
The theory of limiting equilibrium of soils is the basis for calculation of the bearing capacity of beds
[1]. Berezantsev [2] has advanced this theory for axial symmetry. As a rule, axisymmetric problems are
solved using the hypothesis of complete plasticity. Certain problems, however, cannot be solved within the
framework of this hypothesis [3].

Karaulov [4] resolves the problem of the limiting pressure of an annular plate on a soil bed by the
static method of the theory of limiting equilibrium of soils for axial symmetry. Here, a canonical system of
equations in the cylindrical coordinate system rzθ (where z is the axis of symmetry in Fig. 1) was employed
in the form

dr = dztan(α � µ);

(1)

where α is the angle of incline of the first principal stress σ1 to the z axis, σ = (σz + σr)/2 +ccotϕ is the
average reduced stress, γ is the unit weight of the soil, c and ϕ are the specific cohesion and angle of inter-
nal friction, respectively, and m = 2(σθ − σ3)/(σ1 − σ3) is a parameter defining the relationship between the
principal stresses.

The upper signs in (1) correspond to slip lines of the first family, and the lower signs to the second
family.

Figure 2 is an example of the network of slip lines in the bed of an annuar plate (γ = 18 kN/m3, ϕ = 15o,
and c = 10 kPa). The solution is achieved by integrating system (1) in the region of limiting equilibrium within
the framework of corresponding boundary problems of the statics of a granular medium [4]. Here, the condition
of incomplete plasticity with a varying parameter m is used in conformity with the conditions 
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Results are presented for solution of the problem of the limiting pressure of a ring foundation
on a soil bed. Formulas and tables are given for practical calculations. Experimental data
are cited for determination of the limiting pressure of an annular plate on a sandy bed. It is
demonstrated that theoretical limiting-load values obtained on the basis of the proposed pro-
cedure do not exceed experimental values. 
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m = m0 when α � π/2;
m = 2α m0/π when 0 � α � π/2;   (2)
m = -4α/π when −π/2 � α � 0;
m = 2 when α � −π/2,

where m0 is the maximum value of m that will provide a solution to the problem.
Let us examine the average limiting pressure on a ring foundation

pli = Pli/[π(ro
2 − ri

2)], (3)

where ro and ri are the outside and inside radii.
Let us designate the width of the annular lower surface as b = ro − ri. It is obvious that when ri � 0,

the pressure pli will approach the average limiting pressure pli,c on a foundation with a circular lower surface
of radius B. If, however, radius ri increases without constraint, pli will converge on the average limiting pres-
sure pli,s of a strip foundation of width b. Let us express pli as 

pli = pli,s + k(pli,c − pli,s). (4)

The value of pli,c can be calculated from the formula [4]

pli,c = γbNγ + qNq + cNc, (5)

where Nγ = e10.73ϕ − 1.026; Nq = e6.495ϕ + 1.114; Nc = cotϕ (Nq − 1).
It is obvious that the coefficient k will depend on ϕ, the relative reduced surcharge q' = (q + ccotϕ)/γ b,

and the ratio η = ri/b. Average k values are given in [4]. We determined the k values for ϕ of 5, 10, 15, 20, 25,
30, 35, and 40o, and compiled tables. Table 1, which contains k values for ϕ of 5 (prior to slash) and 40o (after
slash), can be cited as an example. 
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Fig. 1. Slip lines. 1 and 2) First and second families, 
respectively.
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Fig. 2. Network of slip lines in bed of annular plate.



The pli,s values were established from the formula cited in Construction Rule and regulation 2.02.01-83 [5].
Since the limiting pressure of an ring footing on a soil bed can be determined as a function of the

bearing capacity of circular and strip footings, it is expedient to confirm experimentally the coefficient k char-
acterizing the gradual transition from the circular to the strip footing in conformity with formula (5.20) in [5].

Experiments were conducted with ring textolite plates with an annuar width of 3 cm and different
inside radii ri: 0 (circular plate), 0.5, 1.0, 1.5, 2.5, and 4.5 cm. To create a roughened lower surface, a layer
of sand was applied to the lower plane of the ring, which had been treated with an adhesive. 

The experiments were conducted on two varieties of dry sandy soils (Table 2).
We conducted the experiments in the following sequence.
Sand was placed in a pan in layers each 5 cm thick, and compacted. To determine the density of the

sand and its strength properties in the bed, the rings were set in the bed for the sampling of soil specimens.
The strength parameters were determined in a shear device by the direct-shear method. 

An annular plate was established on the prepared bed. The horizontal position of the plate was mon-
itored with a level. A load was applied to the plate in steps of 1/10 the theoretical value of pli via a loading
device. Loading was continued to complete failure of the bed, which was characterized by collapse with lat-
eral uplift of soil both from the outside and inside of the ring.

Only the limiting pressure Pli
o on the ring plate was determined as a result of the experiment. Three

tests were conducted for each ring, as a result of which the average limiting pressure Pli,avg
o and limiting

average load pli
o = (1/A)(Pli,avg

o) on the ring plate were determined, where A is the area of the ring.
The coefficient k was calculated from the formula

(6)
( / ) ( / ) ,

1 ( / )
li c s c

s c

p p p pk
p p
−

=
−

o o

39

TABLE 1

η k values for ϕ = 5 and 40
o

and q' of 
2 4 6 8 10

0 1/1 1/1 1/1 1/1 1/1

0.4 −/1.433 0.363/− 0.406/− 0.397/− 0.404/−

0.8 −/1.095 0.204/1.345 0.214/1.554 0.210/1.562 0.210/1.562

1 −/1.939 0.184/1.196 0.193/1.361 0.191/1.371 0.193/1.376

3 −/0.241 0.096/0.326 0.104/0.384 0.102/0.394 0.105/0.405

5 −/0.142 0.064/0.188 0.071/0.217 0.070/0.221 0.073/0.227

� 0 0 0 0 0

TABLE 2
Sand of
medium
density

Physico-mechanical characteristics
Soil densi-
ty, tons/m3

Density of soil
particles, tons/m3

Density
factor

C, kPa ϕ, deg

fine 1.58 2.66 0.68 0 29

coarse 1.64 2.66 0.62 0 37



where po

c is the experimental limiting load on the circular plate. The theoretical value of the ratio ps/pc for
ϕ = 29 and 37o is �0.35. Accordingly, the expression for k was adopted as

(7)

Results of tests of the impression of ring plates on fine (ahead of slash) and coarse (after slash)
sands with ϕ = 29 and 37o, respectively, are presented in Table 3.

Comparison of the experimental and theoretical k values indicates that the theoretical are lower than
the experimental values, and the discrepancy amounts to 30%.

Conclusions
1. The problem of the limiting pressure of a ring foundation on a bed can be resolved using condi-

tion (2).
2. Theoretical values of the limiting loads calculated on the basis of the proposed procedure do not

exceed experimental data on the bearing capacity of the bed.
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TABLE 3

ri, cm η pli
o, kPa k kteor

0 0 14.5/61.7 1/1 1/1

0.5 0.167/0.167 14.6/76.7 1.01/1.37 0.96/1.12

1 0.333/0.333 15.9/84.1 1.15/1.56 1.07/1.21

1.5 0.5/0.5 12.6/78.2 0.80/1.41 0.76/1.17

2.5 0.833/0.833 9.84/64.1 0.47/1.06 0.46/0.89

4.5 1.50/1.50 7.1/53.1 0.21/0.78 0.19/0.55


