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Abstract

In this paper we derive the asymptotic properties of the least squares estimator (LSE) of frac-
tionally integrated autoregressive moving-average (FARIMA) models under the assumption
that the errors are uncorrelated but not necessarily independent nor martingale differences.
We relax the independence and even the martingale difference assumptions on the innovation
process to extend considerably the range of application of the FARIMA models. We propose
a consistent estimator of the asymptotic covariance matrix of the LSE which may be very
different from that obtained in the standard framework. A self-normalized approach to con-
fidence interval construction for weak FARIMA model parameters is also presented. All our
results are done under a mixing assumption on the noise. Finally, some simulation studies
and an application to the daily returns of stock market indices are presented to corroborate
our theoretical work.
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1 Introduction

Long memory processes takes a large part in the literature of time series (see for instance
Granger and Joyeux (1980), Fox and Taqqu (1986), Dahlhaus (1989), Hosking (1981), Beran
etal. (2013), Palma (2007), among others). They also play an important role in many scientific
disciplines and applied fields such as hydrology, climatology, economics, finance, to name a
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few. To model the long memory phenomenon, a widely used model is the fractional autore-
gressive integrated moving average (FARIMA, for short) model. Consider a second order
centered stationary process X := (X;);cz satisfying a FARIMA(p, dy, q) representation of
the form

ap(L)(1 — LY™ X, = by(L)e,, (1)

where dy € 1—1/2, 1/2][ is the long memory parameter, L stands for the back-shift operator
and ap(L) = 1 — Zle api L is the autoregressive (AR for short) operator and bo(L) =
1— Z?: 1 boi Liisthe moving average (MA for short) operator (by convention apy = bgg = 1).
The operators ag and bg represent the short memory part of the model. Process € := (€;)/ez
can be interpreted as in Francq and Zakoian (1998) as the linear innovation of X, i.e. ¢, =
X —E[X;|Hx(r — 1)], where Hx (r — 1) is the Hilbert space generated by (X, s < ). The
innovation process € is assumed to be a stationary sequence satisfying

(A0): E[e] =0, Var(¢) = 052 and Cov (€;, €;4,) = Oforallt € Z and all h # 0.

Under the above assumptions the process € is called a weak white noise. Different sub-classes
of FARIMA models can be distinguished depending on the noise assumptions. It is customary
to say that X is a strong FARIMA(p, dp, ¢q) representation and we will do this henceforth
if in (1) € is a strong white noise, namely an independent and identically distributed (iid
for short) sequence of random variables with mean 0 and common variance. A strong white
noise is obviously a weak white noise because independence entails uncorrelatedness. Of
course the converse is not true. Note that the independence hypothesis on the innovation can
be tested using the distance correlation (see for instance Székely et al. (2007), Davis et al.
(2018) and Aknouche and Francq (2021)). Between weak and strong noises, one can say that
€ is a semi-strong white noise if € is a stationary martingale difference, namely a sequence
such that E(¢;|€,_1, €,_2, ...) = 0. An example of semi-strong white noise is the general-
ized autoregressive conditional heteroscedastic (GARCH) model (see Francq and Zakoian
(2019)). Martingale difference hypothesis can be tested using the procedures introduced for
instance in Dominguez and Lobato (2003), Escanciano and Velasco (2006) and Hsieh (1989).
If € is a semi-strong white noise in (1), X is called a semi-strong FARIMA(p, do, ¢). If no
additional assumption is made on €, that is if € is only a weak white noise (not necessarily
iid, nor a martingale difference), the representation (1) is called a weak FARIMA(p, dp, q).
It is clear from these definitions that the following inclusions hold:

{strong FARIMA(p, do, q)} C {semi-strong FARIMA(p, do, q¢)}
C {weak FARIMA(p, dy. 9)} .

Nonlinear models are becoming more and more employed because numerous real time series
exhibit nonlinear dynamics. For instance conditional heteroscedasticity can not be generated
by FARIMA models with iid noises.! As mentioned by Francq and Zakoian (2005, 1998)
in the case of ARMA models, many important classes of nonlinear processes admit weak
ARMA representations in which the linear innovation is not a martingale difference. The main
issue with nonlinear models is that they are generally hard to identify and implement. These
technical difficulties certainly explain the reason why the asymptotic theory of FARIMA
model estimation is mainly limited to the strong or semi-strong FARIMA model.

L To cite few examples of nonlinear processes, let us mention the self-exciting threshold autoregressive
(SETAR), the smooth transition autoregressive (STAR), the exponential autoregressive (EXPAR), the bilinear,
the random coefficient autoregressive (RCA), the functional autoregressive (FAR) (see Tong (1990) and Fan
and Yao (2008) for references on these nonlinear time series models).
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Now we present some of the main works about FARIMA model estimation when the
noise is strong or semi-strong. For the estimation of long-range dependent processes, the
commonly used estimation method is based on the Whittle frequency domain maximum
likelihood estimator (MLE) (see for instance Dahlhaus (1989), Fox and Taqqu (1986), Taqqu
and Teverovsky (1997), Giraitis and Surgailis (1990)). The asymptotic properties of the MLE
of FARIMA models are well-known under the restrictive assumption that the errors ¢; are
independent or martingale difference (see Beran (1995), Beran et al. (2013), Palma (2007),
Baillie et al. (1996), Ling and Li (1997), Hauser and Kunst (1998), among others). Hualde
and Robinson (2011), Nielsen (2015) and Cavaliere et al. (2017) have considered the prob-
lem of conditional sum of squares estimation (see Klimko and Nelson (1978)) and inference
on parametric fractional time series models driven by conditionally (unconditionally) het-
eroskedastic shocks. All the works mentioned above assume either strong or semi-strong
innovations. In the modeling of financial time series, for example, the GARCH assumption
on the errors is often used (see for instance Baillie et al. (1996), Hauser and Kunst (1998)) to
capture the conditional heteroscedasticity. The GARCH models are generally martingale dif-
ferences. Various research works were devoted to testing the martingale difference hypothesis
(see for example Dominguez and Lobato (2003), Escanciano and Velasco (2006) and Hsieh
(1989)). In financial econometrics, the returns are often assumed to be martingale increments
(though they are not generally independent sequences). However, many works have shown
that for some exchange rates, the martingale difference assumption is not satisfied (see for
instance Escanciano and Velasco (2006)). There is no doubt that it is important to have a
soundness inference procedure for the parameter in the FARIMA model when the (possibly
dependent) error is subject to unknown conditional heteroscedasticity. Little is thus known
when the martingale difference assumption is relaxed. Our aim in this paper is to consider
a flexible FARIMA specification and to relax the independence assumption (and even the
martingale difference assumption) in order to be able to cover weak FARIMA representations
of general nonlinear models.

A very few works deal with the asymptotic behavior of the MLE of weak FARIMA
models. To our knowledge, Shao (2012, 2010b) are the only papers on this subject. Under
weak assumptions on the noise process, the author has obtained the asymptotic normality
of the Whittle estimator (see Whittle (1953)). Nevertheless, the inference problem is not
fully addressed. This is due to the fact that the asymptotic covariance matrix of the Whittle
estimator involves the integral of the fourth-order cumulant spectra of the dependent errors
€;. Using non-parametric bandwidth-dependent methods, one builds an estimation of this
integral but there is no guidance on the choice of the bandwidth in the estimation procedures
(see Shao (2012), Taniguchi (1982), Keenan (1987), Chiu (1988) for further details). The
difficulty is caused by the dependence in ¢;. Indeed, for strong noise, a bandwidth-free
consistent estimator of the asymptotic covariance matrix is available. When ¢, is dependent,
no explicit formula for a consistent estimator of the asymptotic variance matrix seems to be
provided in the literature (see Shao (2012)).

In this work we propose to adopt for weak FARIMA models the estimation procedure
developed in Francq and Zakoian (1998) so we use the least squares estimator (LSE for
short). We show that a strongly mixing property and the existence of moments are sufficient
to obtain a consistent and asymptotically normally distributed least squares estimator for
the parameters of a weak FARIMA representation. For technical reasons, we often use an
assumption on the summability of cumulants. This can be a consequence of a mixing and
moments assumptions (see Doukhan and Leén (1989), for more details). These kind of
hypotheses enable us to circumvent the problem of the lack of speed of convergence (due
to the long-range dependence) in the infinite AR or MA representations. We fix this gap by
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proposing rather sharp estimations of the infinite AR and MA representations in the presence
of long-range dependence (see Sect. 6.1 for details).

In our opinion there are three major contributions in this work. The first one is to show that
the estimation procedure developed in Francq and Zakoian (1998) can be extended to weak
FARIMA models. This goal is achieved thanks to Theorems 1 and 2 in which the consistency
and the asymptotic normality are stated. The second one is to provide an answer to the open
problem raised by Shao (2012) (see also Shao (2010b)) on the asymptotic covariance matrix
estimation. We propose in our work a weakly consistent estimator of the asymptotic variance
matrix (see Theorem 5). Thanks to this estimation of the asymptotic variance matrix, we can
construct a confidence region for the estimation of the parameters. Finally another method
to construct such confidence region is achieved thanks to an alternative method using a self
normalization procedure (see Theorem 8).

The paper is organized as follows. Section 2 shows that the least squares estimator for the
parameters of a weak FARIMA model is consistent when the weak white noise (€;);c7 is
ergodic and stationary, and that the LSE is asymptotically normally distributed when (¢;);c7
satisfies mixing assumptions. The asymptotic variance of the LSE may be very different in
the weak and strong cases. Section 3 is devoted to the estimation of this covariance matrix.
We also propose a self-normalization-based approach to construct a confidence region for the
parameters of weak FARIMA models which avoids to estimate the asymptotic covariance
matrix. We gather in Section 7 all our figures and tables. These simulation studies and
illustrative applications on real data are presented and discussed in Sect. 4. The proofs of the
main results are collected in Sect. 6.

In all this work, we shall use the matrix norm defined by [|All = supj, < [[Ax] =

p/2(A"A), when A is a RXk2 matrix, [x]|2 = x'x is the Euclidean norm of the vector
x € R® and p(-) denotes the spectral radius.

2 Least squares estimation

In this section we present the parametrization and the assumptions that are used in the sequel.
Then we state the asymptotic properties of the LSE of weak FARIMA models.

2.1 Notations and assumptions

We make the following standard assumption on the roots of the AR and MA polynomials in
(1).

(A1): The polynomials ao(z) and bo(z) have all their roots outside of the unit disk with no
common factors.

Let ®* be the space
P q
e* :={(91, 02, ... 0prg) €RPT where ap(z) =1 — ) 6z andby(z) =1— Y 0,42
i=1 j=1
have all their zeros outside the unit disk] .

Denote by @ the Cartesian product ©* x [d, d>], where [d}, d»] C 1—1/2, 1/2[ with d; —
dy > —1/2. The unknown parameter of interest 6y = (ao1, ao2, - - - , dop, bot, boz, - . ., bog. do)’
is supposed to belong to the parameter space ©.
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The fractional difference operator (1 — L) is defined, using the generalized binomial
series, by

(1= L)® =3 o)L,
j=0
where for all j > 0, aj(dp) = I'(j — do)/{I"(j + DI'(—=dp)} and I'(-) is the Gamma
function. Using the Stirling formula we obtain that for large j, oj(do) ~ j‘“’o_1 /T (—dp)
(one refers to Beran et al. (2013) for further details).
For all & € ® we define (¢,(0));cz as the second order stationary process which is the
solution of

P q
@O = i X j— > 6> ajdXiij+ Y Oprje ;). )
Jj=0 =1 j=0 j=1
Observe that, for all t € Z, €,(6p) = €; a.s. Given arealization X1, ..., X, of length n, €,(0)
can be approximated, for 0 < ¢t < n, by €;(0) defined recursively by
t—1 p t—i—1 q
GO =Y aidX—j— Y 0 Y ajdXiij+ Y Opy;&;(0), ©)
j=0 i=1l  j=0 j=1

with €,(0) = X, = 0if r < 0. It will be shown that these initial values are asymptotically
negligible and, in particular, that €,(8) — €,(6) — 0 in L2 as t — oo (see Remark 12
hereafter). Thus the choice of the initial values has no influence on the asymptotic properties
of the model parameters estimator.

Let ®F denote the compact set

OF = {9 € RP™4; the roots of the polynomials ag(z) and bg(z) have modulus > 1 + 8} .

We define the set ®; as the Cartesian product of @F by [dy, d>], i.e. O5 = OF x [dy, d>],
where § is a positive constant chosen such that 6y belongs to @s.
The random variable 6, is called least squares estimator if it satisfies, almost surely,

X . I s
6n = argmin Q,,(9), where 0,,(0) = — } & (®). @)
0e®s n =1
Our main results are proven under the following assumptions:
(A2): The process (¢;)¢z is strictly stationary and ergodic.
The consistency of the least squares estimator will be proved under the three above assump-
tions ((A0), (A1) and (A2)). For the asymptotic normality of the LSE, additional assumptions
are required. It is necessary to assume that 8y is not on the boundary of the parameter space
Os.
(A3): We have 6y € ®s, where @5 denotes the interior of ®j.

The stationary process € is not supposed to be an independent sequence. So one needs to
control its dependency by means of its strong mixing coefficients {ct¢ (h)};>( defined by

e (h) = sup [P (AN B) —P(APB),

t +00
AeFL . BeF Ly

where 7! = o(€,, u <1t) and f;o,f =o(e,u>t+h).
We shall need an integrability assumption on the moments of the noise € and a summability
condition on the strong mixing coefficients (cte (h))n>0.
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(Ad): There exists an integer T > 2 such that for some v €]0, 1], we have E|¢,|* ™ < oo
and 37 o (h + D* 2 {ae (W)} < oo fork=1,..., 1.

Note that (A4) implies the following weak assumption on the joint cumulants of the
innovation process € (see Doukhan and Ledn (1989), for more details).

(A4’): There exists an integer T > 2 such that C; := Zil ’’’’ i€z |cum(eg, €y, .. ., €i,_1)]
< 0.
In the above expression, cum(eg, €;,, ..., €;._,) denotes the T—th order cumulant of the

stationary process. Due to the fact that the €, ’s are centered, we notice that for fixed (i, j, k)
cum(eo, €, €, &) = E [eo€iejer] — Eleoei 1 E [€jex] — E [eo€; | E [eiex] — E [eoex] E [€i€;] .

Assumption (A4) is a usual technical hypothesis which is useful when one proves the asymp-
totic normality (see Francq and Zakoian (1998) for example). Let us notice however that we
impose a stronger convergence speed for the mixing coefficients than in the works on weak
ARMA processes. This is due to the fact that the coefficients in the AR or MA representation
of ¢;(0) have no more exponential decay because of the fractional operator (see Sect. 6.1 for
details and comments).

As mentioned before, Hypothesis (A4) implies (A4”) which is also a technical assumption
usually used in the fractionally integrated ARMA processes framework (see for instance
Shao (2010c)) or even in an ARMA context (see Francq and Zakoian (2007); Zhu and Li
(2015)). One remarks that in Shao (2010b), the author emphasized that a geometric moment
contraction implies (A4’). This provides an alternative to strong mixing assumptions but, to
our knowledge, there is no relation between this two kinds of hypotheses.

2.2 Asymptotic properties

The asymptotic properties of the LSE of the weak FARIMA model are stated in the following
two theorems.

Theorem 1 (Consistency) Assume that (&;):cz, satisfies (1) and belongs to L2. Let (én),,zl
be a sequence of least squares estimators. Under Assumptions (A0), (A1) and (A2), we have

A P
0, — 6o.
n—00

The proof of this theorem is given in Sect. 6.2.
In order to state our asymptotic normality result, we define the function

n

L P
AOE D IACE ®)

t=1

where the sequence (¢;(0));c7 is given by (2). We consider the following information matri-
ces

. 0 , a2
100) = nll)ngo Var {ﬁ£ O, (9)} and J(0) = nli)n;o |:89189] 0,1(9)] a.s.

The existence of these matrices are proved when one demonstrates the following result.

Theorem 2 (Asymptotic normality) We assume that (¢;);cz satisfies (1). Under (A0)—(A3)
and Assumption (A4) with Tt = 4, the sequence (/n (6, — 00))n>1 has a limiting centered
normal distribution with covariance matrix 2 := J =1 (09)1(09)J —1(6p).
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The proof of this theorem is given in Sect. 6.3.

Remark 3 Hereafter (see more precisely (55)), we will be able to prove that

a9
J(6o) = ZE[ € (60) — 6:(90)] a.s

a0’
Thus the matrix J(6p) has the same expression in the strong and weak FARIMA cases (see
Theorem 1 of Beran (1995)). On the contrary, the matrix 7(6p) is in general much more
complicated in the weak case than in the strong case.

Remark 4 1In the standard strong FARIMA case, i.e. when (A2) is replaced by the assumption
that (¢;),¢7 is iid, we have I (0y) = 2031 (6p). Thus the asymptotic covariance matrix is then
reduced as 25 1= 203] ~1(8p). Generally, when the noise is not an independent sequence,
this simplification can not be made and we have 1(6y) # 202] (6p). The true asymptotic
covariance matrix 2 = J ~1(69)1(69)J ~!(6p) obtained in the weak FARIMA framework can
be very different from £25. As a consequence, for the statistical inference on the parameter,
the ready-made softwares used to fit FARIMA do not provide a correct estimation of §2 for
weak FARIMA processes because the standard time series analysis softwares use empirical
estimators of §2g. The problem also holds in the weak ARMA case (see Francq and Zakoian
(2007) and the references therein).This is why it is interesting to find an estimator of §£2 which
is consistent for both weak and (semi-)strong FARIMA cases.

Based on the above remark, the next section deals with two different methods in order to find
an estimator of 2.

3 Estimating the asymptotic variance matrix

For statistical inference problem, the asymptotic variance §2 has to be estimated. In particular
Theorem 2 can be used to obtain confidence intervals and significance tests for the parameters.
First of all, the matrix J (fp) can be estimated empirically by the square matrix J,, of order

p + g + 1 defined by:
A =§§{§95f ()} {55 (8.)]. ©®

The convergence of fn to J(6p) is classical (see Lemma 17 in Sect. 6.3 for detalls)
In the standard strong FARIMA case, in view of remark 4, we have 25 := 262 J ! with
=0, (9,,). Thus .Qs is a consistent estimator of §2g. In the general weak FARIMA case,
this estimator is not consistent when 7(6p) # 203] (6p). So we need a consistent estimator
of 1(6p).

3.1 Estimation of the asymptotic matrix /(6¢)

Foralltr € Z, let

’

d
H;(6p) = 2¢; (90) fz (6o) = (2Et(90) €©0), ..., 2¢ (%)mﬂ(%)) . @
pPTq
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We shall see in the proof of Lemma 18 that

1 n +o00
1(60) = lim_ Var (ﬁ ZH,(&))) = > Cov(H(60). Hi-1(60)).-
t=1

h=—o00

Following the arguments developed in Boubacar Mainassara et al. (2012), the matrix /(6p)
can be estimated using Berk’s approach (see Berk (1974)). More precisely, by interpreting
1(00) /27 as the spectral density of the stationary process (H;(6p)):cz evaluated at frequency
0, we can use a parametric autoregressive estimate of the spectral density of (H;(6p));cz in
order to estimate the matrix (6g).

For any 6 € ©, H;(0) is a measurable function of {e;, s < t}. The stationary process
(H;(00))tez admits the following Wold decomposition H; (6p) = u; + Z,foz 1 Yy, where
(us)rez 18 a (p + g + 1)—variate weak white noise with variance matrix X,.

Assume that X, is non-singular, that Z,fil lYxll < oo, and that det(/p4qy1 +
Z,fil wkzk) # 0 if |z] < 1. Then (H;(6p)):;cz admits a weak multivariate AR(co) rep-
resentation (see Akutowicz (1957)) of the form

@ (L)H;(6o) := H,;(6p) — Z PrH;—k (60) = us, (®)
k=1

such that Y 2, |®x|l < oo and det {®(z)} # 0if [z] < 1.
Thanks to the previous remarks, the estimation of 1 (6p) is therefore based on the following
expression

1(6p) = L ()z, 271 (1).
Consider the regression of H,(6p) on H;_1(6p), ..., Hi_,(6p) defined by

-
Hi(60) =Y ®r i Hi—k(00) + ttr.s. ©)

k=1
where u, ; is uncorrelated with H;_1(6p), ..., H;—r(6). Since H;(6p) is not observable, we

introduce IfI, € RPT4+! obtained by replacing ¢, (-) by € (-) and 8y by é,, in (7):
~ A0
H; = th(en)ﬁft(en) . (10

Let qgr(z) =Ipig+1 — ZZ:] Qgquzk, where (13,’1, R <IA>” denote the coefficients of the
LS regression of I:I, on I:I,_l, - I:I,_r. Let i, be the residuals of this regression and
let Z’\‘,;r be the empirical variance (defined in (11) below) of i, 1, ..., 4, ,. The LSE of
@, = (P 1,..., D) and X, = Var(u, ) are given by

n ’

. . 1 A s oA PN
g Sy and 5y =3 (A -b,4,,)(A-S4,). an

where

A~/ ’

o= e B

with by convention ILAI, = 0 when r < 0. We assume that ) i is non-singular (which holds
true asymptotically).
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In the case of linear processes with independent innovations, Berk (see Berk (1974)) has
shown that the spectral density can be consistently estimated by fitting autoregressive models
of order r = r(n), whenever r tends to infinity and 3 /n tends to 0 as n tends to infinity. There
are differences with Berk (1974): (H;(00)):cz is multivariate, is not directly observed and is
replaced by (Iflt) rez- It is shown that this result remains valid for the multivariate linear pro-
cess (H;(6p)):cz with non-independent innovations (see Boubacar Mainassara et al. (2012);
Boubacar Mainassara and Francq (2011), for references in weak (multivariate) ARMA mod-
els). We will extend the results of Boubacar Mainassara et al. (2012) to weak FARIMA
models.

The asymptotic study of the estimator of I (6p) using the spectral density method is given
in the following theorem.

Theorem 5 We assume (A0)-(A3) and Assumption (A4’) with T = 8. In addition, we assume
that the innovation process (€;)cz of the FARIMA(p, do, q) model (1) is such that the process
(H:(00)):ez defined in (7) admits a multivariate AR(c0) representation (8), where | Dy || =
o(k™2) as k — oo, the roots of det(®@(z)) = 0 are outside the unit disk, and ¥, = Var(u;)
is non-singular. Then, the spectral estimator of I (6p)

P =@ (18 6,71 (1) = 16) =o' () Z, 07 (1)

1-2(do—

in probability when r = r(n) — oo and rs(n)/n ) 5 0asn — oo (remind that

do € [dy,d2] C]1—1/2,1/2[).

The proof of this theorem is given in Sect. 6.4.
A second method to estimate the asymptotic matrix (or rather avoiding estimate it) is
proposed in the next subsection.

3.2 A self-normalized approach to confidence interval construction in weak FARIMA
models

We have seen previously that we may obtain confidence intervals for weak FARIMA model
parameters as soon as we can construct a convergent estimator of the variance matrix 7 (6y)
(see Theorems 2 and 5 ). The parametric approach based on an autoregressive estimate of
the spectral density of (H;(6p));cz that we used before has the drawback of choosing the
truncation parameter r in (9). This choice of the order truncation is often crucial and difficult.
So the aim of this section is to avoid such a difficulty.

This section is also of interest because, to our knowledge, it has not been studied for
weak FARIMA models. Notable exception is Shao (2012) who studied this problem in a
short memory case (see Assumption 1 in Shao (2012) that implies that the process X is
short-range dependent).

‘We propose an alternative method to obtain confidence intervals for weak FARIMA models
by avoiding the estimation of the asymptotic covariance matrix I (6p). It is based on a self-
normalization approach used to build a statistic which depends on the true parameter 6y and
which is asymptotically distribution-free (see Theorem 1 of Shao (2012) for a reference in
weak ARMA case). The idea comes from Lobato (2001) and has been already extended by
Boubacar Mainassara and Saussereau (2018); Kuan and Lee (2006); Shao (2010c); Shao
(2010a); Shao (2012) to more general frameworks. See also Shao (2015) for a review on
some recent developments on the inference of time series data using the self-normalized
approach.

Let us briefly explain the idea of the self-normalization.
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By a Taylor expansion of the function 9 Q,,(-)/96 around 6p, under (A3), we have

a4 d 9? . .
0 = V25 0u(ln) = Vi 0 (00) + [8089] 0. (e,)] Vi (fn=t0).  (2)

where the 6 . j’s are between 6, and 6. Using the following equation

d d 9
\/ﬁ (@ 0, (6p) — @Qn(e())) = \/ﬁﬁ 0,(00)

92 « j
+ ”Wgn(@n,i,n] = J(60) +J <90)} VO = 60),

we shall be able to prove that (12) implies that
a A
ﬁ?@ 0,(60) + J (B0)/n(0 — 60) = op (1) . 13)

This is due to the following technical properties:

e the convergence in probability of \/n9 Q, (6p) /90 — /nd 0, (6y)/36 to 0 (see Lemma 15

hereafter),
e the convergence in probability of (62 O, (9”; i j) /06;00;] to J(6) (see Lemma 17 here-
after), '

o the tightness of the sequence (/n (én — 600))n>1 (see Theorem 2) and
e the existence and invertibility of the matrix J(6p) (see Lemma 16 hereafter).

Thus we obtain from (13) that
1

«/;1(9,1 —6) = \/ﬁ

> Ui +op (D),

=1
where (remind (7))
U, = —J = (60) H, ().

At this stage, we do not rely on the classical method that would consist in estimating the
asymptotic covariance matrix [ (6p). We rather try to apply Lemma 1 in Lobato (2001). So
we need to check that a functional central limit theorem holds for the process U := (U;);>1.
For that sake, we define the normalization matrix P41, of RPTaTDx(p+a+D by

/

1 n t B t B
Ppigein =32 | W =Un | | W =T | . (14)
j=1

=1 \j=1

where U,, = (1 /n) Z?:l U;. To ensure the invertibility of the normalization matrix Py 441,
(it is the result stated in the next proposition), we need the following technical assumption
on the distribution of ¢;.

(AS): The process (€;):cz has a positive density on some neighborhood of zero.

Proposition 6 Under the assumptions of Theorem 2 and (AS5), the matrix Py 1, is almost
surely non singular.
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The proof of this proposition is given in Sect. 6.5.
Let (B, (r)),>0 be a m-dimensional Brownian motion starting from 0. For m > 1, we
denote by U, the random variable defined by:

Uy =B, (HV, ' B, (1), (15)

where

1
Vin = / (B (r) — rBp (1)) (B (r) — er(l))/ dr. (16)
0

The critical values of U, have been tabulated by Lobato (2001).
The following theorem states the self-normalized asymptotic distribution of the random
vector /n (B, — 0p).

Theorem 7 Under the assumptions of Theorem 2 and (AS), we have

A [} A in law
nOn —=00) Py —00) ——— Upig1-

The proof of this theorem is given in Sect. 6.6.

Of course, the above theorem is useless for practical purpose because the normalization
matrix P4 1,5 is not observable. This gap will be fixed below when one replaces the matrix
Pp14+1,n by its empirical or observable counterpart

R 1 n t . 1 n R 1 . 1 n R . o R
Ppigrin=— D@, - - oo || D@, - - > U | whereU; =—J, "' Hj.
=1 \j=I1 k=1 j=1 k=1
17)

The above quantity is observable and we are able to state our Theorem which is the applicable
version of Theorem 7.

Theorem 8 Under the assumptions of Theorem 2 and (A5), we have

A [ragu | A in law
1(On = 00) PpygiynOn = 00) > Up gt

The proof of this theorem is given in Sect. 6.7.
At the asymptotic level «, a joint 100(1 — )% confidence region for the elements of 6y
is then given by the set of values of the vector 6 which satisfy the following inequality:

n@—0) Pl 6n—0) <Upigria,
where U1 +1,q is the quantile of order 1 — « for the distribution of U}, 4 ¢1.

Corollary9 Forany 1 <i < p+q + 1, a 100(1 — )% confidence region for 6y (i) is given
by the following set:

o 25— .
{x eR;n(0,() —x)" Pl ., G0 < U],a] :
where U , denotes the quantile of order 1 — « of the distribution for U4.

The proof of this corollary is similar to that of Theorem 8 when one restricts ourselves to
a one dimensional case.
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4 Numerical illustrations

In this section, we investigate the finite sample properties of the asymptotic results that
we introduced in this work. For that sake we use Monte Carlo experiments. The numerical
illustrations of this section are made with the open source statistical software R (see R
Development Core Team, 2017) or (see http://cran.r-project.org/).

4.1 Simulation studies and empirical sizes for confidence intervals

We study numerically the behavior of the LSE for FARIMA models of the form
(1= L) (X —aXi—1) = & — ber_1, (18)

where the unknown parameter is taken as 8p = (a,b,d) = (—0.7, —0.2,0.4). First we
assume that in (18) the innovation process (€;),c7 is an iid centered Gaussian process with
common variance 1 which corresponds to the strong FARIMA case. In two other experiments
we consider that in (18) the innovation processes (¢€;);cz are defined respectively by

€ = Ot (19)
02 =0.04 +0.12¢2 | + 0.85072 ,

and
€& = NP1, (20)

where (1;);>1 1s a sequence of iid centered Gaussian random variables with variance 1. Note
that the innovation process in (20) is not a martingale difference whereas it is the case of the
noise defined in (19). The noise defined by (20) is an extension of a noise process in Romano
and Thombs (1996).

We simulated N = 1, 000 independent trajectories of size n = 2, 000 of Model (18) in
the three following case: the strong Gaussian noise, the semi-strong noise (19) and the weak
noise (20).

Figures 1, 2 and 3 compare the empirical distribution of the LSE in these three contexts.
The empirical distributions of c?,, are similar in the three cases whereas the LSE a,, of a is
more accurate in the weak case than in the strong and semi-strong cases. This last remark
on the empirical distribution of @, is in accordance with the results of Romano and Thombs
(1996) who showed that, with weak white noises similar to (20), the asymptotic variance of
the sample autocorrelations can be greater or less than 1 as well (1 is the asymptotic variance
for strong white noises). The empirical distributions of l;n are more accurate in the strong
case than in the weak case. Remark that in the weak case the empirical distributions of 13n
are more accurate than the semi-strong ones.

Figure 4 compares standard estimator Qs = 2&3 fn_ I and the sandwich estimator £ =
f,l_ ! f,,SP fn_l of the LSE asymptotic variance £2. We used the spectral estimator IAnSP defined
in Theorem 5. The multivariate AR order r (see (9)) is automatically selected by AIC (we use
the function VARselect () of the vars R package). In the strong FARIMA case we know
that the two estimators are consistent. In view of the two upper subfigures of Fig. 4, it seems
that the sandwich estimator is less accurate in the strong case. This is not surprising because
the sandwich estimator is more robust, in the sense that this estimator remains consistent in
the semi-strong and weak FARIMA cases, contrary to the standard estimator (see the middle
and bottom subfigures of Fig. 4). The estimated asymptotic standard errors obtained from
Theorem 2 of the estimated parameters are given by: 0.0308 in the strong case, 0.0465 in the
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Fig.1 LSE of N = 1, 000 independent simulations of the FARIMA(1, d, 1) model (18) with size n = 2, 000
and unknown parameter 6y = (a, b, d) = (—0.7, —0.2, 0.4), when the noise is strong (left panel), when the
noise is semi-strong (19) (middle panel) and when the noise is weak of the form (20) (right panel). Points
(a)-(c), in the box-plots, display the distribution of the estimation error O (i) —6p@i) fori =1,2,3

semi-strong case and 0.0300 in the weak case for d,,, 0.0539 in the strong case, 0.0753 in the
semi-strong case and 0.0666 in the weak case for l;n and 0.0253 in the strong case, 0.0364
in the semi-strong case and 0.0264 in the weak case for c?n.

Figure 5 (resp. Fig. 6) presents a zoom of the left(right)-middle and left(right) bottom
panels of Flg 4. Tt is clear that in the semi-strong or weak case n(a, — a)?, n(b — b)? and
n(d,, — d)? are, respectively, better estimated by J_1 ISPJ_1 (1, 1), J_] ISPJ_1 (2,2) and
JVISPJ-1(3, 3) (see Fig. 6) than by 262J-1(1, 1), 2021—‘ (2,2) and 262J71(3, 3) (see
Flg. 5). The failure of the standard estimator of £2 in the weak FARIMA framework may
have important consequences in terms of identification or hypothesis testing and validation.

Now we are interested in standard confidence interval and the modified versions proposed
in Sects. 3.1 and 3.2 . Table 1 displays the empirical sizes in the three previous different
FARIMA cases. For the nominal level @ = 5%, the empirical size over the N = 1, 000
independent replications should vary between the significant limits 3.6% and 6.4% with
probability 95%. For the nominal level « = 1%, the significant limits are 0.3% and 1.7%,
and for the nominal level « = 10%, they are 8.1% and 11.9%. When the relative rejection
frequencies are outside the significant limits, they are displayed in bold type in Table 1. For
the strong FARIMA model, all the relative rejection frequencies are inside the significant
limits for n large. For the semi-strong FARIMA model, the relative rejection frequencies of
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Strong case Strong case Strong case

dp—dp
010
bﬂ_bn
015
dﬂ_dn
-0.05

-3 0 2 -3 0 2 -3 0 2
Mormal quantiles Mormal guantiles Mormal guantiles
Semi-strong case Semi-strong case Semi-strong case
1(6: Ql: 13:
-3 0 2 -3 0 2 -3 0 2
Maormal quantiles Marmal quantiles Marmal quantiles
Weak case Weak case Weak case

dp —dq
0.10
by =b,
0.2
4y —d
-0.05

-3 0o 2z -3 0o 2z -3 0o 2
Maormal gquantiles Maormal quantiles Mormal quantiles

Fig.2 LSE of N = 1, 000 independent simulations of the FARIMA(1, d, 1) model (18) with size n = 2, 000
and unknown parameter 6y = (a, b, d) = (—=0.7, —0.2, 0.4). The top panels present respectively, from left to
right, the Q-Q plot of the estimates dy, by and dy, of a, b and d in the strong case. Similarly the middle and
the bottom panels present respectively, from left to right, the Q-Q plot of the estimates a;,, by and dy of a, b
and d in the semi-strong and weak cases

the standard confidence interval are definitely outside the significant limits, contrary to the
modified versions proposed. For the weak FARIMA model, only the standard confidence
interval of l;,l is outside the significant limits when n increases. As a conclusion, Table 1
confirms the comments done concerning Fig. 4.

4.2 Application to real data

We now consider an application to the daily returns of four stock market indices (CAC 40,
DAX, Nikkei and S&P 500). The returns are defined by ; = log(p;/p:—1) where p; denotes
the price index of the stock market indices at time . The observations cover the period from
the starting date (March 1st 1990 for CAC 40, December 30th 1987 for DAX, January S5th
1965 for Nikkei and January 3rd 1950 for S&P 500) of each index to February 13th 2019.
The sample size is 7,341 for CAC 40; 7,860 for DAX; 13,318 for Nikkei and 17,390 for S&P
500.

In Financial Econometrics the returns are often assumed to be a white noise. In view of
the so-called volatility clustering, it is well known that the strong white noise model is not
adequate for these series (see for instance Francq and Zakoian (2019); Lobato et al. (2001);
Boubacar Mainassara et al. (2012); Boubacar Mainassara and Saussereau (2018)). A long-
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Fig.3 LSE of N = 1, 000 independent simulations of the FARIMA(1, d, 1) model (18) with size n = 2, 000
and unknown parameter 6y = (a, b, d) = (—=0.7, —0.2, 0.4). The top panels present respectively, from left to
right, the empirical distribution of the estimates a,, by and dy, of a, b and d in the strong case. Similarly the
middle and the bottom panels present respectively, from left to right, the empirical distribution of the estimates
Gn, by and dy, of a, b and d in the semi-strong and weak cases. The kernel density estimate is displayed in full
line, and the centered Gaussian density with the same variance is plotted in dotted line

Fig.4 Comparison of standard
and modified estimates of the
asymptotic variance £2 of the
LSE, on the simulated models
presented in Fig. 1. The diamond
symbols represent the mean, over
N = 1, 000 replications, of the
standardized errors n(a, + 0.7)2
for (a) (1.90 in the strong case
and 4.32 (resp. 1.80) in the
semi-strong case (resp. in the
weak case)), n(En + 0.2)2 for (b)
(5.81 in the strong case and 11.33
(resp. 8.88) in the semi-strong
case (resp. in the weak case)) and
n(dy — 0.4) for (¢) (1.28 in the
strong case and 2.65 (resp. 1.40)
in the semi-strong case (resp. in
the weak case))
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Fig.5 A zoom of the left-middle Semi-strong FARIMA Weak FARIMA
and left-bottom panels of Fig. 4
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range memory property of the stock market returns series was largely investigated by Ding
et al. (1993) which shows that there are more correlation between power transformation
of the absolute return ||V (v > 0) than returns themselves (see also Beran et al. (2013),
Palma (2007), Baillie et al. (1996) and Ling and Li (1997)). We choose here the case where
v = 2 which corresponds to the squared returns (r,z)tz 1 process. This process have significant
positive autocorrelations at least up to lag 100 (see Fig. 9) which confirm the claim that stock
market returns have long-term memory (see Ding et al. (1993)).

We fit a FARIMAC(1, d, 1) model to the squares of the 4 daily returns. As in Ling (2003),
we denote by (X;);>1 the mean corrected series of the squared returns and we adjust the
following model

(1 - L)Y (X, —aX,—1) = & — be, .

@ Springer



Statistical Inference for Stochastic Processes (2021) 24:549-608 565

Table 1 Empirical size of standard and modified confidence interval: relative frequencies (in %) of rejection

Model Lengthn  Level Standard Modified Modified SN
é}’l bn dn &Vl bn dn &n bn dﬂ
a=1% 28 27 21 37 31 25 25 25 20

Strong FARIMA n =200 a=5% 71 73 52 82 8.0 54 84 69 56
a=10% 11.8 112 83 128 124 95 145 115 10.6

a=1% 11 16 07 13 16 1.0 16 10 08

Strong FARIMA n=2,000 «a=5% 58 69 51 61 6.8 53 56 64 38

a=10% 109 130 95 114 128 95 103 124 9.0

a=1% 13 12 07 12 12 08 08 13 12

Strong FARIMA n=5000 a=5% 53 49 52 57 5.1 54 51 49 53
a=10% 106 103 114 107 102 11.7 11.8 10.8 114

a=1% 53 37 23 48 34 32 40 28 14

Semi-strong FARIMA  n = 200 a=5% 112 95 6.1 10.7 9.1 59 111 85 57
a=10% 16.8 145 8.6 16.7 147 100 17.1 139 10.9

a=1% 68 77 78 17 09 14 23 20 038

Semi-strong FARIMA n=2,000 « =5% 195 17.7 149 6.5 58 55 81 68 6.5
=10% 26.5 26.7 215 135 11.0 99 14.6 128 125

a=1% 112 98 94 16 15 1.1 16 13 12

Semi-strong FARIMA n =5,000 o« =5% 208 20.2 209 64 5.7 53 57 62 172
a=10% 28.2 284 284 122 938 11.3 12.0 13.0 139

a=1% 26 44 12 62 bf69 43 41 42 2.6

Weak FARIMA n =200 a=5% 6.6 113 43 13.8 146 102 12.0 105 8.9
a=10% 109 188 7.1 203 219 163 17.7 174 154

a=1% 11 53 13 15 12 16 12 11 09

Weak FARIMA n=2,000 a«a=5% 54 134 58 7.0 6.8 55 57 65 64
a=10% 114 212 96 128 120 112 113 119 12.2

a=1% 13 46 17 12 13 12 13 14 09

Weak FARIMA n=5000 oa=5% 63 144 60 6.7 63 59 62 62 50
a=10% 115 223 116 121 123 108 10.6 109 10.0

Modified SN stands for the self-normalized approach. In Modified we use the sandwich estimator of the
asymptotic variance §2 of the LSE while in Standard we use 2. The number of replications is N = 1000.
When the relative rejection frequencies are outside the significant limits, they are displayed in bold type

Figure 7 (resp. Fig. 8) plots the closing prices (resp. the returns) of the four stock market
indices. Figure 9 shows that squared returns (X,);>1 are generally strongly autocorrelated.
Table 2 displays the LSE of the parameter 6 = (a, b, d) of each squared of daily returns.
The p-values of the corresponding LSE, Gn = (a,, bn, d ) are given in parentheses. The
last column presents the estimated residual variance. Note that for all series, the estimated
coefficients |a, | and |I§,,| are smaller than one and this is in accordance with our Assumption
(A1). We also observe that for all series the estimated long-range dependence coefficients
c?,, are significant for any reasonable asymptotic level and are inside ] — 0.5,0.5[. We thus
think that the assumption (A3) is satisfied and thus our asymptotic normality theorem can
be applied. Table 3 then presents for each series the modified confidence interval at the
asymptotic level @ = 5% for the parameters estimated in Table 2.

@ Springer



566 Statistical Inference for Stochastic Processes (2021) 24:549-608

Fig.7 Closing prices of the four CAC40 DAX
stock market indices from the
starting date of each index to
February 13th 2019
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5 Conclusion

Taking into account the possible lack of independence of the error terms, we show in this
paper that we can fit FARIMA representations of a wide class of nonlinear long memory
times series. This is possible thanks to our theoretical results and it is illustrated in our real
cases and simulations studies.

This standard methodology (when the noise is supposed to be iid), in particular the signif-
icance tests on the parameters, needs however to be adapted to take into account the possible
lack of independence of the errors terms. A first step has been done thanks to our results on the
confidence intervals. In future works, we intent to study how the existing identification (see
Boubacar Mainassara (2012), Boubacar Mainassara and Kokonendji (2016)) and diagnostic
checking (see Boubacar Mainassara and Saussereau (2018), Francq et al. (2005)) procedures
should be adapted in the presence of long-range dependence framework and dependent noise.
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Fig.9 Sample autocorrelations of Squared returns of CAC40 Squared returns of DAX
squared returns of the four stock
L o o
market indices i i
s e S @
< < S
o o
=] o
L= o
0 20 40 60 80 100 0 20 40 60 80 100
Lag Lag
Squared returns of Nikkei Squared returns of SP 500
2 8
L= o
5w S5 @
< < g
8 8
o o
0 20 40 60 80 100 0 20 40 60 80 100
Lag Lag

It would also be interesting to study the adaptation of the exact maximum likelihood
method of Sowell (1992) or the self-weighted LSE considered in Zhu and Ling (2011) to the
case of weak FARIMA models.

6 Proofs

In all our proofs, K is a positive constant that may vary from line to line.

6.1 Preliminary results

In this subsection, we shall give some results on estimations of the coefficient of formal
power series that will arise in our study. Some of them are well know and some others are
new to our knowledge. We will make some precise comments hereafter.

We begin by recalling the following properties on power series. If for |z] < R, the
power series f(z) = Y ;.gaiz' and g(z) = Y, biz’ are well defined, then one has
(fe) = Zl>0 ;7' is also well defined for |z| < R with the sequence (¢i)i=0 which is
given by ¢ = a * b where x denotes the convolution product between a and b defined by
Ci = Y joakbi—k = Zk o di—kbi. We will make use of the Young inequality that states
that if the sequence a € "' and b € £ are such that + - = 1+ withl < ry,r,r < 00,
then

lla*blle < llallen x D]l -

Now we come back to the power series that arise in our context. Remind that for the true
value of the parameter,

ag, (L)(1 = L)X, = by, (L)er. @2y

Thanks to the assumptions on the moving average polynomials by and the autoregressive
polynomials ag, the power series a, and by !are well defined.
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Thus the functions ¢,(0) defined in (2) can be written as

€ (0) = b, ' (L)ag(L)(1 — L)*X, (22)
= by '(L)ag(L)(1 — L)~ %ag ' (L)bg, (L)e: (23)
and if we denote y(0) = (y;(0))i>0 the sequence of coefficients of the power series

b;l (ap ()1 = 2)4, we may write for all ¢t € Z:
&0 =) 70X . (24)
i=0
In the same way, by (22) one has

X: =1 —L)a; ' (L)be(L)e, ()

and if we denote n(8) = (1;(0));>0 the coefficients of the power series (1 — z)_da;l (2)bg (2)
one has

X =) ni®ei0). (25)
i=0

We strength the fact that yp(0) = no(0) = 1 for all 6.
For large j, Hallin et al. (1999) have shown that uniformly in 6 the sequences y (9) and
n(0) satisfy

8%y, () " .
:O('** 1 ; )’f k:0’1’2’3’ 26
30;, - - 90, J {log(/)} or 26)
and
9*n;(6) 1
7:()(.7%1 : k)’f k=0,1,2,3. 7
36, - - 06;, J {log(j)} or 7

One difficulty that has to be addressed is that (24) includes the infinite past (X;—;)i>0
whereas only a finite number of observations (X,)1<;<, are available to compute the estima-
tors defined in (4). The simplest solution is truncation which amounts to setting all unobserved
values equal to zero. Thus, for all @ € ® and 1 < ¢ < n one defines

-1

GO =) @)X i =Y v O)X (28)
i=0 i>0

where the truncated sequence y'(0) = (yf (0))i>0 is defined by

vi@) if 0<i<tr—1,
0 otherwise.

¥ () = {

Since our assumptions are made on the noise in (1), it will be useful to express the random
variables ¢, (6) and its partial derivatives with respect to 6, as a function of (¢,—;);>0.
From (23), there exists a sequence A(0) = (1;(6));>0 such that

GO =) O e (29)
=0
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where the sequence A(0) is given by the sequence of the coefficients of the power series
by (z)ag (@) (1 = 2)4- doa (Z)bgo (z). Consequently A(0) = y(0) * n(6p) or, equivalently,

2i(0) = v @i (60). (30)

Jj=0

As in Hualde and Robinson (2011), it can be shown using Stirling’s approximation that there
exists a positive constant K such that

sup [4;(0)] < K sup i1T@md0) < g—I=(di=do) (31)
HeBs deldy,d]

Equations (29) and (31) imply that for all & € ® the random variable ¢, (6) belongs to L2,
that the sequence (&,(0)); is an ergodic sequence and that for all ¢ € Z the function €,(-)
is a continuous function. We proceed in the same way as regard to the derivatives of €,(60).
More precisely, forany 6 € ©,t € Zand 1 < k,I < p 4+ g + 1 there exists sequences

M (0) = (ui (0))i=1 and Ax s (0) = (A £.1())i=1 such that

96 (0)
=N ik O e 32
89k ; l,k( )Et i ( )
26,(0) -
=N it @) e 33
76,06, ; gt (0) € (33)
Of course it holds that A (0) = ‘W’) % 1(60) and Ag (6) = g;;;g; % 1(60).
Similarly we have
oo
&O) =) MO e, (34)
IEO) ot
= A (0) €, 35
%, ; ROeE (35)
2E0) oot
= ki @ e, (36)

00,00,

i=

o1
where 1/(8) = y*(8) * n(60), i (6) = # 1(60) and Fy 0) = 510 (@)
In order to handle the truncation error ¢, (0) €:(0), one needs information on the sequence

A(6) — A(9). This is the purpose of the following lemma.
Lemma 10 For2 <r <ooand1 <k,l < p+q + 1, we have

| 20) =3 (@) llr = O (1717~ max@o0))

. .t

4 0) = iy (0) ler = O (177~ mmaxdo0))

and

. ot
I 0) = J ©) Nl = O (177U masto 00

SJorany 6 € Os if dy < 0 and for 6 with non-negative memory parameter d if dy > O.

@ Springer



572 Statistical Inference for Stochastic Processes (2021) 24:549-608

Proof In view of (27), n(6y) € £ for r, > 1 when dy < 0. If dy = 0, n(0p) is the sequence
of coefficients of the power series ago ! (2)bg, (2), so it belongs to £"2 for all r» > 1 since in

this case [1;(6p)| = O(p/) for some 0 < p < 1 (see Francq and Zakoian (1998)). Thanks to
(26), when dp < 0, Young’s inequality for convolution yields that for all » > 2

A @) =2 @) ller <K I y©@) =y O ller

00 1/r
<K (me)v)
i=t
(o) 1/r
1
(£

i=t

< ] 1A\
K(ft deer)

K
=
[A-t+d

I
>~

IA

If dyp > 0, the sequence n(p) belongs to £"2 for any r» > 1/(1 — dp). Young’s inequality
for convolution implies in this case that for all r > 2

I 4©) = 2" ©) ller <l ¥ (©) =y (©) lera ll n(B0) Nler2 (37)

with = (1 — (do+ B)~' > 1/(1 —dp) and r; = r/(1 + r(dy + B)), for some g > 0
sufficiently small. Thus there exists K such that || n(6p) ||;> < K. Similarly as before, we
deduce when d > 0 that

I 2©0) =2 @) ller < K | (@) =" (©) llen

fe’e) 1 1/ry

i=t

K K

1=t 4d — 1-t4d—do)-p’

t

the conclusion follows by tending B to 0. The second and third points of the lemma are
shown in the same way as the first. This is because from (26), the coefficients dy; (6)/06k
and 82)/] (0)/96;06; are O(j~1=9+¢) for any small enough ¢ > 0. The proof of the lemma
is then complete.

O

Remark 11 The above lemma implies that the sequence ik (Bp) — );’ « (6p) is bounded and
more precisely there exists K such that

sup ;.4 (Bo) — A" & (6o) (38)

=1 14min(dp,0)

=
t

foranyz > landany 1 <k <p+qg+1.

Remark 12 1In order to prove our asymptotic results, it will be convenient to give an upper
bound for the norms of the sequences introduced in Lemma 10 valid for any 6 € ®;. Since
d; — do > —1/2, Estimation (31) entails that for any r > 2,

[ 2(6) = A" ©) e =0 (rl+r‘~*<d1*do>) . V6 €6y
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This can easily be seen since | A(0) — A'(@0) |er< K(ZiZ,i’r”(dl’d‘)))l/r <

Kt~ 1H1/r=@~do) - Ag in Hallin et al. (1999), the coefficients ;4 (6) and i (6) are
O(j~1=@=d0)+y for any small enough ¢ > 0, so we have

Il Ak () — i; ©) |l =0 (,—H%—(dl —do>+c)
and
Il %t (8) — AZ, ©) |l =0 (,—1+%—<d1 —d0)+{)
forany r > 2,any | <k,/ < p+q+1landalld € 6.

One shall also need the following lemmas.

Lemma 13 Forany2 <r <oo, 1 <k < p+q+ 1and6 € O, there exists a constant K
such that we have

.t
2 (©) ller< K.

Proof The proof follows the same arguments as those developed in Remark 12.

Lemma 14 There exists a constant K such that we have

: K
ik @0)| = = (39)

Proof For 1 <k < p 4+ g + 1, the sequence ik(é) = ().\,-,k(H))izl is in fact the sequence of
the coefficients in the power series of

oo (07 @an @ = ' ag ! @by @)

Thus A, k (6p) is the i —th coefficient taken in & = 6. There are three cases.
o k=1,..., p: Since

d
3 (0! @an@ (1 = 9 0ay | @by, ) = by (1 = 9y @by @)

we deduce that A, « (6p) is the i —th coefficient of —zka(;) ! (z) which satisfies )L, x (6o) <

K p' for some 0 < p < 1 (see Francq and Zakoian (1998) for example).
o k=p+1,..., p+q: Wehave

) )
R (bgl(z)ag(z)(l - z)d_doago(z)bgo(z)> = (ae 0 (z)) ag(2)(1 = )" ay ! (2)bgy (2)

and consequently )'»,'yk (6p) is the i —th coefficient of ( %be_o ! (2))bg, (z) which also sat-

isfies ).\,-,k (6) < Kp' (see Francq and Zakoian (1998)).
The last case will not be a consequence of the usual works on ARMA processes.
o k= p+ g + 1: In this case, 6y = d and so we have

d
3, (b @an@ (1 = 9 ay [ @ba2)) = by @as @In(1 = )1 = g @by 2

and consequently ).L,',k (6p) is the i —th coefficient of In(1 — z) which is equal to —1/i.

The three above cases imply the expected result. O
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6.2 Proof of Theorem 1
Consider the random variable W,,(0) defined for any 6 € ® by
W, (0) = V() + 0,(60) — 0n(0),

where V(0) =E[0,(0)] — E[0,(60)]. For B > 0,1et Sg = {0 : |0 — 6|l < B}, Sp = {0 €
s : 0 ¢ Sg}. It can readily be shown that

([

=) =6 <5)

(mf {Qn(0) — 0n(B0)} < 0)

0eSp

P(Sup W, (0)] = inf V(9))

0e®s 0€Sp
L.
P<SUP [0, (0) —E[0,(0)]] = 3 inf V(9)> . (40)
0eds 0€Sp
Since di — dy > —1/2, one has
oo o0
sup ]E[et (9) = sup ZZA @) (O))E [e, i€ ]] = a sup ZXZ(Q)
(2N GEO‘SZ —0 j=0 9605
<o’ +Ko? Z T2 =do) g, 1)

i=1

We can therefore use the same arguments as those of Francq and Zakoian (1998) to prove
under (A1) and (A2) that for any 6 € ©; \ {6}, there exists a neighbourhood N(6) of 6 such
that N(0) C ®s and

liminf inf O0,(©) > o a.s. (42)
n—>00 HeN(9)

Note that E[O,,(6y)] = 03. It follows from (42) that

inf V(@) > K
0635

for some positive constant K .

In view of (40), it is then sufficient to show that the random variable supgcg, 10n (0) —
E[0,,(6)]| converges in probability to zero to prove Theorem 1. We use Corollary 2.2 of
Newey (1991) to obtain this uniform convergence in probability. The set ®; is compact and
(E[0,,(0)])n>1 1s a uniformly convergent sequence of continuous functions on a compact set
so it is equicontinuous. We consequently need to show the following two points to complete
the proof of the theorem:

e Foreach 0 € ®5, 0,(0) —E[0,(0)] = op(1).
e Thereis B, and & : [0, o0) — [0, 00) with #(0) = 0 and & continuous at zero such that
By, = Op(1) and for all 61, 63 € Os, [0, (01) — On(62)] < Bah(l161 — 62])).
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6.2.1 Pointwise convergence in probability of Q,(8) — E[0,(8)] to zero

For any 6 € ®;, Remark 12, the Cauchy—Schwarz inequality and (41) yield that

1 n
E[00(©0) = 0,0)| = — ) E[&(©0) - €0
t=1

IA

1 — 2
= ZE(&(@) —&0)° + = ZE l€(0) — &(0)] 1€ (0))]
n — n —

| /\

lek ©) = 2O + “GZHA«)) MO E[6)]
=1

Ui Zt7172(d1*d0) + ZK;‘E Zt*l/zf(’h*d‘)) — 0. (43)

n n—o00
=1 t=1

IA

We use the ergodic theorem and the continuous mapping theorem to obtain
04(6) = E[04()]] = 0. (44)
Combining the results in (43) and (44), we deduce that for all 6 € s,

0,(6) — E[0,(6)] —— 0.

6.2.2 Tightness characterization

Observe that for any 61, 6, € Oj, there exists 6* between 6 and 6, such that

D 6y — 621l

As before, the uncorrelatedness of the innovation process (¢;);c7z and Remark 12 entail that

[R5 T

Thanks to Markov’s inequality, we conclude that

e (6%)
a0

10a(01) — Qu(B2)] < ( Z

t=1

() &0
€t

361(9 )’

& O | _
7 = Op(1).

The proof of Theorem 1 is then complete.

6.3 Proof of Theorem 2

By a Taylor expansion of the function 3 Q,,(-)/96 around 6y and under (A3), we have
a A ad N
0= Vi 0n(b) = Vi 0 (60) + [30 TRACE ,)] V(0 =00). @5
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where the 9:51 j ’s are between 9 and 6p. The Eq. (45) can be rewritten in the form:

ad d d N
Vi 00(00) = /=5 Qu(60) = Vit 0 (60) + [89 7 (o ,)] Vi (6n =)
(46)

Under the assumptions of Theorem 2, it will be shown respectively in Lemmas 15 and 17
that

9 d
«/ﬁ£ On(60) — «/ﬁ£ Qn(00) = op(1),

and

92 .
[89169,- On (Gn,i,fﬂ — J(6o) = op(1).

As a consequence, the asymptotic normality of /n (0, — 60) will be a consequence of the
one of \/nd/36 0, (6p).

Lemma 15 For 1 <k < p + q + 1, under the assumptions of Theorem 2, we have
f( 0n(6o) — 0 (90)> =op(1). (47

Proof Throughout this proof,6 = (61, ..., 0p4y, d)' € Oy issuchthatmax(dy,0) <d < dy
where d» is the upper bound of the support of the long-range dependence parameter d.
The proof is quite long so we divide it in several steps.
¢ Step 1: preliminaries
Forl <k < p+q + 1 wehave

3 P J
Vg Qn(60) = i Zet (60) 55 (@)

2
IZ@,(GO) &) 5 e,(eo>+ Z(et(e) () e,(eo>
=1 t 1

2
IZ(@@) & (0)) 5 e,(90)+ IZ«@O)(M &(60) — e,(eo>)

+ ﬁ ; € (60) ﬁér(eo)

= AF 1O+ 25, 0) + AL 50) + A L00) + f - Ou(60). (48)

where

Ak L0) = Z (E(B) = &(0)) 50 @),

Vi 5

n

2
Aﬁ,z(e)zﬁZ(ét(e) € ©) 61(90)

t=1
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n

2 0
Al 5(6) = 7 D (@) — € 60)) 55-é (60)

t=1

and

d
A% 4(00) = [261(90)( &(60) — efwo))

Using (32) and (35), the fourth term Aﬁy 4(00) can be rewritten in the form:

A% 4(60) = ZZ[ 1 B0) = Rk B0) | ever—. (49)

tl]l

Therefore, if we prove that the three sequences of random variables (A 10)+ Ak 1n.3O@)n=1,
(Ak 2(0))n>1 and (Ak 4(80))n=1 converge in probability to 0, then (47) will be true.
¢ Step 2: convergence in probability of (Ak 4(00))n>1 to 0

. ot
For simplicity, we denote in the sequel by A .k the coefficient A x(6p) and by A ik the

o1
coefficient A i, «(6o). Let o(-, -) be the function defined for 1 < ¢, s < n by

o(t.s) = Z Z {M] k=R, k} [ijz,k —ijz,k}]E[EzEt—jlfsés—jz]-

Ji1=1ja=1

For all 8 > 0, using the symmetry of the function o(¢, s), we obtain that

n o0 f 2
P(|akaen|=8) = — S i - A aen
t=1 j=1
n n o0 o0
= nﬂz Z Z Z { itk =, k} {}‘Jzk }‘Jz k}E[GfGt 1€s€s—ia]
t=1 s=1 j1=1 jp=1
t o0 o0 . s
= nﬂz ZZ Z { ik =2, k} {)”J'ka - }‘jz-k} E[G’Gfﬁ'léé’es*h]‘
t=1 s=1 j1=1 jp=1

By the stationarity of (€;);c7z which is assumed in (A2), we have
E [e,e,_j, eses_jz] = cum (eo, €_ji>€s—1s es_,_jz) + E [eoe_jl] E [es_,es_,_jz]
+E [eoes,,] E [e,j, es,t,jz]

+E [6065_;_1'2] E [G_jl es—t] :
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Since the noise is not correlated, we deduce that E [ege_j, | = 0 and E [ege;—;—j, | = 0 for
1 < j1, j» and s < t. Consequently we obtain

P(laha0] 2 ) =153 33 3 5 s s =K s =

s=1 ‘“71] 1]]>
|cum (60, €7j1 ) €s—1, €vft*/'2)|

ZZ 55 fit = s s~

t=1 s=1 ji1=1 jp=1
|IE [eoes,,] E[e—j&——jp]|- (50)
If

t o0

o0
33 3 60 s = [ = ] e e e o) 0

11— 00
s=1 ji=1 jp=1/1=1
(51)

Cesaro’s Lemma implies that the first term in the right hand side of (50) tends to 0. Thanks
to Lemma 10 applied with » = oo (or see Remark 11) and Assumption (A4’) with T = 4,
we obtain that

! > > . ot . .8
Z Z Z Sup |Ajik — )‘jl.k‘ ))‘1'2”‘ - )‘jz.k‘ |cum (€0, €y, €51, €51 o)

K t o0 o0
[T min(do,0) Z Z Z |cum (€0, €y €51 €51y ) |

s=1ji1=1 jp=1

K o0 [ee] o0
< —— Z Z Z cum (€0, €, €j,, €j,)| —— 0,
¢ 1+min(dy,0) | 0 €5 €1 €p)| T

§=—00 ji=—00 p=—00

hence (51) holds true. Concerning the second term of right hand side of the inequality (50),
we have

t

o0 o0
'32 ZZ Z Z ’)‘/1 k= A, k’ ‘)‘lzk Jos k‘ |E[€o€s— ] E [e—ji€s—i—j ]|

t=1 s=1 ji=1 jp=1

o1 .
- n,32 Z Z Z ‘)‘/1 k= jl’k) ‘)‘stk Js k‘ B [e—jie—so]]

t=1 ji=1 ja=1
2
= A
2ZZ!/~« Wil
n
IB t=1 j1=1

- n,B2 ZH

K 1 1
’32 Ztl-‘erm(do 0) 00 0
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where we have used the fact that the noise is not correlated, Lemma 10 with » = 2 and
Cesaro’s Lemma. This ends Step 2.
¢ Step 3: (Aﬁ’z(e)),,z 1 converges in probability to 0

For all 8 > 0, we have

a
—& (6
36, t( O) L2

P(|ak0)| = 8) < # ; 1€(6) — €/ (®)l.»

Py 2
( )‘i,k (6o) Et—i)

ZZ i 00) 35 4 (00 E [er—rer—j]
i=1 ]:

i{ o)

< K. (52)

First, using Lemma 13, we have

H —& (90)

In view of (29), (34) and (52), we may write

P(|ak.0) = ) < % ; (5[ @® —a@r]) "

1/2

ZZ (1) = 2:®) (¥ =2, E [er-ser—]

= i>0 j>0
1/2

I A

Z 2O) — 1:0))

i>0

oK <
<= 1) =2 ©®)],2 -
M; :

We use Lemma 10, the fact that d > max(dy, 0) and the fractional version of Cesaro’s
Lemma? to obtain

oK
< €

1
k
P('An’z(e)’ Zﬂ) =78 \/*Z 1/2+(d—max(dp,0)) p—00 0

This proves the expected convergence in probability
© Step 4: convergence in probability of (A 1(6’) + Ak 3(9)),,>1 to 0

2 Recall that the fractional version of Cesaro’s Lemma states that for (h;); a sequence of positive reals, k > 0
and ¢ > 0 we have

. B

lim h' ™" =lkle= lim — Y b =c.
—>00 n—o00 pk s
=
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Note that, for all n > 1, we have
O+ a6 ==Y [ @® —&®) ~ @@ — &) | &,
“n Vi =1 90

A Taylor expansion of the function (¢; — &) () around 6y gives

e
@@ — &0 — @@ —a0m| = | Len| 10—l 63

RpP+q+1

where 6* is between 6y and 6. Following the same method as in the previous step we obtain

1]

As in Hallin et al. (1999), it can be shown using Stirling’s approximation and the fact that
d* > dy that

d(er — &)
06

) p+q+1

E| (€(0) — &) — (&0 —&60) | < K16 = 60l2,01 D EU
k=1
ptq+1

< KN0 =00l peger Y 02

1

H e = (1/24@—do)—¢

<K
, =
for any small enough ¢ > 0. We then deduce that

~ - 1
| €@ © —a©) - @o—a©n | , <Ko =l g 6P

The expected convergence in probability follows from (52), (54) and the fractional version
of Cesaro’s Lemma.
O

We show in the following lemma the existence and invertibility of J (6p).

Lemma 16 Under Assumptions of Theorem 2, the matrix

2

J(6o) = lir
(60) = lim [3939

On (90)]
exists almost surely and is invertible.

Proof Forall1l <i,j < p+q + 1, we have

2 1 n 2 5 2 n 8 5
Onlb0) = - 00) = 6 6 6
00;00; n(60) ng jef( 0) n;{ 61( 0) ft( ) + € ( 0)80 96,

€:(6o) } :

Note that in view of (32), (33) and Remark 12, the first and second order derivatives of €; (-)
belong to L2, By using the ergodicity of (¢;);cz assumed in Assumption (A2), we deduce
that

2
00;00;

2

d
— 0,6 ZE 6
96,00, (0) [30 6:(0)

G (00)} +2E [et (00) € (90)}

J
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By (29) and (32), €; and d¢;(6p) /96 are non correlated as well as €, and 9%¢, (6p)/0006. Thus
we have

2

d
56,00, ———— 0, (o) —> J (o), J) —21[‘3[ 6r(90)

6:(90)] (55)

0;
From (29) and (39) we obtain that

d . .
E[ae €005, Er(OO)] B[ D Ak @) ety | | D Meanj G0 €4,

k=1 ky>1
= Z Z Mr.i (00) Mk (00) E[€r—t €11,
ki>1ky>1
<Ko2Y ( )
ki>1

Therefore J (6y) exists almost surely.

If the matrix J(6p) is not invertible, there exists some real constants ci, ..., Cpiq+1
not all equal to zero such that ¢ J (6p)c = Zf:lqﬂ Zf:i”l cjJ(00)(j,i)c; = 0, where
c=(c1,..., cp+q+1)/. In view of (55) we obtain that

2
p+q+1 p+q+1 ptq+1
8 6 ¢ (6 o€ (6
Z Z E t't( o) ¢ € (6o) ) Z ch € (6p) =0,
00; 006
k=1
which implies that
p+q+1
0¢; (6 o€ (6
Z ckM =0 a.s. or equivalenty c’M =0 a.s. (56)
P 06k a0

Differentiating the Eq. (1), we obtain that
’ 0 do / 0 / 0
¢ o {an (LU = LYP} X, = ¢/ 2 by (L) & + bay (L) 5560 60).
and by (56) we may write that
K ad do d
= {agO(L)(l — L) } Xi = abu(L)pe ) =0 as.
It follows that (1) can therefore be rewritten in the form:
] ;0
(ago(L)(l — L)do +c %0 [ago(L)(l — L)ﬂ’o]) X, = <b90(L) +c ﬁbgo(l,)) €, a.s.
Under Assumption (A1) the representation in (1) is unique (see Hosking (1981)) so

r 0
¢ o {an ) =Ly} =0 (57)
and

9
by, (L) = 0.
¢ b (L) =0 (58)
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First, (58) implies that

p+aq ptq
> kg b%UJ > —alf=0
k=p+1 k=p+1

andthuscy =0forp+1 <k <p+gq.
Similarly, (57) yields that

a(1 — Ly?
ch aeo(L)(l—L) +c,,+q+1a90<L)87<d>—0

Since (1 — L)?/dd = (1 — L)?In(1 — L), it follows that

— chL + Cpigtl ZekLk =0,

k>0

where the sequence (ex)r>1 is given by the coefficients of the power series ag,(L)In(1 — L).
Since ¢g = 0 and ¢; = —1, we obtain that

Cl = —Cptq+1
Ck =epCpygr1fork=2,...,p
0=excpigy1 fork > p+1.
Since the polynomial ag, is not the null polynomial, this implies that ¢ 4+1 = 0 and then

ci for 1 < k < p. Thus ¢ = 0 which leads us to a contradiction. Hence J (6p) is invertible.
O

Lemma 17 Forany 1 <i, j < p+q + 1 and under the assumptions of Theorem 1, we have

82

g2, & (Ohas) = 100G ) = o2 ) (59)

where 9* lS defined in (45).

Proof For any 6 € O, let

n n 2

a2 2 d By R
) =~ Qn()—*Z{ e:(e))” e:(e)} t;mmmet(e)

and

2 n

5o = — 0()—%Z=3e(9)}{ e(e)] S S
" 9000’ t t n =" 0090

t=1

We have

067 ) ) = 65 )|

‘ T 0. (61,,) - S0

36;96;

|9 G D) = €0 )|
+ |4 @0 ) = T @) )] (60)
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Soitis enough to show that the three terms in the right hand side of (60) converge in probability
to 0 when n tends to infinity. Following the same arguments as the proof of Lemma 16 and
applying the ergodic theorem, we obtain that

a.s. 8
Iy 60) — ZE[ 6:(90) 6:(90)] = J(0o).

Let us now show that the random variable |J,, (0™ .

i J)(z Jj)— J*(@;{l J)(l J)| converges in
probability to 0. It can easily be seen that

der(Oy; ) derlOy; ) D&y, ) & Oy )
a6; 00; 20; 00;
C[(dar ) 9EOr ) daby )
B 30; 30; 30,
N 9€ (0, ;. i) 36;(9:1 ]) 36;(9:1 )
d26; a0, a0, '
Hence, by the Cauchy—Schwarz inequality and Remark 12 one has
|26t 0665 ae,(ejl,)aet(e,”,)}
06; 20; 26; 20;
2
. de (0, ;. ,) &0, ;. i) . 86,(9:”
- a06; a06;

2
o de(6y; ) D&y, ) ae,(e,’;l e (07 )
30; 30;
de () 08(0)\° e (0
supIE( &(0)  0&( )) supIE( & ( ))
0cOs 96; a6; 0cOs a0,

- 2 o\ 1/2
0¢€;(0) 0€:(0) 0¢€;(0)
+ [ sup E - sup E
0eOy 00; 00; 0eOy 00;

IA

172
. ot
< o2 | sup |ii0) - x,.(e)H sup Z (. ,(9))
0e®s 96()5
172
. .t
+02 | sup [3;0) - kj(G)H sup 3™ (7, ,(0))
0e®y GEUSk 1
< K !
= t124di=do) ¢ >0
Similar calculation can be done to obtain
ieOr, ) . %O )

Ele o Yy Tmbi7 = g%
“Onii) 600, ~ i) 6,06,

—>00

It follows then using Cesaro’s Lemma that
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2 |daEr; ) day, ) Baby; ) &6 )
Els oF . VAl ‘<7 E \J \J n,i,j n,i,j
nOpi, )= In O PG D] = n & 36; 36, 30; 20,
2
P e (0%, ) =& Oy ; ;)
+7Z et(e;zkz o] 7€t(9}’ll ;) L
n = J7 96,00, 47 36,00,

K < 1
SIZ}H/W]-@_{ e O
=

which entails the expected convergence in probability to 0 of |J,(0* i ])(z j) —

Jy @Oy, /)(l DI
By a Taylor expansion of J*(-)(i, j) around 6, there exists 0% . between 6* . . and 0y

n,i,j n,i,j
such that
Iy (9::,])(1 J) = Iy 60)(, J)‘ _‘71 (G NG (n” 90)‘
< Hae’ O35 )G J)H 05—
2| o *
< ;Z @{ 6;(9) Gt(Q)H - gn,i,j_GOH
t=1 j 0= gnt/
pIL 92
— — 0) ———¢€:(0 0*. . —6 .
oM Fv {m 5ar0; ¢ )” e el
=1 0=6;%
(61)
Since di — dy > 1/2, it can easily be shown as before that
E i (9) (C) (62)
—{—c € < 00
30 a6 00, ] |
ni,j
and
| a0 -2 o) % (©3)
—{e € < 00.
90 | " 8600, | ,_pes
n,i,j

We use (61), (62), (63), the ergodic theorem and Theorem 1 to deduce the convergence in
probability of |J*(9:fl /)(z J)— JX(00), j)| to 0.
The proof of the lemma is then complete. O
The following lemma states the existence of the matrix 7 (6p).
Lemma 18 Under the assumptions of Theorem 2, the matrix
. ad
1(60) = lim Var {+/n— 0,(6p)
n—o0 00

exists.
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Proof By the stationarity of (H;(6p));cz (remind that this process is defined in (7)), we have

9 1 &
Var {\/ﬁﬁon(eo)} = Var [ﬁ ZHt(Go)]
t=1

1 n n

=3 " Cov {H,(6). Hy(60)}

n t=1 s=1

1 n—1

— Y (n—I|hl) Cov {H;(60), Hi—n(60)}.
h=—n+1

By the dominated convergence theorem, the matrix /(6p) exists and is given by

I(60) = Y_ Cov{H;(60). Hi—n(60)}

h=—00

whenever

Z ICov {H;(60), Hi—n(60)} Il < o0. (64)

h=—00

Fors e Zand1 <k < p+ g+ 1, we denote Hy x(6p) = 26S(00)%6S(00) the k—th entry
of Hs(6p). In view of (32) we have

|Cov {H,.,i(60). Hi—n.j(60)}| = 4

Cov (Z j\k.,i (00) €r€r—k, » Z ikz,j (6o) 6t—hér—h—k2)

ki=1 ka>1

<4 Z Z ))'\kl,i (90)‘ ‘ikz,j (90)‘ |E [€r€1—ky €1—n€i—h—k, ||

k1>1ky>1

K
= Z Z m ‘E[Etét—klérfhft—h—kg]’

ki>1ky>1

where we have used Lemma 14. It follows that

o0
K
ov ;i (60), Hi—p, j(O0) | =< ——— |cum (&, €—k» €r—h> €1—h—k;
[Cov {Hu(00). Hio. s 00| o leum ( )

h=—00 heZ\{0} ki >1 kp>1

K
+ 2 Y i Eleawaasn]l

ki=1ko>1
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Thanks to the stationarity of (¢;);c7z and Assumption (A4’) with t = 4 we deduce that

o
Z |Cov {H,,i(60). Hi—p.j(60)}| < Z Z Zi\cum €01 €—kys €—hs €—h—ky) |
h=—c0 heZ\{0 }k|>1k2>1 kik
+ Z Z — }E [€06—k, €061, ]|
k1>1k2>1
<K ) leum (o, &, €, &)
hk I,
-l—Z Z kiks (‘cum €0, €—k; s €0, €— kz)‘
ki=1ky>1
+a€2 |E[E_k1€_k2]|>
1\2
<K ) lcum (e, €. en, €|+ Kol (H) <K
h.k,1€Z ki>1
and we obtain the expected result. O

Lemma 19 Under Assumptions of Theorem 2, the random vector /n(d/30) 0, (8y) has a
limiting normal distribution with mean 0 and covariance matrix I (6p).

Proof Observe that for any 7 € Z
a
E [6[ £€[ (90)] =0 (65)

because d¢;(6p) /90 belongs to the Hilbert space He (f — 1) generated by the family (€;)5</—1.
Therefore we have

lim E[ﬁ%onwo)} = lim —ZE[Q etwo)]

Fori > 1, we denote by A; (6y) = (ii,l ©0), ..., )li,p+q+1 (6p))" and we introduce for
r>1

,
H(00) =2) A (o) erer—; and Gr(00) =2 Y Ax (Bo) €réri.
i=1 i>r+1

From (32) we have
ad
V5 On(6) = Z Hi,r (60) + —= Z Gi.r(60).

Since H; ,(6p) is a function of finite number of values of the process (¢;)e7, the stationary
process (H; ,(6p)):ez satisfies a mixing property (see Theorem 14.1 in Davidson (1994), p.
210) of the form (A4). The central limit theorem for strongly mixing processes (see Herrndorf
(1984)) implies that (1/4/7) Z?:l H; (o) has a limiting N (0, I,(6p)) distribution with

. 1 ¢
1,(60) = lim Var WZI:HM(QO) :
t=
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Since f Yo' i Hir(6) and —~ Zt | H;(60) have zero expectation, we shall have

, 1 < B 1 < B 9
lim Var (ﬁ ; H,,,(90)> = Var (ﬁ ; H,(@O)) = Var {ﬁ% 0,,(90)} ,

r—o0

as soon as

=0. (66)

2
1 ¢ 1 <
lim E | ||— H;(0p) — — H; (6
lim Hﬁg (60) ﬁ; 1.r (60)

As a consequence we will have lim,_,  I-(6p) = I(6p). The limit in (66) is obtained as
follows:

H } ZG, r(eo)

H % > Hi(60) — Z Hy, r(eo)
t=1

Rp+g+l1 Rp+g+l1
4 p+q+1 . 2
< Z Z A1 (B0) €r—r€;
=1 t=1 k>r+1
4 Pt . .
= Z ZZ >y ‘kk,z (GO)HK_/,I (90).|E[6t—k€t€s—j€s] ;

1 k>r+1 j>r+1

We use successively the stationarity of (¢;);cz, Lemma 14 and Assumption (A4’) with 7 = 4
in order to obtain that

E H % > Hi(60) - Z Hy, r(Go)

Rp+l]+l

-1

:

S ki @) | @0 o= 10D [E[e—ierernjeii]]

nk>r+1 j>r+1

| /\

Z Z ‘kkz(eo)‘ ’)»/1(90)“1*3 [er—xer€r—n—j€r—n]|

—o0k>r+1 j>r+

ZZ

IA

K S
(r+1)2Z Y Y leum (6o, eprej )]

h#0k>r+1 j=—o00
4
(r~|—l)2 Z Z |cum 60,6 k,e_J,eo —|—Kcr Z
k>r+1 j>r+1 k>r+1

and we obtain the convergence stated in (66) when r — o0.
Using Theorem 7.7.1 and Corollary 7.7.1 of Anderson (see Anderson (1971), pp. 425—
426), the lemma is proved once we have, uniformly in 7,

Var (f ZG, ,(90)> — 0.

t=1
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Arguing as before we may write

1< 2 <
Var | — G ’,(90))i| =|Var| — Ar(Bo)er—kéer
|: <ﬁ§l: [ ij |: (ﬁf—lkg;“l )j|ij

n

4 X . .
== D b (00) Ay (00) Eer—py€res i€
n t=1 s=1 k1 =r+1 kr>r+1
i . .
<4 Z Z ‘)Lkl,i (b0) Aky, j (90)‘ |E (€1t €r€—h—ko€i—n]| -

h=—00 ky,kp>r+1

and we obtain that

\% ! En Gy (00) 0 67)
su ar | — —> VL,
np «/”7 pan t,r\U0 oo

which completes the proof. O

No we can end this quite long proof of the asymptotic normality result.
Proof of Theorem 2
In view of Lemma 15, the Eq. (46) can be rewritten in the form:

0z(1) = ﬁ%on(eo) + [aef;j 0, (0:,,,,-)] V(60 = ).

From Lemma 19 [(32/39,- 060;) 0,6} A)]\/ﬁ(@; —6)p) converges in distribution to A/ (0, 1 (6p)).

ni,j

Using Lemma 17 and Slutsky’s theorem we deduce that

2 2 )
([ae?aeygn (9,1";,1‘)] ’ [39?3@@’ (Q:J,j)] V(O — 6’0))

converges in distribution to (J(0y), Z) with Pz = N(0, I). Consider now the function
ho: RPHa+DX(pHa+D) o Rpta+tl . RP+Ha+L that maps (A, X) to A~ X. If D;, denotes
the set of discontinuity points of &, we have P((J(6p), Z) € Dy) = 0. By the continuous
mapping theorem

n([@2 106,00 0405, 0] [@196:06) 0uOr; | V6~ 60))

converges in distribution to 4 (J (8y), Z) and thus \/n (én — 6p) has a limiting normal distri-
bution with mean 0 and covariance matrix J ~!(89)1 (60)J ~'(8p). The proof of Theorem 2 is
then completed.

6.4 Proof of the convergence of the variance matrix estimator

We show in this section the convergence in probability of 2= fn_ 1fns P f,l_ !'to £2, which is
an adaptation of the arguments used in Boubacar Mainassara et al. (2012).

Using the same approach as that followed in Lemma 17, we show that I converges in
probability to J. We give below the proof of the convergence in probability of the estimator

IAnS P obtained using the approach of the spectral density, to /.
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We recall that the matrix norm used is given by |A|| = supy,<; [[Ax|| = pl/2(A'A),

when A is a Rk k2 matrix, ||x|? = x'x is the Euclidean norm of the vector x € R*2 and
p(+) denotes the spectral radius. This norm satisfies

ki ko

IAIZ <> ") a7, (68)

i=1 j=I

with a; ; the entriesof A € RK1*k2_ The choice of the norm is crucial for the following results
to hold (with e.g. the Euclidean norm, this result is not valid).
We denote

Suy, =EHH,, Yy=EHH, Xy =EH, H,,

where H; := H,(0) is definied in (7) and H, , = (Hz/fp R H,L,)/. For any n > 1, we
have

BP=d7 5, 6,7 ()
— (8710 - 07 ) £, 87 W) + o7 () (£, - ) 67

+o )z, (8,71 -7 D) + o7 )50 ),

We then obtain

B —1e0| <& m-om)| |5,

[ ]+ o' ] | 24 - =

5770

+ et 1=l

é;’l(l)—qﬁ”l(l)H

= |67 -0 (£

O E O NP A

18- 5w oo

Al

8710+ o ] 150)

|8, @[ o] (69)

<[] o0~ ho0] o0l (15,

+ "ﬁﬁ, -2y

In view of (69), to prove the convergence in probability of f,?P to 1(6p), it suffices to show
that cf),(l) — @(1) and f?gr — X, in probability. Let the r x 1 vector ¥, = (1,..., 1)/
andther(p+q+1) x (p+q+1) matrix E, = I, 441 ® ¥, where ® denotes the matrix
Kronecker product and I, the m x m identity matrix. Write @ = (@1, ..., ®,) where the
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@;’s are defined by (8). We have

r r r o0
Z‘ir,k - Z(pr,k + ZCPr,k - Z‘pk
k=1 k=1 k=1 k=1

a0

r r [e.¢]
= Z(‘ﬁr,k_(pr,k) + Z(<Pr,k—¢>k) + Z P
k=1 k=1 k=r+1
. o0
= (& -2 )E| + (@ -2 )E ] +| X @
k=r+1

o
> o

k=r+1

5\/p+q+1ﬁ<Hér—2r

+ler - 2,]) + . (70)

Under the assumptions of Theorem 5 we have

o0
> o

k=r+1

oo
< Y el —o.
n—oo
k=r+1

Therefore it is enough to show that /7 || é . —@, |l and /r||@} — D, || converge in probability
towards 0 in order to obtain the convergence in probability of (ﬁ, (1) towards @ (1). From (9)
we have

H(60) = @,H, ,(00) +ur, (71)
and thus

S, = Var(ur) = E[ur (H60) — &, H, ,(¢0) |.
The vector u, ; is orthogonal to H, ,(6). It follows that
Var(uy,) = E [ (Hy(60) — @, H, ,(60)) H, ¢0) |
=Sy —D, Ty y -

Consequently the least squares estimator of X, can be rewritten in the form:

bye =2ﬁ—gﬁ,§gﬁ, (72)
where
1 n

Similar arguments combined with (8) yield

Sy =[] = E[u @)

— B [#60H,@0)] - Y @8 [H o, 0] - > o [ Hic 601, 60) |
k=1 k=r+1

=S = @ISy — Y PE[How@0H, ).
k=r+1
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By (72) we obtain

Si —

o
—Tu+ @ Ty + Y PE[Hik o) Hy60)] H
" k=r+1

o
+ Y BE| Hi-i(60) H, G0)
k=r+1

= %0 -z + (20— 00) (5, = 2 )| + (8 - 27) 2|
+

| I

+|er (£ 5~ Znn)]

> PE[Hik G0 H, 60) H NG

=r+1

From Lemma 18 and under Assumptions of Theorem 5 we deduce that

o0 [o¢]
> aE[HowH 0| = 3 1o |[E[Hx0H 60)]|
k=r+1 k=r+1
= 1
<K Y 520
k=r+1

Observe also that

[@;]* = T (dny) < oo,
k>1

Therefore the convergence ﬁ‘,;r to X, will be a consequence of the four following properties:

125 — Zull = op(l),
P—lim,—e |2, — 2:” =0,
P —lim,— ”Eﬁﬂr — EH’ﬂr || =0 and

15 4 I = OD).

The above properties will be proved thanks to several lemmas that are stated and proved
hereafter. This ends the proof of Theorem 5. For this, consider the following lemmas:

Lemma 20 Under the assumptions of Theorem 5, we have

Sy

’ 3

sup max { || YH.H, 21;: H} < 00.
r>1 -

Proof See Lemma 1 in the supplementary material of Boubacar Mainassara et al. (2012). O

Lemma 21 Under the assumptions of Theorem 5 there exists a finite positive constant K such
that, for 1 <ri,rp <rand1 <mi,my < p+q+ 1 we have

[ee}

sup > |Cov {Hirym; (00) Hi—ry.my 00). Hy—ry—my (00) Hi—ry—nmy (00)}| < K.

1EL "~
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Proof We denote in the sequel by A .k the coefficient A .k (60) defined in (30).
Using the fact that the process (H;(6p));c7 is centered and taking into consideration the
strict stationarity of (€;);cz we obtain that for any ¢ € Z

o0
> COV(Hi—rmy (00 Hirams €0). Hiry =y 60 Hir s 60)|
h=—00

o0

= Z ’]E [H[7r1 ,mi (90)H17r2,m2 (00)H17r1 —h,m (GO)Htfrth,mz (90)]

h=—o00
—-E [Ht—rl,ml (QO)Ht—rz,mg (90)] E [Ht—r1 —h,m (GO)Ht—rz—h,mz (90)] ‘

ee}

S Z ’Cllm(Htfrl,ml (90)’ H[*}"z,mQ (00)7 Htfrl —h,my (00)3 Ht7r27h,m2 (90))‘
h=—00
o0
+ D (E[Hirymy O0) Hy—ry—nmy 00)]| |E [Hi—ry iy 00) Hi—ry— .y (00)]|
h=—00

00
+ Z |IE [Ht—n M (QO)Ht—rQ—h,mz (90):” |E [Ht—rz,mz (QO)Ht—rl—h,ml (90)]|

h=—00

-y ¥

h=—001y,j1,k1,£1>1

Aiymy A ma My my Aty mo

|cum (€0€—i1 s €ry—rp€ri—ry—j1» €—h€—h—kys €r|—ry—h€rj—ra—h—¢; ) |

+ Tr(ll,)ml,rz,mz + 7;‘(12,)m1,r2.m2’
where
o0
Tr(ll,)m] raamy Z }E [Ht*rlsml (QO)HI*"I —h,m (90)]| |E [Htfl‘z,mz (QO)Htfrth,mz (00)]|
h=—00
and
o0
T s = O [E[Himrym, ©0) Hi—ry—hmy 00) ]| |E [ Hi—rymy (00) Hi—ry -, (60) ]| -
h=—o00

Thanks to Lemma 14 one may use the product theorem for the joint cumulants ( Brillinger
(1981)) as in the proof of Lemma A.3. in Shao (2011) in order to obtain that

> X

h=—001i1,ji,k1,£1>1

)"il,m|)"j1,mz)"k],ml)‘-€|,mz

|cum (€0€—i,, €r\—ry€r\—r—j1» €—h€—h—kyi» €1 —ry—h€r —ra—h—0, ) |

< o0

where we have used the absolute summability of the k-th (k = 2, ..., 8) cumulants assumed
in (A4’) with T = 8.
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Observe now that

(o]
Tr(ll,)ml,rz,mg = Z ‘IE [Hlffhml (QO)HT*VI —h,m; (90)]‘ !IE [Htfrz,mz (GO)Htfrth,mg (90)]‘

h=—00

o0
< sup B [Hiry my €0 Hi—ry —hmy @] D [E[Hi—ry.my 00) Hy—ry—nms (60)] |
€ h=—00

For any h € Z, from (29) we have

|E [Hi—ry.my 00 Hi—ry—m, 00)]| < Y )Li,ml‘ ‘).tj,ml‘ |cum (eo. €, €—n, €—n—j)|

i,j>1

2

i,j=1

i [oon | { [ leve-TEfeoenn )
+ Efeve-sBlecseoni]| + [Elevenos]E [e-ie] |

4 2
< Z |cum (eo,e_,-,e_h,e_h_j)‘ + o, Z ‘

i,j=1 i~1

)\-i,ml

Under Assumption (A4’) with t = 4 and in view of Lemma 14 we may write that

sup |]E [Ht—rl,ml (00) Ht —ry —h,m, (‘90)]| = sup Z |cum (607 €—i, €—h, G—h—j)|

heZ €Z; j>1
4 . 2
+ o, Z Aimy| < 00.
i1
Similarly, we obtain
o0 o0
Y [E[Hirsms OO Himrynm, @0)]| < D Y [eum (€0, eciven ey
h=—00 h=—00i,j>1
. 2
b0t i
i>1
< 0.
Consequently Tr(ll )m] ry.m, < 00 and the same approach yields that Tr(f )m] ry.m, < 00 and the
lemma is proved. O

Let ZA‘Er, ﬁ‘H and fJH, H, be the matrices obtained by replacing I-}, by H;(6p) in > I ) i
and ZA‘I;, i

Lemma 22 Under the assumptions of Theorem 5, \/?||ZA‘L — 2.l \/?||ZA‘H,EV —Zyu,l
and ﬁllf]H — |l tend to zero in probability as n — oo when r = o(n'/3).

Proof For 1 < my,my < p+qg+1land1 <r;,rp, <r,the {ri —D(p+qg+1+
mi}, {(ro — 1)(p +¢q + 1) + ma})—th element of Xy is given by:

1 n
2 Hirimi €0) Hirmy 60)-

t=1
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For all 8 > 0, we use (68) and we obtain

P (4|50, -

r ~ 2
<ol

Z ~E[H,,H,,]
rr ptq+lptg+l

= L2 Z Z Z Z ( ZHI r, ml(GO)Ht r, mz(e())

ri=lrn=1 m=1 my=1

2

2
—-E [H,,rl,ml (GO)Htfrz,mz (90)] ) .
The stationarity of the process (H;—r, m; (60) Hy—ry.m, (60)),,, and Lemma 21 imply
?( =)
r ptq+lptq+l 1
<5 Z 3 > Var (n > Hirymy 00)Hi—ry my (90)>
=1

ri=lrn=1 m=1 mp=I1

r ptq+lptq+l n

IPIDIDIDS

ri=lrn=1 m=1 my=1 t=1

("ﬂ)2
n
Z Cov (Ht—n Jmi (OO)HI—I‘Q,VHQ (90)7 Hs—r| iy (OO)Hs—rz,mz (90))
s=1
r  ptq+1 p+g+1 n—1

3D IS SAD ST

2
(nﬂ) ri=1 =] mi=1 ma=1 h=l—n
Cov (Ht—n my (00) Hr—ry.m(00)s Hi—p—ry m, (90)Hz—h—r2,m2(90))
r o ptq+lptg+l

ZZZZ > wp 3

ri=lr=1 m=1 my=1 IEZh——oo
|C0V (Ht—r1 my (GO)Ht—rz,mz o), Ht—h—n my (GO)Ht—h—rQ,mz (90))|
_Cptg+ D

np?
Consequently we have
2
Xu H :| <E |:r
N 2
<e[rn -]

E|:r
2.3
_ Clp+q+Drr

1]

n n—00

when r = o(n!/3). The conclusion follows. m]

We show in the following lemma that the previous lemma remains valid when we replace
H;(6o) by H;.
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Lemma 23 Under the assumptions of Theorem 5, \/7 || Zi — gl VAl ZI:I,E, —Zuul
and \/FIIZAJI:I — Xy | tend to zero in probability as n — oo when r = o(n1—2Wdo=d1)/5y,
Proof As mentioned in the end of the proof of the previous lemma, we only have to deal with
the term /7| X — Zg ||

We denote % H,, the matrix obtained by replacing & (én) by €; (é,,) in¥ 7 - We have

A R R R e A R |

By Lemma 22, the term /7 || x ', — 2 n, || converges in probability. The lemma will be proved
as soon as we show that

A

ﬁ
ﬁ

q —2n,, and (75)

4, — S| =op (D), (76)

A

when r = o(n{!=2d=41)/3) This is done in two separate steps.
Step 1: proof of (75). For all 8 > 0, we have

A~ A r A
]P’(ﬁ HEH —2H,,| 2 /3) = \5[ i, ~ ZH,,
(n) (n)
o IS ST
3 Kf r ptq+lptq+l n

222 ) E

ri=lrn=1 m=1 mp=1

(n) g®
Zthrlml tnrz my

E Ht ri, mlHt rp,myp
t=1

’

where
H" = 2¢,(6, ) e (6p) and HY) = (H,(”)l, s H,(’_’)r’)/
It is follow that
B(vF |5, - 5| 2 6)
4Kf r ptq+lp+q+l

)IDDDINDD

ri=1lrn=1 m=1 my=1

a
6[ ¥l (gn)ft rz(e ) 6[ rz(e )

mp

— €r— —r (9 ) €r— r|(9n)€t rz(e ) €r— r (9 ) (77)

m1 m
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Observe now that

a AL A a A a a A
o On) & (9n)6r—r2(9n)76;—r2(9) €1—r (9) €1—r On)er r2(9) €1—ry (On)
1

00, 1 12 Om 91112

- A a
= (- @) = ei-n @) Go—n Gn G 35— )
. zet 2 ()

Vﬂ

~ d ~
+é€—n (Qn)( & (B) — 30m o €tr (9n)) &1y O )

——& 1, (0)

a
+ i ) 55— @) (- O = - @) 7o

~ ~ il ~
+ €1 (9 ) €r—r (Gn)ftfrg(‘gn)( & ) (‘9 ) — 20 thrz(en)) .

m 89m2
We replace the above identity in (77) and we obtain by Holder’s inequality that

r ptqtlpt+q+l

Z) 4KIZZ Z Z (Tni 4 T+ Tus + Tha)

ri=lrn=1 m=1 my=l1
(78)

(v,

where

n N . . 9 ; . 9 3 .
Ty = ; €r—ry (On) — €r—ry (en) 3‘9m —&— 1l (Gn) L 6[7}’2(9}1) L6 szetfrz(en) i s
- 3 . ] ]
T, = —¢ —r 0, —&
m2 ; a0 = 59— 36m,
n
0 . ~ A a
Tn.3 = ; H 39m1 Hetfrz(en) - etfrz(en) L2 m — s
" B 9 9
Tn,4 = Z 39m] mft—rz (en) 89m2 € — rz(e ) L
t=1 2
Forall 0 € ®s and t € 7Z, in view of (29) and Remark 12, we have
>N 172
E Y (3660 =260 e
Jj=0
2N 172
= sup | B[4 (30 = 2@) ey
0eBs >0
< e sup [A(0) =21 (O)] 2
96@5
1
<K

12+ (di—do)*

It is not difficult to prove that €,(0) and d€,(0)/d6 belong to IL®. The fact that € (0) and
d€;(0) /06 have moment of order 6 can be proved using the same method than in Lemma 21
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using the absolute summability of the k-th (k = 2, ..., 8) cumulants assumed in (A4’) with
T = 8. We deduce that

n1<KZ

n
t=1

< +Z 1/2+(d1 do))

&) —eOn)

Then we obtain
nJEKQ+MﬂWrw) (79)
The same calculations hold for the terms 7}, 2, 7,3 and T, 4. Thus
i+ Tho+Ths+Tha<K (r + nl/zf(d“d{))) (80)

and reporting this estimation in (78) implies that

A A~

i, — %H,,

5/2 2
> ’3) < Kr / (P+61 + 1) (r—{—nl/z’(dl*d()))
. /172 572
@ )

Since 2/7 > (1 +2(dy — dp))/5, the sequence /r ” f],:, — ﬁ‘ﬁm H converges in probability

P(ﬁ

IA

to 0 as n — oo when r = r(n) = o(n(!=2(do=d)/5)
Step 2: proof of (76). First we follow the same approach than in the previous step. We have

: s Pl gy Ly I
ZH, , Eﬁr” “ lﬂr,rﬂr,t nler Hy
t= 1=
r p+q+1 p+q+1 n n 2
Z Z ( ZH(nz”lmlHt(nz”zmz ZHtrl,mlHtrz,nQ)
ri=lrn=1 m=1 mp=I1 t=1 t:l
r ptq+1pt+g+1 n 3
<1 Z DD ( Zet nOn) i Oner—ry On) 5 zew(én)
ri=I1

=1 m=1 mp=1

9 2
—€r—r; (90) él‘ r (Bo)er— %) (60) €t—rp (0(])> .
mj2
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Since

€r—ry (0 ) €r—r (9 )er— —r (0 ) Et—rz(én) €r—r (90) €r—ry (GO)Et—rz (6o)

m m2 m]

szft—rz (60)

= (&1-r On) = €11, 00) ) so—er-n, Oty ) s—er-ra(61)

d
00, Om,

0 A 0
+ €—ry (6o) <W6t—r1 ) — BTGt_rl (90)> €r— r2(9 ) €t—ry (9 )

mi mi ma

9
+ 61 00) 55— @) (- On) = - (@) 3o )
mo

8
+ €— r (90) €t—ry (QO)Et %) (90) ( €t—ry (9 ) A €t-n (90)> s

mij

30m, 30m,

one has

r ptq+lptq+l

Aﬂhn_f:H ” <16ZZ Z Z Un1+Un2+Un3+Un4) (81)

ri=lrn=1 m=1 mp=I1

where
1 n
Uni= =Y lerr ) — e n(eo)]‘ ——err, ()
— my
= 1 Z yftfr (90)| LEtfr (én) — T €t—r (90)
ne 6, O, -
1 d
Uns = 53 2 oo 0] 35 er-n @) e — - m(eo)\ ‘aemz
n
Una = lZ|et_rl<9o)| a— R @) |5 T ) — ey )|
n = 36m, 36m,

Taylor expansions around 6 yield that there exists # and 8 between én and 6 such that

& On) — 00| < w;

én — 6y H
and

‘ @) — ——c,00)| < a1 |6 —90H

00,

with w, = Hae,(g) /06’ ” and g, = H826, @)/36 96, H Using the fact that

——€r On)er r2(9n)

Wt —ry < o0
00, s

x|

@ Springer



Statistical Inference for Stochastic Processes (2021) 24:549-608 599

and that (\/n(9, — 60)), is a tight sequence (which implies that (|6, — 6|l = Op(1/+/n)),
we deduce that

o ()

The same arguments are valid for U, 2, U, 3 and U, 4. Consequently U, | + U, 2 + Uy, 3 +
Uy,.4 = Op(1/4/n) and (81) yields

50, - 52

When r = o(n'/?) we finally obtain /7| 2y, — Sy, || = op(1).

Lemma 24 Under the assumptions of Theorem 5, we have
ﬁHgf —Q,H =op(l) asr — oo.

Proof Recall that by (8) and (71) we have

o
Hy(00) = @, H, , +uy; = PFH, + Y OcH 4 (00) +up = PFH,  +u,.
k=r+1

By the orthogonality conditions in (8) and (71), one has

’

g, =E I:u;ktﬂ;t] =E [(HT (6o) — Q;kﬂr.t) H,,

=E I:(grﬂryt + Ur,t — gjﬁr’t) H/ :| = (21' — 2:) E*r,

L1,
and consequently

O~ D, =~ Ty (82)
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Using Lemmas 20 and 21, (82) implies that

P(/rle; -2l 2 6) < X |5 | |23

=

IA

IA

Jr

Kr E|[ Y ocH w0 +u | H,,
B k>r+1
KI;/; D] “]EI:Htfk(GO)ﬂ;,t:H

k>r+1

%ﬁ Z Doyl H]E I:Htféfr(GO) (H;Ll(QO)’ e Hf,—f(GO))] H
=1

Kﬁ p+q+1 p+q+1 r 5 12
== dolee | Y > |E[Hi—r—e.jO0) Hi—r, £ (60)]|
=1 j=1 k=1 r=l1
K\/; pt+q+1pt+q+1 r 172
S RD Ll D DD DD W 1 L ICH) o L CD)
=1 j=1 k=1 r=l1
K(p+q+Dr
< S PTIT S gy
ﬂ >1
Under Assumptions of Theorem 5, r lel |®@pyrll = o(1) as r — oo. The proof of the

lemma follows.

Lemma 25 Under the assumptions of Theorem 5, we have

ﬁ

N
— 2y,

s — op(1)

asn — oo when r = o(n=20=d)/5) gud r — oo.

Proof We have

’

“—1 —1
< )
- (H Er Er

—1
H Zh,

—1 2
Lzl - 5

and by induction we obtain

k

A~

—1 —1
=X
H, H,

r

o0
~ k
SR DY A B B
k=1
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We have

p(vrlE; - =5 > 8)
i .k k

S Ll A Wl )
k=1

<P(r

k k ~
[z = pona |2, - 5| 222] <1)

-1
=] = 1)

o0
—1 S
TP EAEN
k=1

T .
=5 | = pand | =u, - 24

\/;

o0
EZHZ‘EL—LZ
k=1

2 N
|z~ 24 |

IA
=
e Y R
<
|
=1

A -8 |+ (2 - 2 [ =] = 1)
1=, - 25 | 22| T
A B
<P ﬁ E*r— al> 5
|=a |+ s =]
R -1
v (250 | 2 =] ).
Lemmas 20 and 23 imply the result. O

Lemma 26 Under the assumptions of Theorem 5, we have

(1—2(d0—d1))/5).

\/;

ér — @, | =o0p(l) asr — ococandr = o(n

Proof Lemmas 20 and 25 yield

n H 5! ” — 0p(1). (83)
By (71), we have
0=E[ur H,,|=E|(H0)~ &,H, ) H, | = Zun — 2, 5n,,

and so we have @, = X'y g Z;l. Lemmas 20, 23, 25 and (83) imply

Jr|é, -2,

N

and the lemma is proved. O
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Proof of Theorem 5

Since by Lemma 23 we have | £ — Xy || = op(r~"/?) = op(1) and ||2ﬁ — Yyl =

op(r~'/2) = op(1), and by Lemma 24 ||®, — @*|| = op(r—'/%) = op(1), Theorem 5is then
proved.

6.5 Invertibility of the normalization matrix P, g41,n
The following proofs are quite technical and are adaptations of the arguments used in
Boubacar Mainassara and Saussereau (2018).

To prove Proposition 6, we need to introduce the following notation.
We denote S; the vector of RP?T9+! defined by

t t t
_ 9
Si=) Uj=) —2J7"Hj=—2J7"3 €€ (60
j=1 j=1 j=1

and S; (i) its i —th component. We have

Si—1(0) = 8 () — Ui (). (84)
If the matrix Ppy4 1,5 is not invertible, there exists some real constants dy, . .., dj4 441 not
all equal to zero, such that d Ppig+1,nd =0, whered = (dy, ..., dp+q+1)/. Thus we may

write that Zf:qu yortatl d;jPpig+1,.0(j,i)d; = 0 or equivalently

n ptq+l ptq+l

t
nzz > Y g (Z(Um) 7 (1))) (Z(Ukm—(/n(i))) d; =

t=1 i=1 j=1 k=1

Then
2

n ptq+l t
YLD d (Z(Uk(i) - 0,,@'))) =0,
t=1

i=1 k=1
which implies that for all > 1

pt+q+l

p+q+1
Z d; (Z(Uk(z)—U (z))) > d (S,(z)—fs <,)>

i=1

So we have

1 +q+ p+g+1
- Z d; S (i) = Z d( Sno)) (85)

We apply the ergodic theorem and we use the orthogonality of €, and (3/960)¢,(6p) in order
to obtain that

ptatl n pHg+1 pta+1 by
Z d( ZUk(l)>—> Y AEWUM)] =-2 Y diJ7G, J)E[ékﬁ} 0.

k=1 i=1 i,j=1
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Reporting this convergence in (85) implies that Zp+q+1 diS;(i) = 0 as. forallr > 1. By
(84), we deduce that

Z ;U (i) = =2 Z Z I

Thanks to Assumption (A5), (&/);cz has a positive density in some neighborhood of zero
and then €, # 0 almost-surely. So we would have dJ! % = 0 a.s. Now we can follow
the same arguments that we developed in the proof of the invertibility of J (see Proof of
Lemma 16 and more precisely (56)) and this leads us to a contradiction. We deduce that the
matrix P,y 441,, is non singular.

ptq+1 p+q+1  p+q+l1
861
e, 0, a.s

6.6 Proof of Theorem 7

The arguments follows the one in Boubacar Mainassara and Saussereau (2018) in a simpler
context.

Recall that the Skorohod space D¢[0,1] is the set of R¢ —valued functions on [0, 1] which
are right-continuous and has left limits everywhere. It is endowed with the Skorohod topology

and the weak convergence on D‘[0,1] is mentioned by —> The integer part of x will be
denoted by |x].

The goal at first is to show that there exists a lower triangular matrix 7" with nonnegative
diagonal entries such that

lnr]

1 Dptat!
7 Z Up ——— (TT)'?Bpigi1 (), (86)

where (Bp44+1())r>0is a (p+q + 1)—dimensional standard Brownian motion. Using (29),
U, can be rewritten as

/

o0 o0
U = (-2 {Z?»i,l (00) €r€r—i -+ Y hi.prg1 (60) fzfri} fl/) ~

i=1 i=1
The non-correlation between ¢,’s implies that the process (U;);e7z is centered. In order to
apply the functional central limit theorem for strongly mixing process, we need to identify the

asymptotic covariance matrix in the classical central limit theorem for the sequence (U;);e7.-
It is proved in Theorem 2 that

n
LU NO.2 =2 fu ),
=1

where f17(0) is the spectral density of the stationary process (U;);cz evaluated at frequency
0. The existence of the matrix §2 has already been discussed (see the proofs of Lemmas 16
and 18 ).

Since the matrix §2 is symmetric positive definite, it can be factorized as 2 = TT where
the (p +¢q + 1) x (p + g + 1) lower triangular matrix 7 has real positive diagonal entries.
Therefore, we have

n
'N—1/2 in law

T LTI T N0 dpeg).
t=1
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where /4,1 is the identity matrix of order p + ¢ + 1.

As in the proof of the asymptotic normality of (\/n (én — 600))n>1, the distribution of
n~1/2 >"_, U, when n tends to infinity is obtained by introducing the random vector Utk
defined for any positive integer k by

’

k k
Uf = (—2 {Zm (00) €1€1—i - Y Aiprqr1 (B0) e,e,_i} J—l’) :

i=1 i=1

Since U,k depends on a finite number of values of the noise process (¢;);cz, it also satisfies a
mixing property (see Theorem 14.1 in Davidson (1994), p. 210). The central limit theorem
for strongly mixing process of Herrndorf (1984) shows that its asymptotic distribution is
normal with zero mean and variance matrix £2; that converges when & tends to infinity to £2
(see the proof of Lemma 19):

1 <& inl
WZU,"% N, ).
=1

The above arguments also apply to matrix §2; with some matrix 7; which is defined analo-
gously as T'. Consequently, we obtain

1 - 'N—1/2 71k in law
ﬁzldﬂk) PUF =25 N (O, Lpig).
=

Now we are able to apply the functional central limit theorem for strongly mixing process of
Herrndorf (1984) and we obtain that

Lr ]
o Drtat+l

> (LT~ VPut ——— Bpigr1 ().

t=1

L
Since
(TTH"PUk = ((TT')*I/2 - (Tka/)’m) Uk + (. V2Uf,

we may use the same approach as in the proof of Lemma 19 in order to prove that
=2 (TTH™Y? — (T T,) " Y/*)Uk converges in distribution to 0. Consequently we
obtain that

L) Dp+q+l

1 N—1/277k
Y (TT) ' PUf ——— Byigii (r).
t=1

N
In order to conclude that (86) is true, it remains to observe that uniformly with respect to

n it holds that

Lnr ]
~ Z o ~ D]7+q+l

t=1

where

’

oo o0
zk = (—2[ Z Ai1 (0o) €r€r—iy - .-, Z Aiptq+1 (90)6r61i] 1_1’> .

i=k+1 i=k+1
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By (67), one has
] n
sup Var | — 7Kl —— o0
np (ﬁ; t) n—o0

and since |nr| < n,

O [ —_

0<r<1 n

Thus (87) is true and the proof of (86) is achieved.

By (86) we deduce that
1 Lnr] ~ Drat 12
7 W= U | ——— (@7 (Bpig1() = rBpigra(D).  (88)

Jj=1
One remarks that the continuous mapping theorem on the Skorohod space yields
in law 172 ! ’
Pyrgtin m (TT) ) {Bp+q+l(r) - "Bp+q+l(1)} {B[)+q+l(r) - er+q+l(1)} dr
(TT)?
= (TT)'2Vpyg(TT)'2.

Using (86), (88) and the continuous mapping theorem on the Skorohod space, one finally
obtains

1 (B —60) Pyl yr0 (Bn = 0)

Drtat!

{(TT’)”ZBWH(I)}/ {(TT’)“ZVMH(TT’)”Z}_1 [T 2By

n—oo
! -1
= Bp+q+l(l)vp+q+pr+q+](1) = Z/{,,+q+1.

The proof of Theorem 7 is then complete.

6.7 Proof of Theorem 8

In view of (14) and (17), we write I3p+q+1,n = Pprg+1,n + Qprg+1,n Where

’

. 1 n 12 1 n n 1 n
Qpigrin = (1O = I3 | D(Hj = — > Hi) (Z(H,» - Hk))
1 k=1 t=1 k=1

=1 \j=

n t n n n !
+ fn—li2 > { > (Hj - ! > Hy) (Z(H, . > Hk>>
" j=1 gy =1 gy
t n n n !
(- by (ij - iZﬁk)> }
j=1 k=1 =1 k=1

Using the same approach as in Lemma 17, J,, converges in probability to J. Thus we deduce
that the first term in the right hand side of the above equation tends to zero in probability.
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The second term is a sum composed of the following terms

ivjkl d¢€s(Bo) € (Bo) 365(9 ) 86,(0 )
= &(0 0 N TACH
G5y = €(B0)er(Bo) ——— 26, 99, — & (On)€r(Op) —— 20,
Using similar arguments done before (see for example the use of Taylor’s expansion in
i,j.k,l

Sect. 6.4, we have g,
may find a matrix Q

= op(1) as n goes to infinity and thus Q1 441,, = op(1). So one

g+l that tends to the null matrix in probability and such that

n (9 90) p_:q+1 " (én - 90) =n (én - 90) (Pptq+in + Oprgtin) : (én - 90)

=n (9 =60) Pylyirn (B0 —0)
1 (8= 60) Oyt (Bu—t0).-
Thanks to the arguments developed in the proof of Theorem 7, n (é,, — 90) Pp_ +1 g+1n (9,1 —0o)
converges in distribution. So n(é — 90)/ Qz +g+1n (én — 6p) tends to zero in distribution,

hence in probability. Then n(6’ 90) Pp g+, n(@,l —6p) and n(@ 90)

have the same limit in distribution and the result is proved.

]7+L]+l ,,('971 - 90)
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