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Abstract

Let the Ornstein—Uhlenbeck process (X;);>0 driven by a fractional Brownian motion BH
described by dX; = —60X,dt + odB,H be observed at discrete time instants ty = kh, k =
0,1,2,...,2n+2. We propose an ergodic type statistical estimator é,,, FI,, and 6, to estimate
all the parameters 6, H and o in the above Ornstein—Uhlenbeck model simultaneously. We
prove the strong consistence and the rate of convergence of the estimator. The step size & can
be arbitrarily fixed and will not be forced to go zero, which is usually a reality. The tools to
use are the generalized moment approach (via ergodic theorem) and the Malliavin calculus.

Keywords Fractional Brownian motion - Fractional Ornstein—Uhlenbeck - Parameter
estimation - Malliavin calculus - Ergodicity - Stationary processes - Newton method -
Central limit theorem

Mathematics Subject Classification 62M09 - 60G22 - 60H10 - 60H30

1 Introduction

The Ornstein—Uhlenbeck process (X;);>¢ is described by the following Langevin equation:
dX, = —6X,dt + cdB", (1.1

where 6 > 0 so that the process is ergodic and where for simplicity of the presentation we
assume Xo = 0. Other initial value can be treated exactly in the same way. We assume that
the process (X;);>o is observed at discrete time instants #x = kh and we want to use the

Supported by NSERC discovery grant and a startup fund of University of Alberta.

B Yaozhong Hu
yaozhong @ualberta.ca

El Mehdi Haress
el-mehdi.haress @student.ecp.fr
University of Paris-Saclay, Gif-sur-Yvette, France

Department of Mathematical and Statistical Sciences, University of Alberta at Edmonton, Edmonton
T6G 2G1, Canada

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11203-020-09235-z&domain=pdf
http://orcid.org/0000-0003-4977-6099

328 Statistical Inference for Stochastic Processes (2021) 24:327-351

observations {Xp, Xon, ..., Xon+on} to estimate the parameters 6, H and o that appear in
the above Langevin equation simultaneously.

Before we continue let us briefly recall some recent relevant works obtained in literature.
Most of the works deal with the estimator of the drift parameter 6. In fact, when the Ornstein—
Uhlenbeck process (X;);>0 can be observed continuously and when the parameters ¢ and H
are assumed to be known, we have the following results :

1. The maximum likelihood estimator for 6 defined by QITnle is studied Tudor and Viens
(2007) (see also the references therein for earlier references), and is proved to be strongly
consistent. The asymptotic behavior of the bias and the mean square of 9‘T“]e is also given.
In this paper, a strongly consistent estimator of ¢ is also proposed.

M was studied in Chen et al. (2017),

Jo X7dt

Hu and Nualart (2010) and Hu et al. (2019). It is proved that 67 — 6 almost surely

as T — oo. It is also proved that when H < 3/4, ﬁ(éT — 6) converges in law to a

mean zero normal random variable. The variance of this normal variable is also obtained.

When H > 3/4, the rate of convergence is also known Hu et al. (2019).

2. A least squares estimator defined by Or =

Usually in reality the process can only be observed at discrete times {ty = kh,k =
1,2, ..., n} for some fixed observation time lag 2 > 0. In this very interesting case, there
are very limited works. Let us only mention two (Hu and Song 2013; Panloup et al. 2019).
To the best of knowledge there is only one work (Brouste and lacus 2013) that estimates all
the parameters 6, H and o at the same time, but the observations are assumed to be made
continuously.

The diffusion coefficient o represents the “volatility” and it is commonly believed that
it should be computed (hence estimated) by the 1/H variations (see Hu et al. 2019 and
references therein). To use the 1/ H variations one has to assume the process can be observed
continuously (or we have high frequency data). Namely, it is a common belief that o can
only be estimated when one has high frequency data.

In this work, we assume that the process can only be observed at discrete times {#; =
kh,k = 1,2,...,n} for some arbitrarily fixed observation time lag 7 > 0 (without the
requirement that 7 — 0). We want to estimate 6, H and o simultaneously. The idea we
use is the ergodic theorem, namely, we find the explicit form of the limit distribution of
% > i1 S (Xrn) and use it to estimate our parameters. People may naturally think that if
we appropriately choose three different f, then we may obtain three different equations to
obtain all the three parameters 6, H and o.

However, this is impossible since as long as we proceed this way, we shall find out that
whatever we choose f, we cannot get independent equations. Motivated by a recent work [4],
we may try to add the limit distribution of % Y i1 8(Xkn, X (k41yn) to find all the parameters.
However, this is still impossible because regardless how we choose f and g we obtain only
two independent equations. This is because regardless how we choose f and g the limits
depends only on the covariance of the limiting Gaussians (see Yy and Y}, ulteriorly). Finally,
we propose to use the following quantities to estimate all the three parameters 6, H and o:

n 2 n n
D=t X it XenXknan 2 j—y XanXknian
, )

k]

n n n

(1.2)

We shall study the strong consistence and joint limiting law of our estimators. The above
three series converge to [E( Yg), E(YoYn), and E(YY2,) respectively. It should be emphasized
that it seems that we cannot use the joint distribution of Yy, Y5, alone to estimate all the three
parameters 6, H and o, we need to the joint distribution of Yy, Y, Y2p,.
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The paper is organized as follows. In Sect. 2, we recall some known results. The con-
struction and the strong consistency of the estimators are provided in Sect. 3. Central limit
theorems are obtained in Sect. 4. To make the paper more readable, we delay some proofs in
Append A. To use our estimators we need the determinant of some functions to be nondegen-
erate. This is given in Appendix B. Some numerical simulations to validate our estimators
are illustrated in Appendix C.

2 Preliminaries

Let (2, F, P) be a complete probability space. The expectation on this space is denoted by
E. The fractional Brownian motion (BtH ,t € R) with Hurst parameter H € (0, 1) is a zero
mean Gaussian process with the following covariance structure:

1
EBB) = Ru(t,5) = (1t P+ s PP =1 =5 '), ViseR @D

On stochastic analysis of this fractional Brownian motion, such as stochastic integral
f ab f (t)dBH, chaos expansion, and stochastic differential equation dX; = b(X;)dt +
o (X;)dB}! we refer to Biagini et al. (2008).

For any s, t € R, we define

(Io,n> Tro,s)) = Ru (s, 1), (2.2)

where I, ) denotes the indicate function on [a, b] and we use I, 4] = —I[4,p) for any
a < b. We can first extend this scalar product to general elementary functions f(-) =
>y ailo,s;1(-) by (bi-)linearity and then to general function by a limiting argument. We
can then obtain the reproducing kernel Hilbert space, denoted by H, associated with this
Gaussian process B,H (see e.g. Hu and Nualart 2010 for more details).

Let S be the space of smooth and cylindrical random variables of the form

F=fBY@),....B @), 1, b € CFUO, T,
where f € C;°(R") and B (¢) = foooqb(t)dB,H. For such a variable F, we define its
Malliavin derivative as the H valued random element:
n af
DF =3 (B, ... BT @)
k=1 7
We shall use the following result in Sect. 4 to obtain the central limit theorem. We refer
to Hu (2017) and many other references for a proof.
Proposition 2.1 Let {F,,,n > 1} be a sequence of random variables in the space of p-th
Wiener Chaos, p > 2 ,such that lim;,_, o E(F,%) = 2. Then the following statements are

equivalent:

(i) F, converges in law to N (0, o) as n tends to infinity.
(ii) |DF, II%{ converges in L? to a constant as n tends to infinity.
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3 Estimators of 8,H and o

If Xo = 0, then the solution X; to (1.1) can be expressed as
t
X, =0 / e 0=qBH, (3.1)
0

The associated stationary solution, the solution of (1.1) with the initial value

0
y0=f ¢*dBH, (3.2)
—00

can be expressed as

t
Y, = / e 04 H — 70y, 4 X, (3.3)

—0o0

Y; is stationary, namely, the Y; has the same distribution as that of Y which is also the limiting
normal distribution of X, (when t — 00). Let’s consider the following three quantities :

M = %22:1 X/%h’
Mhon = 2 301 Xen Xkt (34)
Mhn = 2 301 XenXknton-

As in Kubilius et al. (2017, Section 1.3.2.2), we have the following ergodic result:

lim 5, = E(Y}) = o?HT 2H)0 1. (3.5)
n—o0

Now we want to have a similar result for 1, ,,. First, let’s study the ergodicity of the processes
{Yi+n — Y:}s>0. According to Magdziarz and Weron (2011), a centered Gaussian wide-sense
stationary process M; is ergodic if E(M;My) — 0 as t tends to infinity. We shall apply this
resultto M; = Yy — Y;, ¢t > 0. Obviously, it is a centered Gaussian stationary process and

E((Yi+n — YD) (Y — Y0) = EX 40 Yn) — EYrqnYo) — EQXY Yy) + E(X: Yo).

In Cheridito et al. (2003, Theorem 2.3), it is proved that E(Y;Yp) — 0 as ¢ goes to infinity.
Thus, it is easy to see that E((Y;4+, — Y;) (Y, — Yo)) — 0. Hence, we see that the process
{Yi+n — Yi}i>0 is ergodic. This implies

it W vn — Yen?
n

—psoo E([Yy — Yol?).

This combined with (3.5) yields the following Lemma.

Theorem 3.1 Let n,, np.n and nop,n be defined by (3.4). Then as n — 00 we have almost
surely

lim 1, = E(Y§) = c?HT(2H)0 1 ; (3.6)

n—oo

. CQH + Dsin(wH) [* ., |x|'"72H

_ _ 2 ixh .
Jm = E(YoYy) =0 o /_Ooe e dx;  (3.7)
I'QH + Dsin(wH) [* 5 1-2H

lim o, = E(YoYay) = o2 L T DsinG )/ Rl NP
n—00 ’ 27 PSS 02 + x2
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The explicit expressions of E(YpY}) and E(YyY>2y,) are borrowed from Cheridito et al. (2003,
Remark 2.4).

From the above theorem we propose the following construction for the estimators of the
parameters 6, H and o.

First let us define

f10,H,0) :=c?HT QH)02H ;

0, H,0) = Lo?T QH + D)sin(w H) [3° Cos(hx)92+ > (3.9)
f30. H,0) = Lo?T 2QH + Dsin(w H) [3° cos(2hx)92+ ~dx.
It is elementary to verify (we fix & > 0) that f1(0, H,0), f2(0, H,0), f3(0, H,o) are
continuously differentiable functions of 6 > 0,0 > 0 and H € (0, 1). Let f(#, H,0) =
(f16,H,0), f,(0,H,0), 36, H, a))T be a vector function defined on 6 > 0, 0 > 0 and
H € (0, 1). Then we set

fi0.H,0)=n, =1 Zk 1 X
£0.H,0) = nnn =+ 30 XenXintn s (3.10)
f0.H,0) = mnn =230 XenXenton,

as a system of three equations for the three unknowns (6, H, o). The Jacobian of f, denoted
by J(8, H, 0), is an elementary function whose explicit form can be obtained in a straight-
forward way. However, this explicit expression is extremely complicated and involves the
complicated integrations as well. It is hard to find the range of the parameters analytically
so that the determinant of the Jacobian J (6, H, o) is not singular (nonzero). In Appendix B,
we shall give a more detailed account for the determinant of the Jacobian J (6, H, o) and in
particular we shall demonstrate

det(J(0,H,0)) #0, Y (@, H,o) € Dy, (3.11)
where
Dy, ={0,H,0): 2/h <0 <10/h, H € (0.3,1/2)U (1/2,3/4),0 > 0}. (3.12)

Our approach there is a numerical one. We can try to plot more values to enlarge the domain
Dy,. However, we shall not pursue along this direction. By the inverse function theorem, we
see that for any point (6y, Hp, 0g) in Dy, there is a neighbourhood U of (6y, Hyp, 09) and a
neighbourhood V of f(8y, Ho, 0o) such that the function f has a continuously differentiable
inverse f ~!from V to U. From Theorem 3.1 we know that if the true parameteris (6o, Ho, 09p),
thenv, = (u, Nh,n, N2h,n) converges almost surely to f(6y, Hoy, og) asn — oo. This means
that thereisa N = N(w) such that whenn > N, v, = (,, Nh.n, N21.n) € V. In other words,
when n is sufficiently large, the Eq. (3.10) has a (unique) solution in the neighbourhood of
(6o, Ho, 00).

Theorem 3.2 If (0, H, o) € Dy, then when n is sufficiently large the Eq. (3.10) ha~s a solution
in Dy, and irl a nNeighbourhood of (0, H, o) the solution is unique denoted by (0,, Hy,, &,).
Moreover, (0,, H,, 6,) converge almost surely to (0, H, o) as n tends to infinity.

‘We shall use (én, I:I,,, 0p) to estimate the parameters (0, H, o). We call (én, I:I,,, 0,) the
ergodic (or generalized moment) estimator of (6, H, o).

It seems hard to explicitly obtain the explicit solution of the system of Eq. (3.10). However,
it is a classical problem. There are copious numeric approaches to find the approximate
solution. We shall give some validation of our estimators numerically in “Appendix C”.
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Theorem 3.2 states that the ergodic estimator exists uniquely in a neighbourhood of the
true parameter (¢, H, o). However, does the Eq. (3.10) have more than one solution on
the domain Dy, ? The global inverse function theorem is much more sophisticated. There are
several extension of the Hadamard—Caccioppoli theorem (e.g. Mustafa et al. 2007). However,
it seems that these works can hardly be applied to our situation. It seems impossible to use
the determinant alone to determine if a mapping has a global inverse or not. For example, the
function (f (x, y), g(x, y)) = (¢* cos y, ¢* sin y) has a strictly positive determinant on RZ.
This function is a surjection from R? onto R2\{0}, but it is not an injection. For this reason
we are not going to obtain rigorous results on the uniqueness of the solution to (3.10) on
the whole domain Dy, in the present paper. However, we propose the following two points in
statistical practice to determine the estimator (én, I:In, o).

(1) Dividing the second and third equations by the first one in (3.9) and noticingI’'QH +1) =
2HT (2H) we have

9 2H 2H
% — %/0 cos(hx)ez+ zdx, (3.13)
% — M[ cos(th)92+ 2

where we recall that f1, f>, f3 are given by the right hand side (3.10), which are deter-
mined from the real observations of the process. Denote

2sin(w H)0*H /00 x1-2H
Ty, H) = —— 7" hx)———dx. 3.14
w(6, H) - A cos( x)92+x2 x (3.14)

We obtain a system of equations for (6, H):

7,0, H) = £,
_Q (3.15)
Ion®, H) = ik

When the real data are observed and when one knows a priori the domain (say the
projection of D, onto the (8, H) plane) of the parameter (6, H), one can plot the function

A? ;7

0,H):=||7,0, H) — = Ion@, H) — —
8( ) ‘h( )f 20 ( )fl

on that domain to see if it reaches its minimum O only at one point (8, H). We carry out
a simulation of the process with & = 6, 0 = 2 and H = 0.7 for the fi, f>, f3 and we
plot the function g for 4 = 0.1 as Fig. 1 (for n = 219). A quick computation shows that
g reaches its minimum O only for one point (6 = 7.833, H = 0.7133).

(2) In the case that one finds several solutions to (3.10), a second way to select which one
as the ergodic estimator may follow the following principle. Choose appropriately some
positive integers Ny, No, N3 and let

={(p.g.m),p=1,....,N1, q=1,...,No, m=1,..., N3}.

For each (p, ¢, m) € 7 compute Np.gm = % Y e X,thZHmh and we know that this
quantity will convergence to ]E(Yop YZ ) asn — oo. Thus, we may choose the one which

. . . 2
minimizes Y, .5 (Mp.gm —EQFYIN).
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Plot of g for thetao =6, Ho =0.7, 0y = 2

X 7.833
Y 0.7133
Z 1.595e-05

0.4
0.3
H 0.2

Fig. 1 Plot of the function g for6 = 6,0 =2, H =0.7and n = 210

4 Central limit theorem

In this section, we shall prove central limit theorem associated with our ergodic estimator
(9~n, I:I,,, Gy). We shall prove that \/n (én -0, I—?,, — H, 6, — o) converges in law to a mean
zero normal vector.

Let’s first consider the random variable F,, defined by

\/ﬁ(nn —EMn))
F, = \/ﬁ(nh,n - E(nh,n)) . 4.1)
N1 (2nn — E(an.n))

Our first goal is to show that F,, converges in law to a multivariate normal distribution
using Proposition 2.1. So we consider a linear combination:

Gy = ax/n(n, —Emn) + BVnnn —EGnn) + v/nnn — Emong)),  (4.2)

and show that it converges to a normal distribution.
We will use the following Feynman diagram formula (Hu 2017), where interested readers
can find a proof.

Proposition 4.1 Ler X1, X2, X3, X4 be jointly Gaussian random variables with mean zero.
Then

E(X1X2X3X4) = E(X1X2)E(X3X4) + E(X1X3)E(X2X4) + E(X1 X4)E(X2X3).

An immediate consequence of this result is
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Proposition 4.2 Let X1, X2, X3, X4 be jointly Gaussian random variables with mean zero.
Then
E[(X1X2 — E(X1X2))(X3X4 — E(X3X4))]

=EX1X3)E(X2X4) + E(X1X4)E(X2X3); (4.3)
E[(X] - E(XD)(X2X3 — E(X2X3))] = 2E(X1 X2)E(X1 X3) ; 4.4)
E[(X] - EXD) (X3 — E(X3)] = 2[E(X1 X2)]*. 4.5)

Theorem4.3 Let H € (0,1/2) U (1/2,3/4). Let X, be the Ornstein—Uhlenbeck process
defined by Eq. (1.1) and let nn, Np.n, 1210 be defined by (3.4). Then

«/ﬁ(nn —E@m))
Vinn —E@mua) | = N, %), (4.6)
n(mnn —Em2nn))

where ¥ = (2(i, j)) <, j<3 Is a positive semidefinite symmetric matrix whose elements are
given by

21D = 2[EED] +4 Y B ; 4.7)

m=1

£2.2) = [E¢D)] + [EF¥n? +2 3 [EYoYum)]

m=1

oo
+2 ) E(X0Y -1y EXoYoninn) ; (4.8)

m=1

£3.3) = [EGD)] + [EFY2n)l? +2 Y [EFo )P

m=1
oo
+2 Z E(YoYn—2)EXoYni2)n) ; 4.9)
m=1
o0
2(1,2) =22, ) =4 EXYun)EXoYmin) : (4.10)

m=0

2(2,3) = £(3,2) = EUOEXoY) + Y B [EXoYinrim) +EXoYin—1n)]

m=1

o0
+EXoY)EXoYan) + Y E(Yo¥ini2n)EX0Yn— 1))

m=1

o0
+ Y EYoYim-2m)EX0Yint1yn) (4.11)

m=1

2(1,3) = 23, 1) = EYHEoYap) + Z EXYoYmn)EXoYmt2)n)

m=1

+ ZE(YOYmh)E(YOY\m—Zlh)- 4.12)

m=1
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Remark 4.4 (1) It is easy from the following proof to see that all entries X (i, j) of the
covariance matrix X are finite.

(2) In an earlier work of Hu and Song it is said (Hu and Song 2013, equation (19.19)) that
the variance X (corresponding to our X (1, 1) in our notation) is independent of the time
lag h. But there was an error on the bound of A, on Hu and Song (2013, page 434, line
14). So, A, there does not go to zero. Its limit is re-calculated in this work.

Proof We write

E(Gy) = (. . V) Zn(@. B. 1), Ty = (Sl ) i<ij<3 -
where ¥, is a symmetric 3 x 3 matrix given by
Zu(1, 1) = nE [, — Ea)?]
2 (1,2) = 2. 1) = nE [0 — E@n) hon — E(inn))]
2u(1,3) = 2,3, 1) = nE [y — E01)) 2.0 — E(ann))] :
20 (2,2) = nE [(hn — E(nn))?] :
20(2,3) = £,(3,2) = nE [0 — EOnn)) 200 — E(i2nn))] ;
2.(3,3) = nE (2,0 — E(2n,))*] -

First, we compute the limit of ¥, (1, 1). From the Definition (3.4) of n,, and Proposition 4.2,
we have

En(l,l)zf Z (X2, — E[(Xn)*D(XE), — E [(Xen)?])]

kk’l

2
- Z [E(Xkn Xen)T -

k,k'=1

By Lemma A.2 witha = b = ¢ = d = 0, we see that

()= (1, 1) =2 [ﬂ«:(yg)]2 +4>  [EXoYm)). (4.13)

m=1
This proves (4.7). For £, (2, 2) we have

n

1
20(2,2) = = > EXin X imEX g i Xin)
k,k'=1

1 n
- EXin Xpn) E(X X
+ > EXnXen)EX et vn X 4 1yn)

kk'=1
= [1,n+12,n- (4]4)
By Lemma A.2 witha =d = 0and b = ¢ = 1, we see that that
oo
Iy — [EYoYp)]* +2 Z E(YoYon—1)n)EYoY n+1)n)- (4.15)
m=1

By Lemma A.2 witha =b =0and ¢ =d = 1, we have

Lo — [EQD] +2 3 [EXoYun). (4.16)

m=1
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This proves (4.8). As for %,,(3, 3) we have

n

1
20(3.3) = = > E(Xun X1 E(X 4200 Xin)
k,k'=1

1 n
+ > EXun X EX 20 X (e +2n)
kk'=1

— [E(YoYan)* +2 ) E (Yo¥m12) E (Yo¥im—21)

m=1

HE@) +2 Y [E Fo¥unP. @.17)

m=1

This proves (4.9).
Now let consider the limit of ¥, (1, 2). From the Definition (3.4) and from Proposition 4.2
it follows

n

2
20(1,2) = = > EXun Xen)EKun X 1))
k,k'=1

— EYOEXoY) + Y EXoYm)E(YoYns1) + Y EXoY)E(XoYm-1)

m=1 m=1

oo
= 4> EXYun)EXoYni1y)- (4.18)

m=0
This proves (4.10). As for X, (2, 3) we have similarly

n

1
Zn(2.3) = ~ D EXun Xen EXernnX w+2m)
k,k'=1

1 n
+= Y EXin X 2m)EX ey yn Xen)
k=1

— EYDEoYs) + Y B [EXoYintnn) + EXoYin—1n)]

m=1

o0
+EYoYn)E(YoYap) + Z EXoYm+2))EXoYn—1)n)

m=1

o
+ 3 EXoYim-am)EXoY g 1n)- (4.19)

m=1
This is (4.11). Lastly, to get (4.12) we use

n

2
(1,3 = = Y EXan Xen) Bk X e 420n)
n k,k'=1

o0
— EYDEXoY2) + Y EXoYun)E(YoYni2n)

m=1
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o0
+ Y E(XoYmn)E(YoYm—ap)- (4.20)
m=1
Combining (4.13)—(4.20) yields
lim E(G}) = (o B.7)E(@. p. 7). @.21)

Using Lemma A.3, we know that J,, := (DG,, DG,)} converges to a constant. Then by

Proposition 2.1, we know G,, converges in law to a normal random variable.
Since G, converges to a normal for any real vales «, 8, and y, we know by the Cramér-
Wold theorem that F,, converges to a mean zero Gaussian random vector, proving theorem.
O

Now using the delta method and the above theorem we immediately have the following
theorem.

Theorem 4.5 Let (0, H,0) € Dy. Let X; be the Ornstein—Uhlenbeck process defined by Eq.
(1.1) and let (6,, Hy,, 6,,) be the ergodic estimator defined by (3.10). Then as n — o0, we
have

NG
JiaH, — H) | N ©, )
\/ﬁ((}n —o0)

)

where J denotes the Jacobian matrix of f, studied in Appendix B, ¥ is defined in 4.3 and

S—[JO Ho]'S [JT(Q, H,o)]_l. (4.22)

Acknowledgements We thank the referees for the constructive comments.

Appendix A: Detailed computations

First, we need the following lemma.
Lemma A.1 Let X; be the Ornstein—Uhlenbeck process defined by (1.1). Then
E(X: X)) < CA A =sPP72) < (L4 |e = s> 72 (A1)
The above inequality also holds true for Y;.
Proof From Cheridito et al. (2003, Theorem 2.3), we have that
E(YsY,) < Cyglt —s|?72 for |t — s|sufficiently large. (A.2)
But X; = Y¥; — e~?"¥,. This combined with (A.2) proves (A.1). o

LemmaA.2 Let X, bedefinedby(1.1)andleta, b, c, d be integers. When H € (0, $)U(3, 3)
we have

n

1
nlipgoz Z E (Xihtan Xknron) B (Xihch Xen+an)
kk'=1
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o0

=E (YoYjp—a)) E (YoYia—c)) + Z E (YoYim+b—al) E (YoYim+d—c|)

m=1

+ Z E (Y0Y|m+a7b|) E (Y0Y|m+cfd|) . (A.3)

m=1

Proof To simplify notations we shall use Xy, Y to represent Xy, Y, etc. From the relation
(3.3) it is easy to see that

E(XitaXi4) = EVipaYigs) — e " CTPEXYita)
_6_9(k+a)hE(Y0Yk/+b) +e—9(k+k/+ll+b)h]E(Y02)

4
=) Lk (A4)
i=1
where I; 1 = liap kx> i =1, ..., 4, denote the above i-th term.

Let us consider 1 kK =1 I ek forz =2, 3, 4. First, we consider i = 2. By Cheridito et
al. (2003, Theorem 2.3), we know that E(YpYx) converges to O when k — oo. Thus by the
Toeplitz theorem, we have

1 < 1 & ,
D S S e AR |

n
k.k'=1 kk'=1

1 n
<c Zk: [E(YoYita)] = O (A.5)

Exactly in the same way we have

1 2
- 5w — 0. (A.6)
k=1
When i = 4, we have easily
lim * Z 2, =2 Z e W EH D[R ()P 5 0 (A7)
T k=1 4’k’k/_nkk' 1 ’ . '

Now we have

n

1
- Z E (Xtn+an Xenton) B (Xihtch Xiontan)

n
kok'=1
1 4 n
= ; Z Z Lisa bk L jc.d kol
j=1kk'=1
[ 1 -
= Dapkiledrr + Yo > labkwdjcdin
k=1 i#10rj#£1 k=1
=T1a+ Z Zijn-

i#l,orj#1
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First, let us consider Z; 1 ,. By the stationarity of Y,,, we have

1

n
Tiin =~ D EWisaYesp)EVireYirta)
k,k'=1

1 n
. Z EYoY ik —k4p—a)EXoY ik —krd—c|)

ko k=1
1 n—1
=EXoYp—a)EYoY\4—¢) + . Z(ﬂ —m)EXoYmt+b—a)EX0Yim+d—c|)
m=1
1 n—1
+; Z(ﬂ = m)EXoY|—m+p—a)EY0Y|—m+d—c|)
m=1
n—1
= EYoYp—aDEXoYia—c) + Z EYoYim+b—a)EY0Yim+d—c))
m=1
n—1 1 n—1
+ Z EYoYim+a—sDEX0Yim+a—b) + . Z mEYoYjm+p—a VEX0Yin+d—c|)
m=1 m=1
1 n—1
+= Y mEXoYimta—b)EX0Yimica)- (A.8)
n m=1

By Lemma A.1 for Y; or an expression of E(YY;,) given in Cheridito et al. (2003, Theorem
2.3):

N
1
]E(Y()Ym) = 50.2 29—271(1—[%7;61(21_1 _ k))mZH—Zn + O(mZH—ZN—Z).

n=1

This means E(YoY,,) = O(m?7=2) as m — oo, which in turn means that |]E(Y0Y\m+pl|)IE
(YoYmtpo))| = O(m*#=#) for any arbitrarily given integers p| and p>. Hence, when H < %,
ZZ_:]O E(YoYn+p ) EX0Y|m1p,)) converges as n tends to infinity. This shows that the second
and third terms in (A.8) are convergent.
Notice that for H < %, mEYY)?: = 0m*?3) > 0asm — oo. By Toeplitz theorem

we have

1 n—1

. Z m |E(Y()Y|m+pl|)E(Y0Y|m+p2‘)| — 0 asn — oo.

m=0

Thus, the fourth and fifth terms in (A.8) converges to 0. This implies that Z; ; ,, converges to
the right hand side of (A.3).
When one of the i or j is not equal to 1, we have by the Holder inequality

; 12 R 1/2

sy X8 W

L, j,n = n i,a,bkk’ n j.c.d.k,k'
k.k'=1 k,k'=1

which will go to 0 since %ZZ’,(,ZI Ii%a,h’k’k,, n = 1,2,...1is bounded when i = 1 and

converges to zero when i # 1 by (A.5)—(A.7). ]
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Let G, be defined by (4.2) in Sect. 4. Its Malliavin derivative is given by

DG 12 Xn:XDX—k 1/3Xn:(XDX + X1 DXy)
= —2u k kt+ —F= k k+1 k+1 k
o k=1 v k=1
n
+LZ (X DXi42 + Xe2DXp) (A.9)
N r YAk k+2 k+2 k)- .

Lemma A.3 Define the sequence of random variables J,, :== (DG, DG, ). Then

lim E[J, — E(J,)]> = 0. (A.10)

n—o0

Proof 1t is easy to see that J, is a linear combination of terms of the following forms (with
the coefficients being a quadratic forms of «, 8, y):

- 1 &
Jn = 0 Z (D Xk Din)HXkQXké
k' k=1

1 n
= Y E(Xk X)) Xi X, (A.11)
k' k=1

where ki, ko may take k, k + 1, k + 2, and k{, k} may take k', k' + 1, k" + 2. For example,
one term is to take k| = ky = k and k| = k' + 1, k;, = k’ which corresponds to the product:
1 - 1<
—2 XiDXy, — XiDX
<ﬁ a}; kDX ﬁﬂ;( k k+1)>

2 - N
_ 2ep E(Xx Xp1) Xk Xp =: 2aBJo n. (A.12)

k' k=1

We will first give a detail argument to explain why
- - 2
E [JO,n - ]E(JO,n):I -0

and then we outline the procedure that similar claims hold true for any terms in (A.11). Note
that E(Jp ) will not converge to 0.
From the Proposition 4.2 it follows

- - 2 1 n
E[Jon —Eon | == 2 EXeXeDEXGX DB )EXe X )
kK, j,j' =1
n
1
= Y EXiXeDEXG X DEXGX )E(X e X )
kK j,j'=

=N+ Dy

+

Using (A.1) we have

n

1 _ . . _
= > UK — kDA =
k', j,j'=1

L+ 1j — kD20 + K — jp* =2,

Il,n =<
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n

1
ha<— Y, (+W kD241 = jp*
k', j,j'=1

L+ 1 = kD A2+ K — j)*H =2,

Now it is elementary to see that /1, — 0 and I, — 0 whenn — oco.
Now we deal with the general term

- 1 &
Jini=—= D7 E(Xi X)X, Xy
k' k=1

in (A.11), where ki, k» may take k, k + 1, k + 2, and k|, k;, may take k', k' + 1,k + 2. We
use Proposition 4.2 to obtain

3 L B
IE[JL”—E(JL,,)] =3 Z E(Xi X )EX j X ;0)EXk, X j)EX g X 1)
k.k',j,j'=1
n
Y Bk X EXj, X 0EXk, X ;)E(X g X j,)
kK. /=1
= il,n + I2,na

+ —
n2

where ki, ky may take k, k + 1, k + 2, and k, K} may take k', k' 4+ 1, k" 42, jj, j» may take
J.j+1,j+2 and j{, j; may take j', j’ + 1, j’ + 2. Using (A.1) we have
l n
i 1 r o \2H=2 g i\2H=2
D DI L e (R V)
kK. j,j'=1

(L4 17— kD20 + K — /=2,

n

~ 1
hp<— Yo (+W k2041 = jp*
k', j,j'=1

(L+ 17 = kD220 + K — jy*H—2

Now it is elementary to see that Iy , — 0 and I , — 0 whenn — oo. O

Appendix B: Determinant of the Jacobian of f

The goal of this section is to compute the determinant of the Jacobian of
Lo2PQH + Dysin(rH) [° 5—rdx ;
T 92+ 2
fO,H, 0)= 1 o’T'(2H + 1) sin(w H) fo cos(hx)2

/g

Lnd (B.1)

Lo2TQ@H + ) sin(r H) [§° cos(2hx) &z dx,

(we use the integral form of the first component of f to simplify the computation of the
determinant).

@ Springer



342 Statistical Inference for Stochastic Processes (2021) 24:327-351

The Jacobian matrix of f is equivalent (their determinants are up to a sign) to J =
(Cq, C2, C3), where the column vectors are given by

20T QH + D)sin(r H) [3° 45 dx

Cy = | 20T QH + Dsin(r H) [;° cos(hx)92+x2 ;

20T'(2H + 1)sin(r H) [y~ cos(2hx)62+ sdx

—2062T2H + D) sin(r H) [° 53 dx

©7+x7)?
Cr, = | —2062T'(2H + 1)sin(z H) fo cos(hx)(02+ 2)zd ;
—200°T'(2H + D) sin(w H) [, cos(2hx) @ Hz)zd
and C3 = C3,1 + C32 + C3.3, where
o2I'2H + 1) sin(z H) I 210g()c)92Jr sdx
Cs,1 = | 6’T'2H + D) sin(w H) I —210g(x)cos(hx)02+x x |

o ICQH + 1) sin(r H) fo —210g(x)cos(2hx)02+—x2 X
27T (2H + 1) cos(m H) foo gzlﬁlidx
Cin= | o?xT(2H + 1) cos(w H) fo cos(hx)02+ ~dx ;

27T (2H + 1) cos(m H) fo cos(2hx)m X

and

o20yTQH + D) sin(r H) [ gz‘fx” dx
Csz = | 029uT(2H + 1) sin(w H) fo cos(hx)ﬂdx
%0l QH + 1) sin(r H) [;° cos(2hx) &—ydx
By the linearity of the determinant, we have

det(J) = det(Cy, Ca, C31) + det(Cy, Ca, C32) + det(Cy, C2, C3.3)

It is easy to see that det(C, C2, C3,2) = det(Cq, Ca, C3,3) = 0 (C; is a proportional to C3
and to C3 3). Therefore

det(J) = det(Cy, C2, C3,1). (B.2)
Notice that
det(Cy, Ca, C3.1) = =405 T3 (2H + 1) sin® (r H) det(M), (B.3)
where
1-2H 1-2H
()oo (nger)d f() (92+x2)2d f —210g(x)92+ zdx

M= fooocos(hx)mdx fo cos(hx)mdx fo —2log(x) cos(hx)i—dx

92+X

Jo~ cos(2hx) 2 (92 xz)dx I cos(2hx)(02+x2)2dx Jo© —2log(x) cos(2hx)92+ Sdx
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0.04
0.05
0.04 0.03
0.03
0.02 0.02
0.01
0 0.01
-0.01
-0.02 0
-0.03 |
! 0.01
0.02

Fig.2 Determinant of M for H € (0, 1) and 0 € (2, 10)

Since 6 > 0,0 > 0,sin(rH) > 0and '2H + 1) > 0 (for H € (0, 1)), det(J) = 0 if and
only if det(M) = 0.

The determinant det(J) or the determinant det(M) depends also on 4. To remove this
dependence, we write M = (M;;)1<;,j<3, Where

00 ol x1—2H 00 2H42 x1—2H
My = et —————dx, My = h —————d
1 /0 (h262 + x2) o 12 /(; (h202 + x2)2 x
) 1-2H 00 1-2H
My = f M o)X gy, My = f B2 cos(x) ————dx
0 h h292 + x2 ’ 0 (h292 + xz)
> m i
M22 =[) h COS(X)mdx,
00 o1 X xl—ZH
M3 = /(; —2h IOg(z) COS()C)de
00 ol xl—2H
M31 =/0 h cos(2x)mdx,
© Hia 1-2H
Ms = /0 h cos(2hx)—(h202 e dx
00 - ¥ x!-2H
M33 = A —2h lOg(z) COS(Z}C)md}C
Since log(3) = log(x) — log(h), the determinant of M is equal to ROH+2 multiply the

determinant of the following matrix:

1-2H 00 1-2H
fO mdx fO (hz%sz)zdx f 210g(x)h292+x2dx

_ 2H
N=1 [~ cos(x)mdx I cos(x)mdx I —210g(x)cos(x)h292+x2dx

-/0 COS(2X)Wd.X f() COS(2X)de fo 210g(x)cos(2x)mdx
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Namely, the determinant det(J) is a negative number multiplied by the determinant det(N).
Denote 8’ = h6. The determinant of N a function of two variables only: 6" and H. The plot
in Fig. 2 shows that det(N) is positive for H € (0.03, 1) and 6’ € (2, 10). Combining this
with (B.2) and (B.3), we see that on

Dy ={H > 0.03,2 < 6h < 10,0 > 0} B.4)

det(J) is strictly negative hence is not singular.

Appendix C: Numerical results

For all the experiments, we take 7 = 1.

C.1. Strong consistency of the estimators

In this subsection, we illustrate the almost-sure convergence by plotting different trajectories
of the estimators. We observe that when log, (n) > 14, the estimators become very close to
the true parameter.

However, since our estimators are random (they depend on the sample { Xy, };_,), what’s
important to see in these figures is the deviations from the true parameter we are estimating.
Even if three trajectories are not enough to make statements about the variance, the figures
predict that the variance of 6, is very high compared to the other estimators (see Figs. 3, 4)
and that, for H close to 0 (see Fig. 5), the deviations of FI,, increase.

C.2. Mean and standard deviation/Asymptotic behavior of the estimators

It is important to check the mean and deviation of our estimators. For example, a large
variance implies a large deviation and therefore a “weak” estimator. That is why we plotted
the mean and variance of our estimators for n = 2!2 over 100 samples.

As we observe, the standard deviation (s.d) of 8, is larger than the s.d of 6,, which is larger
than the s.d of H, (see Tables 1, 2). Notice also that the s.d of H, increases as H decreases.

In Hu and Song (2013), the variance of the 6 estimator is proportional to 2. In our case,
it is difficult to compute the variances of our estimators (they depend on the matrix X (see
Theorem 4.3) and the Jacobian of the function f (see Eq. (3.9)), however we should probably
expect something similar which could explain the gap in the variances since the values of 0
are usually bigger that the values taken by o or H.

Having access to 100 estimates of each parameter, we are also able to plot the distributions
of our estimators to show that they effectively have a Gaussian nature (4.5) (Figs. 6, 7, 8).

Remark C.1 In practice, one may already know the value of one parameter, o for example. In
this case, it is important to point out that the estimators perform a lot better. For example, in
Fig. 9, we plot the density of 6, and H,, foro = 1, H = 0.6, 0 = 6 and for log, (n). Observe
how the variance of the estimators is a lot smaller and the shape of the density is smoother.
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Different paths of Hn for Ho =04
T T

T

log,(n)

Different paths of Hn for Ho =07
0.85 T T T T

08

06 \ /

05 1 L L | L

g 8 9 10 " 12
Iogz(n) - n = number of observations

Fig.3 Convergence of ﬁ;, for H=0.7and H =04 (0 =6,0 =2)
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Different paths of ¢ i for 90 =6
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log,(n)

Different paths of o, for ao=2

Fig.4 Convergence 0f671 for0 =6,H=0.7,0 =2

T

5.5

1 1
10
log,(n)

Fig.5 Convergence of 6, ford =6, H =0.7,0 =2

@ Springer



Statistical Inference for Stochastic Processes (2021) 24:327-351

347

Table1 H =0.7,0 = 6 and
o=2

Table2 H =0.4,0 = 6 and

o=2

Mean Standard deviation
Hy, 0.704 0.0221
On 6.2983 0.8288
& 2.0921 0.2117

Mean Standard deviation
H, 0.4392 0.0531
O 6.832 1.3227
G 2.4785 0.3833
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Distribution of H_for H =0.7 and n=2"2

(100 points)
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Fig.6 Distribution of H,, for H = 0.7 and H = 0.4 while § = 6,0 =2
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Fig. 8 Distribution of 6;, for0 =6, H =0.7,0 =2
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density plot of H_ for log,(n)=10
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density plot of 0, for Iogz(n)=10

=6, H=0.6
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Fig.9 Density plots of 6, and H, when o is known (= 1)
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