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Abstract

The rising rate [B,] of a solar cycle is a good indicator for the subsequent maximum am-
plitude [S;,] of sunspot numbers. We compared the correlation between S, and 8, and that
between Sy, and the early value of the smoothed monthly mean sunspot number [Sy] Am
months after the solar minimum. Our main conclusions are as follows: i) The correlation
coefficient [r] between Sy, and Sy is slightly higher than that between S,, and §,, and both
increase with Am as the cycle progresses; ii) In the first year of the cycle, the correlation is
weak [r ~ 0.56]. At the inflection point [Am = 21], the correlation is stronger [r = 0.83].
After the inflection point, r increases slowly with Am. Three years after the solar minimum,
r 2 0.90. Around the average rise time [52 months], » = 0.95; iii) The correlation between
Sm and Sy (or B,) in even-numbered cycles is stronger than that in odd-numbered ones, and
the latter is slightly weaker than that for all the cycles; iv) The mean relative error [n] of S,
decreases and the MSE (Mean Square Error) skill score [S.] increases with Am. One, two,
three, and four years after the solar minimum: n < 19%, 14%, 10%, and 6.5%, S. > 0.24,
0.68, 0.86, and 0.97, respectively; v) Currently [Am = 20], the maximum amplitude of Cy-
cle 25 is predicted to be 135.5 4= 33.2 and to occur around December 2024 (£ 11 months).
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1. Introduction

Predicting the maximum amplitude [S,] of the 11-yr solar (sunspot) cycle is an important
topic in both solar physics and space weather (Yoshida, 2014; Petrovay, 2020; Du, 2020a;
Kitiashvili, 2021). A wide variety of methods have been used so far to predict S, (Hathaway,
2010; Pesnell, 2012; Petrovay, 2020; Nandy, 2021). Some of them can be applied many years
before the beginning (the minimum amplitude Sp,;,) of a solar cycle. Most of these methods
are statistical, usually employing the correlation between Sy, for Cycle n and a parameter
(as a predictor) for a cycle before n, e.g., the length of the preceding cycle (Waldmeier,
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1939; Hathaway, Wilson, and Reichmann, 1999) or three cycles earlier (Hathaway, Wilson,
and Reichmann, 1994; Du, Wang, and He, 2006; Solanki et al., 2002; Hathaway, 2010), the
max-max cycle length from S, (n — 3) to S,(n — 2) (Du, 2006), and the decay time from
Sm(m — 3) to Spin(n — 2) (Du and Du, 2006). This seems to be related to the memory of
2 -3 solar cycles (Solanki et al., 2002; Dikpati, de Toma, and Gilman, 2006). Of course,
the earlier the predictor to Sy, the lower the prediction reliability. The sunspot number three
years before the solar minimum was also found to be an indicator for the amplitude of the
following cycle (Cameron and Schiissler, 2007; Yoshida and Yamagishi, 2010; Han and Yin,
2019; Du, 2020b).

Some methods work better around the solar minimum. These methods are mainly based
on the correlation between Sy, and geomagnetic activity indices (Ohl and Ohl, 1979; Thomp-
son, 1993; Kane, 2007; Singh et al., 2019; Du, 2020c) or solar magnetic activity indices
(Schatten et al., 1978; Schatten, Myers, and Sofia, 1996; Schatten, 2005; Svalgaard, Cliver,
and Kamide, 2005) around the solar minimum. Solar dynamo models are used to predict Sy,
only since the last cycle (Dikpati, de Toma, and Gilman, 2006; Choudhuri, Chatterjee, and
Jiang, 2007). There is controversy as to whether the amplitude at solar minimum [Sy,;,] can
be used to predict the following S, because the correlation between these two quantities is
not strong (Du and Wang, 2010; Hathaway, 2010; Ramesh and Lakshmi, 2012; Petrovay,
2020), although two predictions for Solar Cycle 24, Sp,(24) = 88.0 £ 33.5 (Du and Wang,
2010) and 85 % 17 (Ramesh and Lakshmi, 2012), using Su;, of Cycles 1—24 were close to
the observed one [81.9, Version 1.0].

Some other methods perform well several months after the solar minimum. It is well
known that the amplitude [S;,] of a solar cycle is well anti-correlated with its rise time (7,,
Waldmeier, 1939; Usoskin and Mursula, 2003; Hathaway, 2010). However, neither S;,, nor
T, can be directly used to predict the other because both are known or unknown at the same
time. Fortunately, the rising rate is also well correlated with the following S;,, (Du and Wang,
2012). Therefore, Sy, can be predicted at the early phase of a solar cycle.

When a new solar cycle begins, its early growth rate (or slope) provides very useful in-
formation for the temporal evolution of the cycle and can be applied to predict the amplitude
of the subsequent cycle (Thompson, 1988; Wilson, 1990; Cameron and Schiissler, 2008; Yin
and Han, 2018). The early data can be used to describe the shape of a solar cycle by math-
ematical functions (Stewart and Panofsky, 1938; Nordemann and Trivedi, 1992; Hathaway,
Wilson, and Reichmann, 1994; Du, 2022). The rising rate [B,] is an important parameter
in so-called “similar cycle” methods based on the similarity of characteristics between past
cycles and the current one (Gleissberg, 1971; Wang et al., 2002; Du and Wang, 2011; Du,
2020a). In fact, the maximum amplitude of Solar Cycle 24 was successfully predicted by a
“similar cycle” method (Du and Wang, 2011), $;,,(24) = 84 17, using data 24 months after
the solar minimum and by the rising rate 27 months after the solar minimum (Du and Wang,
2012), Sy (24) = 84 £33 (close to the observed 81.9 of Version 1.0, see also Appendix A).

In this work, we make use of the smoothed monthly sunspot number [Sx] of Version 2.0
(Clette et al., 2016) to study the variation in the correlation between Sy, and B, as the solar
cycle progresses and its application in predicting Sy,. The data are briefly introduced in Sec-
tion 2. In Section 3, we analyze the correlation coefficient between S, and 8, (Section 3.1),
the predictive power of B, on Sy, for the last ten cycles (Section 3.2), and the prediction
for Sy, for the current Cycle 25 using 8, (Section 3.3). In a similar way, in Section 4, we
analyze the correlation coefficient between Sy, and the early Sy some months after the solar
minimum (Section 4.1), the predictive power of Sy on Sy, (Section 4.2), and the prediction
for S, for Solar Cycle 25 using Sy (Section 4.3). The peak time of Solar Cycle 25 is also
estimated in this section (Section 4.4). The correlations in even- and odd-numbered cycles
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Table 1 Parameters and analysis results using the rising rate 8, (n, 20).

=

Smin Sm Ta  Pam20) o o o Spm  Sp ASy  Er[%]

®» @ 6 @ O ® O & © a0 an a2 313
1 140 1441 75 0.64

2 186 193.0 39 3.69

3 120 2643 35 3.99

4 159 2353 41 5.26

5 53 82.0 82 0.22

6 0.0 81.2 69 0.31

7 02 1192 79 0.81

8 122 2449 40 4.41

9 176 2199 55 1.78

10 6.0 186.2 50 2.17

11 9.9 2340 41 3.75

12 3.7 1244 60 2.68

13 83 1465 46 4.06

14 45 107.1 49 2.11 96.1 289 0.76 40.8 - - - -
15 25 1757 48 3.40 95.9 285 076 39.6 1702 1944 18.7 10.6
16 9.4 1302 56 2.25 933 288 076 39.0 170.5 160.0 29.8 229
17 5.8 198.6 43 2.20 96.9 284 0.74 39.1 168.0 156.6 42.0 21.1
18 129 2187 39 3.36 97.0 289 0.74 384 169.8 1922 265 12.1
19 5.1  285.0 47 5.49 93.6 30.7 079 37.8 1725 2554 296 104
20 143  156.6 49 2.46 92.8 30.7 079 369 1784 1689 123 7.8
21 17.8 2329 45 2.79 95.2 308 0.77 379 177.3 1787 542 233
22 135 2125 38 4.39 96.1 30.2 0.78 37.2 180.0 230.6 18.1 8.5
23 11.2 1803 63 3.29 95.8 30.1 0.77 364 1815 1953 15.0 8.3
24 22 1164 o4 1.21 93.8 306 0.79 358 1814 1322 158 13.6
25 1.8 1.67 178.7 145.0

Av. 9.0 178.7 522 274 95.1 297 0.77 381 175.0 1864 262 13.9

are simply analyzed in Section 5. The results are discussed and summarized in Section 6.
In the appendix, we compare the predictions for Cycle 24 for versions 1.0 and 2.0 for the
sunspot number.

2. Data

The 13-month smoothed monthly total sunspot number [Sn] of the second [V2.0] version
(Clette et al., 2016; Clette and Lefevre, 2016) is available at the Sunspot Index and Long-
term Solar Observations (SILSO) website (wwwhbis.sidc.be/silso/DATA/SN_ms_tot_V2.0.
txt), with data from July 1749 to August 2021 (i.e., to February 2022 for the monthly mean).

The parameters used in the current work are listed in Table 1. Column 1 gives the cycle
number [n], column 2 the minimum amplitude [Sp,, at the beginning] of the cycle, column
3 the maximum amplitude [ S;,,] of the cycle, and column 4 the rise time [7,, in months] from
a solar minimum to the subsequent maximum. The remaining parameters are the results of
the analysis described in Section 3.3.
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Figure 1 (a) The correlation coefficient [r] between Sy (n) and Ba(n, Am) as a function of Am after the solar
minimum for all n =1, 2, ...,24. (b) Left-hand ordinate axis: the mean absolute prediction error [8, solid]
and mean relative prediction error [, dotted]; right-hand ordinate axis: the MSE skill score [S¢, dashed].
The vertical dash-dotted line indicates the inflection point of » (Am = 21 months).

3. The Correlation Between the Amplitude and the Rising Rate

First, we employ the rising rate, defined as

Sn(m, Am) — Spin(n)

Ba(n, Am) = Am

ey

This is the ratio of the increment of Sy above the minimum [S;;;,] to the elapsed time [Am,
in months] since the beginning [#,;,] of the cycle (Du and Wang, 2012). The value of Am
is taken in the range [1, 60] because the average rise time is T, = 52.2 months, and most
of the rise times are below 60 months, especially for the more reliable data since Cycle 8
(Table 1). The rising rate is calculated for each Cycle n and each possible Am: only the data
at the rising phase are used, Am < T,(n). The resulting values are given in Table 1.

3.1. The Correlation Coefficient Between S, and 3,

Figure 1a shows the correlation coefficient [r] between S, (n) and B,(n, Am) for all n =
1,2,...,24 as a function of Am. From this figure, the following aspects should be noted:

i) In the first year after the solar minimum (Am < 12 months), the correlation is weak
(r <0.5);

ii) Around the second year of the cycle, r increases rapidly with Am, from 0.35 at Am =
10 to 0.80 at Am = 21 (this we call the inflection point);

iii) After the inflection point, r increases slowly with Am. Two years after the solar mini-
mum (Am > 24 months), r > 0.83;

iv) Three years after the solar minimum (Am > 36 months), r reaches a value around 0.90;

v) Near the average rise time (T, = 52.2 months), r = 0.94;

vi) There are some local minima in r at Am = 42, 48, and 56. They occur just after the
peaks for certain cycles. For example, Am = 42 is related to 7, = 41 in Cycles 4 and 11
(Table 1), Am = 48 is related to T, = 47 in Cycle 19, and Am = 56 is related to T, = 55
in Cycle 9.

In summary, the maximum amplitude [S,,] is well correlated with the rising rate [8,] of
the solar cycle, especially if Am > 21 months. Thus, B, is a good indicator for the subse-
quent S;,. At the time of writing (Am = 20), r = 0.79.
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3.2. The Predictive Power of 8, on S,

In this section, we examine the predictive ability of B, for different Am in the range [1—60]
on Sy, of the last ten cycles [n = 15—24]. In order to predict S, for Cycle n Am months
after the solar minimum, we calculate the linear regression equation,

Sm=cotcifa, r=r(n—1Am), o =0 —1,Am), ()

between S, (i) and B,(i, Am) for Cycles i =1,2,...,n — 1. The correlation coefficient
between S, and B, is r = r(n — 1, Am) and the standard deviation of the regression is o =
o(n —1, Am). The maximum amplitude [Sy,] of Cycle n, which we denote by S,(n, Am),
can be predicted by substituting 8,(n, Am) for Cycle n into this equation.

The absolute error of the prediction [S,(n, Am)] is

ASy(n, Am) =[Sy (n, Am) — Su(n), 3
and the relative prediction error is

ASy(n, Am)  |Sy(n, Am) — Sy (n)]

E.(n, Am) = S ) = S ) “4)
The mean absolute prediction error over the ten cycles n = 15-24 is
T
S(Am):E§|Sp(n,Am)—Sm(n)|, 5)
and the mean relative prediction error is
1 [Sp(n, Am) — S ()]
n(Am) = 75 ; S0 : ©)

In order to evaluate the accuracy of the prediction, we employ the following MSE (Mean
Square Error) Skill Score (MSESS: Murphy and Epstein, 1989),

24 2
= 15[Sp(n, Am)—Sm(n)]
S(Am) = | — MSE@m) _ 4 _ Lae15L5p , 7
c(Am) MSEmean S 2 S [Spm D —Sm(m)]2 ™
where
1 n—1
Spm() = —— D Sni) ®)
i=1

is a climatological mean forecast (the average of observed past values, given in column 10
in Table 1). The maximum value of S, is 1, indicating a perfect forecast; S. = 0 indicates
a climatological forecast; and S; < O indicates a prediction worse than the climatological
forecast.

Figure 1b shows the above quantities, § (solid), n (dotted), and S, (dashed), as a func-
tion of Am. Table 2 shows the quantities for selected values of Am, for comparison. From
Figure 1b and Table 2, one may note the following aspects:
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Table 2 The correlation coefficient [r], the mean absolute prediction error [§], the mean relative prediction
error [n], and the MSE skill score [Sc] using B, at selected values of Am.

Am r ) n[%] Sec Am r ) n[%] Sec

6 0.27 41.8 22.3 —0.05 36 0.90 16.3 9.7 0.88
12 0.46 35.6 18.5 0.18 48 0.87 9.4 6.1 0.97
21 0.80 25.8 13.7 0.69 50 0.92 5.3 4.2 1.00
24 0.83 24.7 13.8 0.67 52 0.94 5.9 4.3 0.99
Av. 0.74 22.5 12.6 0.65

i) The mean absolute prediction error [§] tends to decrease with Am. The cross-correlation
coefficient between r and § is r’ = —0.91, implying that the higher the correlation co-
efficient [r], the smaller the prediction error [6]. At the inflection point of r (Am =21
months, the vertical dash-dotted line), § = 25.8. One, two, three, and four years after
the solar minimum: § < 36, 25, 17, and 10, respectively. The minimum § [= 5.3] oc-
curs at Am = 50 months. This value is two months shorter than the average rise time
[T, = 52.2 months]. After the average rise time (Am > 52), § is very variable. This
may be related to the presence of double peaks in some cycles (e.g., Cycles 16, 23, and
24), with the former secondary peak having lower amplitude than the latter main peak;

ii) The behavior of the mean relative prediction error [7] is similar to that of §: 1 tends to
decrease with Am. The cross-correlation coefficient between r and 5 is r' = —0.91. At
the inflection point of r (Am =21 months), n = 13.7%. One, two, three, and four years
after the solar minimum: n < 19%, 14%, 10%, and 6.1%, respectively. At the average
rise time (Am = 52), n = 4.3%;

iii) The MSE skill score [S.] tends to increase with Am. The cross-correlation coefficient
between r and S, is ' = 0.98, implying that the higher the correlation coefficient [r],
the more accurate the prediction. In the first year of the cycle (Am < 12), S, is small
(< 0.2) and may be negative occasionally (Am = 3, 6-9), due to the low and variable
correlation between S, (i) and B,(i, Am) at small Am (Figure 1a). At the inflection
point of r (Am =21), S, = 0.69. Two, three, and four years after the solar minimum:
S. > 0.67, 0.88, and 0.97, respectively. At the average rise time (Am = 52), S, = 0.99.
We note that S, is highly anti-correlated with § (+' = —0.97) and n (' = —0.96). This
implies that the smaller the prediction error, the higher the MSE skill score [S.].

In summary, the prediction error [given by § or 1] tends to decrease, and the predictive
ability [Sc] tends to increase/improve as the solar cycle progresses. Am > 21 months after
entering a new solar cycle, § <26, n < 14%, and S, > 0.67. The smallest prediction error is
8 =5.3 at Am = 50. This is related to the fact that there are several cycles (10, 14, 15, and
20) for which the rise time [7,] is close to 50 months (Table 1). If Am > 50, the number of
cycles used in the fitting suddenly decreases as we only use the data at the rising phase, so
the prediction error increases. The average values over the initial 60 months are 7 = 0.74,
§=22.57=12.6%,and S. = 0.65.

3.3. The Prediction of Sy, for Solar Cycle 25
As an application of the previous analysis, we now predict the maximum amplitude of Cycle

n =25 [Sn(25)] using B,(i, Am) fori = 1,2, ..., 24 at different values of Am, as shown in
Figure 2a for the prediction [S,(25, Am)] as a function of Am.
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Figure 2 (a) The prediction of Sy, (25) by Ba(25, Am): Sp(25, Am) with error bars. Right panel: the pre-
diction of Sy (n) for the last ten cycles [n = 15—24] at the time of writing (Am = 20). (b) The observation
[Sm, solid] and the prediction [Sp, dotted]. (¢) Left-hand ordinate axis: the absolute prediction error [ASp,
solid] and the relative prediction error [E;(n), dotted]; right-hand ordinate axis: the correlation coefficient
[r, dashed].

With the increase of Am, the correlation coefficient [r(Am) = r(24, Am)] between
Sm(i) and B,(i, Am) increases since Am = 6 (Figure la) and the standard deviation of
the regression [0 (24, Am)] slightly decreases (Figure 2a). The prediction [S,(25, Am)] is
variable in the first few months (Am < 6). After Am = 6 months, S,(25, Am) decreases.
At the time of writing [Am = 20], r(20) = 0.79 and the regression equation between S, (i)
and B,(i, Am) is

Sm=93.84+30.68,, r=0.79, 0 =35.8, ©)

fori =1,2,...,24, with a standard deviation of o (24, 20) = 35.8 (Table 1). Substituting
the current B8,(25,20) = 1.67 into this equation, S (25) is predicted to be S§,(25,20) =
145.0435.8. This is less than the climatological mean over Cycles 1 -24 [S,,(25) = 178.7,
in Table 1].

In order to understand the predictive ability of S, at the time of writing [Am = 20
months] on Sy, the results for the last ten cycles are shown in Table 1 (columns 5-13)
and the right panel of Figure 2. Currently, the correlation coefficient is around 7 = 0.77; the
absolute prediction error is around A_Sp =26.2, and the relative prediction error is around
E.=13.9%.

4. The Correlation Between the Amplitude and the Sunspot Number at
the Rising Phase

As the amplitude at solar minimum [Sp;,] is a small value, the rising rate [S,] in Equation

1 depends mainly on the early Sy at the rising phase for a given Am. Now, we analyze the

previous result using directly Sy Am months after the solar minimum.

4.1. The Correlation Coefficient Between S, and Sy

Figure 3a illustrates the correlation coefficient [r] between S, (n) and Sx(n, Am) Am

months after the solar minimum for all n = 1,2, ...,24. The behavior of r in Figure 3a
is similar to that in Figure 1a:
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Figure 3 Similar to Figure 1 but using SN(n, Am).

i) In the first year of the solar cycle [Am < 12], r is not strong [~ 0.56] but still much

higher than that between Sp,,(n) and B,(n, Am) in Figure la [r ~ 0.31];

ii) Inthe second year of the solar cycle, r increases rapidly with Am, from 0.54 at Am = 10
to 0.83 at the inflection point [Am = 21]. It is slightly higher than that for 8, in Figure la
[r ~0.80];

iii) After the inflection point, r increases slowly with Am. Two years after the solar min-
imum (Am > 24 months), r > 0.85. It is slightly higher than that for 8, in Figure la
[r ~0.83];

iv) About three years after the solar minimum (Am > 34 months), r > 0.90;

v) At the average rise time (T, = 52.2 months), r = 0.95.

We note that even in the first year of the solar cycle [1 < Am < 12], r is not negli-
gible, 0.54 < r < 0.59. At the inflection point [Am = 21], r rises up to 0.83. After the
inflection point, r increases slowly with Am. The correlation coefficient between S,(n)
and Sx(n, Am) in Figure 3a is slightly higher than that between S;,,(n) and B,(n, Am) in
Figure la. Currently (Am = 20), r = 0.82.

4.2. The Predictive Power of Sy on Sy,

As was done in Section 3.2, we examine the predictive ability of Sy for different values of
Am in the range [1-60] on Sy, for the last ten cycles [n = 15-24]. For a given Am, the
linear regression equation between Sy, (i) and Sx(i, Am) fori =1,2,...,n—11is

Sm=co+c1Sny, r=r(n—1,Am), c =o(n—1, Am). (10)

The correlation coefficient between S, and Sy is r =r(n — 1, Am) and the standard devi-
ation of the regression is ¢ = o (n — 1, Am). Substituting the value of Sy for Cycle n into
this equation, we obtain the predicted Sy, for Cycle n, denoted by S,(n, Am).

Figure 3b shows § (solid), n (dotted), and S, (dashed) as a function of Am. These quan-
tities behave similarly to those in Figure 1b. The quantities at several selected values of Am
are listed in Table 3. From Figure 3b and Table 3, the following aspects should be noted:

i) The mean absolute prediction error [§] tends to decrease with Am. The cross-correlation
coefficient between r and § is ' = —0.94. At the inflection point of r (Am = 21, the
vertical dash-dotted line), § = 25.1. This is smaller than that using 8, in Figure 1b,
which is 25.8. The smallest prediction error is 6 = 3.3 (n = 2.8%) at Am =59 and
there is a local minimum, § =5.4 (n =4.1%) at Am = 50, two months shorter than the

average rise time [T, = 52.2 months];
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Table 3 The correlation coefficient [r], the mean absolute prediction error [§], the mean relative prediction
error [n], and the MSE skill score [Sc] using Sy at selected values of Am.

Am r 8 n[%] Sec Am r 8 n[%] Sec

6 0.55 41.6 21.8 —0.09 36 0.91 17.4 10.1 0.86
12 0.59 36.1 18.6 0.24 48 0.90 10.1 6.5 0.97
21 0.83 25.1 13.1 0.70 50 0.94 5.4 4.1 0.99
24 0.85 25.1 13.9 0.68 52 0.95 5.7 4.3 0.99
Av. 0.81 22.2 12.3 0.65

ii) The mean relative prediction error [n] behaves in a similar manner to §: n tends to
decrease with Am. The cross-correlation coefficient between r and n is r' = —0.92.
At the inflection point of r (Am =21), n = 13.1%. This is smaller than that using S,
in Figure 1 which is 13.7%. One, two, three, and four years after the solar minimum:
n < 19%, 14%, 10.1%, and 6.5%, respectively. At the average rise time (Am = 52),
n=4.3%;

iii) The MSE skill score [ S, ] tends to increase with Am. The correlation coefficient between
r and S, is v’ = 0.98. In the first year of the solar cycle (Am < 12), S is small (< 0.2)
and may be negative in some months (Am = 1 -3, 6-8), due to the variable correlation
between S, (i) and Sn(i, Am) at small values of Am (Figure 3a). At the inflection point
of r (Am =21), S. = 0.70. Two, three, and four years after the solar minimum: S, >
0.68, 0.86, and 0.97, respectively. At the average rise time (Am = 52), S. = 0.99. It is
natural that S, is highly anti-correlated (+' = —0.95) with both § and 7.

In summary, as the solar cycle progresses, the prediction error [given by & or 5] tends
to decrease and the predictive ability [S.] tends to increase. Two years (Am > 24) after
entering a new cycle, § < 25.1, n < 14%, and S. > 0.68. The average values over the initial
60 months are 7 = 0.81, § = 22.2, 7 =12.3%, and 5. =0.65, slightly better than those using
Ba in Section 3.2 (see Table 2) [F = 0.74, § = 22.5, 7 = 12.6%, and S, = 0.65]. Therefore,
Sx(n, Am) performs slightly better than 8,(n, Am) as an indicator for the subsequent Sp,.

4.3. The Prediction of Sy, for Solar Cycle 25

We apply the above method to predict the maximum amplitude for Cycle n =25 [ S, (25)]
using Sn(i, Am) for i =1,2,...,24 for different values of Am. The result is shown in
Figure 4a for the prediction [S,(25, Am)] as a function of Am.

In a similar way to the results in Figure 2a, as the solar cycle progresses, the correla-
tion coefficient [r(Am)] between Sy, and Sx(i, Am) increases after Am = 10 (Figure 3a).
The prediction [S,(25, Am)] is variable in the first few months (Am < 6). After Am =6
months, S,(25, Am) slightly decreases. Currently [Am = 20], r(20) = 0.82 and the regres-
sion equation between Sy, (i) and Sx (i, Am) is

Sm=283.9+146S5y, r=0.82, 0=332, an

with a standard deviation o (24,20) = 33.2 (see Table 4). By substitution of the current
Sn(25,20) = 35.3 into this equation, Sy, (25) is predicted to be S,(25) = 135.5 £33.2. This
is below the value obtained using $, in Section 3.3 [145.0 £ 35.8].

The predictions for Sy, (n) for the last ten cycles [n =15—24] using the last available Sy
[Am = 20 months] are shown in Table 4 (columns 5—13) and the right panel of Figure 4
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Figure 4 Similar to Figure 2 but using SN (n, Am).

Table 4 Parameters and analysis results using Sy (72, 20).

n Smin~ Sm Ta SN(m,20) ¢ cl r o Spm Sp ASp E; [%]

o o 6 @ ® O & O Jq Jday d a3
14 45 107.1 49 46.6 86.8 138 081 372 - - - -

15 25 1757 48 70.5 86.5 138 081 359 1702 184.1 8.4 4.8
16 9.4 1302 56 54.4 839 139 080 355 1705 1613 31.1 239
17 5.8 198.6 43 49.8 88.1 136 0.78 36.1 168.0 1529 457 23.0
18 129 218.7 39 80.1 88.0 138 0.79 354 169.8 197.1 21.6 9.9
19 5.1 2850 47 114.8 84.1 148 0.82 354 1725 2467 383 134
20 143 156.6 49 63.4 83.0 148 0.82 348 1784 1776 21.0 134
21 17.8 2329 45 73.7 83.8 149 081 350 1773 191.8 41.1 17.7
22 135 2125 38 101.4 85.1 146 0.81 345 180.0 2353 228 10.7
23 11.2 1803 63 76.9 849 145 081 339 1815 1972 169 9.4
24 22 1164 o4 26.4 839 146 082 332 1814 1232 6.8 5.8
25 1.8 353 178.7 135.5

Av. 9.0 1787 522  63.7 853 143 081 352 175.0 186.7 254 132

(similar to Figure 2). Currently, the correlation coefficient is around 7 = 0.81, the prediction
error is around A_Sp = 25.4, and the relative prediction error is around E, = 13.2%. This is
slightly better than that the corresponding results using (i, Am) and shown in Figure 2¢
[F=0.77, AS, =26.2, and E, = 13.9%] (see Table 1).

As the correlation coefficient [0.82] between S, (i) and Sy (i, Am) is slightly stronger
than that [0.79] between S, (i) and B(i, Am) currently at Am = 20, and the average predic-
tion error over the initial 60 months using Sn(i, Am), § =222 and 7 = 12.3%, is smaller
than that [§ = 22.5 and 77 = 12.6%] using B(i, Am), we take the result in this section as the
prediction for S;,,(25).

4.4. Estimating the Timing of S;,, (25)
Finally, we roughly estimate the timing of Sp,(25) according to the well-known Waldmeier

(1939) effect that stronger cycles tend to rise faster (Usoskin and Mursula, 2003; Hathaway,
2010; Du and Wang, 2012; Chowdhury et al., 2019).
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Figure 5 The correlation coefficient [rg] between Sy and B, at Am months after the solar minimum for (a)
odd- and (b) even-numbered cycles. The correlation coefficient [rg] between Sy and Sy Am months after
the solar minimum for (c¢) odd- and (d) even-numbered cycles.

For the data of Cycles n = 124, the linear regression equation between the rise time
[T,] of a solar cycle and its accompanying amplitude [Sp,] is

T,=83.6—-0.176S,, r=-0.75, 0 =9.0. (12)
The correlation coefficient between T, and S, is » = —0.75 and the standard deviation of
the regression is 0 = 9.0 (months).

Substituting the predicted S, (25), S,(25) = 135.5 4= 33.2, into this equation, we can
estimate the rise time of Cycle 25: T,(25) =59.8 £5.8 £ 9.0 ~ 60 £ 11, here +5.8 is
derived from the uncertainty [+ 33.2] of S,(25), £ 9.0 is from the standard deviation of the
regression [o] in the above equation, and +/5.8% +9.02 ~ 11. Thus, we obtain the peak time
of Cycle 25: tiax (25) = tmin (25) 4+ T2 (25) = December 2019 +60+ 11 (months) = December
2024 (£ 11 months).

5. The Correlations in Even- and Odd-Numbered Cycles

It is well known that odd-numbered cycles tend to be stronger than the preceding even-
numbered ones, constituting an “Even—0dd” pair (Gnevyshev and Ohl, 1948). This is the
so-called “Gnevyshev—Ohl Rule” or “Even—Odd Effect”. For the sunspot number series
of Version 1.0, there are three exceptions to this rule for cycle pairs, 4/5, 8/9, and 22/23
(Hathaway, 2010). For the sunspot number series of Version 2.0, the exceptions are also the
same three-cycle pairs (see Table 1). If solar cycles are arranged in pairs starting with an odd-
numbered cycle followed by an even-numbered one, then an odd-numbered cycle tends to
be stronger than the following even-numbered one. This is the “Odd — Even Effect”. There
are also three exceptions to this rule: the cycle pairs 1/2, 7/8, and 17/18. Odd- and even-
numbered cycles tend to behave differently (Yoshida, 2014; Javaraiah, 2016; Du, 2020b;
Takalo, 2020; Kakad and Kakad, 2021). Now, we simply analyze the correlation coefficient
[rg] between Sy, and B, and that [rs] between S, and Sy for the odd- and even-numbered
cycles, respectively, as shown in Figure 5.

Figure 5 shows that both 4 and rs tend to increase as the solar cycle progresses for both
odd- and even-numbered cycles. At the inflection point [Am = 21], rg = 0.90 (Figure 5b)
and rg = 0.91 (Figure 5d) for the even-numbered cycles. These values are larger than those
for the odd-numbered ones, rg = 0.78 (Figure 5a) and rs = 0.82 (Figure 5c), respectively.
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This feature of a stronger correlation for even-numbered cycles than for odd-numbered ones
is similar to the one found for the correlation between S, and the rate of decrease at the
preceding declining phase (Yoshida, 2014; Du, 2020b). The even-numbered cycles seem
to behave better than the odd-numbered ones. This might be related to the fact that odd-
numbered are larger and more active than even-number cycles (Du, 2020b).

At the current state, Solar Cycle 25 is an odd-numbered cycle. So, we care about whether
the correlation for odd-numbered cycles (Figures 5a and 5c) can be improved by dividing
the solar cycles into odd- and even-numbered ones. The correlation coefficient between Sy,
and B, at the inflection point [Am = 21] for the odd-numbered cycles [rg = 0.78, Figure 5a]
is slightly smaller than that from considering all the cycles [rg = 0.80, Figure 1a]. Similarly,
the correlation coefficient between S;,, and Sy at the inflection point [Am = 21] for the odd-
numbered cycles [rs = 0.82, Figure 5c] is also slightly smaller than that from considering
all the cycles [rs = 0.83, Figure 3a]. Dividing the solar cycles into odd- and even-numbered
ones does not improve the correlation for the odd-numbered ones. This is not the desired
result for the current odd-numbered Cycle 25. Therefore, we analyzed the correlation of all
cycles in Sections 3 and 4.

6. Discussion and Conclusions

Analyzing the variation in the correlation between the maximum amplitude [Sy,] of the solar
cycle and the sunspot number at the rising phase is helpful for understanding the temporal
evolution of the cycle. We compared the correlation between Sy, and the rising rate [S, de-
fined by Equation 1] and that between S;;, and the smoothed monthly mean sunspot number
[Sn] at the rising phase. We found that the correlation coefficient [rs] between S, and Sy
(Figure 3a) is slightly higher than that [rg] between Sy, and B, (Figure 1a). If Am is small
(< 10), rg is variable and not strong [~ 0.56]. After Am = 10, rg increases rapidly with Am
as the solar cycle progresses. At the inflection point [Am = 21], rs = 0.83 is large enough.
Around the average rise time (T, = 52.2 months), r = 0.95. This means that the early value
of Sy is well related to the temporal evolution of solar magnetic activity from the solar min-
imum to the following maximum. With the increase of Am, the mean absolute (relative)
prediction error, § (), tends to decrease and the MSE skill score [S.] tends to increase. At
the inflection point of the correlation coefficient [Am =21 months], § = 25.1, n = 13.1%,
and S, = 0.70 by Sy, slightly better than the ones corresponding to 8, [§ =25.8, n = 13.7%,
and S, = 0.69]. Therefore, Sy is better than B, as an indicator to estimate the subsequent Sy,
at the early rising phase of the solar cycle.

Using Sn(i, Am) for Cycles i = 1,2,...,24, we predicted S, for Cycle n = 25:
Sp(25) = 135.5 4= 33.2. Since the prediction error tends to decrease with Am, this result
is obtained using the latest available data (Am = 20). To understand the predictive ability of
the above method on S, in the Appendix (Sections A and B), we compared the predictions
for the last Cycle 24 by both the decrease (Am < 0) and rising (Am > 0) rate and by the
sunspot number [Sy] at both declining (Am < 0) and rising (Am > 0) phase using the data
from the old [V1.0] and new [V2.0] version separately. Using Sy, the correlation coefficient
tends to be higher, and the prediction error tends to be smaller than that using either a de-
crease or rising rate. The lowest correlation coefficient occurs around the solar minimum
[Am = 0]. With the increase of |Am| at both rising (Am > 0) and declining (Am < 0)
phases for |Am| < 50, the correlation coefficient tends to increase, and the prediction error
tends to decrease. At the declining phase (Am < 0), the amplitude was found to be best
correlated with the sunspot number at Am = —39 months (Du, 2020b) for Cycles 1-24.
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This implies that a few (three —four) years before the end of an old solar cycle, the solar
magnetic-field activity (as a seed) begins to trigger the magnetic activity for the following
new cycle (Dikpati, de Toma, and Gilman, 2006; Yoshida and Yamagishi, 2010; Du, 2020b).
The low correlation around the solar minimum may be due to the more nonlinear behavior
and the temporal overlapping of cycles (Cameron and Schiissler, 2007). As Am increases,
the influence of the old cycle decreases, the nonlinear component decreases, and thus the
correlation increases.

At the time of writing (Am = 20), § =25.4 and n = 13.2% (Figure 3b). Our prediction
[S5(25) = 135.5£33.2] is higher than the following previous estimates: 80.39 (Singh et al.,
2019), 99.13 = 14.97 or 104.23 £ 17.35 (Burud et al., 2021), 100.21 & 15.06 (Chowdhury
et al., 2021), 103 & 15 (Kakad and Kakad, 2021), 115.4 & 11.9 (Yoshida, 2014), ~ 116
(Hathaway and Upton, 2016), 119.42 +-28.41 (Singh et al., 2021), and 124 430 (Du, 2022).
Similar to the following estimates: 130.0 &= 31.9 (Du, 2020b), 135 £ 25 (Pesnell and Schat-
ten, 2018), and 137.8 +=31.3 (Du, 2020a). And lower than the following ones: 151.1 £ 16.9
(Du, 2020c), 154 + 12 (Sarp et al., 2018), and 228.8 £ 40.5 (Han and Yin, 2019). Some
other predictions can also be found in Burud et al. (2021), Chowdhury et al. (2021), and
Nandy (2021).

According to the above analysis, the following conclusions are summarized.

i) The correlation coefficient [rs] between Sy, and Sy Am months after entering the solar
cycle is slightly higher than that [rg] between Sy, and B,, and both increase with Am as
the cycle progresses. In the first year of the cycle, the correlation is not strong (rs ~ 0.56,
rg ~ 0.31). At the inflection point [Am = 21 months], the correlation is strong enough
(rs = 0.83, rg = 0.80). After the inflection point, the correlation coefficient increases
slowly with Am;

ii) Two and three years after entering the cycle: rg > 0.85 and 0.90, respectively. Around
the average rise time (Ta = 52.2 months), rg = 0.95;

iii) The correlation between Sy, and Sy (or B,) for even-numbered cycles is stronger than
that for odd-numbered ones and stronger than that for all the cycles. The correlation for
odd-numbered cycles is slightly weaker than that for all the cycles;

iv) & and n tend to decrease, and S, tends to increase as the cycle progresses. One, two,
three, and four years after the solar minimum: n < 19%, 14%, 10%, and 6.5%, S. >
0.24, 0.68, 0.86, and 0.97, respectively. The smallest prediction error is at Am = 59
(n =2.8%), and there is a local minimum (n = 4.1%) at Am = 50, two months shorter
than the average rise time [T, = 52.2 months];

v) At the time of writing [Am = 20], the amplitude of Cycle 25 is predicted to be S;,(25) =
135.5 £ 33.2 and to occur around December 2024 (£ 11 months).

Appendix A: Predicting S, of Cycle 24 Using the Sunspot Numbers of
Version 1.0

As an example, we examine the predictive ability of the methods in this work and Du
(2020b) on the maximum amplitude [S;,] of Cycle 24 using the sunspot number series [Sy]
of Version V1.0. Du and Wang (2012) predicted Sy, for Cycle 24 [S, = S,(24)] by the rising
rate [B,, Equation 1]. The result is shown in Figure 6a (for Am > 0). In the original work,
data were available only until February 2011 [Am = 27], and the result at Am = 27 was
r(Am) = 0.88 and S, = 84.0 (marked with an asterisk in Figure 6a), slightly higher than
the observed value [S,,(24) = 81.9, the horizontal dash-dotted line]. Now, we extended the
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Figure 6 Predicting the maximum amplitude of Cycle 24 [Sp(24), solid] by (a) the decreasing (Am < 0)
and rising (Am > 0) rate, and (b) the sunspot number [SN] of Version V1.0 at the declining (Am < 0) and
rising (Am > 0) phase as a function of Am (months) from the solar minimum [Am = 0]. The horizon-
tal dash-dotted line represents the observed Sm(24) = 81.9. The dashed line indicates the prediction error,
ASp = |Sp(24) — Sm(24)|. The dotted line represents the correlation coefficient [r(Am)]. The left vertical
dash-dotted line indicates Am = —39 months. The right vertical dash-dotted line in (a) indicates Am = 27
months at which Du and Wang (2012) obtained the result: r(27) = 0.88 and Sp = 84.0.

result to Am = 60 months (four months before the peak timing of Cycle 24, April 2014).
We see that with the increase of Am, the correlation coefficient [r(Am), dotted] between
Sm and B, for Cycles 1-23 increases (if Am < 50), and the predicted value [S,, solid] de-
creases from 102.3 [with an error of AS, =[S, — S, (24)| = 20.4, dashed] at Am =1 to
82.8 (AS, =0.9) at Am = 60. There is a local peak, S, = 96.0 (AS, = 14.1) at Am = 32,
two (three) months earlier than the peak of Cycle 22 (3) and six months earlier than the
secondary peak of Cycle 24 [66.9, February 2012]. If Am > 50, r (Am) may decrease. The
mean absolute (relative) prediction error is A_Sp =7.2 (E, = 8.8%) over Am =1, 60].

Du (2020b) analyzed the correlation between Sy, and the decrease rate [B4], calculated
from the timing of solar minimum [#,;,] to Am months earlier. They found that the correla-
tion coefficient [r(Am)] between S, and B4 for Cycles 1—24 is the highest at Am = —39
months, using the sunspot numbers of Version 2.0. Now, we use the sunspot numbers of Ver-
sion 1.0 to predict S, (24) by B4, as shown in the left part of Figure 6a (for Am < 0). As Am
varies from —1 to —60, r(Am) for Cycles 1-23 tends to increase (if Am > —50) and the
predicted value [S,] decreases from 109.3 (AS, =27.4) at Am = —1 to 58.0 (AS, =23.9)
at Am = —60. The correlation coefficient decreases if Am < —50 and may be negative if
Am < —58. At Am = —39 months, r(—39) =0.78, and S, =87.1 (AS, =5.2). The mean
prediction error is Ep =10.3 (E, = 12.6%) over Am =[—1, —60].

Figure 6b shows the predicted S,(24) by the sunspot number [Sy] at the preceding de-
clining (Am < 0) and rising (Am > 0) phase Am months from the solar minimum. As Am
increases from 1 to 60, the correlation coefficient [r(Am)] between S, and Sx(Am) for
Cycles 1-23 increases (if Am < 50), and S, varies in the range [73.9, 93.0] with the largest
prediction error [AS, = 11.1] at Am = 32. As Am varies from —1 to —60, r(Am) tends
to increase (if Am > —50), and S, decreases from 87.0 (AS, =5.1) at Am = —1 to 58.3
(AS, =23.6) at Am = —60. The correlation coefficient decreases if Am < —50 and may be
negative if Am < —58. At Am = —39 months, r(—39) =0.79 and S, = 83.2 (AS, = 1.3).
Over Am = [1, 60], the mean prediction error is A_Sp =4.4 (E, =5.3%), smaller than that,
7.2 (8.8%), using B, in Figure 6a. Over Am = [—1, —60], the mean prediction error is
Bp =5.9 (E, = 7.3%), smaller than that, 10.3 (12.6%), using B4 in Figure 6a.

In summary, the prediction error by the sunspot number [Sy] is smaller than the one
computed by the rate. The lowest correlation coefficient is around the solar minimum, r =
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Figure 7 Similar to Figure 6 but using the sunspot numbers of Version 2.0. The horizontal dash-dotted line
indicates the maximum amplitude [Sm (24) = 116.4] of Cycle 24.

0.16 at Am = —1 for the rate and r = 0.56 at Am = 0 for Sy. At the rising phase, »(Am)
increases with the increase of Am and r(Am) > 0.75 if Am > 16. At the declining phase,
r(Am) also tends to increase with the increase of |Am| and r(Am) > 0.75 if =52 < Am <
—29. The prediction error near the solar minimum tends to be larger than those computed at
other Am in the range [—50, 50].

Appendix B: Predicting Sy, of Cycle 24 Using the Sunspot Numbers of
Version 2.0

Figure 7 shows the results obtained by using the sunspot numbers of Version 2.0 in a similar
manner as was done in Figure 6.

i) Using the decrease (Am < 0) and rising (Am > 0) rate (Figure 7a), the lowest corre-
lation coefficient for Cycles 1—-23 is r(Am) =0.19 at Am = 3, also close to the solar
minimum in time. With the increase of |Am|, r(Am) tends to increase and the pre-
diction error [AS, =[S, — S (24)|] tends to decrease. r(Am) > 0.75 if Am < —30
or Am > 20. The maximum prediction error is AS, = 61.1 (E, =52.5%) at Am = 1.
The mean prediction error is A_Sp =247 (E, =21.2%) for Am > 0 and A_Sp =234
(E. =20.1%) for Am < 0. At Am = —39, r(—=39) = 0.80 and AS, =18.8 (16.2%).
At Am = 20 (similar to the time for predicting Cycle 25), r(20) = 0.77, §, = 132.2
(asterisk), and AS, = 15.8 (13.6%).

ii) Using the sunspot number at the declining (Am < 0) and rising (Am > 0) phase (Fig-
ure 7b), the lowest correlation coefficient for Cycles 1 —23 is r(Am) =0.51 at Am =9.
With the increase of |Am|, r(Am) tends to increase and r(Am) > 0.75 if Am < —16
or Am > 18. The mean prediction error is A_Sp =14.4 (E, = 12.3%) for Am > 0 and
AS, =14.5 (E, = 12.4%) for Am < 0. At Am = —39, r(—39) = 0.80 and AS, = 13.2
(E; = 11.3%). For Am > 0, the prediction error is minimum (maximum), AS, = 0.4
(30.5), at Am =51 (31) and has a local minimum [6.4] at Am = 21. At Am =20
(similar to the time for predicting Cycle 25), r(20) = 0.81, S, = 123.2 (asterisk), and
AS, =6.8 (E;=5.8%).

Using the sunspot number (Figure 7b), the correlation coefficient is slightly higher, and
the prediction error tends to be smaller than that using either a decrease or rising rate (Fig-
ure 7a). Near the solar minimum, the correlation coefficient tends to be weaker, and the
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prediction error tends to be larger than those at other Am. The mean relative prediction er-
ror for Cycle 24 using the data of the new version is larger than that using the data from
Version 2.0.
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