then adjusted in this direction in step
sizes which should not be overly large.

Suppose we have completed iteration n of sGaBP and we
are preparing to perform the next round of updates. We wish
to adjust the value of the tuning parameter in a direction which
yields faster convergence. At this point, we have the posterior
precisions qi(n) :i=1,2,..., p and posterior means uf’l).
The posterior means were computed using

> )
(n) _ qi(n) bi + JeN; V”n + *
i = 5 n) (n) A (n)
+gq; q; +gq;
. -1
==y " + " oon" . (23)

(n—1)
i

Although this is not technically correct, we assume that
qi("), ,uf"_l) and [LE”) are constant and do not depend on
A. The GDH starts by instructing each node to send its
posterior mean to its neighbours, each node then computes
ej = Zie/\?} Sj,-ul(”) — bj, where Nj is N; with node j
included. Let k = argmax j {lej1}. The node k and each of its
neighbours are instructed to compute the derivative of their
own mean (can be done in parallel) by differentiating (23)
relative to A and evaluating this at the current value of the tun-
ing, say Ag. The neighbours of node k send these derivatives

tonode k and this node computes di =} nry Skj v;;;"),

where v/ ,u;") is the derivative received from node j. Node k
is then instructed to adjust the tuning Ag <— A9 — asign(di),
for a specified step size «, and to send this new tuning value
to the other nodes.

7.3 Comparing SH and GDH: a concrete example

We use simulation to illustrate the possible benefits of using
GDH instead of SH. We start by simulating a 100 x 100 preci-
sion matrix, S, and potential vector, b. We use the method in
“Appendix 2” to regulate the zero-diagonal spectral radius of
the precision matrix to 1. We defined convergence to occur
when the error is less than 1074, Using a line search in
increments of 0.01, we observed that initializing the tuning
of sGaBP with values 0.33, 0.34 and 0.35 yielded the fastest
convergence and that this occurred after 28 iterations. We
found that the spectral radius of L is 1 when A = 0 (this
is typical when the zero-diagonal spectral radius of S is 1).
The values of the spectral radius (of L) corresponding to
A= —0.0land X = 0.01 are 1.029343 and 0.971501, respec-
tively. Assuming convergence of the precision components
of the messages, we observed the error to be increasing for
negative tuning and decreasing for positive tuning. If SH is
used, there is the risk that the heuristic tuning will vary around
the tuning corresponding to a spectral radius of one. This is
because SH seeks tuning for which the spectral radius of L is
less than one and not necessarily tuning which minimizes the
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Comparison of SH and GDH for a Simulated Data Structure
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Fig. 2 Comparison of SH and GDH for a simulated data structure. The
precision matrix was regulated to have a zero-diagonal spectral radius
equal to one. Some relevant quantities are given in the display. We see
that the tuning provided by SH is stuck around A = 0. Selecting A =0 a

spectral radius of L. This is illustrated in Fig. 2. The y-axis
shows the level of tuning used at the iteration number given
on the x-axis. Figure 2 contains two lines for each of GDH
and SH. The two lines for each of GDH and SH correspond
to the step sizes 0.01 and 0.05. The tuning suggested by SH
varies around A = 0, the level of tuning corresponding to a
spectral radius of 1. GDH is not restricted around a spectral
radius of one and is able to make better adjustments on the
tuning. Notice that the two graphs corresponding to GDH
are terminated at iteration 45 and 32 corresponding to step
sizes 0.01 and 0.05, respectively. This was done to indicate
that sGaBP has converged after these numbers of iterations.
Both applications of SH failed to converge after 100 itera-
tions. This is not to say that SH cannot be effective, indeed
the simplicity of implementation is an advantage over GDH,
but rather that SH is more sensitive to the initialization of A,
particularly when this starting value is close to the level of
tuning yielding a spectral radius of one.

8 Asynchronous message updates

We have referred to the use of asynchronous message updates
as opposed to the synchronous version. In general, it is
believed that asynchronous message updates can provide
better convergence behaviour in applications of BP in the
sense that they may induce convergence where synchronous
updates diverge or require the passing of a smaller num-

priori gives a spectral radius equal to one. GDH provides tuning closer
to the values yielding the fastest convergence (determined using a line
search in increments of 0.01). GDH converges faster than SH

ber of messages to converge (Koller and Friedman 2009).
The major shortcoming of asynchronous updates is loss of
distributive applicability. Another problem posed by asyn-
chronous updates is the problem of deciding upon the order
in which messages are passed, since this can have a significant
effect on the convergence speed. In the context of GaBP, this
problem is compounded by the fact that synchronous mes-
sages operate in iterations with O(p?) computations, which
discounts complicated heuristics used in other applications
of BP to decide on the message scheduling. Progress can
be made by deciding on the message scheduling in advance.
There are other considerations as well, such as deciding on
the degree of regularization. This should be considered from
the viewpoint that the degree of regularization yielding opti-
mal convergence should naturally provide useful posterior
precisions. An example of the advantages of asynchronous
message passing can be found in the diabetes data (Efron
et al. 2004). The diabetes data were used to illustrate the
advantages of the least angle regression algorithm in settings
involving a high degree of collinearity among the explanatory
variables. Estimating the linear coefficients of the diabetes
data is challenging for GaBP since:

—

The number of explanatory variables is small.

2. The zero-diagonal spectral radius of the sample correla-
tion matrix is high (3.024214).

3. There is significant variation among the sample correla-

tions.
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Algorithm 3 Asynchronous sGaBP.

1. Provide S: p x p,b: p x 1, A, m and € as inputs to the algorithm.
Here, we wish to solve Su = b where S is positive definite and
symmetric. The parameters A, m and € denote the degree of diag-
onal loading, the maximum number of iterations allowed and the
tolerance used to define convergence, respectively.

2. Initiate Q = diag(l, 1,...,1), V = diag(by, b2, ..
0,q=(1,1,...,1) andz = b.

3. SetErr = Infand n = 0.

4. while Err > €

old _

(a) Fori =1,2,..., psetpu;
(b) Forj=1,2,...,p
Fori=1,2,...,p
i. If j =i orS;; =0 then next.
ii. Seta; = Qjj,ax = Vjj.
2

Sbp) =

i

-82 .
iii. Update Q;; = W and V;; = %]{(kuﬂrzi —

Vii).

Jt

iv. Updateq; =g;—ar+Q;jandzj = z; —ax+Vj;.
v. Update p; = Aﬂj;’ .

__,0ldy2
(c) Set Err =,/ Z"({’}i‘:ﬁ) and increment 7.
k

(d) If m = n break.
5. End.

A line search in increments of 0.01 revealed that A =
1.29 yields the fastest convergence for synchronous sGaBP
(using a tolerance of 10~1%) and convergence occurred after
574 iterations. The 574 iterations required for convergence
is substantial when compared to the number of explana-
tory variables (which is 10). A further complication is that
synchronous sGaBP with A = 1.29 yields negative poste-
rior precisions for certain variables, although this can be
addressed by increasing X at the cost of slower convergence.
We now apply asynchronous sGaBP, which is formulated
in Algorithm 3. Notice that the outer-loop of the message
updates iterates over j indicating that the inner-loop iter-
ates over messages to node j. This was done because we
found that iterating over incoming messages first was more
efficient in our simulations. Each round of message updates
requires O(p?) computations (fewer with sparsity) as in the
synchronous case. Unlike the synchronous case, it is not
necessary to store old messages and Algorithm 3 performs
damping throughout the double-loop (instead of after). The
optimal tuning value was determined as 2.01 (line search as
for the synchronous case) and convergence occurred after
131 iterations. All posterior precisions were positive. We see
that asynchronous message passing improved on the conver-
gence speed and accuracy of the posterior distributions in the
case of the diabetes data. In general, our simulations showed
that asynchronous outperforms synchronous sGaBP in terms
of convergence behaviour. This is further compounded by the
fact that the asynchronous message passing does not require
old messages to be stored, resulting in a lower computational
burden on each iteration and lower memory requirements. We
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leave further aspects of asynchronous sGaBP, such as proof
of convergence and heuristic measures, for further research.

9 Empirical work

In this section, we provide empirical comparisons of sGaBP
with other GaBP variants in the literature as well as with the
CG solver. Our empirical work will be summarized using two
quantities, that is the number of iterations required by a spec-
ified method to converge and, if relevant, the KL distance of
the posterior distributions to the true marginal distributions.
All quantities are summarized using boxplots , the blue box-
plots representing sGaBP and the red boxplots the method
it is being compared with. Each figure corresponds to a set
of zero-diagonal spectral radii which is indicated on the x-
axis. For every zero-diagonal spectral radius indicated on
the x-axis, we generate 100 data structures each consisting
of a precision matrix and potential vector. We use the method
described in “Appendix 2” to regulate the zero-diagonal spec-
tral radius of the precision matrix to the appropriate value.
We then apply sGaBP and the method it is being compared
with on these data structures. With the exception of the CG
solver all other methods require the specification of hyper-
parameter(s). We initialize these methods by finding the
value(s) of the hyper-parameter(s) yielding the fastest con-
vergence through a line (grid) search in increments of 0.01.
We refer to sGaBP (for instance), initialized with the opti-
mal hyper-parameter determined through the line search, as
optimal sGaBP. Similar labels are used for the other methods.

We now have 100 data structures for every zero-diagonal
spectral radius given on the x-axis of the figures. We apply
optimal sGaBP and the (optimized) competitor and record
the number of iterations required by each method to con-
verge. The blue boxplot is constructed from the number of
iterations required by sGaBP to converge and the red boxplot
from the number of iterations required by the competitor. The
KL distances are slightly more complicated since for each
precision matrix we get multiple marginals. For each appli-
cation of sGaBP (and its competitor), we determine the KL
distance of all the posterior distributions to their respective
marginals, a given data structure is represented by the mean
of all these distances. Boxplots are then constructed in a sim-
ilar way to those of the iterations. To account for differences
in the scaling of quantities provided by different methods, it
may be necessary to focus (or zoom in) on certain parts of a
figure.

9.1 Relaxed Gaussian belief propagation
El-Kurdi et al. (2012a) illustrate the advantages of RGaBP on

large ill-conditioned and weakly diagonally dominant inverse
covariance matrices. RGaBP does not allow tuning of the
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precision components and can therefore only be applied in
settings where the precision components of ordinary GaBP
converge. The relaxation is applied on the mean components
by setting zgn) =y(b;+ Zjej\fj Vj(?)) +(1-— y)qi("),ugn_l).
Setting y = 1 gives ordinary GaBP (similar to setting
A = 0 for sGaBP). Although El-Kurdi et al. (2012a) focus on
relaxation factors (y > 1), RGaBP can also be used to per-
form damping (y < 1). There is an interesting relationship
between RGaBP and sGaBP with regard to how posterior
means are computed:

(bi + Xjen; Vj(?))

-1
RGaBP : u\" =y o + (1 —ppP
4q;
(24)
QI S
ORI ‘ JeN; Vi
sGaBP : p;"" = — ) ) J
A +q; q;
A -1
+ . (25)
A+g;

We see that y = 1 — ﬁ In contrast to RGaBP, sGaBP
q

computes adaptive dampinlg/relaxation factors using the tun-
ing parameter A and the posterior precisions. In particular, we
see that relaxation, y > 1, and damping, y < 1, correspond
to negative and positive A, respectively. This would imply
that there is a role to play for negative A. Part of our compar-
ison is to give an indication of when to use relaxation versus
damping. Itis also worthwhile to emphasize that the posterior
precisions provided by RGaBP are the posterior precisions
provided by ordinary GaBP. Another important contribution
in this regard is to provide empirical evidence that sGaBP
can provide posterior precisions closer to the true marginal
precisions when compared to ordinary GaBP.

In Fig. 3, the convergence speed of optimal sGaBP and opti-
mal RGaBP are compared. For smaller zero-diagonal spectral
radii, the methods are very comparable with sGaBP hold-
ing a slight advantage. As the zero-diagonal spectral radius
approaches 1.5, the convergence speed of RGaBP starts to
destabilize. When considering the boxplot corresponding to
a zero-diagonal spectral radius of 1.5 we see that sGaBP
can converge up to 16 times faster than RGaBP. It is also
worthwhile to note that outliers were suppressed in these
boxplots.

In Fig. 4, the KL distances of optimal sGaBP and optimal
RGaBP are compared. In the simulations, sGaBP provided
far more accurate posterior distributions. The simulations
provide evidence, even in cases where the optimal conver-
gence speeds are comparable, that it is better to use sGaBP
instead of RGaBP, since sGaBP provides posterior precisions
closer to the true marginal precisions.
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Fig. 3 Comparison of the convergence speed of optimal sGaBP and
optimal RGaBP over different zero-diagonal spectral radii. sGaBP out-
performed RGaBP in these simulations, the relative convergence speed
of RGaBP tending to decrease as the zero-diagonal spectral radius
increases. (Color figure online)
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Fig. 4 This is similar to Fig. 3, but the boxplots now represent the
mean KL distance between the posterior marginals (provided by each
method) and the true marginals. In these simulations, sGaBP provided
more accurate approximations to the true marginals

An interesting sub-plot is the role of relaxation versus damp-
ing in the acceleration of GaBP. Relaxation corresponds to
y > 1, or negative A, while damping occurs when y < 1,
or positive A. The zero-diagonal spectral radius of a pre-
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Comparison of RGaBP and sGaBP over Different
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Fig. 5 Thisissimilarto Figs. 3 and 4, however comparisons were made
over different zero-diagonal spectral radii. In contrast to the previous
figures, the smallest eigenvalue was used to regulate the zero-diagonal
spectral radius. In these simulations, the optimal relaxation factor is
greater than one and this corresponds to negative X in the case of sGaBP.
In these simulations, sGaBP converged faster and provided more accu-
rate posterior marginals

cision matrix can be determined by one of two quantities,
these being either the largest or the smallest eigenvalue of
the precision matrix. In our simulations, we found that opti-
mal convergence occurs with relaxation factors when the
zero-diagonal spectral radius is determined by the smallest
eigenvalue and otherwise damping. This indicates that relax-
ation can only be applied when the spectral radius is less than
one, because if the zero-diagonal spectral radius is at least
one and caused by the smallest eigenvalue the (standardized)
precision matrix will either be singular or negative definite.
Figure 5 is constructed by considering zero-diagonal spectral
radii less than one and determined by the smallest eigenvalue
of the precision matrix. Each application of optimal sGaBP
and optimal RGaBP involved the use of relaxation factors.
In terms of performance, we can make similar observations
to those made on Figs. 3 and 4. In these simulations optimal
sGaBP outperforms optimal rGaBP, both in terms of conver-
gence speed and KL distances, with the relative performance
improving as the zero-diagonal spectral radius approaches
one. One can argue that the comparisons made in Fig. 5 are
more relevant than the others made in this section since, as the
name suggests, the focus of RGaBP is on relaxation factors.

Another method proposed in the literature to improve on
the convergence behaviour of GaBP is based on the principle
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Algorithm 4 Compressed Inner-Loop Convergence Fix.

1. ProvideS: p x p,b: p x 1, A, m, € and s as inputs to the algo-
rithm. Here, we wish to solve Su = b where S is positive definite
and symmetric. The parameters A, m , € and s denote the degree
of diagonal loading, the maximum number of iterations allowed,
the tolerance used to define convergence and the damping factor,
respectively.

2. Initiate Q© = diag(1, 1,...,1), VO = diag(by, by, . ..

nCh =o.

. Set Err = Infand n = 0.

4. while Err > €

(a) Compute ql.(n) =14+2+Yen Qy,%) and Z;n) = Vi +
Zjej\/,- Vj(in) fori =1,2,...,p.

W _ o= 2"
(b) Setpu;” = u; + gy fori=1,2,..., p.
4q;

,bp) and

W

. . 1 =S +1
(c) For all i # j set Q§;+) = — > and Vz(]n :
q; Q,‘,’
ot ym
U v

(n) (n—1)\2
d) Set "V = b, = 3.5 4", Brr = /7kak ) s
(d) i i 2] le] Zk(l’-l(cn))z

Vi(i"H) =5 X Vi(in) + (1 — s)efnﬂ) and increment n.

(e) If m = n break.
5. End.

of message damping (Malioutov et al. 2006). As is men-
tioned by Malioutov et al. (2006), we found in our simulations
that the convergence/divergence of the precision components
is independent of the degree of damping applied. Further-
more, when the precisions do converge, we found that the
degree of damping does not influence the actual converged
posterior precisions. We also observed that RGaBP tends to
outperform the message damping approach, based on opti-
mal comparisons, and therefore did not include this in our
empirical comparisons.

9.2 Compressed inner-loop convergence fix

The convergence fix (CF) method has been proposed in the
literature as a method of solving arbitrary symmetric positive
definite linear systems with GaBP (Johnson et al. 2009). The
basic idea is to solve systems of the form (S + Dp®th =
b + I'n using ordinary GaBP. Johnson et al. (2009) show
that if S 4 I' is walk-summable, CF will converge and pro-
vide the correct solution to the system Sy = b. We restrict
our focus to the case where I' = Al Johnson et al. (2009)
make a quick reference to a compressed inner-loop version
of CF where each application of GaBP is limited to one
iteration. Johnson et al. (2009) report that compressed inner-
loop CF can be more efficient than the original method, but
may require damping on the adjustment of the potential vec-
tor. The closeness of the compressed CF variant to sGaBP
depends heavily on the interpretation of the description in
the literature. Johnson et al. (2009) do not prove conver-
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Fig. 6 Illustration of the iterations required for convergence of optimal
sGaBP (blue) and optimal CF (red). Both methods are relatively stable,
however sGaBP converged faster in the simulations. The relative per-
formance of sGaBP seems to improve with growth in the zero-diagonal
spectral radius. (Color figure online)

gence of compressed CF and do not consider the potential
usefulness of the diagonal loadings of the precision matrix
in the tuning of the posterior precisions. We could not find
any reference to compressed CF in the source code provided
by Bickson (2008) and we formed our interpretation here-of
by considering the source code provided for the original CF
method along with the description by Johnson et al. (2009).
We give this interpretation in Algorithm 4. We now compare
our interpretation of compressed CF to sGaBP.

The visual summaries of the iterations required for con-
vergence and the KL distances are given in Figs. 6 and 7,
respectively. In the simulations, sGaBP outperformed CF in
terms of convergence speed. Both methods were relatively
stable in terms of the number of iterations required for con-
vergence. The performance of CF in terms of KL distances
to the true marginals was poor relative to the performance
of sGaBP. In our simulations, we found that the degree of
diagonal loadings required by CF to converge optimally was
substantially higher than the tuning parameter required by
optimal sGaBP. These simulations provide empirical evi-
dence that sGaBP should be used instead of our interpretation
of CF, both in terms of convergence speed and accuracy of
the posterior distributions.

9.3 Conjugate gradient

One of the attractive properties of GaBP as a solver of
large and sparse systems of linear equations lies in distribu-
tive computing. In general, BP algorithms are well suited
to distributive implementation, under synchronous message
scheduling, since no communication is required between
nodes not linked in the graph. Like GaBP the CG method
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Fig. 7 TIllustration of the accuracy of the posterior distributions of opti-
mal sGaBP (blue) and optimal CF (red) to the true marginals. In the
simulations, sGaBP provided more accurate approximations. The poor
performance of CF is due to the high values of the diagonal loadings it
requires to converge optimally. (Color figure online)

is a solver of linear systems and can be applied in distribu-
tive settings. A description of the CG solver can be found in
Shewchuk (1994). Unlike GaBP, CG is guaranteed to con-
verge for all symmetric and positive definite linear systems.
Furthermore, CG is guaranteed to converge in at most p iter-
ations where p is the number of variables in the system. This
causes sGaBP to compare unfavourably with CG in small
linear systems and hence our focus will be on systems with
a large number of variables. In practice, the CG method con-
verges much faster than p iterations and the convergence
becomes faster for linear systems with a smaller conditioning
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Fig. 8 Comparison of the conjugate gradient solver with sGaBP. The
CG method does not give approximations to the marginal precisions,
but we do include the mean KL distances for sGaBP. In our simulations,
these methods are comparable in terms of iterations required for con-
vergence. The boxplots corresponding to each method are reasonably
stable. The CG boxplots have a slight advantage for larger zero-diagonal
spectral radii. Note that for each zero-diagonal spectral radius the box-
plots corresponding to sGaBP and CG were plotted adjacent to each
other

number. One of the contributions of this paper is a message-
passing scheme which guarantees convergence and therefore
we include a comparison with the CG method. We note here
that the sGaBP and CG methods come from different areas of
mathematics, those being approximate inference and linear
algebra, respectively. The main advantage of the CG method
is that it does not require any regularization, while sGaBP
provides approximate precisions.

We now compare CG with optimal sGaBP in linear sys-
tems with 700 variables. The results are given in Fig. 8. In
these simulations, we see that both methods are quite stable
and very comparable, although CG has a small advantage
in the simulations involving larger zero-diagonal spectral
radii. The bottom plot of Fig. 8 shows the mean KL dis-
tances obtained for sGaBP. We see that these distances are
small and therefore the posterior precisions can be useful as
approximations of the true marginal precisions.

There are strategies which can be used to accelerate
sGaBP. One approach would be to consider asynchronous
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message passing. The main drawback with this strategy is
the loss of distributive applicability. Another approach is to
use multiple tuning parameters, that is one tuning parameter
for each node. This will not only improve on convergence
speed, but could also be used to obtain (even) more accurate
approximations to the marginal precisions. The disadvantage
is that the complexity of deciding on the amount of tuning
is amplified. Another interesting strategy is to increase the
dimension of nodes, that is assigning more than one variable
to each node. The difficulty here is deciding on which vari-
ables to cluster together in nodes and that communication
between higher dimensional nodes is computationally more
expensive. In certain situations, we found that the GDH can
improve on optimal sGaBP in terms of convergence speed. It
is also possible to extend GDH to allow for multiple tuning
parameters which (hopefully) will accelerate convergence.
The main problem surrounding GDH is the specification of
the step size.

There are strategies to accelerate CG as well, the most
prominent being that of preconditioning. Consider solving
the system Su = b. The idea behind preconditioning is to
select a matrix P, solve PSP’ i = Pb and transform back to
the original system using g = P’jt. The matrix P should be
selected such that the conditioning number of PSP’ is smaller
than that of S and the computational cost of computing PSP’
must be low. Here, we wish to emphasize that sGaBP can also
benefit substantially from this type of preconditioning, even
more so because it makes the selection of tuning parameters
easier. The major loss is in terms of the accuracy of the poste-
rior precisions as approximates for the marginal precisions.
This is because the posterior precisions now approximate
the marginal precisions of PSP’ and transformation back to
S cannot (directly) be done without knowing the off-diagonal
entries of [PSP’]~!. Finding a method to sensibly transform
the approximate precisions back to the original scale will be
very rewarding.

10 Concluding remarks and further research

We proposed an adjusted BP method on general MGs to
address some of the problems underlying general BP. We
took this high-level approach and applied it to a Gaussian
MG, this type of BP is referred to as Gaussian belief prop-
agation. We showed that sGaBP (our variant of GaBP) will
always converge, with sufficient regularization, and showed
how to compute posterior distributions to preserve the poste-
rior means as exact marginal means. We provided empirical
evidence that the posterior precisions provided by sGaBP
are better approximations of the true marginal precisions
when compared to two other variants of GaBP where hyper-
parameters were initialized to yield the fastest convergence.
This seems to indicate that our high-level approach should
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be investigated in other MGs and perhaps also other graph
structures (such as cluster graphs). Within the GaBP context,
there are some questions that should be the subject of further
research. The use of asynchronous message updates needs
attention. The ranges of A which guarantee convergence need
to be specified and work needs to be done on methods seek-
ing the value of A which yields the fastest convergence.
Some theoretical bounds on the proximity of the posterior
precisions to the marginal precisions at the value of A corre-
sponding to the fastest convergence would be useful. Further
improvements on convergence and the accuracy of poste-
rior distributions can be obtained through the use of multiple
regularization parameters and this should be investigated.
Another natural extension of our work is a generalization
to multivariate nodes. Another interesting prospect is con-
sidering other loss functions in Eq. 5. For instances setting

f"_l) = 0 and using ¢ = 2 relates to ridge regression under
the linear model while ¢ = 1 relates to the Lasso. The sGaBP
implementation of the Lasso can be done without loss of the
conjugacy of the messages by majorization of the Lj-norm
by a Lr-norm. To ensure general convergence in the case of
the Lasso it may be necessary to use a penalty of the form
Tl |1 + %HX,’ - uE"_I)H% while applying a working-set
method on the messages being updated. The latter is nec-
essary since majorization of an absolute with a quadratic
function is not possible at the origin.
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Appendix 1: Proofs
Proof of Theorem 1

Proof The proof is contained in the following list.

1. From 1, all the precision components are negative at stage

_S2 2
n, hence QT = % = %
i Y en ) Q) A =Then s 1257

From 3 we have that 3_, . x. /i |Qt(7)| < D ien; |Q§?)| <

8" < 1+rand 1+i—Y,cpr/; 10| > 0 from which

1 follows for iteration n + 1.
s2. S2
2. 10"V = u I =
i =Y en i 1001 T A=Y en 105"
|Q§?)| since|Qt(?)| > |Qf771)|,t € N from 2 foriteration
n and hence 2 is also true for n + 1.

41 41
3. 51'(" ) = Zte/\f,- |Qt(:n )| = Zte/\fi

2

ti
21NE T35, 410
is true forn + 1.

2
Sti
1+2-8" +] 0|

< 8; < 1 4+ A by 4 and therefore 3

sz
4. From the above we have, ), L

i 1+}~_8t+|Q§?+1)‘
< §;, hence 4 holds forn + 1.

2

< ti
= i 1+A—5,+107|

Proof of Theorem 2

Let S be a symmetric, positive definite matrix with diagonal
entries equal to 1, and let its entries be denoted by §;;. Values
Q;j(1) are characterized by the system

2
. %
Lt ht 3 en;yj Q@)

Qij=0;;) = 1<i,jeN;.

We are particularly interested in the behaviour as A — co. A
consequence of Theorem 1 is that lim; .« Q;; (1) = 0. For
convenience, set § = A~ sothat§ — 0. The system can be
rewritten as

0ij(=6 Y Qi-1-8)-55 =0, 1=zijeN.
teNi/j
Note that
d
ion (Q,-,-(—a 3 Q,,-—l—8>—85i2j>
M teN;/j
=83z Qi —1 =8 (k1) =G, J),
=1-680;; I=1ikeN/j,
0 otherwise.

As § — 0, we see that the Jacobian of the system tends
to a negative identity matrix, so in particular it is invertible.
This means that the Q;; are analytic functions of § if § is in
a suitable neighbourhood of 0. Consequently, the Q;; have
power series expansions in §:

Qij =a,-j6+b,-j82 +---

Plugging this back into the system, we see that in fact ¢;; =
—Sizj, so we have

oy

ij

Cij = —5;;8 + O(8Y).

Consider again the matrix L given in (20). Let [ = p> — p,
we now defineal x p matrix G = [g; g2 ... gp]. The vector
g; has entries 1 in positions (p — D)@ —1)+1,..., (p—1)i.
It can be shown that

p—2

(26)
1GLy Lp:ipxp

Li:Ix] 2L;G
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with the understanding that A > 0. Let,

I:Ix1 0:Ixp
D_[O:pxlk[lszp]] @7
and set L = DLD!. It is easy to see that,
~ L“:le —L11G
L:p>xp’= - , (28)
pop |: LG’ L221PXP:|

and that L and L will have the same eigenvalues. As a first
step, we show that the eigenvalues of L are all clustered
around 0 and 1 as § — 0. We have already discussed the
construction of Lj; from the elements C;;. Using the fact
that C;; = —68S;; + O(8%) we see that L;; = SA + O(82)
where A does not depend on A and O(8?) is of a suitable
dimension each entry being O(82). The matrix A is con-
structed exactly as L1; however, —S;;’s are used instead of
—C;;’s. As discussed, the matrix Ly; is diagonal with entries
1+)‘+£17&i o = 1+Ai0(5) =1— 8+ O(82) and therefore

Ly = I — 81+ O(8%). We now consider the matrix,

72 G} + O, (29)

8
i— SA
(1-8)G (1 I
and the following Lemma.

Lemma 1 Let M be a square matrix, and let ¢ be a positive
constant that satisfies ¢ > |M||oo (IIM|| 0o is the 00-norm of
M, which can be obtained by calculating the row sums of the
absolute values of entries in M and taking the maximum of
these sums). For every x with |x| > c, the matrices xI — M
and I — )lCM are invertible, and the entries of (I — %M)_1
are bounded by constants that only depend on ¢ and M.

Proof The invertibility follows directly from the fact that
the matrix xI — M is strictly diagonally dominant by our
assumptions. For the second statement, let |M| be obtained
from M by replacing all entries by their absolute values. Note
that |M| has the same co-norm as M. Clearly, the entries of

i)

are bounded by the entries of

-

which readily proves the desired statement. O

Zx_]M]
]

=D MY,
j=0
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Lemma 2 There exists a constant K > 0 such that for
sufficiently small §, each eigenvalue x of L either satisfies
|x] < K§or|x — 1] < K6é.

Proof Wereason by contradiction and assume that there is an
eigenvalue for which |x| > K6 and |x — 1| > K§. Consider
first ||Li1lloc = [I8A + O@)lloo < SllAllo + OS?). If
we choose K large enough (e.g. K > ||A]co + 1), then the
matrix xI — Lj; = xI — 8A 4+ O(8?) is invertible by the
previous lemma for sufficiently small §, and the entries of
a- )]?Lll)_l are bounded by absolute constants. Now, we
use the Schur complement on 29:

det(xI — L) = det(xI — L;)

1
x det (xI — Loy — 2L22G/(x1 — L) 'LiiG).
»—

(30)

It remains to show that the second determinant is not equal
to 0. We rewrite the matrix as follows:

1
xI— Lo — ZLzzc/(xI—Lu)*‘LuG
P
= —DI—(Ln-10
' G’(I 'L )71L G
x(p—2) 22 X 11 11

1
=(x—DI+H + ;Hz. (€29)

Consider (Lyy —I) = =8I + O(8?) and |[Ly — I||o =
| =81+ OH)loo < 8Iloe + 110EH)l00 = 8 + O?).
Therefore, ||H||oo < x18 for a constant k1 and sufficiently
small 8. The entries of (I — —L11) I are bounded by (I —

K5 L)' =1+ ‘L”I +Z, 2o 'L“l for sufficiently small
8 by Lemma 1. Smce L11 = §A + (’)(8 ) we have that (I —
%Lll)_l =1+ % + O(8) = O(1). Furthermore, Ly, =
O(1)andL;; = O(8) from which we have that H, = O(8)+
O(8%) and ||Ha||so < k28 for a constant x> and sufficiently

small 8. If [x| > 1, we find that

”H1 +H2H <18 + ﬁ < (k1 +262)8 < K8 < |x — 1],
if K is chosen large enough (greater than k1 42k2). If [x| < %,
we get

K26 K2 1
”H1+H2H <id+ 2 s+ 2 o S <x -
o x| K 2

if K is chosen large enough and § is sufficiently small. In
either case, we can apply the previous lemma to see that the
matrix in (31) is in fact invertible. O
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Now, we focus on the eigenvalues that are close to 1, setting
x = 1 — 4t for some ¢ with |[f| < K. Returning to (30), we
observe that xI — Ly is invertible for sufficiently small §,
again by Lemma 1. Hence, we consider the second matrix:

1

PO L)~ 'LuG

xI — Ly —

8
=1 -1l — ——G/'AG + O?).
p—2

The entries of the matrix hidden by the O(8?) term are in fact
analytic in § and ¢, since we proved earlier that the entries of
L are analytic functions. We can take out a factor & to be left
with the equation

1
det ((1 — )X — —ZG’AG +M) =0, (32)
D

where the matrix M has entries that are analytic functions of §
and 7 (if § is restricted to a sufficiently small neighbourhood
of 0 and |t|] < K). Moreover, M = O(3). As § — 0, we
obtain (up to a change of variable 1 —¢ = u) the characteristic
equation of the matrix ﬁ G'AG (we will show later that this
matrix is in fact equal to I —S). Its p solutions (counted with
multiplicity) give rise to p branches 11(8), £2(3), ..., ,(6)
that solve the implicit equation (32). In the same way, we can
treat the “small” eigenvalues that are close to 0. We set x = §¢
for some ¢ with [t| < K, and use the Schur complement with
respect to the other diagonal block:

det(xI — L) = det(xI — La»)
x det (xI — Ly — Li1G(I — L) 'Ly G).

(33)

p—2

Since
sl =Ly = (x — 1+ 8)I+ OB?) = -1+ O©),

this matrix is invertible for sufficiently small §, again by
Lemma 1. Moreover, we have

xI—Lj; — L1;GGI — L) 'L G/

1
—5(T— A+ —2AGG’) +0O(5%),
=

so we can repeat the argument for the “large” eigenvalues.
We obtain p?> — p branches 7;(8), 12(8), ..., t_pz_p(é) that
correspond to the eigenvalues of A — ﬁAGG’ .

Returning to the large eigenvalues, we consider the prod-
uct G’AG. The matrix A is constructed by taking the first
[ rows and columns of L and replacing the C;; elements
with —S;;. The rows, (p — DG — D +1,...,(p — Dj,
correspond to messages received by node j (in order) and

hence g; contains ones at the rows corresponding to mes-
sages received by node j and zeros otherwise. Consider a
row corresponding to a message from node i to node j which
requires communication from other nodes (excluding j) to
node i, this row will therefore contain —S;; where g; is equal
to 1, except the element corresponding to the message from
Jj toi. Now, Ag; will be equal to —(p — 2)S;; in the rows
corresponding to the message from i to j and zero otherwise.
The vector g; contains references to rows corresponding to
messages received by node j and since there is only one
message from i to j the nonzero elements of g; will overlap
with the nonzero elements of Ag; at one element and hence
g}Ag,- = —(p —2)8;;j for j # i. Furthermore, since there is
no message from node i to node i we have that g/Ag; = 0.
We see that ﬁG’ AG =1 — S. Equation (32) becomes

det (S — /I + H) = 0.

Since S is symmetric, it is diagonalizable. There exists an
orthogonal matrix U such that U7'SU = D is a diagonal
matrix. We have

det (S — 11+ H) = det (U™ (S — I + H)U)
=det (D — I+ U 'HU).

Recall that H = O(§), uniformly in ¢ (for |z| < K), so we
also have U"THU = (). Let k be a constant such that
[U™'HU||o < &8 (for sufficiently small § and |¢| < K). If

det (D — I+ U™ 'HU) =0,

then we must have |t — d;;| < «§ for one of the diagonal
entries d;; of D, for otherwise the matrix D — I + U~'HU
will be strictly diagonally dominant and thus invertible. The
diagonal entries of D are the eigenvalues o1, 02, ..., 0p of
S, so it follows that t = o; + O(9).

We can deal with the small eigenvalues in the same way,
it only remains to determine the entries of A — ﬁAG’G
(thereby verifying that this matrix is also symmetric and thus
diagonalizable). It is easy to verify that G’G is a block diago-
nal matrix where the blocks are of dimension (p—1) x (p—1)
with all entries equal to one, in fact G'G = [By, By, . .., B,]
where B; is g; appended p — 1 times as columns. Consider a
row in A corresponding to a message from i to j, say a;A j»we
have already verified that this row contains —S;; where g; is
one, except for the 1 corresponding to the message from j to
i. Now, a; ; G'G will contain nonzero elements in a; jBi and
these will all equal —(p—2)S;;. Arow, b;;, of ﬁAG’G cor-
responding to a message from i to j will contain —S;; where
g; equals one (even for the message from j to i). Hence, a;;
and b;; will be identical except for the element correspond-
ing to the message from i to j, where a;; is zero and b;; is
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—S;j. Hence, a row of A — +2AG/ G corresponding to a
message from i to j will have one element (at the message
from j to i) equal to S;; and the rest are zero. Furthermore,
the row corresponding to the message from j to i will have
Sji = Sij as an element in the position corresponding to the
message from i to j. Hence, A — ﬁAG/ G is symmetric.

In conclusion, the eigenvalues of L are

- 1—0;84+0(5%), where o1, 03, . .
of S, and
— £85;84+0%, 1<i<j<p.

., 0p are the eigenvalues

In particular, the largest eigenvalue of L is connected to the
least eigenvalue o, of S by

max{/ : wis an eigenvalue of L} =1 — omind + O).

Since S is a positive definite matrix, we know that o, > O.
It follows that

max{p : wis an eigenvalue of E} <1

for sufficiently small §.

Proof of Theorem 3

Theorem 3 Under the assumption that sGaBP converges,
with precision matrix S and potential vector b as inputs, and

setting | equal to the converged posterior means, we have
that Sp. = b.

Proof In Theorems 1 and 2, we proved convergence to the
following stationary equations:

—S2
0ii L S
Y g — Qi
Qij
Vij = < Gui +zi = Vji)
g = M (34)
A+ gi

foralli and j € N;. Furthermore, ¢; = 1 + Zte/\/’,- Q;i and
zi =bi + Zte./\/,— V;i. Using (34):

zi + A = Vi + —=Vij,
Qij
for all i and j € N;. For any k € \; we can write
2

Sij Sik
Ski(zi +Api) = Ski Vi + Ski—=Vij = Ski Vi + = Vik.
0ij Qik
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2
Furthermore, since % = Qi — (gi + i), we have
Ski(zi +Awi) = Ski Vi + (Qki — (qi + i) Vik. (35)

Dividing (35) by ¢; + A gives

1 Oki
Skiti = ———Ski Vii + :

—— Vit — Vix. 36
Qi+)» C]i+)\ ik ik ( )

Further simplification can be done by noting that Sy; Vi; =
Ori Aug + zx — Vix), and substituting into (36):

Oki Oki

Skiti = A —v Vit — Vi
ki i i x( Mk + 2k lk)JrqurA ik — Vik
Oki Oki Oki
= A+ 2) — Vik + Vik = Vi
qi+A(Mk 9] oy ik Y ik — Vik
Oki
= +I)L()\Mk+1k)_vik- (37
1

Summing Sy; u; over i, substituting (37) for i € N, gives

Ori
D Swimi =+ Opx+2) Y <+I)L - Vi
ieNiUk ieNg qi ieNi

(38)

Since Qik(A +¢qi — Qi) = =57, = —St; = Qri (A + q —
Qik)»

Oik Oki

= ) (39
A+ gk A+q;

Substituting (39) into (38):

Z Skitti = ik + (Mg + 2k) Z ?»%qu — Z Vik

ieN;Uk ieNg ieNg

= Mk + Z Qir — Z Vik

ieNg ieNy

= pr + pr(ge — 1) — (zk — bi)

= qkik — Tk + bk (40)
Finally, since p; = )‘ﬁfi—';:", we have that ui(A + gx) =
Ak + zx and
Gk = Zk- (41)
Substituting (41) into (40) completes the proof. O
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Appendix 2: Simulation information
Simulation scheme

We briefly describe the simulation scheme (Bach et al. 2011)
used in our empirical work. This simulation scheme also
relates GaBP to least squares estimation under the linear
model. In order to apply sGaBP, we need to generate a pos-
itive definite symmetric precision matrix (S) and potential
vector (b). One way to do this is to generate a data struc-
ture according to the linear model with n observations and p
inputs. This yields a design matrix X : n x p and a response
vectory : n x 1. We then form the sample correlation matrix
S = X'X where we assume the columns of X are standard-
ized to have zero mean and unity L, norm. We assume the
same for y and form the sample correlation vector b = X'y.
Aslong as n > p, S will be positive definite and we can use
this as a valid precision matrix for the application of sGaBP.
Explanatory variables are generated from N (0, %I p), where
n is the number of observations and p the number of explana-
tory variables. The generated explanatory variables are stored
in X. Coefficients are generated, g; ~ idd N (0, 1), and spar-
sity is introduced by randomly selecting half of the 8;’s and
setting these equal to zero. Observations of the response are
generated, y = XB + €, where ¢; ~ idd N(O, 02) and
o2 = 0.01 x % All variables were standardized to
have zero mean and unit L, norm and we form S = X'X
and b = X'y. We used n = p throughout the empirical
section. The matrix, S, was ensured to be positive by reg-
ulating its zero-diagonal spectral radius using the method
discussed in the next section. We then apply sGaBP on a
multivariate Gaussian with precision matrix S and potential
vector b.

Regulating the zero-diagonal spectral radius

Suppose we have a precision matrix S : p x p normalized
to have ones along its diagonal. Set R = I, — S and let 7; :
i =1,2,..., pbethe eigenvalues of R. Suppose we wish to
find a new precision matrix, S*, with zero-diagonal spectral
radius set to a specified value (say «). First, we compute the
eigen decomposition of R,

R = VDV,

where V'V = VV' =T and D = diag(zy, ..., 7). We form
a new diagonal matrix, D* = %D, and set R* = VD*V’,
S* = I — R*. We now show that S* is a valid precision
matrix with diagonal entries equal to one if &« < 1. Since S is
anormalized precision matrix, the diagonal of R will contain
only zeros, the same is true for R* (being a scalar multiple of
R) and therefore the diagonal of S* will contain only ones.
Suppose A;,i = 1,2,...,pand A¥,i = 1,2,..., p repre-

1

sent the eigenvalues of S and S*, respectively. The following
holds:

o
Af=1———(1 — A
B TSR
1—A;
_a—
man{|] —)Lj|}
11— 2]

=1- ign(1 — A; _
o X sign( ;) X max, (1= 1)

12 *
max; (T—7T) < 1,wehave that 1 —a < A7 < 1+
a.If 0 < o < 1, then S* will be positive definite. In our
simulations, when o > 1, we used a check to ensure that S*

is positive definite.

Since
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