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Abstract
In recent decades, the role of gross domestic product (GDP) as an indicator of well-being 
has been sharply questioned by both researchers and institutions. This theoretical discus-
sion leads to the international debate “Beyond GDP”, which aims to assess the progress 
of a country considering fundamental social and environmental dimensions of well-being, 
inequality, and sustainability. According to this perspective, well-being and quality of life, 
in general, deserve great attention at the institutional level; hence, this topic attracted the 
consideration of methodological researchers, and thus many statistical indicators have been 
proposed. Recently, most insiders have dealt with the problem of the multidimensional-
ity of well-being, and many research has also stressed the importance of assessing trends 
and changes over time rather than observing indices in single instants. For this reason, 
this research proposes the use of functional data analysis to build new social indicators of 
well-being and to interpret them considering the original time observations as a continuous 
function. Indeed, repeated measures of social indicators of well-being can be considered 
as functions in the time domain. Moreover, this approach adds to the existing techniques 
interesting instruments of analysis, e.g. the derivatives and the functional principal com-
ponents, and overcomes some strong assumptions of the time series analysis. To demon-
strate the appropriateness of this approach, this study proposes an application to real data 
concerning “subjective well-being” within the Italian “BES project” The final aim of this 
research is to provide scholars and policy-makers with additional tools for assessing the 
“Equitable and Sustainable Well-being” over time.
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1  Introduction

In recent decades, both scholars and institutions have stressed that macro-economic sta-
tistics (e.g. GDP) do not adequately represent the quality of people’s living conditions 
(OECD 2013). Moreover, the financial and economic crisis has strongly emphasised the 
importance of considering further indicators able to detect countries’ social progress effec-
tively. Therefore, because “the dominant position of GDP as a measure of social progress 
is under fire” (Callens 2015), many attempts for developing indicators, which are as clear 
and appealing as GDP but more inclusive of environmental and social aspects of progress, 
have been made. The most important initiative in this regard is “Beyond GDP” (OECD 
2014) that represents a strong institutional signal of the European Commission confirming 
the need of looking for adequate social indicators able to reflect the real condition of peo-
ple’s well-being.

The study of social indicators of well-being has a long tradition (e.g. Andrews and 
Withey 1976; Andrews 1983; Diener et al. 1995; Biswas-Diener et al. 2004; Suter and Igle-
sias 2005; Betti et al. 2006; Veenhoven 2007; Michalos 2008), in recent decades, research 
on quality of life and its dimensions (e.g. subjective well-being) has proliferated attract-
ing the attention of many worldwide scholars (e.g. Cutler 2009; Diener 2009; Maria 2009; 
Rosa et al. 2010; Mushongera et al. 2015; Lee and Kim 2016; Fattore et al. 2016; Di Spala-
tro et al. 2017; Rogge and Van Nijverseel 2018; Rojas 2018; Cummins 2018).

Traditionally, utility and related concepts form a compelling source of insights into 
well-being. Various forms of utilitarianism, including revealed preference and preference 
utilitarianism, which view well-being to be preference-fulfilment, have been analysed by 
Alkire (2015). However, according to Sen (1979), the doctrine for which well-being only 
depends on utility implies the rejection of any other values. Thus, after Sen’s paper (Sen 
1980), it has been common to consider alternative informational bases to account for well-
being issues. A strong motivation for considering well-being as a multidimensional issue 
has been provided by the publication of the report of the “Commission on the measurement 
of economic performance and social progress” (Stiglitz et al. 2009). The report identifies 
the limits of GDP as an indicator of economic performance and social progress and sug-
gests to consider additional information for the production of more relevant indicators of 
social progress.

Consistent with the view of well-being as a multidimensional concept, novel approaches 
to build indicators or discuss the problems of the existing ones, have been proposed (e.g. 
Fattore and Arcagni 2014; Otoiu et  al. 2014; Fattore 2015; Davino et  al. 2016; Kuentz-
Simonet et al. 2016; Fattore and Arcagni 2016; Betti 2016; Boccuzzo and Caperna 2017; 
Suter and Iglesias 2005; Betti et al. 2006; Maggino 2014; di Bella et al. 2016; Iglesias et al. 
2016; Mauro et al. 2016; Fattore and Maggino 2017).

As highlighted in Boelhouwer and Bijl (2015) and ISTAT (2016), much of the power 
of well-being indicators is their availability as repeated measurements over time. In this 
regard, Maggino and Facioni (2015) stressed that analysing social phenomena such as 
well-being, one of the more interesting problem is the study of its dynamics expressed “in 
terms of stability and change”. In particular, in the context of subjective well-being (SWB) 
(more colloquially “happiness”), which can be defined as “a characteristic that reflects a 
person’s subjective evaluation of his or her life as a whole”, the theoretical problem of its 
(possible) change has been widely discussed in the literature (e.g. see Sheldon and Lucas 
2014a). However, according to the perspective of Boelhouwer and Bijl (2015), policymak-
ers could also be interested in comparing different groups of individuals through their 
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subjective well-being measurement, e.g. older people vs young people or people living in 
large conurbations vs people living in rural localities.

From a theoretical perspective, many scholars believe that the happiness of a person is a 
personal fact that hardly changes over time. Indeed, some scholars argue that even people 
who have experienced serious positive or negative events do not change  their happiness 
(e.g. see Sheldon and Lucas 2014a). In the last few decades, a more moderate theory has 
emerged with the idea that happiness can increase (“sustainable happiness theory”) but 
most scholars are suspicious that this improvement may last over time (“set-point theory”) 
(Headey and Wearing 1989; Lykken and Tellegen 1996; Easterlin and Switek 2014). In 
other words, there is a strong conviction of some scholars that happiness is a fact inherent 
in people and that, apart from fluctuations, happiness returns to the basic level in the long 
term (Lykken and Tellegen 1996). Indeed, a central hypothesis in the set-point theory is 
that subjective well-being fluctuates around a stable, genetically determined set point, and 
thus long-term levels of subjective well-being should be highly heritable and stable across 
time. Nonetheless, many empirical studies suggest that it is possible to become perma-
nently happier or sadder due to important life events (Sheldon and Lucas 2014a).

The basic idea of this research is to propose a tool that can provide additional informa-
tion for the study of the dynamics of well-being in the long term, i.e. the functional data 
analysis approach (FDA) (Ramsay and Dalzell 1991; Ramsay and Silverman 2002, 2005; 
Ramsay et al. 2009; Ferraty and Vieu 2003, 2006; Ferraty 2011; Febrero-Bande and de la 
Fuente 2012; Cuevas 2014). Consistent  with the theoretical framework of multidimen-
sional well-being, the input data is a set of time series each one recording well-being over 
time. Each time series can regard a different dimension of well-being or a diverse group of 
individuals (e.g. a different region of a geographic area). The novelty of the FDA approach 
is to assume that the measurements over time are temporally ordered samples of an under-
lying continuous function. That is, well-being evolves continuously over time, but we can 
get only some measurements (e.g. yearly measurements) of it. Usually, the estimation of 
the continuous function underlying the time series of measurements is performed by means 
of non-parametric fitting techniques (e.g. smoothing splines).

Differently from classic multivariate data, functional data embed the ordering on the 
time dimension. Moreover, the information in the slope and curvatures of functions, as 
reflected in their derivatives, can be used to study the dynamics of well-being indicators. 
By considering each continuous function as the unit of our analyses, we can also compare 
well-being measurements through metrics and semi-metrics on the entire functions rather 
than on single time instants, as in classic approaches.

After introducing FDA and some related concepts, the aim of this research is to propose 
the use of derivatives and functional principal components decomposition to interpret the 
dynamics of subjective well-being. Afterwards, the clustering of statistical units according 
to suitable metrics and semi-metrics for functional data is performed to discover homoge-
neous groups of subjective well-being measurements. Then, this study presents an applica-
tion on subjective well-being measurements coming from the Italian report on the equita-
ble and sustainable well-being (BES report) (ISTAT 2016). Clearly, this approach can be 
easily extended to other measures of well-being (in addition to the subjective well-being 
one).

The BES report is an annual publication of the Italian National Institute of Statistics 
(ISTAT) which, from 2013, provides an evaluation of the progress of the Italian society 
not only from an economic but also from a social and environmental point of view. It aims 
at becoming a reference point for citizens, civil society, the media, and politics for obtain-
ing an overall picture of the primary social, economic and environmental phenomena that 
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characterise Italy. From 2016, recent trends for selected indicators of BES report have 
become part of the Italian Economic and Financial Document (DEF) and every year a 
monitoring report has to be presented to the Italian Parliament.

During the last decades, in Italy, the institutions have shown significant interest in 
the topic of well-being, and one of the reasons is undoubtedly the economic situation of 
the country. Indeed, Italy is arguably “the only Western country where regional imbal-
ances still play a major role nowadays: Italy’s North-South divide in terms of GDP has 
no parallels in any other advanced country of a similar size, and southern Italy is, after 
Eastern Europe, the biggest underdeveloped area inside the European Union” (Felice 
2017). Specifically, Italy is composed of two areas: A Center-North much more homo-
geneous internally, and a more impoverished South. Moreover, the effectiveness of state 
intervention in the South was almost absent due to growing political clientelism, bad 
industrial choices, and organised crime (Felice 2017). Therefore, starting from 2010, 
ISTAT, initially in collaboration with CNEL (National Council for Economics and 
Labour), has developed a multidimensional approach to well-being which follows the 
theoretical framework of the OECD studies and projects (OECD 2011, 2013) as well 
as the “SSF Report” (Stiglitz et al. 2009). To this end, the traditional economic indica-
tors, GDP first of all, have been integrated with measures of the quality of life and the 
environment.

Different commissions of experts detected the domains related to well-being and their 
proper statistical indicators. In total, 12 domains and 130 indicators were identified. Start-
ing from the 2015 edition, the BES report also proposes synthetic measures of the overall 
performance of the various domains. These provide the aggregation of the individual indi-
cators that make up a domain into a single value. However, these composite indicators have 
been elaborated only for the so-called “outcome domains”, i.e. health, education and train-
ing, work and life balance, economic well-being, social relationship, security, landscape 
and cultural heritage, environment, and subjective well-being. Furthermore, only those 
indicators that allowed a complete reconstruction of the historical series were considered. 
These criteria led to the elaboration of 9 composite indicators (BES 2016 Report) (ISTAT 
2016): Health, Education and training, Employment, Quality of work, Income, Minimum 
economic conditions, Social relations, Life Satisfaction, and Environment. For the applica-
tion, this study focuses on the subjective well-being domain; however, we remark that the 
FDA approach can easily be extended to the other outcome domains.

The remainder of this paper is structured as follows. Section 2 proposes a brief overview 
of the theory of FDA. Section 3 presents an application to a real data set concerning the 
BES project. Finally, Sect. 4 presents the discussion and conclusions.

2 � Theory of FDA

The theory and practice of statistical methods in situations where available data are func-
tions (instead of real numbers or vectors) is often referred to as FDA (Cuevas 2014). This 
topic has become very popular during the last decades and is now a major research field in 
statistics (e.g. Gattone and Di Battista 2009; Aguilera and Aguilera-Morillo 2013; Escabias 
et al. 2014; Maturo et al. 2018a). Dealing with functional data had a significant impact on 
statistical thinking and methods, changing the way in which we represent, model and pre-
dict data (Shang 2013).
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The basic idea of FDA is to deal directly with the function generating the data instead of 
the sequence of observations, and thus to treat observed data functions as single entities. In 
real applications, functional data are often observed as a sequence of point data, and thus 
the function denoted by y = f (x) reduces to record of discrete observations that are denoted 
by the T pairs (xj;yj) where x ∈ ℜ and yj are the values of the function computed at the 
points xj , j = 1, 2,… , T  (Ramsay et al. 2009).

The first step in FDA is to convert the values yi1, yi2,… , yiT for each unit i = 1, 2,… ,N 
to a functional form computable at any desired point x ∈ ℜ . Thus, a functional variable 
X is a random variable taking values in a functional space � . Thus, a functional data set is 
a sample x1,..., xN (also denoted x1(t) ,..., xN(t) ) drawn from a functional variable X (Fer-
raty and Vieu 2006). Supposing that the functional data y(t) is observed via the model 
y(ti) = x(ti) + �(ti) where the residuals �(t) are independent with x(t), we can get back the 
original signal x(t) using a linear smoother (Ramsay et al. 2009):

where si(tj) is the weight that the point tj gives to the point ti.
Recently research has underlined the several advantages of the FDA approach. The first one 

is obviously to obtain a functional expression for representing the phenomenon under study. 
Then, Ferraty and Vieu (2006) highlighted that often crucial information is included in the 
first and second derivatives rather than in the data themselves. Ramsay and Dalzell (1991) 
stressed that sometimes the aim of a study can be functional in nature, and some modeling 
problems are more natural to consider functionally, e.g. monitoring ecological population 
dynamics (Maturo and Di Battista 2018; Maturo 2018), climatic variation forecasting (Ramsay 
and Silverman 2005), the analysis of growth curve, medical research, and diversity assessment 
(Maturo et al. 2018b); moreover, FDA allows us assessing important additional sources of pat-
tern and variation among data. Cuevas (2014) notes that in this framework, in contrast to time 
series analysis, we do not need that data are sampled at equally spaced time points; in addition, 
FDA provides the theoretical possibility of observing the phenomenon in a much finer grid 
and, in the limit, to observe x(t) at any fixed instant t. Finally, one of the best advantages is 
that many essential notions and theorems of classical statistics can be extended to the infinite-
dimensional context of FDA (Ramsay and Silverman 2005; Cuevas 2014).

To estimate the functional datum, many approaches have been proposed in the literature. 
The most common criteria are the functional principal component decomposition (Cardot 
et al. 1999; Ramsay and Silverman 2005), basis function approach (Ramsay and Silverman 
2005), and the kernel smoothing (Ferraty and Vieu 2006).

The functional principal component decomposition is considered by many scholars (e.g. 
Cardot et al. 1999; Ramsay and Silverman 2005; Ferraty and Vieu 2006; Aguilera et al. 
2011; Febrero-Bande and de la Fuente 2012; Escabias et al. 2014). It allows us to display 
the functions by a linear combination of a small number of functional principal compo-
nents (FPC). The functional data can be rewritten as a decomposition in an orthonormal 
basis by maximizing the variance of x(t):

where �ik is the score of the generic FPC �k for the generic function xi ( i = 1, 2,… ,N).

(1)x̂(ti) =

n∑

i=1

si(tj)y(ti) ⇒ �̂ = ��

(2)x̂i(t) =

K∑

i=1

𝜈ik𝜉k(t)
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Generally, the advantage of this approach is that it finds a lower-dimensional represen-
tation preserving the maximum amount of information from the original data. Hence, in 
this context, in the point cloud space, functional principal components analysis finds the 
direction vector with greatest population variation maximizing the variance of the data pro-
jected onto the vector. This direction is found by either an eigenvalue analysis of the covar-
iance matrix, or by a singular value decomposition of the data matrix (Zhao et al. 2004).

Another common method for representing the functional data is the basis approxima-
tion. Ramsay and Silverman (2005) suggested that functions can be obtained using a finite 
representation in a fixed basis. If x(t) ∈ 2,1 a basis function system is a set of K known 
functions �j(t) , that are linearly independent (see Ramsay and Silverman 2005) of each 
other and can be extended to include any number K in the system. Thus, a function x(t) can 
be expressed by a linear combination of these basis functions:

where cj is the vector of coefficients defining the linear combination and �j(t) is the vec-
tor of basis functions. Hence, x(t) = x̂(t) + �(t) and the observed residual series is given 
by �i(t) = xi(t) − x̂i(t) . Thus, a standard measure of the quality of fit for a series can be 
expressed by s2

i
=

1

n−K

∑n

j=1
�i(tj)

2 (Ramsay and Silverman 2005). In the literature, different 
types of basis functions have been proposed, e.g. b-splines that are sets of polynomials (of 
order m) defined in subintervals constructed in such a way that in the border of the subin-
tervals the polynomials coincide (up to m − 2 derivative), Fourier basis that are useful to 
represent periodic functions, wavelets, and polynomials.

Starting from the representation of functions, many classical statistical concepts can be 
adapted to the FDA framework2 (e.g. see Ramsay and Silverman 2005; Ferraty and Vieu 
2006; Aguilera et al. 2011; Febrero-Bande and de  la Fuente 2012; Escabias et al. 2014). 
Furthermore, in the literature, some studies have also proposed to exploit FDA for paramet-
ric models known in advance (e.g. Maturo et al. 2017; Di Battista et al. 2017) or to approx-
imate them with the classical FDA approach, e.g. item response models (e.g. Fortuna and 
Maturo 2018) and Hill’s numbers (e.g. Maturo and Di Battista 2018).

This research focuses on the classical FDA approach, i.e. it starts from a sequence of 
observations of a subjective well-being indicator over time for reconstructing the func-
tional model. Furthermore, the additional information of derivatives and FPCs will be 
shown with a double aim: First, they are themselves meaningful in explaining functions 
behaviour; and second, they can be implemented for computing proximity measures among 
functional observations (e.g. composite indicators of well-being of different regions).

(3)x(t) =
∑

j∈ℕ

cj𝜙j(t) ≈

K∑

j=1

cj𝜙j(t) = c
⊤Φ

1  Focusing on the case of an Hilbert space with a metric d(⋅, ⋅) associated with a norm so that 
d(x1(t), x2(t)) = ‖x1(t) − x2(t)‖ , and where the norm ‖ ⋅ ‖ is associated with an inner product ⟨⋅, ⋅⟩ so that 
‖x(t)‖ = ⟨x(t), x(t)⟩1∕2 , we can obtain as specific case the space L2[a, b] of real square-integrable functions 
defined on [a, b] by ⟨x1(t), x2(t)⟩ = ∫ b

a
x1(t)x2(t)dt.

2  Some examples of classical statistical concepts adapted to the FDA framework are: the functional mean 
x(t) =

1

N

∑N

i=1
x
i
(t) , functional variance �2

x
(t) =

1

N

∑N

i=1

�
x̂
i
(t) − x(t)

�2

 , functional covariance 
�(s, t) = cov

�
x(s), x(t)

�
=

1

n

∑n

i=1

�
x
i
(s) − x(s)

��
x
i
(t) − x(t)

�
 , and functional correlation 

�(s, t) =
�(s,t)

√
�(s,s)

√
(�(t,t)

.
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In the context of FDA, different proximity measures can be adopted for clustering pur-
poses. The most used distance is certainly the L2-distance. Limiting our attention to the 
case of the L2-space, a commonly used distance between functional elements is given by

where w is the weight and the observed point on each curve are equally spaced (Febrero-
Bande and de la Fuente 2012).

However, many scholars (e.g. Ferraty and Vieu 2006) believe that Eq. 4 does not neces-
sarily provide the most informative proximity measures between functional elements, and 
therefore considering other distances between curves could give better information. For 
this reason, several metric and semi-metric distances have been proposed in the literature. 
Particularly, because of their high informative power, semi-metric proximity measures 
based on derivatives are widely adopted. The distance between the r-order derivatives of 
two curves x1(t) and x2(t) can be expressed as follows

where x(r)
1
(t) and x(r)

2
(t) are the r-derivatives of x1(t) and x2(t) , respectively. In this context, 

the distance among first and second derivatives is particularly interesting because they rep-
resent the velocity and acceleration in increasing and decreasing of the original functions, 
respectively.

Another widely used semi-metric proximity measure between curves is that based on 
functional principal components (Ramsay and Silverman 2005; Ferraty and Vieu 2006; 
Febrero-Bande and de la Fuente 2012). The basic idea is to exploit the functional principal 
components decomposition (see Eq. 2) for computing the distance between functional ele-
ments as follows:

where �i,p are the coefficients of the expansion, and �p is the p-th orthonormal eigenvector.

3 � Application and Results

Section 3 illustrates an application of the FDA approach in the context of subjective well-
being indicators. Specifically, starting from sequences of observations, we show how to 
obtain smoothed functions representing the subjective well-being of different Italian 
regions over time. Then, the first and second functional derivatives, and the functional 
principal component decomposition will be illustrated. Finally, using four different proxim-
ity measures (those illustrated in Sect. 2), we propose the functional hierarchical clustering 
for grouping Italian regions according to their similarity in subjective well-being over time.

This study proposes an application to a real dataset concerning the “subjective well-
being” within the Italian “BES project” (see Sect. 1). The international debate “Beyond 

(4)‖‖x1(t) − x2(t)
‖‖2 =

{
1

∫ b

a
w(t)dt �

b

a

||x1(t) − x2(t)
||
2
w(t)dt

}1∕2

(5)d
(r)

2

(
x1(t), x2(t)

)
=

[
1

T ∫T

(
x
(r)

1
(t) − x

(r)

2
(t)
)2

dt

] 1

2

(6)d2
(
x1(t), x2(t)

)
≈

[ P∑

p=1

(
�p,a − �p,b

)2‖‖‖
�p
‖‖‖

] 1

2
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GDP” has stimulated a national initiative by CNEL and ISTAT for measuring the “Equi-
table and Sustainable Well-Being”. In summary, the BES 2016 Report (ISTAT 2016) 
makes available 9 composite indicators (see Sect. 1); however, in this context, we focus 
only on the domain titled “subjective well-being” but, obviously, the proposed approach 
can be also extended to other domains. The subjective well-being domain considered 
within the BES (OECD 2013) concerns the evaluations and perceptions expressed 
directly by individuals on their life in general, but also those referring to specific areas. 
Specifically, the subjective well-being domain is represented by two dimensions, i.e. 
the cognitive and affective. The former is the process with which an individual evalu-
ates one’s life, in terms of satisfaction and retrospectively, according to certain personal 
standards as expectations, desires, and experiences. Contrary, the latter indicates the 
emotions that subjects have during their daily life; this is linked to the present whereas 
the cognitive component implies a reflection a-posteriori (OECD 2013). In summary, 
subjective indicators can help explain individual and collective behaviors and also to 
identify areas of discomfort of particular portions of society. Particularly, the aggregate 
indicator “subjective well-being” (SWB), which is available from 2010 to 2016, consists 
of the average of three components (four items as shown in Table 1): Satisfaction for 
one’s life, leisure time satisfaction, and opinion on future perspectives.

Respecting the original subdivision made by ISTAT, from here on this study presents 
generically Italian regions (keeping in mind that the autonomous provinces of Trento 
and Bolzano are considered as separate statistical units). Figures 1 and 2 illustrate the 
SWB of the Italian regions. Figure 1 is a simple interpolation of the seven observations 
over time whereas Fig. 2 displays the functional subjective well-being in its smoothed 
version computed using Eq. 3. The Campania region presents the lowest value over the 
whole time domain; instead, Trentino Alto-Adige, Bolzano, and Trento are character-
ized by better conditions.

Figure 3 displays the functional effect of being in specific regions, i.e. the centered 
smoothed functions. From 2011 to 2015, Campania, Basilicata, and Sicilia strongly 

Table 1   The items distinguishing the subjective well-being (SWB) composite indicator. Source: Istat, Sur-
vey Aspects of daily life

With this domain, the well-being perceived by people is measured by detecting subjective opinions about 
one’s life. This information is complementary, and at the same time all-inclusive, to that provided by the 
objective data of other domains

Items Description of the items distinguishing the SWB

Satisfaction for one’s life Percentage of people aged 14 and over who have expressed a 
satisfaction score for life between 8 and 10 on total of people 
aged 14 and over

Leisure satisfaction Percentage of people aged 14 and over who declare themselves 
very or quite satisfied for leisure on the total of people aged 14 
and over

Positive judgment on future prospects Percent of people aged 14 and over who believe that their personal 
situation will improve in the next 5 years on the total of people 
aged 14 and over

Negative judgment on future prospects Percentage of people aged 14 and over who believe that their 
personal situation will worsen over the next 5 years on the total 
of people aged 14 and over
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Fig. 1   Functional subjective well-being in the Italian regions

Fig. 2   Smoothed functional subjective well-being in the Italian regions
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Fig. 3   The functional effect of subjective well-being in the Italian regions

Fig. 4   First derivatives of functional subjective well-being in the Italian regions
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decrease below the Italian average value. This trend seems to partially improve after the 
second half of 2014.

Figure  4 illustrates the first derivative of the functional subjective well-being of 
the Italian regions. This graph is particularly interesting for detecting the velocity in 
increasing or decreasing of the original functions, i.e. the velocity in changing con-
ditions. From 2011 to 2012, all the first derivatives are negative, thus suggesting that 
all original functions are decreasing. Moreover, it is easy to observe that, from 2013 
onwards, Trento is characterized by the fastest increase of subjective well-being whereas 
Basilicata is the most slow despite it is improving. The first derivatives emphasize that, 
after 2015, the subjective well-being improvement, in most regions, starts to consider-
ably slow.

Figure  5 shows the second derivative of the functional subjective well-being of the 
Italian regions. This is an interesting instrument to capture the acceleration in improving 
or worsening the condition over time. In 2011, Trento has the strongest acceleration in 
increasing respect to the other Italian regions. However, this peak exhausts its effects in a 
couple of years. Regarding the recent period, most regions are decelerating, except Veneto.

Figures 6 and 7 present the contour plot and the functional covariance surface, respec-
tively. Note that Fig. 6 helps interpreting Fig. 7 (Ramsay et al. 2009). These graphs allows 
us detecting the association among functions over time. The pictures highlight that there is 
an increasing and progressive association from 2011 to 2016.

Figure 8 illustrates the first three functional principal components (Eq. 2) and the bi-plot 
graphs. The first FPC explains 97.52% of the total variability; this is because the behaviour 
of the curves is quite similar. The first two FPCs mainly detect the last period whereas the 
third FPC better explains both first and last years. The bi-plots pictures allows us interpret-
ing the association among regions and couples of FPCs, and looking for regions with dif-
ferent or similar patterns of subjective well-being according to the couples of FPCs.

Fig. 5   Second derivatives of functional subjective well-being in the Italian regions
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Figures 9, 10, 11, and 12 show the results of the functional hierarchical clustering for 
grouping Italian regions according the their subjective well-being evolution over time. The 
dendrograms are obtained using the average linkage method and adopting four different 
proximity measures (see Sect. 2). The optimal number of clusters has been selected using 
the R package “factoextra” and the “average silhouette method”. All the four different 
approaches led to the selection of two clusters.

Fig. 6   Contour plot of functional subjective well-being in the Italian regions

Fig. 7   Functional covariance surface of subjective well-being in the Italian regions
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Fig. 8   Functional principal component decomposition of subjective well-being in the Italian regions. 1 = 
Piemonte, 2 = Valle d’Aosta, 3 = Liguria, 4 = Lombardia, 5 = Trentino-Alto Adige, 6 = Bolzano, 7 = 
Trento, 8 = Veneto, 9 = Friuli-Venezia Giulia, 10 = Emilia-Romagna, 11 = Toscana, 12 = Umbria, 13 
= Marche, 14 = Lazio, 15 = Abruzzo, 16 = Molise, 17 = Campania, 18 = Puglia, 19 = Basilicata, 20 = 
Calabria, 21 = Sicilia, 22 = Sardegna
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Figure  9 is obtained using the L2-distance among functions (Eq.  4) whereas Fig.  10 
is computed using the semi-metric distance among FPCs (Eq. 6). We observe that these 
methods provide very similar results and the same clusters composition. The first cluster is 
composed of Valle d’Aosta, Trento, Trentino Alto Adige, and Bolzano. The second cluster 

Fig. 9   Hierarchical clustering of Italian regions according to the L2-metric computed on their functional 
subjective well-being

Fig. 10   Hierarchical clustering of Italian regions according to the FCPA semi-metric computed on their 
functional subjective well-being
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is composed by the remaining regions; however, we underline that Campania is quite dif-
ferent from the other regions of the second grooup. This also confirms Figs. 2 and 3.

Figure 11 is the result of the semi-metric distance among the first derivatives (Eq. 5 for 
r = 1 ). We observe that the first group is composed of only Trento. The other regions are in 
the second group despite Molise appears to be very different within this group. Figure 12, 

Fig. 11   Hierarchical clustering of Italian regions according to the First derivative semi-metric computed on 
their functional subjective well-being

Fig. 12   Hierarchical clustering of Italian regions according to the second derivative semi-metric computed 
on their functional subjective well-being



464	 F. Maturo et al.

1 3

which is obtained using the semi-metric distance among second derivatives (Eq.  5 for 
r = 2 ), remarks this peculiar behaviour of Molise and Trento. However, in this case, group 
1 is composed of Trento and Valle D’Aosta.

Figure 13 illustrates a comparison with the classical hierarchical clustering method. As 
we expected, the non-functional clustering results are similar to those obtained with the L2 
distance and with the semi-metric of FPCA due to the low variability of the data. Nonethe-
less, it highlights some small differences within group 2, even if it does not lead to substan-
tial changes in groups composition.

Figure 14 illustrates the results of the silhouette method to choose the optimal number 
of groups. This method has been implemented through the R factoextra package. In all 
cases, it can be stated that the optimal number of groups is two.

4 � Discussion and Conclusions

In recent decades, subjective well-being and quality of life, in general, have attracted the 
attention of scholars and Institutions. The international debate “Beyond GDP” (OECD 
2014) is a strong signal of the European Commission in this direction. The basic idea is 
that GDP is not an adequate social indicator able to reflect the real condition of a country, 
and thus, in recent decades, many studies have been carried out on this topic.

The theoretical debate on the possibility that happiness may or may not change is very 
lively, and interesting perspectives can be found in Headey and Wearing (1989); Lykken 
and Tellegen (1996); Sheldon and Lucas (2014a); Easterlin and Switek (2014). According 
to Sheldon and Lucas (2014a), it is possible to become permanently happier or sadder due 
to important life events; instead, following the set-point theory, happiness returns to the 
basic level in the long term (Lykken and Tellegen 1996). These controversial theoretical 

Fig. 13   Classical non-functional hierarchical clustering of Italian regions (average linkage)
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perspectives are accompanied by conflicting empirical results, and thus the research on 
well-being should pay attention both to theoretical and methodological aspects.

Indeed, from a quantitative perspective, two main issues regarding social indicators 
of quality of life are multidimensionality (e.g. see Fattore and Arcagni 2014; Fattore and 
Maggino 2017) and the need of proper tools for assessing trends and changes over time 
rather than observing indices in single instants (e.g. see Maggino and Facioni 2015). For 
this reason, also in the fields of mathematics and statistics, this topic has attracted the atten-
tion of many researchers and several indicators have been proposed for assessing people’s 
perceptions of subjective well-being.

This study focuses on the latter problem and thus proposes the use of functional 
data analysis for building new social indicators of subjective well-being and helping to 
interpret them. This proposal is strictly connected to the perspectives illustrated in the 
book of Sheldon and Lucas (2014b), because we consider that, if happiness may change, 

Fig. 14   Silhouette method to select the optimal number of groups. a Distance L2 ; b semi-metric of FPC; 
c semi-metric of 1st derivative; d semi-metric of 2nd derivative; and e non-functional clustering approach
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derivatives and functional tools, in general, could certainly be very useful and sensitive 
to detect changes in well-being. In the FDA framework, it is assumed that the measure-
ments over time are temporally ordered samples of an underlying continuous function; 
thus, because repeated measures of a well-being indicator can be considered as func-
tions in the time domain and FDA considers each continuous function as the atom of 
the analyses, this research suggests FDA as an additional tool to get interesting insights 
about the dynamic of subjective well-being.

Hence, this paper proposes to assess “subjective well-being” of Italian regions via 
some interesting tools of functional data analysis, e.g. derivatives, FPCA, and hierarchi-
cal clustering. Our analysis shows that the derivatives are useful additional instruments 
for highlighting specific behaviours of well-being indicators over time. Indeed, the plots 
of the velocity and acceleration of the amount of change in subjective well-being pro-
vide an immediate picture of what is happening at the local level because they are more 
sensitive to small changes than both the original time observations and the smoothed 
starting functions themselves. Furthermore, the derivatives provide an additional tool 
on which to calculate a semi-metric to identify groups of regions with similar behaviour 
based on a piece of specific information (different from that one limited to the starting 
time observations). Moreover, this approach allows us considering the phenomenon in a 
much finer grid and observing it at any fixed time instants.

Our clustering results detect the presence of two different groups according to the 
subjective well-being shapes over time. According to the L2-distance and the semi-met-
ric based on the FPCs, we found a clear separation between a group with high subjec-
tive well-being, which is composed of Valle d’Aosta, Trento, Trentino Alto Adige, and 
Bolzano, and a second group composed by the other regions with lower perceptions 
of subjective well-being. Particularly, very low values are present in Campania, Lazio, 
Basilicata, Puglia, and Sicilia. Those results are similar to those obtained with the clas-
sical hierarchical clustering (see Figs. 9, 10, 13), as we expected. In truth, in any func-
tional study, when the variability of the data is quite low and the time domain is short, it 
happens that the classical clustering provides the same results of the functional cluster-
ing using the L2 distance. Hence, we observe that the composition of the groups is the 
same; nevertheless, we highlight that the classical clustering methods (Fig. 13) almost 
identifies the presence of a third group formed by Molise, Lazio, Basilicata, Puglia, and 
Sicily. On the contrary, the functional clustering results (Figs. 9 and 10) do not under-
line this slight difference because the smoothing approach tends to attenuate small inter-
temporal differences. In summary, the three approaches confirm that group 1 is made up 
of the happiest regions, i.e. Valle d’Aosta, Trento, Trentino Alto Adige, and Bolzano.

Therefore, the real additional value of this research can be mainly found in the 
decomposition into functional principal components and in the results of the deriva-
tive-based clustering of the subjective well-being over time. Regarding the decomposi-
tion into FPCs, it is very interesting to observe the biplot charts (see Fig.  8) because 
they reveal those regions that have similar/different trends of subjective well-being over 
time. This type of analysis has the strong advantage that, as it is based on the decompo-
sition in FPCs, it takes little account of the small intertemporal variations of subjective 
well-being. For example, observing the biplot graph between the first two FPCs, we can 
observe that Bolzano (number 6) and Lazio (number 14) have very different trends (dis-
tant numbers), or conversely Valle D’Aosta (number 2) and Liguria (number 3) are very 
similar (close numbers). One advantage of the FDA approach is that the same kind of 
considerations are very difficult to do in the case of scalar values.
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Concerning the derivative-based clustering, we observe very different results if com-
pared with the classical clustering approach. The clustering based on the semi-metric of 
the first derivative leads to group those regions that have a similar behaviour of the rate 
of change of subjective well-being over time (velocity). On the contrary, the cluster-
ing based on the second derivative provides homogeneous groups with respect to the 
acceleration of the subjective well-being over time in the Italian regions. Therefore, the 
meaning is very different from what can be achieved with a classic approach, the L2 dis-
tance, and the semi-metric based on the FPCs. In fact, because the meaning is different, 
it makes little sense to compare the results as they simply bring additional information.

The clustering based on the first derivative shows that Trento has a behaviour that 
is totally atypical with respect to the other regions. This is due to the fact that Trento 
has observed a strong rate of growth of subjective well-being in the period between 
2011–2015 (see Fig.  4) but has a deceleration in recent years. Instead, all the other 
regions have a much more homogeneous behaviour unlike Trento, and they continue to 
increase their subjective well-being at the same speed as in previous years. Moreover, 
most of the regions have started their rapid growth process since 2012. All these consid-
erations make Trento to be a single group (Fig. 11).

With reference to the clustering based on the semi-metric of the second derivative, 
we can observe that Trento and Valle d’Aosta form a separate group (Fig.  12). This 
circumstance is due to the fact that both these regions have a peculiar behaviour of the 
acceleration and deceleration of the growth of the perceived subjective well-being over 
time (see Fig. 5). In fact, both regions have a very strong growth acceleration of subjec-
tive well-being in the period 2011–2012 and they suffer a reduction of this acceleration 
in the following years, unlike the other Italian regions. The findings regarding Trento, 
i.e. the increase and the decrease of the second derivative, are consistent and interesting 
in light of the theoretical perspectives that consider that even if happiness may increase, 
in the long-term it could return to the base level (e.g. see Sheldon and Lucas 2014a).

We highlight that FDA makes these considerations possible and adds interesting 
insights that may be interpreted by social scientists to understand the determinants of 
these trends. Hence, the main purpose of this study is to sensitize scholars to the use 
of additional tools based on functional data analysis for the study of social problems 
related to well-being. In truth, the attention for the quality of life today is not just for 
scientists but also for politicians and policymakers. The use of functional tools such as 
the derivatives and cluster can be a handy tool to verify and monitor perceived well-
being at regional or national levels and thus to plan short-term or long-term economic 
and social policies. Furthermore, using the proposed approach, we can exemplify une-
ven local development and its evolution, that would not be captured by classical meth-
ods, e.g. dynamic regression models. Therefore, future studies could focus on the use of 
functional regression models to help policymakers identify the antecedents of different 
trends using the derivatives as possible outcomes.

We stress that this research proposes only a possible application of FDA for improv-
ing the study of subjective well-being but this approach can easily be extended to other 
well-being indicators; however, future developments of this line of research could focus 
on both multidimensionality and FDA, i.e. Multidimensional Functional Data Analysis. 
Moreover, we have shown how to build additional tools for evaluating subjective well-
being in a functional framework, but this approach may be extended to each social indi-
cator regarding the “Equitable and Sustainable Well-Being”.
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