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Abstract

The purpose of this paper is to study the convergence of the quasi-maximum likelihood
(QML) estimator for long memory linear processes. We first establish a correspondence
between the long-memory linear process representation and the long-memory AR (co) pro-
cess representation. We then establish the almost sure consistency and asymptotic normality
of the QML estimator. Numerical simulations illustrate the theoretical results and confirm
the good performance of the estimator.

Keywords Long memory process - Semiparametric estimation - Linear process - Limit
theorems

1 Introduction

Since Hurst’s (1953) introduction of long-range dependent processes, much research has
focused on estimating the long-range parameter, whether defined on the basis of the asymp-
totic power-law behavior of the correlogram at infinity or that of the spectral density at zero
[see the monographs (Beran 1994) and Doukhan et al. (2003) for more details].

Two estimation frameworks have been studied extensively. The first focused on the esti-
mation of the long-memory parameter alone, but could be carried out in a semi-parametric
framework, 1.e. if only the asymptotic behavior of the correlation or spectral density was
specified. This led to the first methods proposed historically, such as those based on the R/S
statistic, on quadratic variations, on the log-periodogram, or more recent methods such as
wavelet or local Whittle [again, see Doukhan et al. (2003) for more details].

Here we are interested in a more parametric framework, and in estimating all the parameters
of the process, not just the long memory parameter. The first notable results on the asymptotic
behavior of such a parametric estimator were obtained in Fox and Taqqu (1986) in the special
case of Gaussian long-memory processes, using the Whittle estimator. These results were
extended to linear long-memory processes with a moment of order 4 by Giraitis and Surgailis
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(1990). In both settings, the asymptotic normality of the estimator was proved, while non-
central limit theorems were obtained for functions of Gaussian processes in Giraitis and
Taqqu (1999) or for increments of the Rosenblatt process in Bardet and Tudor (2014). The
asymptotic normality of the maximum likelihood estimator for Gaussian time series was also
obtained by Dahlhaus (1989) using that of the Whittle estimator obtained in Fox and Taqqu
(1986).

For weakly dependent time series, especially for conditionally heteroscedastic processes
such as GARCH processes, the quasi-maximum likelihood (QML) estimator has become
the benchmark for parametric estimation, providing very interesting convergence results
where Whittle’s estimator would not. This is true for GARCH or ARMA-GARCH processes
[see (Berkes and Horvath 2004) and Francq and Zakoian (2004)], but also for many others
such as ARCH(o0), AR(00), APARCH processes, etc. (Bardet and Wintenberger 2009).
We will also note convergence results for this modified estimator for long-memory squares
processes, typically LARCH (o00) processes, see Beran and Schiitzner (2009), or quadratic
autoregressive conditional heteroscedastic processes, see Doukhan et al. (2016). But for long-
memory processes, such as those defined by a non-finite sum of their autocorrelations, to our
knowledge only the paper by Boubacar Mainassara et al. (2021) has shown the normality
of this QML estimator in the special case of a FARIMA(p, d, q) process with weak white
noise.

We therefore propose here to study the convergence of the Gaussian QML estimator in
the general framework of long-memory one-sided linear processes. In such a framework, we
begin by noting that the QML estimator is in fact a non-linear least-squares estimator. The key
point of our approach is to prove that long-memory one-sided linear processes can be written
in autoregressive form with respect to their past values, which we can call long-memory
linear AR(c0). This is perfectly suited to the use of QMLE, since this estimator is obtained
from the conditional expectation and variance of the process. We then show the almost sure
convergence of QMLE for these long-memory AR(c0) processes, which generalizes a result
obtained in Bardet and Wintenberger (2009) for weakly dependent AR (c0) processes. We
also prove the asymptotic normality of this estimator, which provides an alternative to the
asymptotic normality of Whittle’s estimator obtained in Giraitis and Surgailis (1990). An
advantage of QML estimation lies in the fact that, because it is applied to processes with
an AR(oo) representation, the fact that the (X;) series is centered or not has no effect at all
on the parameters of this AR(co) representation, particularly on the estimation of the long
memory parameter.

Finally, we performed simulations of two long-memory time series and examined the
performance of the QMLE as a function of the size of the observed trajectories. This showed
that the behavior of the QMLE is consistent with theory as the size of the trajectories increases,
and provides a very accurate alternative to Whittle’s estimator. An application on real data
(average monthly temperatures in the northern hemisphere) is also presented.

This article is organized as follows: the Sect. 2 below presents the AR (co) notation of an
arbitrary long memory one-sided linear process, the Sect. 3 is devoted to the presentation of
the QMLE estimator and its asymptotic behavior, numerical applications are treated in the
Sect. 4, while all proofs of the various results can be found in the Sect. 6.
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2 Long-memory linear causal time series

Assume that ¢ = (&;);cz is a sequence of centered independent random variables such as
E[sg] = 1 and (a;);cN is a sequence of real numbers such as:

ai = La(i)i"" fori e N* and ag > 0, (2.1)

where d € (0, 1/2) and with L,(-) a positive slow varying function satisfying

. La(xt)
foranys > 0, lim =1
x—>00 L,(x)

Now, define the causal linear process (X;);cz by

(e ¢]

X; = Zai g—; foranyt € Z. 2.2)
i=0

Since 0 < d < 1/2, it is well know that (X;),c7 is a second order stationary long-memory
process. Indeed, its autocovariance is

o0
rx(k) = Cov (X0, Xi) = » @i airx ~ Ca L(K)k**~" whenk — oo, (23)
i=0

where Cy = fooo(u + u?)?-1 gy (see for instance Wu et al. 2010).
Then, it is always possible to provide a causal affine representation for (X;);ecz, i.e. it is
always possible to write (X;);cz as an AR(co) process:

Proposition 2.1 Let (X;),cz be a causal linear process defined in (2.2) where (a;) satisfies
(2.1). Then, there exists a sequence of real number (u;);cN+ such as:

o0
X, =ape + Z"” Xi—i foranyt €Z, 2.4

i=1

where (u;)icN* satisfies

00
i = ~ L —1 —1-d _ _1-d
;ul =1 and u, n—oo T'(d) T (1 —d) L, (n)n =L,(n)n (2.5)

where L, is a slow varying function.

Remark 2.1 Using (6.1), the reciprocal implication of Proposition 2.1 is also true: if (X;)
satisfies the linear affine causal representation (2.4) where (u;);en satisfies (2.5), then (X;)
is a one-sided long-memory linear process satisfying (2.2) where (a;) satisfies (2.1).

b4
Remark 2.2 1t is also known that I'(d) T'(1 — d) = W for any d € (0, 1), and this
sin(w
L apd sin(rd) _,_,
implies u, ~ ——— .
n—oo g L,(n)

As a consequence, every long-memory one-sided linear process is a long-memory AR(00)
process with the special property that the sum of the autoregressive coefficients equals 1.
This is the key point for the use of quasi-maximum likelihood estimation in the following
section.
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Example of the FARIMA process Let (X;),ez be a standard FARIMA(O, d, 0) with d €
(0, 1/2), which means X = (I — B y~4g, where B is the usual backward linear operator on
RZ and I the identity operator. Then, using the power series of (1 — x)~¢, it is known that

[e.¢] .
r d
X; = Zaist_i with a; = M fort € Z.

“ I+ 1nHra)
Using the Stirling expansion of the Gamma function, i.e. F(x) ~ «/ Te ¥ x* 12 we
obtain an ~ F(ld) n9=1, which is (2.1) with L, (n) W'

Moreover, the decomposition X = ¢ + (I — (I — B)d) X implies:
o0 .
'@ —d)
X =¢&+d ———— X,_; forteZ.
T ;F(l—d)r‘(i+1) =i
Thee ans'onL_d) ~ n~ " provides X, = &,+3.° X ithu, ~ =4
HPANSION 10 T oo “provides X; = &+ 302 un Xi—n Withun i,

n~1-4 s equivalent to (2.5) when ap = 1 and L, (n) W‘
n—o0

3 Asymptotic behavior of the Gaussian Quasi-maximum likelihood
estimator

3.1 Definition of the estimator

We will assume that (X;);c7z is a long-memory one-sided linear process written as an AR(00)
process, i.e.

o0
X, =0%&+ Y w(0*) X, foranyt € Z, (3.1
k=1

where

e (&)se7 1s a white noise, such that go has an absolutely continuous probability measure
with respect to the Lebesgue measure and such that ]E[eg] =1;

o ford ='(y,0%) €®a compact subset of RP~L x (0, 00), (un(0))pey is a sequence of
real numbers satisfying for any 6 € ©,

o0
un(©) = Lo(yn~ @~ forn e N* and ) "u,(6) = 1. (3.2)

n=1

with d(0) € (0, 1/2). We also assume that the sequence (u,(6)) does not depend on
2.
U 9
o 0% =1(y*, 0*2), 0* is in the interior of ®, with o* > 0 an unknown real parameter and
y* € RP~! an unknown vector of parameters.

A simple example of such a sequence (u,(9)) is u,(0) = (¢(1 + )~ tn~14 forn e N*,
with 6 = (d, 02) € (0,1/2) x (0, 00) where ¢(-) is the Riemann zeta function. Then
O =[d,,dy] x [a,%l, 01%,1], with0 < d,,, <dy <1/2and0 < 031 < af,[.
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For ease of reading, denote d* = d(6*) the long-memory parameter of (X;). Denote also
dy = d* + & where ¢ € (0,1/2 — d*) is chosen as small as possible. Since (u,(0)),en
satisfies (3.2), we know from Remark 2.1 that there exists C, such that for any ¢ € Z,

o
X =) a0 e with |a;(6")| <
i=0

C
; ‘;* forall i € N*. (3.3)
1179+

We also deduce from (2.3) that there exists C. > 0 satisfying

lrx (k)| = |Cov (X0, Xp)| < ——S<—— forallk € N. (3.4)
| | (1+k)! =25
In the sequel we will also denote for any 6 € ©,
o0
m(0) = ux(®) X, foranyt e Z. (3.5)
k=1
We want to estimate 6* from an observed trajectory (Xi, ..., X,), where (X;) is defined

by (3.1). For such an autoregressive causal process, a Gaussian quasi-maximum likelihood
estimator is really appropriate, since it is built on the assumption that (&;) is Gaussian white
noise, and it is well known that an affine function of &, is still a Gaussian random variable (see
for example Bardet and Wintenberger 2009). It consists in considering the log-conditional
density 1,,() of (X1, ..., X,,) when (&) is a standard Gaussian white noise and with X; =
o0& +my0),ie.

n n _ 2
I,(0) = 2%(9) = —% Z <log (02) + (Xt:;t(e))> forany 0 € ®. (3.6)

=1 =1

However, such conditional log-likelihood is not a feasible statistic since m,(0) depends on
(Xk)k<o which is unobserved. Hence it is usual to replace m;(0) by the following approxi-
mation:

1—1
i (0) =) ui(0) X,—; foranyte N, (3.7)
i=1

with the convention Z?:l = (. Then, a quasi conditional log-likelihood IA,, (0) can be defined:
n

~ 2
T,0) = —% 3 <log (02) + (X’_m’(e))> . (3.8)

2
o
t=1

If ® is a subset of R? such as for all § € ® there exists an almost surely stationary solution
of the equation X; = o & + m,;(0) for any t € Z, we define the Gaussian quasi maximum
likelihood estimator (QMLE) of 6 by

@l = Arg@rg@a)x Z,(@). 3.9)
Note that a direct implication of the assumption that (u,(6)) does not depend on o2 is that
if we denote 6, = (7, 52) the QMLE, then:
n t—1 t—1

- , o _ly¢ -
Vn = Argmin (X; — Z up(y) X,,k)2 and 62 = — Z (X, — Z ui(¥n) Xsz)z,
(r.01)e0 = k=1 - k=1
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where by writing convention u, () = u,(y). Hence, in this case of long-memory AR(c0),
7y 18 also a non-linear least square estimator of the parameter y.

3.2 Consistency and asymptotic normality of the estimator

The consistency of the QMLE is established under additional assumptions.

Theorem 3.1 Let (X;)sez be a process defined by (3.1) and its assumptions. Assume also:

e foranyn € N*, 0 € © > u,(0) is a continuous function on ©;
o Ifu,(0) =u,(0') foralln € N* with0 = (y,0?) and ' = (y', %), then 6 = 6'.

Let 0, be the QMLE defined in (3.9). Then

On = 07
n n—o00 ’
This result extends the é;, consistency obtained in Bardet and Wintenberger (2009) to short-
memory time series models, including ARMA, GARCH, and APARCH, among others,
including AR(oo) processes. It also applies to long memory AR(co) processes.

Remark 3.1 Regarding the long-memory linear process example, 6* could also be estimated
using Whittle’s estimator, which is constructed from the spectral density and second-order
moments of the process. The consistency and asymptotic normality of this estimator were
shown by Giraitis and Surgailis (1990).

Having shown the consistency, we would like to show the asymptotic normality of the QML
estimator in the case of the long-memory one-sided linear processes considered above. This
amounts to proving it for linear processes whose linear filter depends on a vector of parame-
ters. This will be the case, for example, for FARIMA(p, d, q) processes, for which Boubacar
Mainassara et al. (2021) have already shown asymptotic normality in the more general case
where (&;) is weak white noise, i.e. in the case of weak FARIMA(p, d, ¢) processes.

As it is typical to establish the asymptotic normality of an M-estimator, we make assump-
tions about the differentiability of the sequence of functions (u,(6)),en+ With respect to
0:

(A) Differentiability of (u,(0)),cn+: forany n € N*, the function u,, (6) isaC2(®) function
and for any § > 0, there exists Cs > 0 such that:
sup sup 'O (ju, @) + |dgun @) + |02 @] )} = G5 3.10)
neNoe®

Moreover we assume that:
forv e RP~!, if for allk € N*, v Hhur(*)=0 = v=0. (3.11)

Example (called LM in the numerical applications): For the simple example where (i, (6))
issuchas u,(8) = ¢(1+d)"'n~179 forn e N* with 8 = (d, 02) € (0, 1/2) x (0, 00), we
have:
—1—d
£2(1+d)
—1—d

(1 +d)

dqun(8) = (1 +d) log(n) +¢'(1 +d))

9510 (0) = (221 +d) log?(n) +2¢' (1 + d)¢ (1 + d) log(n)
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12 A +d)? = "1+ d)e(1 + ).

Therefore (3.10) of (A) is satisfied with d(#) = d (note also that § = 0 is not possible).
Moreover (3.11) is also clearly satisfied.

Theorem 3.2 Considerihe assumptions of Theorem 3.1 and also that ]E[sg] =0and 4 =
lleo ||j11 < 00. Then with 6, defined in (3.9), and if (A) holds,

Vi 6 6%) = <(a?2) B (Z’;))

Y <0, ((M*)_1 0 )) , (3.12)

1= 60 0 o*ui—-1

where M* = T£2 Yoo Yo (v, 0))t(8yug((y*, 0))) rx(t — k).

It is clear that 5,, satisfies (3.12) in the case of the FARIMA processes [but this asymptotic
normality has been already established under more general assumptions in Boubacar Mai-
nassara et al. (2021)] or in the case of the LM processes example. It is also worth noting that
the central limit theorem is written in exactly the same way as the one obtained in Bardet
and Wintenberger (2009), although the latter dealt only with weakly dependent AR(0c0)
processes.

Remark 3.2 As already mentioned, Boubacar Mainassara et al. (2021) have also established
the almost certain convergence and asymptotic normality of the QML estimator in the specific
case of FARIMA processes, but allowing the white noise (&) to be a weak white noise (non-
correlation) and not a strong white noise as in our work. This comes at the price of slightly
stronger moment conditions: in Boubacar Mainassara et al. (2021), a moment of order 2 + v
is required for almost sure convergence and a moment of order 4 4 v for asymptotic normality
(with 0 < v < 1). This is the price to pay in their Assumption A4 for working with strong
mixing properties of (&;).

Remark 3.3 Of course, in this specific context of linear long-memory processes, we would
like to make a comparison between the asymptotic results for the convergence of the QMLE
estimator and those obtained with Whittle’s estimator in Giraitis and Surgailis (1990). In
this paper, more precisely in Theorem 4, the asymptotic covariance matrix of 7, is given by
the spectral density f, and is written as (4m)~! ffﬂ (8,/ log(f, (A))) ’(8,, log(f, (A))) dh.
However, Dahlhaus (1989) has shown that this asymptotic covariance matrix is also that of
the maximum likelihood estimator in the case of a Gaussian process, the latter also being
(M*)~Vif (¢;) is Gaussian white noise. This means that asymptotically, the QML and Whittle
estimators behave identically. However, we will see a slight numerical advantage due to the
convergence of the QMLE in the case of observed trajectories whose size is not too large.

3.3 Case of a non-centered long-memory linear process

Finally, we can consider the special case where the process (X;) is not centered and estimate
the location parameter u* = E[X(]. This means that (X;) can now be written as:

o
Xp=p*+) ai0*) e forallt €Z, (3.13)
i=0
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with the same assumptions on 6, on (a;(6)) and on (&;).

First of all, the AR(co) representation we used to define (X;) does not allow u* to
intervene, so the QML estimator cannot estimate this parameter. So, if (X;) satisfies (3.13),
then (X,) still satisfies (3.1). This is because Z,fil ui(0) = 1 for any 6. Consequently, the
QML estimate of the parameter 6 is not at all affected by the fact that (X;) is not a centered
process and verifies (3.13) and Theorems 3.1 and 3.2 are still valid. Note that the same applies
to the Whittle’s estimator, as it was already remarked in Dahlhaus (1989).

Concerning the estimation of the localization parameter E[Xo] = u* for long-memory
processes, this question has been the subject of numerous publications. Among the most
important are Adenstedt (1974) and Samarov and Taqqu (1988) and the review article (Beran
1993). We are dealing here with long-memory linear processes, and the article (Adenstedt
1974) had already shown the most important point: we cannot expect a convergence rate in
J/n, contrary to the other process parameters. In the case of the QML estimator, this can
be explained by the fact that ©* cannot intervene in the Eq. (3.1), contrary to what would
happen for an ARMA process, for example.

More precisely, from these references, under the assumptions of Theorem 3.2 except that
(X;) is defined by (3.13), we obtain:

1/2-d(6%) Corooe — 1
n L d©*) :
— (X, — ") = /\/(0, ) with X, = — X,
La(n) (Xn—4") =2, d6%) 246 + 1) " ]; k
and C; = fooo(u + 142)01_1 du. However, as we are considering linear processes here,

Adenstedt (1974) proved by a Gauss—Markov type theorem that there exists a Best Lin-
ear Unbiased Estimator (BLUE) and provided its asymptotic efficiency. By adapting its
writing, it will be enough to consider the matrix £(¢) = (rx(Ij — i), ;-, with

oo
rx (k) = Cov (Xg, Xi) = Zai (0) aj+(0) and define:
i=0

AaLUE0®) = (fI1):—1(9*)11)’1’112—1(9*)X, with X =(X1,..., Xp).

ar (X,)
Var (ZaLuE(6%))

, where B(a, b) is the usual Beta function, and

Then it is established in Adenstedt (1974) that

wd(0*)(2d (") + 1)
—
n—>00 B(1 —d(6*), 1 — d(6*)) sin (7d(6*))
this limit belongs to [0.98, 1] when 0 < d(0*) < 1/2. Therefore, since iprye(0*) is a
linear process, we obtain:

p1/2-d %)

Ly(n)

. c 7 Cao%)

0" — u*) = N (0, )
(Booe® =) =, B(1—d©). 1 —d(6™)) sin (z d(67))
Finally, the estimation of 6* by @, makes the use of the BLUE estimator of u* effective.
Indeed, as 6, isa convergent estimator of 0*,as 6 € (0, 0.5) (’I 1z-o)1 1)71’1 1=71®)
is a continuous function, we deduce by Slutsky’s lemma that:

pl/2—d©%)

La(n)

7 Cap%) )

~ n * £
(,MBLUE(On) K )njo)oN(O’ B(l —d®*),1— d(@*)) sin (7‘[ d(@*))
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Fig. 1 Boxplots for estimating d on FARIMA(O, d, 0) processes with the estimators Zin and EW (denoted
dest and dWest for n = 300 (top left), n = 1000 (top right), n = 3000 (bottom left) and n = 10000
(bottom right)

4 Numerical applications
4.1 Numerical simulations

In this section, we report the results of Monte Carlo experiments conducted with different
long-memory causal linear processes. More specifically, we considered:

e Three different processes generated from Gaussian standard white noises:

1. A FARIMA(O, d, 0) process, denoted FARIMA, with parameters 0?=4andd =
0.1,0.2,0.3 and 0.4;

2. AFARIMAC(1, d, 0) process, denoted FARIMA (1,d,0), with parameters 0% =4and
d =0.1,0.2,0.3 and 0.4, and AR-parameter « = 0.5 and 0.9;

3. Along-memory causal affine process, denoted LM, defined by:

o0
X; =aper +¢(1 —i—d)_1 Zk‘l_d X, foranyt € Z,
k=1

with parameters o2=4andd =0.1,0.2,0.3 and 0.4.

e Several trajectory lengths: n = 300, 1000, 3000 and 10000.

e In the case of the FARIMA process, we compared the accuracy of the QMLE with the
one of the Whittle estimator which also satisfies a central limit theorem [see Giraitis and
Surgailis (1990))]. We denote ,G\W = (Zl\w, 3%,) this estimator.

The results are presented in Tables 1, 2 and 3.

The results of Tables 1 and 3 show a weak effect of the value of d on the speed of convergence
of the c’l\n estimator and, more generally, of @1, which may seem counter-intuitive since the
long memory being stronger, the effect of initial values should be stronger. To investigate
this further, we carried out new numerical studies using simulations of the FARIMA process
for values of d approaching 0.5, i.e. d = 0.43,d = 0.46 and d = 0.49, and the results are
shown in Table 4.

Conclusions of the simulations:

1. The results of the simulations show that the consistency of the QML estimator 5,, is
satisfied and also that its 1/,/n convergence rate of the estimators almost occurs for all
processes considered.
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Table 2 Square roots of the MSE computed for the QMLE B, in the case of the FARIMA(1,d,0) process
computed from 1000 independent replications

n = 300 n = 1000 n = 3000 n = 10000
dn Op dy ap dy an dy ap

d=0.1 a=05 0.099 0.116 0.063 0.070 0.043 0.048 0.024 0.026
a=0.9 0.129 0.110 0.060 0.041 0.029 0.017 0.015 0.008
d=02 a=05 0.128 0.140 0.080 0.084 0.041 0.046 0.022 0.023
a=09 0.110 0.084 0.052 0.030 0.028 0.016 0.014 0.009
d=03 a=0.5 0.148 0.158 0.081 0.088 0.042 0.045 0.023 0.026
a=09 0.103 0.067 0.055 0.034 0.027 0.015 0.016 0.009
d=04 a=05 0.197 0.202 0.119 0.125 0.042 0.045 0.023 0.025
a=0.9 0.132 0.054 0.069 0.034 0.036 0.017 0.018 0.009

L
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Fig.2 Recentered series of monthly temperatures (in degree Celsius) for the northern hemisphere for the years
18541989 (left) and the same series detrended by simple linear regression (right)

2. The value of the parameter d seems to have little influence on the speed of convergence
of the estimators as long as d does not get too close to 0.5. However, when we consider
values of d which increase towards 0.5, if the rate of convergence still looks good in /7,
the asymptotic variance considerably increases.

3. When a short-memory component is added to the long-memory component, as in the case
of a FARIMA(1, d, 0) process, the rate of convergence to d deteriorates, especially for
small trajectories. But the rate of convergence still seems to be in /7. We can also see that
the rate of convergence deteriorates much more sharply than for the FARIMA(O, d, 0)
process as d increases towards 0.5.

4. In the case of the FARIMA process, the comparison between the QML and Whittle
estimators leads to very similar results for large n, but for n = 300 the QML estimator
provides slightly more accurate estimate, in particular with a more centered distribution
around the estimated value.

4.2 Application on real data

Here, we will apply the QML estimator to a time series observation known to have a long
memory. These are monthly temperature (in degree Celsius) for the northern hemisphere for
the years 1854-1989, from the data base held at the Climate Research Unit of the University
of East Anglia, Norwich, England. The numbers consist of the temperature difference from
the monthly average over the period 1950-1979. For our purposes, and given the general
rise in temperatures due to climate change, it is preferable to work on detrended data, for
example using simple linear regression, as had already been done in Beran (1994). Figure 2
shows the two time series:
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Table 4 Square roots of the MSE computed for the QMLE B, of FARIMA process computed from 1000
independent replications when d is close to 0.5

n d=043,02=4 d=046,02 =4 d=049,02 =4
300 Op = (dy, 32 0053 0328 0.065  0.369 0.113  0.633
1000 Op = (dn, 52 0028  0.177 0.036  0.189 0.066  0.283
3000 Oy = (dn, 32 0016 0.113 0.018  0.109 0.036  0.132
10000 6y = (dy.82)  0.009  0.059 0.011  0.057 0.021  0.071

These data have been studied in Beran (1994) (see for example p.179), and Whittle’s
estimator of the long memory parameter for a FARIMA process applied to detrended data
yielded 3W =~ (.37, while the observed path size is n = 1632.

We applied the QML estimator for the FARIMA (0, d, 0) process to this same series and,
as we might have expected, the result was almost identical 21:1 ~ (.37, with 5,, >~ 0.056. We
also applied the QML estimator for processes LM and the result obtained is rather 5\,',, ~ (.44,
which is not very far from the previous value. This confirms the long-memory nature of this
series, and the implementation of a goodness-of-fit test could enable us to go a little further
in choosing between the 2 models or others (note that such a test has been implemented for
FARIMA processes in Boubacar Mainassara et al. (2023)).

5 Conclusion

In this paper, we have shown that the QML estimator, which offers excellent convergence
results for parameters of classical short-memory time series such as GARCH, ARMA,
ARMA-GARCH or APARCH processes, also gives excellent results for long-memory time
series. This had already been established for FARIMA processes, even with weak white
noise, in Boubacar Mainassara et al. (2021). And we generalize this to all long-memory
linear processes, offering a very interesting alternative to Whittle estimation, both from a
theoretical and a numerical point of view.

6 Proofs
6.1 Proofs of the main results

Proof of Proposition 2.1 Using B the lag or backshift linear operator on R%, we can denote
X = S(B)e, where X = (X;);ez and € = (&);ez and S(B) = Z?io a; B'. We know
that there exists a linear operator denoted S~! such as ¢ = S~!(B) X. As a consequence,
X=ape+(S(B)—apl)e=ape+ (S(B)—ao NS™'(B)X =ape+ (I —ap S™1(B)) X
which is the affine causal representation of X.

Let X; =agé& + Y oy ui X;—;. Then, for any t € Z,

00
X: =apée + Zui X
i=1
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00 00
= apé&r + E E Ujaje—i—j

i=1j=0

o0 k—1
= ap &; —1—2 (Zuk,ja]) Et—k-

k=1 j=0

As a consequence, denoting ug = —1, for any k € N*,

k

Suk—jajzak - (Zm)(ik:a‘,-)zo. (6.1)
Jj=0 j=0

i=0

Finally, since the convergence radius of the power series Z;?io ae z* is 1 from asymptotic
expansion (2.1), we deduce that forany z € C, |z] < 1,

i Uy 2 i ap ) = —ag. (6.2)
k=0 =0

Now, we are going to use a Karamata Tauberian theorem as it is stated in Corollary 1.7.3 of
Bingham et al. (1987):

Fix p > 0 and let L a slow varying function. Then if (a,,)neN is a sequence of nonnegative
real numbers and the power series A(s) = Z;ﬁo oy s converges for any s € [0, 1), then

ra+p

0 sy L((1—s)ass > 17.  (63)

Zak S L’ = A) ~
k=0

Note that this result is also established if there exists Ny € N such as (¢,),>n, is a sequence
of nonnegative real numbers. We first apply (6.3) to («,) = (a,,). Indeed, from (2.1) and with
p = d, there exists No € N such as (a,),>n, is a sequence of nonnegative real numbers and
n ~ £ wi ) — La()
D k0 ak e L(n)n” with L(-) 2~ . Therefore, we deduce that
oo
ra+d

> ans" ~ a+d Lo((1—5)"") ass — 17 (6.4)
n=0 da- )d

Therefore, from (6.2), the following expansion can be deduced:

L a(l=9T . _
Zuns _WL(I ((l—s) )ass—>1 . (6.5)

On the other hand, if we consider (6.2) whens — 17, chzio ag st — oo since (a,) satisfies
(2.1). As a consequence,

o0 o0
Zuns” - 0= Zun whens — 17.
n=0 n=0

We deduce that ,, —> 0 and the sequence (U, ), N can be defined where we denote U,, =
n—00

Y feni1 Uk- Butsince Y0 ju, =0, forany s € [0, 1],

o0 o0
Zuksk =(G6-1 ZUksk.
k=0 k=0
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Using (6.5), we deduce

o d—1
1—s
E Uy sk~ %L;l((l —s)_l) ass — 1.
k=0

From (6.1), we also have for any n € N

(L) (Ya) = —a 66)

k=0 £=0

Since (a,) satisfies (2.1), we know that there exists Ny such as a,, > 0 and ZZ’:O ag >0
for any n > Ny. Therefore we know from (6.6) that for any n > N, ZZ:O ur < 0 and thus
U, > 0 since Z,fio uyr = 0. Thus we can apply (6.3) to (o) = (U,) with p = 1 — d and
this induces

0

n
SNouk ~ 1yl
S Se T r@—d)

Since forn > Ny, u,, > 0, we deduce that (U,,) is a positive decreasing sequence forn > No.
Using again Bingham et al. (1987), we deduce that

a(l—d)

~ L4 N . B —d
U"n%oor‘(d)l"(Z—d) 4 (n)n (n)n .

= La
rara—-adq
To finish with, since (U,) is a positive decreasing sequence for n > Ny, we deduce:

apd 71( )nflfd

n = T —d) Lo

and this achieves the proof. O

Proof of Theorem 3.1 1In the sequel, we will denote for any r € N* and 6 € O,

[ee}

m(0) = m(0) —m(0) = Z u(0) Xi—. (6.7)
k=t

For a random variable Z and r > 1, denote || Z||, = (E[IZI’])W.
1. Firstly we prove some useful inequalities.
From the Cauchy-Schwarz Inequality, forany 6 € ® and t € Z,

ee}

(m©)* = (X [u®)]) (i k()] X7-)
k=1 =1

< sup | 3 |ucc®)| sup [ o] x2, )

00 * k=1
o0

2 2 2
= D lm®ll; = (sup {2 l@}) [0l < oo

=~

since (uy) follows (3.2), ® is a compact subset, § € ® — uy(0) is a continuous function for
any kK > 1l and d(0) € (0, 1/2).
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Using the same inequalities we also obtain that there exists C; > 0 such that for any
t>1,
e 2
| sup [ @)][; < oo
0e®

o0

~ 2 2 2 _
d 0 _( { 0 ] Xo|? < Cy 124, 6.8
and | Osgglmt( |3 = sup k=§t+l|uk( )| ) | Xol5 < Cat (6.8)

with 0 < d < infgce d(0) from the condition (3.2) on (u,(0)).
Finally with

2
©) = —1(10g (o2) + = @)
& 3 1oz () o’ 2> , 6.9)

q:(0) = —%(log (%) + M>

o2
we obtain from the previous bounds and o e [am, 01%,1] where 0 < anzl < ‘71%/1’
sup |¢:(0)| < sup[ (X2 +m2(0)) + ylog(aM)”
He® peo Lo2
— sl @, < = 0x003+ | sup b @)]13) + 5 | ozt
0e® O
< 0. (6.10)

And to conclude with these preliminary bounds, using Cauchy-Schwarz and the triangular
inequality, there exists C > O such as for ¢ > 1,

~ 1 . ~
H sup |, (6) —qt(Q)IH <- ’ sup [2X; + m, (©) +m,(9)\H H sup |mt(9)yH
0€® 172 2 lhpeo 2

0ec®

A

1 —~ _
= 5 (20313 + [ sup [m @[5 + | sup [ @)][[3) (C26724)"
0ec® 0ec®

ct 4. 6.11)

IA

2. From its AR(co) representation (2.1), and since || Xgll2 < oo, then (X;);c7z is a second
order ergodic stationary sequence (see Theorem 36.4 in Billingsley 1995). But forany 6 € @,
there exists Hg : RN — R such that

q:(0) = Hg((t‘?t—j)jzo)»

with also E[|¢,(0)|] < oo from (6.10). Then using Theorem 36.4 in Billingsley (1995),
(q; (6))) 1<z, 18 an ergodic stationary sequence for any ¢ € © and therefore

1,(0) =% E[qo(8)] forany 6 € ©,
n—0o0
with [,(0) defined in (3.6). Moreover, since ® is a compact set and since we have

E[ supyee |¢:(0)|] < oo from (6.10), using Theorem 2.2.1. in Straumann (2005), we deduce
that (q, (9))) ez also follows a uniform ergodic theorem and we obtain

sup |1x(6) — E[00®]] 53 0. (6.12)
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Now, using 7:,(9) defined in (3.8), we can write

sup [1,(0) = In(e)|<fZ;up |4:0) — G 9)]. (6.13)
t=1

In Corollary 1 of Kounias and Weng (1969), it is established that for a L! sequence of r.v. (Z;);

z
and a sequence of positive real numbers (b;, ), en+ such as b, —> o0, then Z, 1 [Ib[ d I]
n—0o0

a.s.

implies . B Die 12 =2 0.

Therefore, with b, =tand Z; = Supgcq |qt ) — @(9)’ for t € N*, using the inequality
(6.11),

oo oo

1
Y Elsup @ ~a@[] <€ oo

= Z sup [¢:(0) — ,(0)] =

n210e0

Then, using (6.13) and (6.12), we deduce:

sup [7,(6) — E[q0(®)]| =
6e®

a.s.

(6.14)

3. Finally, the same argument already detailed in the proof of Theorem 1 of Bardet and
Wintenberger (2009) is used: 6 € ® E[qo(G)] has a unique maximum reached in 6 =
0* € © because it is assumed that if 1, (0) = u,(0’) for all n € N* with 0 = (y, 0) and
0’ = (y’,02), then 6 = 6'. This property and the uniform almost sure consistency (6.14)

lead to @1 25 g, ]
n—oo

Proof of Theorem 3.2 As a preamble to this proof, since 6, —> 6* by Theorem 3.1, we will
n—oo

be able to reduce the © domain. Let © C © be a compact set of R” such that:

©={0e®, 2d0" —1/2 < inf d(®) < d(6")}.
0e®

Note that 2d(0*) — 1/2 < d(6%), so it’s still possible to determine 0.
In the spirit of (3.9), let’s define

5,1 = Argmax 7;, ).
He®

Using Theorem 3.1, it is clear that 5,, 25 g, Moreover, for all x = (x1,...,x,) € R?,
n—o0

B( (B, —6%) xf-:,(—oo,x;])
=P(Vn (B — ) € x!_ (=00, 5,1 | 6, € B) P(@, € &)
+P(vn (B - 9*) e x?_ (=00,%,1|8, ¢ ®) P(3, ¢ B)
=P(Vn (B — 0%) € x?_, (=00, ;1) P8, € B)
+P(vt (B - 6%) € x?_,(—00, x;1) (5, ¢ &)
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Since 6, =% 6* by Theorem 3.1 and therefore ]P’(5 ¢ @) — 0 because 6* € O, it is clear
n—oo

that the asymptotic distribution of /72 (6, — 6*) is the same as the one of /n (0 —0%).
Consequently, throughout the rest of the proof, ® will be replaced by © and 6, by 6,.

In the sequel, for 6 € ®, we will denote d = d(0) — ¢ and df = d* + & where
d* = d(0%*) is the unknown long-memory parameter, and we chose ¢ > 0 such as ¢ <
% (1 —4d(0) + 2d(9*)). Hence, from the definition of ®, 1 — 4d(©0) + 2d(0*) > 0 and

4dy —2d—1<0. (6.15)

From Assumption (A), for any 6 € Oandt e 7., dgm,(0) and 892mt(9) a.s. exist with

o0 o0
dom(0) = dpur(0) X,y and dpom; () = Y 05,uk(0) X, .
k=1 k=1

And the same for dp77, (0), aemt(e) 32, (0) and 37, (0). However, note that for any 6 € ®,
(m;(0));, (0gm;(0)); and (aezm,(e))t are stationary processes while (1, (0));, (1, (6)); and
their derivatives are not.

Due to these results, for any 6 € e:

_(q®) [ 5z dymi©) (X: — m,(e))

and the same for dgq; (0) by replacing m, (0) by m,(9). Once again fgr any 0 € (:5, (09q:(0))s
is a stationary process, while (dgq; (6)); is not. Finally, for all § € O, define

1 & —~ 1<
doLn(®) =~ 3 8qi(0) and dLn(®) =~ 3 3Gi(0).
=1

t=1

Following the same reasoning it can be shown that for any t € Z, 0 € O > q:(0) and
6ecO > q:(0) are a.s. Cz(@) functions and therefore the random matrices 852 L,(0) and
86222,1 (0) a.s. exist.

The proof of Theorem 3.2 will be decomposed in 3 parts:

1. First, as it was already established in Bardet and Wintenberger (2009), (dgq;(6*)); is a
stationary ergodic martingale difference since with the o -algebra 7, = o { Xi—k)k>1 },

E[900: ") | 7] =0,

because (X;) is a causal process and &; is independent of F; and E[s(z)] =1.

Now since IE[H 09q0(6%) ||2] < oo from the same arguments as in the proof of the consis-
tency of the estimator. Then the central limit for stationary ergodic martingale difference,
Theorem 18.3 of Billingsley (1968) can be applied and

VrdnLa©*) =5 N(0, GY), 6.17)

since E[35q0(6%)] = 0 and where G* = E[d50(6) x ' (3590 (6")) |
2. We are going to prove that:

nE[ sup [35L,(®) — d6Lu®)]*] — 0. (6.18)
) oo
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Using a line of reasoning already used in Beran and Schiitzner (2009, Lemmas 1 and 2)
and Bardet (2023, Lemma 5.1 3), and derived from Parzen (1999, Theorem 3.B), there
exists C > 0 such that:

E[ sup [0 L0 (®) — d0La®)|’] = € sup B[ 95L0(0) — 06 Lo @),
0e® 0e®

because we aSSllIlled that 6 — u,(0) is a crt! (@)) function and therefore 392,, 0) —
dgL,(0)isa Ci(@) function.
Then, for 6 € ©,

A 1 ~ o~
01 0) = 0,3:0) = —5 (8,1,0) (X, = mi(0)) + 8,7, 0) 1 (9)).
As a consequence, for 0 € o,
-~ 2
nE[||06La(0) — 9L (0) "]

- M4( S E[ (216) (X, = mi©) + 0,7, 0) 7,0))

I<s<t<n

x (85 6) (Xs = my(©)) + 8,71, 0) 7)) |
+ZE[ (8,7 0) (X; = mi©)) + 8,7, 0) 1 (6) )

x (ay%«a) (X = mi©) + 8,0 1, 9)) )
1
- Ln+n). (6.19)

Concerning I, since X; = o* & + m;(60*) and since & is independent to all the other
terms because s < ¢, we deduce that (X; — m;(0)) can be replaced by n,(6, 6*) =
(m, ©@*) —my (0)). As a consequence, after its expansion, /; can be written as a sum of 6
expectations of products of 4 linear combinations of (¢;). Moreover, if for j = 1, ..., 4,

Y,i.j) =37 _oﬂ(]) é,j_k, where t] <t <13 <1y, (ﬁ,(lj))neN are 4 real sequences and
(&/)1e7 is a white noise such as E[Soz] =1 and E[Sg] = g4 < 00, then:

oo
(J) (1) £(2) 3) 4)
H Y= (na = 3) Zﬁk Bio—t+kPrs—ty 44 Pry—ny 4k
k=0

Dy (2 3) (4 (3 2) (4
+E[Yt(l YPVEY Y+ B YT E D Y
1)y, (4 2)v(3
+E[rs YO B[ v,
p ) _ 5 ~ 2 _ _ B) _ 4 ~
Now, consider for example Y, = 9, m(0), Y,,” = (XS mg (9)), Y,,” = 9d,m,(0) and

thf) = m;(0). From Lemma 6.1 and for any used sequence (ﬂ,gj ) )keN, there exists C > 0
such as for any k € N:

) ¢ @) ¢
1#7] = sk + DR A1 = 14 (ke + 1) =%
C
and max(|/3(2) |ﬂ;§3)|) 7(,(_‘_ yi=d
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As a consequence, with s < 7,

1
Pkt — sy

C
L=
sdpd(t — 5)22d%

oo
(1) 5(2) p(3) (C))
‘(M4—3) Zﬂk B B ZssicBr - s+k‘ dtd Zk2 2d*

k=0
.(6.20)
And we obtain the same bound for any quadruple products appearing in /.

Consider now the other terms of /;. Using Lemmas 6.3 and 6.4, we obtain for any 6 € )
ands < t:

o[BS Y1) = [E[o, 0 (X, — ms @) E[a,,0) 1, ©)]|
= |E[a, 1, (0) n, 0. 6)]| [E[a, 71, 0) i 0))|

1 1
GIHd=2d; [1+d=2d%

E[a, 715 (6) 8y (6)] E [(Xs—ms(G))%(G)]’

IA

c
‘JE[Y}IUYS)]]E v v ‘ ’

E[d, 5 (0) 0, i1, 0))] HIE [1,(0. 0 )m,(@)])

IA

E
[3y
1 1 1
C<Sdt1 247 1+2d—2dj_) (tl+ds—2dj_+tl+2d—2dj_)
. ‘]E[ Oy @]E[ (22)1/(3)‘ [
(3,

’E 3y (0) My (0)] E[(Xs — my(6)) 8yn7z(9)]’

= |E[3,71,(0) i1, (0)] HE [n,(0.0%) 9 m,(@)]’
c

1
sdt172d++d (l _ S)l*Zdi

IA

Using these inequalities as well as (6.20), we deduce from classical comparisons between
sums and integrals:

> B[ (870) (X, — mi©)8,7,©) 1, ) |

I<s<t<n
s —3 1 1 1 1
= C] <Z Sdtd(l _ S)Z—Zdi +<sdt1—2d1 +sl+2d—2di> (t1+ds—2di + tl+2d—2di)
<s<t<n
1 1 1 1
+

+
gIHA=2d5 (1+d=2d7 T gd 1-2d5+d (f _ g)1-2dT

SC(/lnxzdi—l—zddx-i-/ln 2+(fz)i2d* /X dgd*
y
| i | [
| x2H2d—ady I+ l+2d 4dt
n dx * dy dy
/1 xl+2d—2dj_]; y+2d-2d3 +/] x1+d—2d+/1 Y24}
n dx
I
( 2

J| o)
x24T || yd (o — yy1-2dE

+
+
+

< C(n2di2d 4 padi—2d

i3 A3 A adE=2d | ddt-2d)
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< Cptdi-,

We obtain exactly the same bounds if we consider the 3 others expectations, i.e.
E[ (0,1(0) (X = mi(©)) )2, (0) (X, = ms(®)) ]
E[ (0, 71(6) 1,(6) ), 7ts 0) (X, —my () ) | or B[ (0,716 iy (0) ), s (0) s ®)) |

As a consequence, we finally obtain:
1

—— I < Cn*5 7271 forany n € N*, (6.21)
otn

Now consider the term Iz in (6.19) and therefore the case s = t. For Yt(ll) = 9,m,;(9),

Y2 = (X, — m®), Y = 8,7, 0) and Y\ = i1, (6), and the coefficient (8"
deﬁned previously, we obtam:

1 1
1 2 3 4
|4 - 3) Zﬁ,ﬁ 'BO808Y| < C thd G <Cpp 62

Moreover, using the same inequalities as in the case s < ¢, we obtain:

. ‘E[Yzﬂl)Y,(z) E[r®r®] ‘_

2+2d 4d* ’
OE) @)y @) 1

® ‘E[Yn Y, ]]E[Ytz Y, ]‘ = Ct2+2d_4djr
M)y @ @3 1

® ‘]E[Yfl Y, ]E[Ytz Y, ]‘ = Ct172di+2d'

Therefore,
S E[ (81 ©0) (X = mi(©))d, i, ©) 7, ©)) |
t=1

4_3 1 1-2d
<CZ t Taara =Cn
=1

As a consequence, we finally obtain that there exists C > 0 such that:

1
—— L <Cn? foranyn € N*. (6.23)
a'n

Therefore, from (6.21) and (6.23), we deduce that there exists C > 0 such that for any
n € N*:

E[[| 86 L, (60) — 3L (8) ] < € (0724 4 n*E-2-1) o, (6.24)

n—oo

from (6. 15) _
3. For ¢ ®andn € N*, since 8 L,, 0) is a.s. a C2(©) function, the Taylor-Lagrange
expansion implies:

8o Ln(0%) = /1 9L (On) + 9L (@) x /n (0% —

where 6, = ¢, + (1 — ) 6" and 0 < ¢ < 1. But % L, (8) = 0 because f, is the unique
local extremum of 6 — L, (6). Therefore,

V39 La(©%) = 85, L (6n) x /0 (6% = B). (6.25)
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Now, IE[ H 832 qo(0) H] < oo from the same arguments as in the proof of the consistency of
the estimator, and using Theorem 36.4 in Billingsley (1995), (832 419))), ez

. ~ = a.s. . ~ a.s.
stationary sequence for any 0 € ®. Moreover 6, —> 6* since 8, —> 6*. Hence:
n—oo n—oo

is an ergodic

052 L Bn) > E[07290(0)] = F(6").

Moreover, using the same arguments as in Lemma 4 of Bardet and Wintenberger (2009),
we have:

-~ P ~ - P
sup H 92 Ln(®) = aezan(e)H — 0 = 05LaB) — FO).  (626)
0e® n—00 n—00

Usual calculations show that:

M* 0 M* 0
FO*) = — d GO = 1],
©) ( 0 201*4> a © ( 0 M l)

4ot

DOt 00) (B ue((r*, 00)) rx (€ — k)

k=1 (=1

1
with M* =
0-*2

where G(0*) = E [ngo (Cl) ’89q0(0*)] has already been defined in (6.17).
Thanks to the formula for M*, we can deduce that F* is invertible. Indeed, M* is invertible
if and only if E [89 q0(0%) '39q0 (9*)] is invertible and therefore if and only if for all v €

R, W E [3,q0(0%) '99g0(6")] v = E [(fv ayqo(e*))z] = 0or'vd,q0*) = 0as.

implies v = 0. Or, pour v € RP-L

] o0
" d,q0(0") =0 a.s. = —5 %0 > @) X4 =0 as.
k=1

o0

= Ztv dyug(0*) X_x = 0 a.s. (gois independent to Fp)
k=1

= 3yuk(9*) =0 forallk e N*

— v =0 from(3.11).

Now, from (6.17) and (6.24), we deduce that:
VR La0%) -5 N(0, GOY)),
n—0o0
and since F(0%*) is a definite negative matrix, from (6.25) we deduce that
i (B, —0%) > N0, FO") ™ Ge*) Fo)™). (6.27)
n—00

Finally, from the previous computations of G(6*) and F (6*), we deduce (3.12).
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6.2 Proofs of additional lemmas

Lemma 6.1 Under the assumptions of Theorem 3.1, for any 6 € © andt € Z ort € N¥,
with m,(0), m,(0) and m,(0) respectively defined in (3.5), (3.7) and (6.7), we have:

o0 o0 o0
mi©) =Y ax(®.0%) &k, M (0) =Y _ A (0,0%) &g and i, (0) =Y G (0, 0%) &4,

k=1 k=1 k=0

where there exists C > 0 such as for any k > 1 andt € N*,

max (

~ *k
_ n. < —
= and ‘ak,[(Q,G )’ S T

Moreover, under the assumptions of Theorem 3.2, the same properties also hold for dgm;(0),
dpm, (0) and dgm,(0).

Proof We know that X; = Y ;2 a¢(0*) &, for any r € Z. Then,

0o o 00 J
() = Y uk@ac©) eri-e =y (Y u@)aj10") er-j
k=1 £=0 j=1 k=l
=) aj0.0% e
j=1
t—1 oo oo min(j,1—1)
i (0) = ZZukw)az(e ) eri z—Z( Zukw)a, (©) -
=1¢=0

o0
=) @.0.0%) e
j=1

”M% AL
NGt

o
7 (6) uk@)ac®@) erke = Y (Y urs©)aj69) er-

j=0 k=0

E t('99)5t —j

~
Il
S

As a consequence, using |ag(9*)| < C e and |ug(6)| < C ¢~ ! for any ¢ € N*, we
obtain:

1 1
+d (1 +j s k)lfdi
iz

1 1 1 1
_C(U/z)l‘d" ZH” G/ Zz (I+) - k)“di)

J
.00 <Y
k=1

c

FIG

<
Using the same kind of decomposition, we obtain the other bounds. O
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Lemma 6.2 Foranya > 1, B € (0, 1), there exists C > 0 such as for any 1 < a,

> 1 o)
Io(a) = Zkoz (k +a)® = a®
k=1

e}

! c
Ia 5 b = < b z l
(a,b) ; (k +a)® (k + b)* — a2~ p foranyb > a

o0

1 C
Jap0.®) = 3, G satp = g
k=1

o0

1 C
@0 = 2 G =

oo

1 C a
Jo ,b) = < in(1, — b>1
pla, b) ;; T aF G rD)7 = afpaT min ( b) for any

Lemma 6.3 Under the assumptions of Theorem 3.1, there exists C > 0 such as forany 6 € ©
and1l <s <t <n,

C
|E[m(0) M, (0)]] < FRETET (6.28)

Proof Using the bounds of functions /114 and Ji4+4,1—24 defined in Lemma 6.2, we obtain

E[#is (0) i (0)] = ZZ we (0) ug(O) rx(t —s +k —0)
k=s (=t

IA

_oo 00 1 1
C
ZZ;(s+k)l+d (t+z)l+d (1+|k—€|)172di
00
1 1
c(>—

= (1 _’_])I—Zdi ; (K+S+j)l+d(€+t)l+d

IA

oo

1
3 (k+s>1+d<k+r>1+d)

o0

1
Z 1_|_j)l —2d; Z(k—l—s)l"‘d( )

— k+14 j)ltd

Iita(s, z)+2(1+ =7 (a5 + D) + Tsa s 1+ )

1 1
(14 j)I=245 (s + )

IA

¢ (< o a0 f)+td+1 Z

1 1
td Z (1+])1 2d+ (s+j)1+d)

j=t—s

1 1 ot
=C (Sd,1+d Y aadied T gdgan (—s+ D7
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1
+77 Jivan-2a; (0 = s, l))

1 1 1
< — —
=C (sd,1+d t i T apiadia Ty Ivdi-aar s’t))
C
S * .
120 +d
u!

Lemma 6.4 Under the assumptions of Theorem 3.1, there exists C > 0 such as forany 6 € ©
andany 1 <sand1 <t,

1 (141 —s5)2dE
( —— + ifs <t
(B[ @ m @] <1 s5h 7 ) .

°(

(6.29)

1+s —t)2di>

ifs >t
s1+d sl+dzd ifs >

Proof

E[iis @) mi(@)] = Y D ur(@) ue®@) rx(t —s +k—0)

k=s £=1
<
= Z:;Z S_|_k)1+d ¢1+d (1+|t+k_e|)l—2dj_
o0 o0
< C(
= IZ —I—t—l—])l —2d* ZZ (€+S+])1+dgl+d
t 1 [ele]
+X::(1+t J g(k+s)l+d(k+/)1+d
(e ¢] 1 [o.¢]
+§(1+] )1—2d g k+s)1+d(k+])1+d)
> 1
<C ———— lipa+j, 0+ ) —— Lipa(s, t — )
(jX: (t + j)i—2dz ]Z;]]—zaz+
21
+ ) i Da(s i +1).

j=1 J

Then, if s <1,

~ 1 « 1 1
B[ @ m @) = € (Jrea1-2ar )+ Z T

1 1
s1+d Z )1 —2dr. (S_J)1+d — J1+d,1-24% (0, f))

IA

; 1 1 1
c( + + + )
(dg1-2d7 T pa-2dr T (1+2d-2d% g4 1+d—2d}

1 1
C(sdtl—zdf; + g1+2d—2d7 )

IA
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Andif s > 1,

B @) m@)]] < € (s air 129+ o Y L
s ! = I4d, 1-2d3 15> si+d po J1m2E (1 — jyl+d

|| 1
51+d Z jim2ds (t+j)d 54 thl 2d} (,+j)1+d)

IA

1 1 1 1
c ( + + + )
glHdg—2dt T Cipd=2dy T (142d=2df T (142d—2d}

1 1
c ( n )
Glrdp2dy T T2d-2d}

IA

m}
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