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Abstract Partial Order Theory has been recently more and more employed in applied
science to overcome the intrinsic disadvantage hidden in aggregation, if a multiple attribute
system is available. Despite its numerous positive features, there are many practical cases
where the interpretation of the partial order can be rather troublesome. In these cases the
analysis of underlying dimensions could be useful to uncover particular data structures.
The paper shows a way of addressing the problem with the help of an actual case study,
which deals with European opinions on services of general interest. In particular, a partial
order of countries is firstly provided and then a method to detect dimensions is discussed
and applied. The analysis stems directly from the Partially Order Set (poset) and Lattice
theory with particular references to dimension theory and Formal Concept Analysis. The
study is eventually able to pinpoint role and relevance of different attributes characterizing
EU countries which are used to define the partial order.

Keywords Hasse diagrams - Dimension theory in posets - Planar lattices -
Formal Concept Analysis - Association rules - Public services

1 Introduction

The study of underlying dimensions, components or factors is by all means a milestone in
multivariate statistics. The usual way to tackle the issue consists in some kind of data
reduction to summarize only relevant information. This way of doing often implies the
setting-up of synthetic scores, one for each reduced dimension, which should simplify data
interpretation for example by means of linear and non-linear multivariate analysis (Gifi 1990).
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The approach is here completely the opposite. Starting from a case study, which involves
European countries and a suite of items (attributes) which describes citizens’ opinion on
major services of general interest, a multiple attribute technique is adopted to compare
countries keeping attributes separated. Multiple comparison may be considered as the
counterpart of linear ranking. The standard approach is to aggregate attributes, for setting-up
indicators from which a linear ranking may be obtained, or to perform an outranking (Brans
and Vincke 1985; Lansdowne 1997; Vincke 1999). In spite of its simple output, linear
ranking has a crucial disadvantage, recently pointed out in many scientific contributions:
synthetic indicators are indeed frequently based on arbitrary choices which are rarely justified
(Myers et al. 2005; Patil and Taille 2004; Voigt et al. 2004; Briiggemann et al. 2001, 2004).
The focus of this paper is not to provide indicators but to introduce a rather novel method-
ology which might be of practical use when dealing with comparison and evaluation in social
sciences. Our approach is based on simple elements of partial order theory which keep
attributes separated and allows for detecting eventually conflicting attributes.

For the case under study, countries are the objects to be ordered due to their attribute
values; although there is not necessarily a linear order we speak of “ranking” in a broader
sense. Once multiple prioritization of countries is gained, underlying dimensions are
detected without any data reduction and avoiding information loss that is due to setting-up
of a single highly aggregated numerical value. Instead useful results are obtained due to the
general theory of dimensions in partially ordered sets, posets, and lattices, which are a
particular form of posets (Dushnik and Miller 1941; Trotter 1975, 1992).

In addition to this type of poset analysis, which assigns an asymmetric role to objects,
namely objects are ordered due to their attributes (“objects order”), a similar still different
approach is adopted: Formal Concept Analysis, FCA (Ganter and Wille 1999; Carpineto
and Romano 2004). In FCA each element of the pair {objects; attributes} plays a sym-
metric role, namely an object and attribute order. Therefore FCA represents a formalism
for exploring hierarchies for correlations, similarities, anomalies and also inconsistencies
from the point of view of both objects and attributes.

FCA has been recently adopted to support various kind of tasks using different and
heterogeneous types of data, in the field of information retrieval, text mining, rule mining
or environmental data analysis (Annoni and Briiggemann 2008; Pudenz et al. 2002; Bartel
and Briiggemann 1998; Bartel and Nofz 1997; Briiggemann et al. 1997; Briiggemann and
Voigt 1995). For the case under study, FCA helps in the classification of countries and
attributes being guided by their mutual relationships.

In comparison to classical approaches, which involve scaling and dimensionality
reduction, the methodologies adopted here have two main features: they are metric-free
and parametric free.

First:

(a) Since we start from ordinal variables we are exploiting only ordinal properties of
variables without imposing a ratio or metric scale on them. Then partial order
methods are of special value when quantitative variables are not available, as it often
occurs in social sciences.

(b) Many statistical methods may be used that provide optimal quantifications of categories
for qualitative variables, such for example Homogeneity analysis for nominal and Non-
linear PCA for ordinal variables. On the one side they allow for numerical evaluation,
on the other their outcome is not always statistically robust. Most of them are based on
the minimization of a loss function solved by ALS (Alternating Least Square)
algorithms which can be sensitive to low marginal frequencies, as recently showed by
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some empirical studies (Annoni 2007; Linting et al. 2007). Partial order methods do not
present this kind of pitfall since they are not based on scaling.

Second:

The methodology does not need any distribution assumptions making it suitable for
addressing practical problems which lack distributional knowledge.

The reminder of the paper is laid out as follows. Section 2 is aimed at the description of the
case study and the original data-set. The knowledge already gained about the data structure,
arising from previous studies, is introduced and serves here as a new starting point. In Sect. 3 a
sketch of partially ordered sets and lattices is outlined in order to better understand the results
obtained for the case study. Similarly, Sect. 4 describes both FCA basic theory and its
application to the present setting. Finally, discussion and conclusion are provided in Sect. 5.

2 Case Study and Prior Knowledge About Data

The case study stems from an European official survey which regards social and political
aspects of citizens’ every-day life. In particular, the data-set is the Eurobarometer EB58
survey carried out between September and October 2002, on behalf of the European
Opinion Research Group (Eurobarometer 58.0 2002), which was already object of
investigation by one of the authors.

The sample is composed by about sixteen thousands people from EU15 member states
before 2004 enlargement and it covers the population aged 15 years and over. Sampling
design and representativeness of respondents are under control of Health and Consumer
Protection General Directorate which regularly commissions surveys within EU members.

Among various aspects of every-day life, the survey deals with consumers’ opinions
about eight major services of general interest (in parentheses abbreviations used in the
paper): (1) mobile telephone services (mob phone) (2) fixed telephone services (fix phone)
(3) electricity supply services (electricity) (4) gas supply services (gas) (5) water supply
services (water) (6) postal services (postal) (7) transport services within towns/cities
(transport) (8) rail services between towns/cities (rail). Five criteria are used to analyze
each service: (a) access easiness to service (access) (b) price of the service (price) (c)
quality of the service (quality) (d) clarity of the information aimed at consumers by service
customer care (info) (e) fairness of terms and conditions of service contracts (contract).

Since a previous investigation was performed on the same data-set (Annoni 2007), prior
knowledge is available. In particular two outcomes are here considered as the starting point
of the study and simplify the analysis: one is related to services and the other is related to
criteria. From the point of view of services, mobile phone and gas supply showed a
particular behavior and are both discarded from further analysis. Variables related to
mobile phone turned out to highly influence country multiple ranking.' This could be due
to the fact that the performance of this kind of utility depend on providers, which in this
field are highly globalized. The service features could hence reflect the particular provider
the respondent has chosen with no dependence on the country. Variables related to this
service are then likely to reflect other factors which do not allow for a clear country
classification. With regard to gas supply, it is unevenly spread within different countries
thus leading to comparability problems across countries which may affect the analysis in

! The influence was quantified in terms of W matrix of Hasse diagrams (Annoni 2007; Briiggemann et al.
2001).
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Table 1 Denomination of
investigated variables and
their categories

Criterion ~ Variable name Allowed categories

Price Price: Fix phone Fair; neutral; unfair; excessive
Price: Electricity
Price: Water
Price: Postal
Price: Transport

Price: Rail
Quality Quality: Fix phone Very good; fairly good; neutral;
Quality: Electricity fairly bad; very bad

Quality: Water
Quality: Postal
Quality: Transport
Quality: Rail
Contract Contract: Fix phone Fair; neutral; unfair
Contract: Electricity
Contract: Water
Contract: Postal
Contract: Transport
Contract: Rail

various way. Moreover, from the point of view of criteria, simple descriptive analysis
showed that some criteria are non-informative, with almost null variance of distribution of
scores (Annoni 2007). Criteria with relative highest variability are price, quality and
clearness of contract and are then more deeply analyzed in the study.

In summary, prior analysis suggested to keep a reduced data-set composed by three
criteria and six services, for a total of eighteen items. These items play the role of variables
of the analysis. All variables can assume a specified number of categories which ranges
from two to four categories, of the type ‘fair’, ‘unfair’, ‘excessive’, etc. Two more cate-
gories are provided in addition: ‘don’t know’ and ‘no access/not applicable’. The jointly
presence of these two supplementary categories suggested to undertake a recoding: cate-
gory ‘don’t know’ has been considered as a neutral opinion, also according to literature
indications (Johnson and Albert 1999), whilst ‘no access/not applicable’ has been con-
sidered as a missing value, since it represents a situation where the respondent cannot
express his opinion. The recoding procedure comes out with transformed variables fol-
lowing the Likert scale (Smith and Smith 2004), with scale intervals ranging from three to
five points, all respecting the same polarity with regard to each criterion: the higher the
score the lower the level of satisfaction declared by the interviewed.

Selected variables are shown in Table 1. Their denomination is intended to be explicit:
the first part refers to the criterion, the last part refers to the service. So as for example the
variable ‘price: fix phone’ is the one which records satisfaction opinions of citizens
regarding the perceived fairness of price of fixed telephone.

3 Prioritization and Dimension Analysis by Partial Order Theory
3.1 Hasse Diagrams
The Hasse diagram technique HDT has been recently used to perform multi-criteria

assessment in a wide range of fields of applications (Briiggemann and Carlsen 2006). The
technique can be applied whenever a set of objects is described by a set of items, attributes
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or properties. The set of items is called the ‘information basis’ (IB) of the comparative
evaluation. Given the IB, each object is assigned a string of values according to the items
used.

Hasse diagrams are used to visualize a partially ordered set or poset P which is defined
as a pair (X, P) where X is a set, called the ground set, and P is a reflexive, transitive and
antisymmetric binary relation on X (<), which is called partial order on X.

The general idea behind HDT is to avoid numerical aggregation of attributes; as a
consequence comparability and incomparability among objects appear and are indeed of
primary interest. Correspondingly a short list of definitions is needed in order to introduce
HDT in more technical forms. The notation x < y means x <y and x # y, withx,y € X. If
x and y are two elements of X, they are said comparable (x L y) when eitherx < yory < x.
In the case ‘x <y’ no attribute value observed on y is less than that observed on x, if
relation ‘<’ is assumed to describe increasing attribute values. On the contrary x and y
(with x unequal y) are said incomparable (x || y) if neither x <y nor y < x. The incom-
parability relation x || y means that at least one attribute value observed on y is greater than
that on x and, at the same time, that there is another attribute where the value on y is less
than that on x. Moreover, the element x is said to be covered by y(x < y) when x < y and
there is no point z € X for which x < z and z < y. An element x € X is called maximal
(minimal) element if there is no element y € X with x <y (x > y) (Trotter 1992).

A very simple example of poset P is a family of sets partially ordered by inclusion, a
type of poset that will be shortly useful in the definition of poset dimensions (Sect. 3.3).

Hasse diagrams are graphical representation of posets. In an Hasse diagram the ele-
ments of X are drawn as small circles which are connected by straight line segments if and
only if a cover relation exists between the two end points elements. Only cover relations
are represented since the binary relation P is transitive. In the two-dimensional graph upper
points are conventionally larger than lower points, in terms of P. In contrast to FCA,
explained below (Sect. 4), the HDT represents an asymmetric approach stressing relations
only among the objects.

Since many former publications (Briiggemann et al. 2003, 2004; Myers et al. 2005;
Patil and Taille 2004; Voigt et al. 2004; Sgrensen et al. 2003; Carlsen and Walker 2003,
2006) extensively illustrate HDT theory and applications, no further information will be
provided about the technique.

As already stated, our goal is here to prioritize countries on the basis of European
citizens opinion regarding services of general interest. Each country is assigned a score to
synthetically describe citizens opinion about each criterion describing each service under
study.

The original data-set is a matrix 16.000 x 18 with citizens opinion on the rows and
variables describing service performance on columns. We then need to summarize data
assigning scores to each country that properly describe the average citizens opinion for
each aspect of investigated services. To that purpose, the conditioned median of each
variable in the original data-set is computed, with country as conditioning variable. The
median has the feature of simply synthesizing the distribution coherently with the ordinal
measurement scale of the original variables. The collection of all medians, one for each
criterion for each service, is to be intended as the IB of the study. The starting matrix for
HDT analysis is then a 15 x 18 item matrix with European countries on rows and items on
columns. Table 2 reports such scores, which are the medians of the distributions of sat-
isfaction opinion, expressed as literal values like ‘FG’, ‘VG’, etc., separately for each
variable.
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Table 2 Medians of distribution of satisfaction scores for each service and each criterion (Codes of
observed categories: F = ‘fair’; U = ‘unfair’; N = ‘neutral’; FG = ‘fairly good’; VG = ‘very good’)

B DK GR I E F 1IRL L NL P FIN S A D UK

Price: fix phone
Price: electricity
Price: water
Price: postal

Price: transport

m m m ™ ™™

Price: rail
Quality: fix phpone FG VG FG FG FG FG VG VG FG FG FG VG FG FG FG
Quality: electricity FG VG FG FG FG FG VG VG FG FG FG VG VG FG VG

Quality: water FG VG FG FG FG FG VG VG FG FG FG VG VG FG FG
Quality: postal FG VG FG FG FG FG VG FG FG FG FG FG FG FG FG
Quality: transport FG FG FG FG FG FG FG FG FG FG FG FG FG FG FG
Quality: rail FG FG FG N FG FG FG FG N FG FG FG FG FG FG
Contract: fix phone F F F U N F F F F F F F F F F
Contract: electricity F F F N F F F F F F F F F F F
Contract: water F F F N F F F F F F F F F F F
Contract: postal F F F F F F F F F F F F F F F
Contract: transport F F F N F F F F F F F F F F F
Contract: rail F F F N F F F F F F F F F F F

To summarize, the case study is composed by the following elements: (1) the set of
country profiles X, that is the rows of the item matrix, and (2) the partial order P on X, that
is the binary relation which stems naturally from the ordinal scale of items.

Hasse diagram associated to the 15 x 18 item matrix is shown in Fig. 1. Sequences of
comparable countries (chains) and of incomparable countries (antichains) are recognizable.
For example Italy forms a chain with E, GR, B, L and DK, thus indicating that, for all
variables, scores for Italy are not lower than those for Spain (with a strict relation for at least
one variable); all scores for Spain, forming its profile, are not lower than those for Greece; and
so on. Thus the top element of a chain (maximal element) is a country where, on average,
citizens are less satisfied than citizens of countries located downward along the chain itself.
An antichain includes instead countries which are not comparable with each other, thus
meaning that for these countries some scores are less while some score are higher than the
ones of another country of the antichain. As an instance, Italy forms an antichain with NL, F
and D, which are all maximal countries. At the other end of the picture, DK and IRL are two
minimal equivalent countries. Note that we consider a poset based on a set of representatives,
taken from any equivalence class under the equivalence relation ‘equality’.

There are several ways in HDT to allow for a better interpretation of the data structure,
here in this paper a dimension analysis is at this point performed.

3.2 Hierarchical Partial Ordering
A strategy similar to hierarchical partial ordering (Carlsen 2007) is adopted to get an in-

depth understanding of data structure. Due to the intrinsic nature of the IB, items can be
naturally ‘clustered’ by services or by criteria. The second approach is adopted since the
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i Dy oy ol
Lower overall satisfaction . y\‘ Ly

Higher overall satisfaction

Equivalent country:
i Ireland

Fig. 1 Hasse diagram of 15 European countries ranked with 18 criteria

goal is to get a country ranking on the basis of the performance of all investigated services
and not separately for each service.

The original 15 x 18 item matrix is then split into three sub-matrices each of dimension
15 x 6, featuring only one criterion at a time. The resulting three separate Hasse diagrams
are visualized in Fig. 2 for price, quality and fairness of contract.

It is noticeable that Quality and Contract criteria yield linear rankings. However the two
linear rankings are not coincident, meaning that same countries are not always at the same
position in both rankings. The intersection of the two graphs due to Quality and Contract is
composed by Italy on one hand, with the worst satisfaction, and Denmark and Ireland on
the other hand, with the best satisfaction for both quality and contract. It can be noted a
wide clustering of countries on high levels of satisfaction on service contract Fig. 2c and a
more stretched situation for quality criterion Fig. 2b. This indicates a more articulated
situation for quality which is likely (and reasonably) perceived as predominant criterion
with respect to contract, causing a more heterogeneous fan of opinions. Finally, the
presence of linear orders for quality or contract means that, for each country, a certain rank
for one service is not in contradiction with the rank of any other service with respect to
quality or contract. For example, France is located between Belgium and Spain in the
contract Hasse diagram independently which service is considered under the contract
criterion. With other words, a higher or lower satisfaction within a country does not depend
on the particular service but only on the criterion under analysis.2

2 On the contrary if you simultaneously consider quality and contract then conflicts would arise only due to
these different criteria jointly considered. In this particular case, only Spain and Netherlands come out
incomparable since Spain is worse than Netherlands for fix phone contract while it is better than Netherlands
for rail quality.
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PRICE (a)
Equivalent country. :
United Kingdom ;
A Equivalent countries: ‘
:i' o Denmark, Ireland and Luxembourg
QUALITY (b) Gy Equivalent country.
Netherlands ;
Equivalent countries:
’ @ Greece, Spain, France, Portugal,
Ireland, Germany
Unite @ rdomnt
Equivalent country.
Gmburg e quiva ¥
L Sweden
Equivalent country:
Dhamayse Ireland
CONTRACT (c) @

i Equivalent countries:

i Denmark, Greece, Ireland, Luxembourg,
@ e Netherlands, Portugal, Finland, Sweden,
¢ Austria, Germany, United Kingdom

Fig. 2 Three separate Hasse diagrams of 15 European countries ranked separately by (a) price, (b) quality
and (c) contract

Separate discussion is due to Price criterion (Fig. 2a), which shows a more varied
situation and an effect of the type of service on citizens opinion. Many considerations can
be drawn about this diagram directly from the lattice theory. This mathematical branch is
widely described in the literature. A recent description could be found, for example, in
Trotter (1992). In the following, a brief summary of dimension theory for lattices is
provided together with those definitions and results which helped us in deepening the
analysis of the poset for price.
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3.3 Poset Dimensions and Planar Lattices

The concept of dimension in posets was formerly introduced by Dushnik and Miller back
in 1941 (Dushnik and Miller 1941) and a more recent overview is given by Trotter (Trotter
1992). In our context the very idea is to find out another and smaller set of (latent)
attributes to reconstruct the original poset. Hence the interpretation may be simplified.

In technical terms the dimension of a poset basically refers to the existence of minimal
sets of linear extensions for a poset. Linear extensions are formally defined as follows. Let
P and Q be two partial orders on the same set X, then Q is called an extension of P if, for all
x,y € X, x <yin Pimplies x <y in Q. The pair P = {(all extensions of P);(inclusion)} is
a poset itself where maximal elements are linear orders on X called linear extensions L of
P. The set of all linear extensions of P is denoted by Z(P). In less formalized terms, linear
extensions of P can be thought as extensions of P which contain all the elements of X
which can be represented by linear Hasse diagrams.

Now we have every element to introduce the dimension of a poset P = (X, P), dim(X,
P), that is defined as the least positive integer ¢ for which there exists a family
{Li, Ly, ...,L;} of linear extensions of P so that P = ﬂle L; (Trotter 1992). Clearly, a
poset has dimension one if and only if its Hasse diagram is linear, i.e. if it is a chain.

Finding out the dimension of a poset is useful for the identification of different attributes
which determine the structure of its Hasse diagram. Our goal is here to determine the
dimension of the poset obtained by price criterion for fifteen countries shown in Fig. 2a,
which from now on will be called poset P,c.

At this purpose let us introduce a special case of poset, the lattice. A lattice is a poset
with rich mathematical properties, therefore many more knowledge is available which may
help in interpretation. Examples refer to dimension extraction, efficient visualization and
elements of artificial intelligence (Briiggemann and Voigt 1995; Ganter and Wille 1999;
Trotter 1992).

Introducing lattices technically, let P = (X, P) be a poset and S C X, then an element
y € X is called an upper (lower) bound for Sif s <y (s > y) for every s € S. The difference
between an upper (lower) bound and a maximal (minimal) element is that the former are
defined on a subset of X whilst the latter is defined on the whole set X. A poset P is called a
lattice if every nonempty subsets § C X has both a least upper bound and a greatest lower
bound. The least element for X is generally called zero and the greatest element one.
Dimension theory about lattices has been very well developed and it is used here to find out
the dimension of poset P, without exploiting directly the definition of dimension which
is generally a very tedious procedure.

By analyzing the Hasse diagram of P, two remarks can be noted. Firstly there is a
natural way to associate P, to a lattice containing P, : since P, does not have a
greatest element, albeit it has the lowest element, it is possible to add a new point to serve
as greatest element. Let’s denoted this modified poset with P;m.ce. It is now easy to show
that this is a lattice (see Fig. 3).

The lattice P, ;. has the further feature of being planar, that is it can be drawn without
edge crossing. This is an fundamental property since many results have been achieved for
planar lattices.

From the following theorems, reported by Trotter, can be deduced that the poset P, is
two-dimensional:

Theorem 1 (Trotter 1992) Let P = (X, P) be a lattice. Then P is planar if and only if
dim (P) <2.
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Fig. 3 Modified poset Py,
which becomes a lattice

Theorem 2 (Trotter 1975): For any posets P = (X, P) and any point x € X, the following
inequality holds™:

dim (X —x) < dim X.

From Theorem 1 it can be claimed that every planar lattice has dimension not higher
than two. Since mono-dimensional posets are only those which are perfectly linear (chain),
the lattice of Fig. 3 has dimension two. Furthermore, if we define X as the ground set of
P;We and if x € X is the greatest element added to get a lattice, then the ground set of poset
P, icc is (X — x) and from Theorem 2 it follows:

2 <dim(X — x) <dim(X) = 2 = dim(X — x) =2

If Ppice is two-dimensional, it is possible to draw its perfect representation in the
Euclidean space (Fig. 4). The spatial location of points of Fig. 4 has been built following
the principles of Partially Ordered Scalogram Analysis with Coordinates, POSAC (Shye
et al. 1994; Borg and Shye 1995). For each point in planar POSAC representation, points
located in the lower left-hand quadrant with respect to that point are lower than the point
itself in terms of the partial order. On the other hand, points in the upper right-hand region

3 The statement of the theorem is wider, here only some results, useful to our specific case, are reported.
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10 4 o ltaly
Portugal
9= P
Greece
8 -
Spain
77 Germany

Netherlands

Austria

France

Finland

lattice second dimension
N
1

Sweden

Belgium

T T T | T T T
0 1 2 3 4 5 6 7 8 9 10

lattice first dimension

Fig. 4 Perfect representation of two-dimensional lattice Ppic.

are higher than the point in the same sense. Points in the remaining quadrants (upper left
and lower right) are not comparable to the reference point.

Apart from the group of best countries (B, S and FIN together with equivalent countries:
DK, IRL, L and UK), where citizens do not complain about price, a deeper look at the
scores of remaining countries allows for the identification of two groups: one is composed
by more traditionally Latin and Mediterranean countries (GR, E, P, I) where people dis-
contentment is for price of fixed phone and electricity, the other is composed by more
continental countries (A, F, NL and D), where the discontentment is focused on water,
transport and rail services.* It then seems that two latent dimensions govern the scatter
plot: one is mainly composed by fixed phone and electricity and the other is mainly
composed by transportation services.

We have seen that when a poset is a lattice data interpretation is generally simplified. To
make it plain, a lattice is indeed a structured poset in the sense that its Hasse representation
has a graph—theoretical representation, where from every point there exists a path which
leads either to the upper most or to the lower most point, respectively one and zero.
Unlikely, the simple mathematical definition of HDT may often lead to graphs with several
disaggregated and disconnected parts (Briiggemann et al. 1997). In these cases data
interpretation is obviously rather troublesome. A possible way to tackle this issue can be
found in Formal Concept Analysis, a method belonging to family of partial order theory
methods, which for its nature always leads to a lattice. In the following the description of
FCA results for the price criterion is provided.

4 Price of postal service is a very low discriminating item.
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4 Formal Concept Analysis

The ‘price’ criterion shows the highest variability. For a further insight into the order
structure induced by ‘price’ criterion, another instrument is applied. It stems directly from
partial order theory, namely Formal Concept Analysis, FCA (Ganter and Wille 1999;
Carpineto and Romano 2004).

FCA is not based on objects and attributes as in HDT but on properly defined pairs of
object and attribute subsets, called concepts. In contrast to HDT the order relation of FCA
lattices is the set inclusion among the concepts.

From the mathematical point of view the starting point of FCA is the triplet: context,
concept and concept lattice.

A context is a triple (O, A, I) where O and A are two sets, which contain respectively
objects and attributes as elements, and / is a relation between O and A. If an object 0 € O
has the attribute a € A it is written (o, a) € I. The set of attributes associated to an object
can be thought of as a binary vector with zeros indicating an ‘off” status and ones indi-
cating an ‘on’ status for corresponding attributes. A context is generally arranged in a table
called context table which, from the statistical point of view, is an indicator matrix.

For the case study under investigation, the set O includes the fifteen countries, while the
set of attributes A is specifically defined as follows. Taken each service separately, the
distribution of relative frequencies of category ‘fair’ for all the fifteen countries is com-
puted and countries with frequency below the first quartile are flagged as unsatisfied with
regard to the corresponding service. The procedure gives rise to the context table shown in
Fig. 5, where a cross in cell (7, j) indicates that country i belongs to the set of least satisfied
countries for service j. This scaling fixes the view we wish to look at our data and, in
particular, it focuses on every type of relations among countries and attributes. As stated by
Wolff (1993), albeit “at first glance this scaling procedure might look as a rough
description of original data, it is indeed a very powerful way to represent the data with
respect to a particular view the analyst in interested in”.

Once a context table is defined, FCA looks for every possible concept implied in the
table itself. A (formal) concept refers to an abstract entity dually specified by the suite of
attributes needed to define it and the set of objects to which the concept applies. The
formal concept is a key entity in FCA and it gives its name to the whole procedure. A

. S
Fig. 5 Context of ~the ‘f.‘“r‘ fix phone electricity water  postal transport  rail
category for the price criterion country

Belgium

Denmark
Greece X X
Italy X X X X X X
Spain X X
France X

Ireland

Luxembourg
Netherlands X X
Portugal X X X
Finland
Sweden X
Austria X X X
Germany X

United Kingdom
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concept can be formally defined as a pair C = (0o, Aa), Oo C O and Aa C A, where Oo
contains all the objects that belong to the concept and Aa contains all the attributes
common to objects in Oo. In FCA language Oo is called concept extent and Aa is called
concept intent. Note that to be a concept the relation between extent and intent has to be
bijective: an extent is related to an intent and viceversa an intent is related only to that
extent. For this reason not all possible subsets of objects (or attributes) can be the extent
(intent) of some concept.

For instance, in the case of context table under analysis (Fig. 5), the pair ({GR, I, E, P};
{fix phone, electricity}) is a concept since all four countries share discontentment
regarding fix phone and electricity and, vice versa, fix phone and electricity have a low
performance only in those four countries. On the contrary, ({I, S}; {postal}) is not a
concept since the attribute ‘postal’ is shared also by Austria and Germany.

The set of all the concepts of the context (O, A, I) is usually denoted by C(0O,A,I) and
can be assigned an order relation, namely the inclusion relation: if C, € C(0,A,I) and
C, € C(0,A,I) are two concepts, C; is said a subconcept of Cj if its extent is included in
the extent of C, or, equivalently, if its intent comprises the intent of C,. In this case it is
written C; < C,. The ordered set {C(0,A,I); <} is a lattice (as was shown by Ganter and
Wille 1999) and is called the ‘concept lattice’. The concept lattice is a lattice which
represents order relations of all concepts of the context. In a concept lattice, concepts are
represented as circles and the following reading rule applies: the extent and the intent of
each concept are read by collecting all objects below and, respectively, all attributes above
the concept circle. This practical rule stems from a fundamental mathematical theorem on
concept lattices (Wille 1982).

Figure 6 shows the concept lattice of the price criterion associated to the context table
given in Fig. 5. The group of ‘price-satisfied’ countries is the one with Belgium as rep-
resentative country and it comprises: Belgium, Denmark, Ireland, Luxembourg, Finland,
United Kingdom. Belgium is in fact located as the top element thus indicating that it does
not share any attribute. It is the group of those countries without mark in the context table
of Fig. 5. Apart from United Kingdom, which in the poset analysis is considered as
equivalent to Sweden and Finland, the group of satisfied countries coincides with the one
previously detected (Fig. 2a).

On the opposite side, Italy is located as bottom object thus sharing all the attributes
(alas!). This means that people are unsatisfied about the price of all the services or, in other
words, Italians are the least satisfied among 15 countries. Again this results is in agreement
with previous analysis and could be easily readable from the context table of Fig. 5: the
Italy row is fully crossed.

More specifically, taken Italy apart, fix phone and equivalently electricity are matter of
concern for Greece, Portugal and Spain (the last country being in the equivalence class of
Greece). On the contrary, transport and rail seem to be too expensive for Netherlands,
Austria and Germany. In a sense two major groups of countries, geographically well
outlined, come into light: Latin versus continental countries.

Because of the aforementioned symmetry between attributes and objects, either objects
or attributes can serve as a starting point for a deeper analysis. For example: (a) what is in
common for Portugal and France? The only common attribute is ‘water’, which means that
the population of both countries are complaining the price of water service; (b) what is in
common for the attributes electricity and transport? Now this question is directed toward
the objects, i.e. the countries. It turns out that only for Italy the two attributes are jointly of
concern. Note that (a) and (b) are examples of what was mentioned as ‘symmetric’
analysis. This symmetric analysis is the outcome of the definition of concepts and can be
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Attr.1 electricity equivalent to fix phone Attr. 2: water
Attr. 3 postal Attr. 4 transport equivalent to rail

Fig. 6 Concept lattice for the context table in Fig. 5. Equivalence classes of objects: {Belgium, Denmark,
Ireland, Luxembourg, Finland, United Kingdom}: Belgium as representative. {Greece, Spain}: Greece as
representative

further formalized by the algebraic tool of Galois-connections (Ganter and Wille 1999;
Carpineto and Romano 2004).

Another aspect results automatically from the symmetric nature of the formal concept
lattice with respect to objects and attributes: the association rules, or as originally used by
Ganter and Wille (1999) the ‘implications’. The subset property of objects is related to the
subset of attributes defining them. Hence an inclusion of subsets of objects can be inter-
preted as an implication among attributes.

Relevant implications or associations rules can automatically be obtained by a soft-
ware by Yevtushenko (2000). The list of association rules obtained in our case is shown
in Table 3, where the typical notation of Association Rules (AR) is here adopted, as firstly
introduced by Agrawal et al. (1993). In Table 3 only rules with confidence level of 100%
are visualized, with confidence level being, as usual in AR theory, the proportion of
countries with the specified antecedents for which the consequent is also true. The last
column of Table 3 indicates in brackets the number of countries which satisfy the rule.
As an example, the third rule says that if countries are unsatisfied about the price of water
and postal services, then they are also unsatisfied about the transportation system. There
are two countries which satisfy this rule and Fig. 6 shows that they are Germany and
Italy.

Even if the application is simple in this particular case, it gives a clear example of
possible outcomes which can be reachable by the lattice approach.
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Table 3 Set of association rules extracted from FCA lattice of Fig. 6

Rule # Antecedent Consequent Confidence (%) # of countries
1 Electricity, postal Water, transport 100 (1)
2 Electricity, transport Water, postal 100 (1)
3 Water, postal Transport 100 (2)
4 Water, transport Postal 100 (2)

5 Overall Discussion and Conclusion

This paper provides an insight on Europeans opinion based on Eurobarometer surveys,
with particular focus on perceived performance of major services of general interest.

Some main points should be mentioned: (1) we identified the crucial role of criterion
price versus criteria quality and contract; (2) we showed the existence of two groups of
unsatisfied countries; (3) due to the symmetric feature of the FCA, simple association rules
for price discontentment were derived. For a quick view at major results, Table 4 sum-
marizes main conclusions obtained from the adopted methodologies.

We identified two crucial points: firstly dimension theory as a tool to simplify the partial
order and secondly FCA as a tool to visualize relations among attributes and objects.

On one hand, dimension theory is an instrument to find appropriate scatter plots in lower
dimensions and to identify latent dimensions which are responsible for points configura-
tion. On the other hand, FCA starts with ideas which seem to be completely different from
many statistical approaches used so far in environmental and social sciences: the central
point of FCA is to model human thinking and how to make broad use of the natural attempt
to classify entities and explore their mutual relations. In contrast to that, many statistical
approaches start with another point of view: the error minimization in data as a vehicle to
derive specific procedures, such for example Factor Analysis, Generalized Linear Models
and Nonlinear Multivariate Analysis.

What are errors in our study and how can they be taken into account? The first source of
error is uncertainty of the given score and the second source of error is the bias due to the
fact that survey data are in this case of subjective type. As recently studied for example by
Bertrand and Mullainathan (2001), subjective data can be rather troublesome because they
are affected by cognitive problems, due to questionnaire formulation (questions ordering or

Table 4 Summarizing major results

Adopted method Main conclusions

Hierarchical partial order From quality and contract criteria, extraction of two linear
orders = homogeneity of citizens’ opinion across services

Dimension analysis of posets Two latent dimensions perfectly describe the price criterion with most
complaining countries well separated into two groups: {E, GR, I, P}
{A, D, F, NL}

Formal concept analysis Two groups of countries unsatisfied about price: {E, GR, P}

{A, D, NL} Italy unsatisfied about every service

As far as price is concerned: {fix phone; electricity }
{urban transportation; rail} groups of equivalent services

Extraction of relevant Association Rules for price dissatisfaction
among different services
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wording, scale choice, etc.), and also by respondent’s attitude (reluctancy, personality,
social and cultural background, etc.). The error of the first type is in some sense overcome
by the quantile approach here adopted, whereas the second type of error is beyond the goal
of the present job even if it still remains for possible future work.

To summarize finally, when evaluation comes into play FCA seems to be an appropriate
tool to deal with complexity. In environmental sciences the deterministic analysis in terms
of process based modeling has only a restricted value because on the one side the processes
are still unknown and on the other side the data are still not complete for such deterministic
approach. FCA symmetric view on objects and attributes provides an analysis of the
interplay between groups of objects and attributes making it an ideal tool for environmental
science.

Partial order and its specific variant named FCA show to provide suitable instruments to
relate objects and properties based on discrete mathematics. The methods discussed here
help us to perform a comparison and an evaluation without being forced to aggregate the
attributes to an indicator.

Our future work is intended to further explore these approaches specifically in order to
make them feasible for applied environmental as well as social sciences.
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