
Introduction
Underground engineering life-support systems are used for water, gas, and oil supply, as well as

wastewater discharge. Fundamentals of the seismic dynamic theory of orthogonally located underground
pipeline systems are described in [1]. 

The actual construction conditions in seismic areas are complicated by hazardous geological pro-
cesses (landslides, avalanches, mudflows, collapsible soils, floods, high level of groundwater, etc.). The
analysis of underground pipeline stability in water-saturated soils is problematic for all the seismic
regions. Papers [2, 3] show that liquefaction of surrounding soils is the main cause for pipeline "sur-
facing." It is noted in [4] that, in saturated soils, cases of partial pipeline surfacing occurred due to high
compressive stresses along the pipeline for all types of underground pipelines [2, 3, 14]. Figure 1 shows
typical seismic damages of pipelines. 

Pipeline buckling was analyzed by A. S. Volmir, G. Kowderer, D. V. Kapitanov, V. F. Ovchinnikov,
L. V. Smirnov, V. I. Maly, H. Uno, F. Oka, S. Tanizaki, A. Tateishi, S. Yasuda, S. Mayuzumi, H. Onose et
al. [2, 4-7, 9-12, 14].

Formulation of the problem
Large lateral deformations and a complex stress-strain state of underground pipelines occur as a

result of the impact of various operational loads. An underground pipeline can be simulated as a uniform
rod, hinged at its ends. A pipeline with length l is divided into finite elements of equal length a with
'nodes' being the ends of these interconnected elements. It is assumed that the nodal displacements are
the pipeline generalized coordinates and a compressive force is applied in the cross section x = 0 of
the first element. According to [5], the same force is acting in any pipeline cross section at any moment
in time. 

By the Kirchhoff hypothesis [5, 6], the total work of the ith element (with account of its geo-
metric nonlinearity) is
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(1)

and the pipeline kinetic energy is

(2)

where W i
0 = W i

0(x) and W i
1 = W i

1(x, t) are initial and total deflection of the ith element; E is the elasticity
modulus of the pipe material; J is the axial moment of inertia for the pipe cross section; F is the pipe
cross-sectional area; μ is mass per unit length. 

The compressive force potential is

(3)

The work of interaction forces between a pipeline element and soil massif is

(4)

where K and B are the coefficients of elastic and viscous pipeline-soil interaction. 
The boundary conditions (pipeline is hinged at the ends) are

(5)

The shape of the pipeline lateral cross-section is approximated with cubic Hermitian polynomi-
als Θ1-Θ4. Denoting the beam deflection in an element located between nodes i and i+1 as W1   

i, i+1 and tak-
ing into account the boundary conditions (Eq. (5)), we have

W1
1, 2 = Θ3q3 + Θ4q4; W1

2, 3 = Θ1q3 + Θ2q4 + Θ3q5 + Θ4q6; W1
3, 4 = Θ1q5 +Θ2q6 +Θ3q7 +Θ4q8; 
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Fig. 1. Pipeline damage types: a) extension/compression cracks; 
b) pipeline bulging; c) destruction of funnel connections; 
d) cracks along the pipeline body.



W1
i, i+1 = Θ1q2i−1 + Θ2q2i + Θ3q2i+1 + Θ4q2i+2, (i = 2…n−1); W1

n, n+1 = Θ1q2n−1 + Θ2q2n ,

where q3, q5, q7-q2i - n

are the deflection; q4, q6, q8-q2n−1 are the angles of rotation in the nodes [7]; and qi = qi(t) are the generalized
coordinates.

For a pipeline divided into two elements (n = 2), there are three nodes, and W1
1, 2 = Θ3q3 + Θ4q4,

W1
2, 3 = Θ1q3 + Θ2q4.

The total potential energy Π and the total kinetic energy Ek are as follows:

(6)

Defining the Lagrange function as L = Ek − Π, using Eqs. (1)-(4), making some calculations, and
inserting the results in the Lagrange equation of the second kind,

(7)

where L = Ek − Au − Vp and q3 = q3/a, we obtain

(8)

These equations can be reduced to a system of the first order for the dimensionless variables,
t1 = t/T0, where t1 and T0 is a characteristic time constant:

(9)

Results and discussion
The developed system of differential equations can be solved by the Runge-Kutta method. Fig-

ures 1 and 2 show the curves of maximum amplitudes of underground pipeline lateral motion versus
time t1 = t/T0 when the axial forces are P(t) = cFt and P = mFcr, where c is the rate of compression
stress variation with time; m is a dimensionless coefficient; and Fcr = 4π 2EJ/l 2 is the Euler critical force.
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If the pipeline is assumed to be a beam on elastic subgrade, then, assuming K = k1b with b as the beam
width, k1 may be regarded as the subgrade stiffness ratio [1]. If we assume that the pipeline is moving
laterally in the water-saturated soil with frequency ω, then the coefficient [8],
where α' is the correction coefficient, ρs is the soil density, and μs is the dynamic viscosity ratio. The
calculations were performed for various values of c, T0, K, B, and the pipeline geometrical parameters.
Notably, the analysis of dynamic stability of an underground pipeline was done in [9], where the
obtained results were presented as analytical equations, suitable for practical application. 

Based on the results of numerical and analytical solutions, we plotted the curves of maximum
amplitudes of pipeline lateral motion versus dimensionless time T0 were plotted (Fig. 2). 

Comparison of the curves obtained by numerical method (FEM) and analytically [9] shows that
they coincide reasonably well; thus, the possible error is negligible. To evaluate the effect of the other
parameters on the pipeline deflection value, the relationships of q3/a versus time for different values of
P, K, μ, and y were calculated (Fig. 3). 

Analysis of the obtained curves showed that the greater the longitudinal force, the greater the
pipeline deflection. The coefficient K of the elastic pipeline-soil interaction significantly affects the

(2 2 ) /s sB F Rα ωρ μ= ′
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Fig. 2. Maximum amplitude of pipeline lateral motion versus time t1:
___) analytical; _ _ _) FEM; 

a) c = 103 (1); c = 5⋅103  (2); c =104 (3); b) T0 = 0.35 (1); T0 = 0.4 (2).
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pipeline stability: the greater the coefficient, the greater the pipeline stability. It was found that the
greater the action rate, the faster the pipeline reaches dynamic instability with longitudinal load action.
The greater the pipeline-soil viscous interaction ratio B, the less stable the pipeline. The greater the ini-
tial deflection, the greater the pipeline buckling. 

By selecting different geometrical parameters of the pipeline, various soil conditions (determined
via interaction ratios), and acting loads, it is possible to analyze the peculiarities of the obtained solu-
tions.

At this time, sufficient data on stability of underground life-support systems in soils with differ-
ent properties have been obtained, e.g., those obtained by Japanese scientists [10], who performed labo-
ratory experiments on a centrifuge to investigate underground pipeline surfacing. The results of our
investigations, presented above, coincide well with some of the conclusions in [10]: "The centrifuge
dynamic experiments with an underground structure model showed that  the rate of pipeline extrusion
depends on the initial amplitude and the initial frequency of  acceleration, as well as on the stiffness
and the attenuation ratio. Soil liquefaction and residual deformations often result in considerable dam-
age of pipeline". [The exact quote was not found.]

Conclusions 
Stability analysis of an underground pipeline located in water-saturated soil is one of the most

difficult problems of geotechnical engineering. The paper presents and compares analytical and numeri-
cal approaches for such analysis.

The validity of the obtained results is supported by concrete examples, showing good coinci-
dence of FEM and the proposed analytical solutions. Additionally, the obtained results coincide well
with Russian and worldwide experimental results of earthquake impact on underground pipelines [2, 3,
10, 13, 14] and facilitates further development of the seismic dynamic theory of underground structures.
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