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Abstract

We study the parameter estimation problem for discretely observed Ornstein—Uhlenbeck
processes driven by a-stable Lévy motions. A method of moments via ergodic theory and
via sample characteristic functions is proposed to estimate all the parameters involved in the
Ornstein—Uhlenbeck processes. We obtain the strong consistency and asymptotic normality
of the proposed joint estimators when the sample size n — oo while the sampling time
step & remains arbitrarily fixed. We also design a procedure to select the grid points in the
characteristic functions in certain optimal way for the proposed estimators.
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1 Introduction

Let (£2, F, P) be a basic probability space equipped with a right continuous and increasing
family of o-algebras (F;,¢ > 0) and let (Z;,¢ > 0) be a standard «-stable Lévy motion
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with Z; ~ S,(1, B8,0), where « is the stability index and B € [—1, 1] is the skewness
parameter (we shall briefly recall the relevant definitions in next section). The so-called o-
stable Ornstein—Uhlenbeck motion X = (X;, t > 0), starting from a point xo € R is defined
as an Ornstein—Uhlenbeck processes driven by the «-stable Lévy motion Z;. It satisfies the
following stochastic Langevin equation

dX, = —0X,dt +odZ,, tel[0,00), Xo=xo, (1.1)

where 6, o are some constants. It is well-known (see Theorem 17.5 in Sato 1999) that if
0 > 0, X, is ergodic and it converges in law to the random variable X, = o Ooo e 95d7,.

From the above definition we see that the cr-stable Ornstein—Uhlenbeck motion X; depends
on the following parameters: the stability index «, the skewness parameter g, the drift param-
eter 0 and the dispersion parameter o. In this work we assume that the values of these
parameters are unknown but the «-stable Ornstein—Uhlenbeck motion (X;,¢ > 0) can be
observed at discrete time f; (For simplicity, we let #x = kh for some fixed 4 > 0). We want
to use the available data {X,,k = 1,2, ..., n} to estimate the parameters o, 8, 0, and o
simultaneously.

The parametric estimation problems for diffusion processes driven by a Lévy process such
as compound Poisson process, gamma process, inverse Gaussian process, variance gamma
process, normal inverse Gaussian process or some generalized tempered stable processes
have been studied earlier. Let us mention the following works: Brockwell et al. (2007),
Masuda (2005), Ogihara and Yoshida (2011), Shimizu (2006), Shimizu and Yoshida (2006),
Spiliopoulos (2008), and Valdivieso et al. (2009). In these works it is considered the quasi-
maximum likelihood, least squares estimators, or trajectory-fitting estimator and it is also
established the consistency and asymptotic normality for those estimators. Masuda (2010)
proposed a self-weighted least absolute deviation estimator for discretely observed ergodic
Ornstein—Uhlenbeck processes driven by symmetric Lévy processes. For some recent devel-
opments on estimation of drift parameters for stochastic processes driven by small Lévy
noises, we refer to Long (2009) and Long et al. (2013, 2017) as well as related references
therein.

However, all aforementioned papers did not cover the case that the noise is given by an
«-stable Lévy motion. When the noise is an «-stable Lévy motion the process does not have
the second moment which makes the parametric estimation problem more difficult. In this
case there are limited papers dealing with the parametric estimation problem. Let us first
summarize some relevant work. Hu and Long (2007, 2009) proposed the trajectory fitting
estimator and least squares estimators for the drift parameter 6 assuming other parameters
a, B, and o are known and under both continuous or discrete observations. They discovered
that the limiting distributions are stable distributions which are different from the classical
ones where asymptotic distributions are normal. Fasen (2013) extended the results of Hu and
Long (2009) to high dimensions.

To deal with the discrete time observations, which is the common practice and the main
focus of this paper, in most literature, one needs to assume that the time step /4 depends
on n and converges to 0 as n goes to infinity. This means that a high frequency data must
be available for the estimators to be effective. In some situations such as in finance high
frequency data collection is possible. But in many other situations high frequency data
collection may be impossible or too expensive. To construct estimators applicable to this
situation, one has to find consistent estimators which allow 4 to be an arbitrarily fixed con-
stant. Along with this line, some progresses have been made in Hu and Song (2013) and Hu
et al. (2015) for Ornstein—Uhlenbeck processes or reflected Ornstein—Uhlenbeck processes
driven by Brownian motion or fractional Brownian motions as well as Zhang and Zhang
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(2013) for Ornstein—Uhlenbeck processes driven by symmetric «-stable motions. The idea
is to use the ergodic theorems for the underlying Ornstein—Uhlenbeck processes to construct
ergodic type estimators. The strong consistency and the asymptotic normality are proved
when the time step /& remains constant (as the number of sample point n goes to infinity).
However, in the above papers, one can only estimate the drift parameter 6. There have been
no available estimators simultaneously for all parameters. The main goal of the present paper
is to fill this gap. We want to simultaneously estimate all the parameters 0, o, o and f in the
a-stable Ornstein—Uhlenbeck motion (1.1). We still use the generalized method of moments
via ergodic theory. But since the «-stable motion has no second or higher moments we shall
use the sample characteristic functions. Namely, we use the following the ergodic theorem:
limy s 0o % ZZ:l fXy) =Ef (5(0) almost surely, where we recall that the distribution of

X » 18 the invariant measure of the a-stable Ornstein—Uhlenbeck motion X,;. However, this
cannot be used to estimate all the parameters 0, o, o and 8 since we cannot separate all the
parameters in the stationary distribution of X o (see Remark 1). The idea is then to use a more
sophisticated ergodic theorem: lim,,_ % Z}:zl f Xy, Xyy) = IEf()?o, f(tl), where }2’,
satisfies (1.1) with initial condition )N(() having the invariant measure (namely, )~(0 and )Nf(,
have the same probability measure) and being independent of the «-stable motion Z;. Note
that the explicit forms of the probability density functions of X, and the joint probability
density function of X¢, X » are unknown except for some very special parameters. However,
itis possible to find the explicit forms of the characteristic functions of X » and that of X 0> X -
These characteristic functions will be used to construct estimators for 6, @, o and S.

To validate our approach we have done a number of simulations to illustrate our estimators.
First, we simulate some data from (1.1) assuming some given values of «, 8, 0 and o. Then
we apply our estimators to estimate these parameters. The numerical results show that our
estimators are accurate and converge fast to all the true parameters. Our estimators work for
all fixed i1 > 0 (even large k) although we list only & = 0.5 (which is already big enough).
As discussed in Rosinski (2002) and Zhang (2011), the Euler scheme in simulating Ornstein—
Uhlenbeck process driven by a Lévy process is seldom used. To save computation time we
find a way to simulate the a-stable Lévy motion { X5,k = 1, ..., n} in a straightforward
way without any extra computations.

We note that another method of estimating all the parameters for time series models is the
ECF (empirical characteristic function) method discussed in Knight and Yu (2002) and Yu
(2004). They fit the ECF to the theoretical one continuously in frequency by minimizing a
distance measure between the joint CF (characteristic function) and joint ECF. Under certain
regularity conditions, they established consistency, asymptotic normality, and the asymptotic
efficiency of the proposed ECF estimators. The i.i.d. case was discussed much earlier by
Paulson et al. (1975) and Heathcote (1977), where they called it the integrated squared error
method.

In this paper we employ the well-known generalized method of moments (GMM) for
parameter estimation. GMM is referred to a class of estimators which can be constructed
by utilizing the sample moment counterparts of population moments. It nests the classical
method of moments, least squares method, and maximum likelihood method. GMM has been
extensively studied and widely used in many applications since the seminal work of Hansen
(1982). In particular, GMM has been successfully applied to parameter estimation and infer-
ence for stochastic models in finance including foreign exchange markets and asset pricing
in Hansen and Hodrick (1980), Hansen and Singleton (1982), Harvey (1989), Zhou (1994),
Brandt (1999), Cochrane (2001), and Singleton (2006). For a comprehensive treatment of
GMM, we refer to Hall (2005). For generalization and improvement on GMM, we refer to
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Qian and Schmidt (1999), Carrsasco and Florens (2000), Duffie and Glynn (2004), Newey
and Smith (2004), Smith (2005), Hall et al. (2007), Bravo (2011), and Lynch and Wachter
(2013).

The paper is organized as follows. In Sect. 2, we recall some basic results for ¢-stable Lévy
motions which we need in this paper. In Sect. 3, we construct estimators for all the parameters
in the a-stable Ornstein—Uhlenbeck motion by using ergodic theory and sample characteristic
functions. The consistency of the estimators is established. The asymptotic normality of the
jointestimators is obtained and the asymptotic covariance matrix is computed. The asymptotic
covariance depends on the parameters we choose in the characteristic function. We also design
a procedure of selecting the four grid points used for the parameter estimation in certain
optimal way. Section 4 provides validation of our estimators from numerical simulations.
The values of the (true) parameters are given and then they are used to simulate the a-stable
Ornstein—Uhlenbeck motion X,. With these simulated values we compute our estimators and
compare them with the true parameters. Numerical results show that our estimators converges
fast to the true parameters. Finally, all the lemmas with their proofs, proof of Theorem 1,
and the explicit expression of the crucial covariance matrix defined in Sect. 3 are provided
in Sect. 5 (“Appendix”).

2 Limiting distributions of a-stable Ornstein-Uhlenbeck motions

We first recall some basic definitions. A random variable 7 is said to follow a stable distri-
bution, denoted by n ~ Sy (o, B, y), if its characteristic function has the following form:

exp {—o®ul® (1 —iBsgn(u)tan ) +iyu}, ifo #1,

= E[e/"] =
nla) e {exp{—a|u|(1+iﬁ§sgn(u)log|u|)+iyu}, ifo=1.

In the above definition @ € (0, 2], o € (0,00), B € [—1, 1], and y € (—o0, 00) are called
the index of stability, the scale, skewness, and location parameters, respectively.

We shall assume y = 0 throughout the paper. This means that we consider only strictly
«-stable distribution. If in addition 8 = 0, we call n symmetric «-stable.

Definition 1 An F;-adapted stochastic process {Z,;};>¢ is called a standard «-stable Lévy
motion if

(i) Zop=0,a.s.;
(i) Z — Zs ~ Su((t —=)'/*, B,0), 1 > 5 > 0
(iii) For any finite time points 0 < so < §1 < -+ < §, < 00, the random variables

Zsyy Zsy — Zsys oo Zs,, — Z are independent.

Sm Sm—1

Stochastic analysis with respect to a-stable motion has been studied by many authors.
We refer to Janicki and Weron (1994), Samorodnitsky and Taqqu (1994), Sato (1999), and
Zolotarev (1986) for more references.

When Z is an «-stable Lévy motion, the stochastic Langevin equation (1.1) has a unique
solution which is given explicitly by

t
X, =eVx+o / e gz, 2.1
0

It is known that the «-stable Ornstein—phlenbeck motion X, has a limiting distribution
which coincides with the distribution of X, = o fooo e 95dZ, 1tis also well-known that X,
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is ergodic. This means that for any function f : R 4 R such that E| f (X,)| < oo we have
1 n
lim 3 (X)) =E[f(X,)] 2.2)
n—>oon 4 f
j:

almost surely. The explicit computation of the above right hand side is usually difficult
for general function f since the the explicit form of the probability density function of
X, is not available. But when f has some specific form (the characteristic function), it is
explicit which is given below. The limiting random variable X, is a-stable with distribution
(3 ! )1/ “Sq(o, B,0) = Sy (o( )1/ “ B,0) (via time change technique and self-similarity).

So the characteristic function of X, in this one-dimensional case is given by

p{— Jul® (1 — i Bsgn(u) tan % )], a1,
exp{—5lul (1 +ipZsgn(w)loglul)}, ifa=1

¢ (u) = E[exp(iuX,)] = (2.3)

Remark 1 Since the probability distribution is uniquely determined by its characteristic func-
tion we see from the above expression (2.3) that the probability distribution function of X is
afunction of 25 " . We cannot separate «, o, and 6. This further implies that for any measurable

function f the expectation E| f (X 0)| is also a function of gg when it is finite.

The ergodic theorem (2.2) can then be written as

lim — Zexp(luX,]) =¢Wm), uelk, a.s. 2.4

n—-oo n

This identity will be used to construct statistical estimators of the parameters appeared in
(1.1).

One may think to use the ergodic theorem (2.2) to estimate all the parameters: There
are reasons to support this thought; one may choose f differently to obtain sufficient large
number of different equations, which may be used to obtain all the unknown parameters.
However, this is impossible in our current situation since in the stationary distribution, as

we can see from its characteristic function (2.3), one can only estlmate as a whole. For

example, one can not separate o and 6 in the characteristic function ¢ (u) Of Xo. This forces
us to seek other possibilities. To this end we shall use the ergodic theorem for X; — X,_,.
More precisely, from Theorem 1.1 of Billingsley (1961), it follows

1 R
lim — Zexp[iu(X,k - X, D= E[e™*Xrn=X0)]  almost surely, (2.5)
n—-oo n k:l

for arbitrarily fixed u € R, where X, satisfies the Langevin equation (1.1) with f(o = X’(,.
To make this formula (2.5) useful for the statistical estiplatiog of the parameters, we need to
find the explicit form of the characteristic function of X; — X¢. From (1.1), we have

h
Xn = e_th() + ge " / e‘%dZS
0
and

h
Xn—Xo= (" - DXo+ oe*éh/ edz,.
0
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—abh

—on [h 0 1- 1« &
Note that Xo = Xo and oe f eSdzZ, ~ o( ee ) Z1. Note also that Xy and

oe 0h foh edz ¢ are independent. Therefore, we find

W (u) = Elexp{iu(X), — Xo)}]
h
= Elexp{iu(e " — 1)Xo)}|E[exp{iuce " / e dz)
0

exp |~ " [(1 = =oM% (1 + i Bsgn() tan %)
= +(1—e ) (1 —ipsgn)tan )]},  ifa#1; (26)
ex 20(1—e7") if @ =
Py~ ] |Lt| ) ifa=1.

3 Moment estimation of all parameters

In this section, we assume that all the parameters 0, o, « and 8 involved in the a-stable
Ornstein—Uhlenbeck motion (X;, > 0) are unknown and we follow Press (1972) to estimate
them based on the discrete time observations {X;,, ..., X;, }, where as in the last section
tx = kh for some fixed time step h.

As we explained in Remark 1 or paragraphs after that remark, we cannot use (2.4) alone

to estimate all the parameters in the «-stable Ornstein—Uhlenbeck motion X; given by (1.1).
n lM(Xt —th 1)

As indicated in Sect. 2, we shall use (2.5) which motivates us to set % Mn j=1€

v (u).

We define the empirical characteristic functions (]Abn (1) and g&n (v) as follows:
1 & 1

Pn(u) =~ Zlexpauxt‘,.), n() = Zle"p liv(Xy;, — X;, ).
j= j=

Motivated by (2.4) and (2.5), we can estimate all the parameters by matching the empirical
characteristic functions ¢,, (u) and lﬂn (v) with the corresponding theoretical characteristic
functions ¢ (u) and 1 (v), respectively as given as follows

bn() = Ppu); G.1)
(V) = ¥ (), (3.2)

where u, v are two constants to be appropriately chosen so that the parametric estimators for
all parameters can be constructed.

3.1 Methodology of parameter estimation

Now we provide the details to obtain the estimators for the parameters in the order of «, 0,
o, and B. We shall first find the moment estimator for «.

3.1.1 Estimator for @

Choose any arbitrarily two non-zero values u and u; such that u; # u». Then, we have

o

) + alog |u], 3.3)
b

2
log(— log |¢ (1)) =log( ’

@ Springer



Statistical Inference for Stochastic Processes (2020) 23:53-81 59

o

2
log(—log [¢ 42) %) = log ( o

) + alog Jual, (3.4)

where ¢ (1) is deﬁngd in (2.3). Subtracting the Eq. (3.4) from (3.3), and replacing ¢ (1) with
its estimated value ¢, («) as indicated in (3.1), we find an estimator of « as follows

log <10g Iq:ﬁn(uz)\>
A I n
Gy = — L el (3.5)
og

lutl

Since for any fixed u € R, dA),l (u) converges to ¢ (u) almost surely, we see that &, converges
to o almost surely.

3.1.2 Estimator for 0 given a

To construct an estimator for # (which depends on the estimation of «), we need to use the
characteristic function v () of X; — Xjo. It is easy to verify from the expressions (2.3) and

(2.6) of ¢ (u) and ¥ (u)

1 2
VeIV _ (| _ gtiya 4| _ gmath, (3.6)
log ¢ (u)|?
For any arbitrarily u, denote
_ log |y @) an
log [ (u)|? '
and rewrite Eq. (3.6) as
(1—e™y* 41 —90h — 5, (3.8)

This is a nonlinear algebraic equation of 8, when « and § are considered as given. To simplify
notation, we denote A = ¢~%" and then 0 is related to A via

0 = —logA/h.
With this substitution, the Eq. (3.8) can be written as an equation for A:
(I=0+1-1%=3. (3.9)

Let &5 (a, 8) denote the solution of the above equation. Then we can construct an estimator
for 6 by

b, = —log (A) /h, where = (G, 8n). (3.10)
Here @, is the estimator for « defined by (3.5) and

5 _ loglmuy)?
n — ~
10g [¢hn (u3)[2

with ¢n (u3) and 1//,, (u3) being defined by (3.1) and (3. 2) when u = u3 # uy # uj. Since
a, — a a.s. andS — § as., wehavek — A a.s. and@ — 0 a.s.

Our estimator 0,, depends on the function ¢ (o, §), which is the solution to (3.9). This
is a simple algebraic equation. There are many methods to solve general algebraic equation
numerically. Here we shall use the Newton’s method. Denote

(3.11)

g0 = g0, G, 8p) = (1 — )% 41— 2% 3§,
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For any fixed value of 6, we can always choose & fixed but small enough (e.g. 0 < h <
In2/6) such that & = = (%, 1) and 0 < 3,1 < 1. Note that g is decreasing with
derivative g (A) = —&,[A% 1 + (1 — )%~ 1] < 0for A € (%, 1), g(%) =1-6,>0and
g(l) = —3,, < 0. Hence there is a unique root for g(A) in the interval (%, 1). Namely, there
exists a unique An € (%, 1) such that g():n) = 0. Then, the Newton’s method to approximate

)A\,, is as follows. First, we define 1, o = % Then, we define

& (An,m)

G » o m=0,1,2,... (3.12)
g ()\n,m)

)m,m—H = )‘n,m -

” A o~ 2—Gn _(1_3)2—an . ~
Note that g" (1) = & (& — 1)% >0ifl <é, <2and A € (1/2,1). In

this case, we have global convergence of the Newton’s iterations {A,, m}fn"zl. In fact, let the
approximation error at the (m + 1)-th interation be €, 11 = Ap,mt1 — ):,,. By (3.12), we

have
&n,m)
g Gonm)

"
%wsﬁ m < 0, where &, ,, is between
8 (Anm) ?

An.m and )A\,,. This implies that A, ,, < ):n for each m > 1. Since g is decreasing, we have
gAnm) > g(in) = 0. Thus &, m+1 > €n,m and Ay 41 > Ap,;, for each m > 1. Hence, the
two sequences {&,, ; } o and {A, »}°7_, are increasing and bounded from above. Thus there
exist ) and A}y such that

(3.13)

En,m+1 = Enm —

Then by Taylor expansion we find that &, ,,+1 =

. " . .
lim e, , =¢,, lim Ay, =A,.
m— 00 m—0Q

Thus, by (3.13), it follows that
)\*
or =g — Sn) (3.14)
g )

This implies that g(1)) = 0 and consequently 1 = .

Now, when 0 < &, < 1, we can use similar arguments to show that Newton’s method
converges to the unique root An of g(A) from any starting point (namely we have global
convergence of the Newton’s method).

3.1.3 Estimator for o given @ and 8

Next we turn to the estimation of 0. Let 7 = % and o is related to t by

{logr +loga +logh —logZ}
o = exp
o

_ logt +loga +log6 —log2

log o (3.15)

o

Thus, the estimation of o is reduced to the estimation of t since we already have estimators
for o and 6.

To obtain an estimator for o (or for log o), we may use any one of the Egs. (3.3) and (3.4).
However, we shall use both of these two equations in the following way, which will eliminate
the explicit dependence on «. Multiply Egs. (3.3) by log |u3| and multiply Egs. (3.4) by
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log |uy|. Taking the difference yields
log (|u1]) log (= log ¢ (u2)|*) — log (lu2]) log (~ log ¢ (1))

logt = (3.16)
Ju1]
log iy
From this identity, we construct the estimator for 7 as follows
log (ju1]) log (— log | (u2) ) — log (luz]) log (~ log ) )
logt, = ] ,  (3.17)
log 15
where QAS,, (u) is given by (3.1) . Thus, we can construct the estimator for o by
log %, + log &, + log#, — log?2
&me:%%+OWT+%n Og}. (3.18)
(7]

Based on the almost sure convergence of <13n (u) to ¢ (u), we see easily that 6, — o almost
surely.

3.1.4 Estimator for 8 given a, 8, and ¢

Finally, we discuss the estimation of the skewness parameter 8 € [—1, 1]. Note from (2.3)
that for ¢ # 1, we have

3@\ _ o ramy
arctan (W) = ﬂ@ tan (7) lu|”sgn(u), (3.19)

where J(¢ (1)) and (¢ (1)) are the imaginary and real parts of the complex valued function
¢ (u), respectively. In order to make sure that the right hand side is in the range of arctan,
7T

choose u = uy in (3.19) such that =% < - tan (%) [u|*sgn(u) < % . Replacing ¢ (u4), a,
0, and o by ¢3,, (u4),0y, én, and 7, we can construct an estimator of /3 as follows
. 80 arctan[(zl | sin u;;X,/)/(Zl | cos u4X,I)]

Pn = (3.20)
Un 2" tan(@, 7w /2) |us |oz,, sgn(u4)

When « = 1, we have

. 6, arctan[(3"_, sinua X;,) /(3" cosua X;,)]
fr=—— ZAl D2 Ziay (3.21)
OonZ 2 Jog |us|sgn(ug)

By the almost sure convergence of &, Gn, 0, and én (u4), we can easily get the almost sure
convergence of 8, to B.

3.2 Joint asymptotic behavior of all the obtained estimators

In this subsection, we are going to study the joint behavior of the estimators of all the
parameters «, 6, o, and . We let n = («, 0, o, BT and 7, = (G, é,,, O, ﬁn)T. Our main
task is to compute the asymptotic covariance of the estimators of all the parameters «, 6, o,
and 8. We want to compute the covariance matrix of the limiting distribution of /n(7, — 7).
Due to the difficulty that the -stable Ornstein—Uhlenbeck motion has no second moment,
we shall discuss how to find the asymptotic covariance matrix of /n(#), — 1) in detail.
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For any nice function f denote

n 1 n
Su(f) = ;f(xz,) and Tn(f>=;j§f(x,_,.—xtj,l>. (3.22)

1
n<
J

Let F,,(x) = cos(ux)and G, (x) = sin(ux).Thenqgn(u) = S, (F)+iS,(Gy,) and|q3,,(u)|2 =
S,%(Fu) + Sg(Gu)' Let Vi1 = Sn(Ful)s Vi = Sn(Gul)a Viz = Sn(Fuz)’ Vg = Sn(Guz)s
VnS = Sn(Fu3)s Vn6 = Sn(Gu3)7 Vn7 = Tn(Fu3), Vn8 = Tn(Gu3)s Vn9 = Sn(Fu4)’ anO =
87 (Gu,). We need first to compute the asymptotic covariance matrix associated with

Vi = (Vat, Vizs Vass Vad, Vs, Voo, Va7, Vass Vao, Vo) .

Then we shall use this computation to find the asymptotic covariance matrix of 7.
To compute the asymptotic covariance matrix associated with V,, we consider the func-
tional S, (f) and T, (f) as a special case of

1 n
Ra(f) =~ Xy, X,

j=1

where f(x, y) is a function of two variables. It is well-known that for two functions f(x, y)

and g(x, y), the asymptotic covariance cov(y/n R, (f), /N R, (g)) of /n R, (f)and /nR,(g)
is given by

Opg = lim cov(v/nRy(f). V/nRu(g)) = cov(f(Xo. Xp). g(Xo. Xn))

+ Z[COV(f(ffo, Xn), (X jny X(j+0n)) +cov(g(Xo, Xpn), £ (X, X(j4n)]-
=1

The asymptotic covariance matrix of V,, will then be given by the covariance matrix
Lo i= lim (cov(Vak, Var))i<k.i<10 = (Ogg)1<k1<10, (3.23)

where

g1(x,y) = F;, (x), g2(x,y) = Gy, (x), g3(x,y) = Fy,(x),
g4(x,y) = Gy, (x), g5(x,y) = Fyuy(x), go(x,y) = Guy(x),
g71(x,y) = Fius (y — x), g8(x,y) = Gu3(y — x),

go(x, y) = Fuy, (%), gro(x,y) = Gy, (x).

Let v = (v1,v2,...,v10)7, where v; = E[g;(Xo, X1)],j = 1,2,..., 10 . The explicit
expressions of the elements in the covariance matrix X'jo will be provided in “Appendix”.
Forz = (z1, ..., 210)T, we define the following functions

P1(2) = log (—log(z} +23)), 12(2) = log (—log(z3 + 23)),

log(z%+z§) ~ (zm )
—=—1 & = arctan ( ).
log(z2+22) 7a(2) 29

73(z) =
Then, basic calculation shows that

71 i= 71 (v) = log (25 ) +alog Juil.

y2(n) := y2(v) = log (%) + alog |uz|,
y3m) = P3(v) = (1 — e 41 — 720,
va(m) = 74 (v) = BZ5 tan (%) |ual*sgn(us).
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A A N N N N Ay
Let 7(2) = (71(2), 72(2), 73(2), 7a(2) for z € RO, p(D(g) = (ﬂ and

ym = 1), v2(n). y3(n), ya()!. We have

8)/1

071

ay!

023

8)/2

073

8)/2

071

ar? _

075

8)/3

927

3)/3

071

8)/4

029

_ -2z % _ -2z
(}+2DlogZ2 +23)° 922 (2] +23) log(z? + 23)
9 1
9z10
_ —2z3 % _ —2z4
(B +zDlogZ3 +2D)" 024 (3 +zD)log(zd +23)
ay? dy? ay?
— 0, L — L —_ .. = 71/ = 0
922 0zs 0210
—2z5 log(z% + Zé) 87)/3 2z log(z% + z%)

@ HD)logk2 42D 0z (22422 logk (22 +22)
_ 2z7 ﬁ _ 278
(ZZ+zDlogz2+23) " 928 (23 +z3) log(z +22)
B B 8)/3 B 3]/3 B 8)/3 o
B 9z9  0z10
—z10 oy? 29 ay* oy
_2 5 =2 7 72...2720,
5 +27  9z10  zgHzy 921 0z8

Let @n(n) = ((pl,n(n)a (DZ,n(n)s <1>3,n('7), (p4,n(77))T, where ®j,n(77) = );j(Vn) -
yi(m), j = 1,2,3,4. Then, we know that 7}, is the generalized moment estimator of ,
which satisfies

Basic calculation gives

an
do
i
Ja
s
do
By
a0
ays
do
%
do
%
a0
%
do
By
op

=logo

¢n(ﬁn) =0.
1 a 1 9 a
=logo — — +log|uy|, ﬂ:—7, ﬂ:g, ﬂ:0;
o a0 0 do o aB
1 d 1 0 a 0
——tlogll, Z=-- 2% 2oy,
o a6 0 ao o ap

= (1 — e ™ log(1 — ™) + Bhe ",

— ahe—Qh(l _ e—@h)(x—l _|_ ahe—o{@h’

Iy3

=0,

_ Bo®luslsgn(us)

=0;
op

T

[log(a|u4|) tan (%) —a 'tan (ﬂ>

1077 2

o amr o
= _'BW tan (7) lugl“sgn(uq),

a—1

o
=p

o

0

0

o
tan (

tan (%) ug|®sgn(us),

: ) ual”sgn(ueg).

(3.24)

T 2%)]
+2sec(2 :
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Note that
Vy@n(n) = =Vyy (), (3.25)
where
vim)  Iyim) Iy dyi(m)
da 90 do 9B
Iy  Iypm  Inm IO
_ Ja 90 do 2B
Virm = | astp o anm  anm |- (3.26)
Ja 90 do 9P
dya(n)  dya(n)  dyalm)  dyaln)
da 20 do 9B

For convenience, let I (n) = V,y ().
Finally we have the following main result.

Theorem 1 Fix an arbitrary h > 0. Denote n = (@, 8, 0, B)! and f, = (@n, O, 60, BH)T,
where Gy, O, 6, B are given by (3.5), (3.10), (3.18), (3.20) and (3.21), respectively. Then
we have the following statements. (i) The ergodic estimators 1, converges to n almost surely
as n — oo. (ii) As n — 0o we have the following central limit type theorem:

V(i =) 5 N©, Zy), (3.27)

where

=y =) V) Z10 PN m)HT.

3.3 Optimal selection of the four grid points {uq, us, u3, us}

Following some ideas in Zhang and He (2016), we shall discuss how to select the four grid
points {u1, uz, u3, us} in certain optimal way. We first choose a relatively extensive grid set
consisting of K grid points defined by

ka
Ak =1—,k=1,2,..., K¢,
=% }

where a is a fixed positive number, and K is a relatively large positive integer. For example,
we can set a = 5 (or 8, 10 etc) and K = 200 (or 400, 500 etc). For a finite set A, we use
min — arg minye4 f(x) to denote the minimal value of x € A that minimizes f(x). Note that
the values that minimize f(x) are not always unique. We will use the following two steps to
select four grid points {u1, ua, u3, ua} optimally.

Step 1. We choose

{MT’ u;’ u; MI} = {I’le,n’ ﬁ;,n’ ﬁﬁn’ ﬁZn} C Ak

arbitrarily in an increasing order, i.e. u7 < uj < uj < wuj. Then we compute 7, =
(0, O, 6 ,3,,), Z‘jf,n = X4(Nn, {ﬁ]“’n, 12;,1, ﬁ;n, ﬁ:n}) (which is the matrix X4 computed
by replacing n with 7),, in Theorem 1) as well as the closeness measure m(Xy ) =tr(Xf,)
(namely the trace of Ejf’n). ’ ,
Step 2. Adjust the location of {u}, u3, u3, uj} to {u7*, u3*, u3*, uy*} by

*% A ok : : A Ak Ak A%
uy" =iy, = min—arg min o om( X, {u, 03, U3, Uy, 1),
ue{ueAK:u<u§Jl,u7&u’fﬂ ’
ok Aok . . N A~k A~k A~k
uy" = uy, = min —arg _min o om( X, {ay,, w, u3 ,, uy 1),
uelueAg a7 <u<iy , u#i; ,
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N A~ sk : : A Aok A%k A~k
u3y" = i3, = min —arg _min o m(Za O, (U7, Uy, us iy, D),
ue{ueAK:uﬁ*n<u<uzn,u;éu§n
N A~ s . . A Aok A%k Ak
uj* = iy, = min —arg min_ (G (0 85, 05, u).
ue{ueAg u>n3" uFiy )

Step 3. Compute m (X% ), where

n
i = ZaQ ™ u3™s u3®, ug™y).
Then compute
m(T5,) —m(y5)
m(Z‘jf’n)

Pn =

Step 4. If p, > & (a pre-specified error value like 0.001), then set {u}*, u3*, u3*, u3*} to be
{u], u3, u3, u;} and repeat steps 2-3; else stop and output

{ur, uo, uz, uay = {ui™, us*, us*, uy*}.

Thus, we get our optimal selection of four grid points {u1, u2, u3, u4} and the correspond-
ing estimator 7, in terms of these four points.

4 Simulation

In this section we shall validate our estimators discussed in Sects. 3 and 4. We consider
the following specific a-stable Ornstein—Uhlenbeck motion determined by (1.1) which we
restate as follows:

dX,=—-60X,dt +odZ;,, Xo isgiven. “4.1)

First we describe our approach to simulate the above process. There have been numerous
schemes to simulate the above process. However, in all the existing schemes one needs to
divide the interval [0, T'] into small intervals 0 =t <) < --- <ty =T = nh such that
the partition step size 141 — tx = h goes to zero. This means that we would need to simulate
nh /ﬁ many random variables. As we need n — oo and we allow & to be a constant, this
will require too large amount of computations. For this specific Eq. (4.1), we shall use the
following scheme. This scheme may also be useful in other applications. For our scheme we
can allow /1 = h.
From (4.1) we see easily that

t
X, =e P09x 4 o/ e dz,.

s
Thus

(k+1)h
Xy = e_thlk + U/ 6_9((k+1)h_r)dz,-.
kh

Since f(r) = o ?(*+DA=r) j5 3 deterministic function we see that

(Db ., (k+1h «
o/ e OtDh=) 47 & / fmndt| Dz,
f kh

h

where D Zj, are iid «-stable random variables. Janicki and Weron (1994) proposed numerical
simulation of independent «-stable random variables. However, there is an error in Janicki

@ Springer



66 Statistical Inference for Stochastic Processes (2020) 23:53-81

and Weron (1994), which is corrected in Weron and Weron (1995). We shall use the following
formula to simulate D Zy:

cos(Uy — a(Ur + C))
Wi

1-a
DZ; = Dsin (Ui + aC) ( > /COS(Uk)“l-

Here, Uy, are iid uniformly distributed on (—%, %), Wj are iid exponentially distributed with

1
mean 1, D = (1 + % tan”> %) > and C = (arctan(B tan %)) /a.
Then, we have the iteration as

1
Xy = "X, +o——(1—e*MyuDZ,.
Ba)«

To be specific we choose the following baseline parameter values and simulate the process
in the interval [0, T'] with nh = T = 10000. We shall fix & = 0.5. For the four grid points
uy, uz, u3 and uyg, we select them in a certain optimal way which is discussed in detail in
the Sect. 3.3 and here we choose the ¢ = 12, K = 120 and € = 1073, Values of the four
parameters used are given in Table 1. Here we use two sets of values.

Tables 2 and 3 give the mean and standard deviation of the estimators with the first set of
assumed values of the parameters as the value of n changing from a smaller value to a larger
value. For the grid points, we are choosing them in the optimal way. So they are different for
different sample paths, here we just list one set of values. The optimal grid points we got from
one sample path are {5.0, 5.9, 6.0, 10.8}. We can see that as the value of n is getting larger,

Table 1 True parameter values .

for the following tables Variable p * c 0
Assumed value 0.4 1.7 0.2 2
Assumed value —0.6 0.6 0.4 5

Table 2 Mean of the estimators 4

&.0,6,f withh = 0.5 through ~ MCa0 n (x107)

500 paths at different value of n 0.8 1.2 1.6 2
o 1.7008 1.69458 1.6980 1.6994
0 2.0158 2.0117 2.0087 2.0049
o 0.2007 0.1989 0.1997 0.1998
B 0.3975 0.4063 0.4009 0.4029

Case:ax=1.7,0=2,0 =02,6=04

Table 3 Standard deviation of the 4
estimators &, 0, 6, 3 with Std n (x10%)

h = 0.5 through 500 paths at 0.8 1.2 1.6 2
different value of n

o 0.0233 0.0229 0.0169 0.0162
[4 0.0716 0.0604 0.0492 0.0405
o 0.0069 0.0066 0.0060 0.0051
B 0.0573 0.0435 0.0312 0.0278

Case:ax=1.7,0=2,0 =02,=04
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Table 4 Mean of the estimators

&.0,6, f with h = 0.5 through ~ Mean n (x10%

500 paths at different value of n 0.8 1.2 1.6 2
o 0.5926 0.5874 0.5907 0.5958
6 5.0948 5.1334 5.1137 5.0479
o 0.3933 0.3888 0.3919 0.3925
B —0.6378 —0.6560 —0.6442 —0.6018

Case:a =0.6,0 =5,0 =04,8=-0.6

Table 5 Standard deviation of the 4
estimators &, 8, &, /§ with Std n (x10%)

h = 0.5 through 500 paths at 0.8 1.2 1.6 2
different value of n

o 0.0188 0.0185 0.0160 0.0118
4 0.5300 0.3922 0.2761 0.2101
o 0.0547 0.0312 0.0279 0.0271
B 0.0639 0.0627 0.0515 0.0446

Case:a =0.6,0 =5,0 =04, =-0.6

our estimators converge to the true values of the parameters and their standard deviations
become smaller.

Tables 4 and 5 give the mean and standard deviation of the estimators with the second
set of assumed values of the parameters as the value of n changing from a smaller value to
a larger value. In this case, 0 < ¢ < 1 and B < 0. And the optimal grid points we got from
one sample path are {0.2, 3.1, 6.1, 9.0}. They are different for other paths. We see that the
estimators also have good consistency with relatively small standard deviations.

5 Appendix

5.1 Lemmas and proofs

In this subsection, we provide all the necessary lemmas with their proofs and the proof of
our main result (Theorem 1) presented in Sect. 3.

LetU = (U, Ua, ..., Uj0)T ~ N(0, X1¢). Then, we have the following result:

Lemma 1 We have the CLT

JaVe—v) 4 U (5.1)
Proof Let U = (Uj, Us, ..., Uj0)T be a normally distributed random vector with mean 0
and covariance matrix X1g. Then for any non-zero vector a = (ay, az, ..., ap)’ e RO,

we have a’ U ~ N (0, a” Z1pa). By the Cramer—Wold device (Theorem 29.4 of Billingsley
1995), it suffices to prove that

aT\/ﬁ(Vn —v) —d> alu.
Define K = a’ (g1, 82, ..., 810)" and K = K — E[K (X0, Xp)] = a” (81,82, ..., §10)" -

Note that the underlying Ornstein—Uhlenbeck process is stationary and exponentially a-
mixing (see Theorem 2.6 of Masuda 2007). Then by the univariate CLT Theorem 18.6.3 of
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Ibragimov and Linnik (1971) for stationary process with a-mixing condition, we have

a" n(Vy = v) = VAT, (K) 5 N (0, 03), (5.2)

where

o0
ok =Eu[K*(Xo, Xi)] +2) E,[K(Xo, Xi)K (X jn, X(jrnm)] = a” Zia.
j=1

Therefore, we have a” /n(V, —v) 4ot U for any non-zeroa € R!%. The proof is complete.

|

Lemma 2 We have the following CLT
NIRORESAIOU (5.3)
Proof Note that \/n®, () = «/n(y(Vy) — 7 (v)). The result follows directly from Lemma 1
and the delta method (see, e.g., Lemma 5.3.3 of Bickel and Doksum 2001). O

Now we are ready to prove our main result (Theorem 1).

Proof of Theorem 1 (i) It is obvious since each component of 7, converges to the corre-
sponding component of 1 almost surely as n — oo as discussed in Sects. 3.1.1-3.1.4.
(i1) By Taylor’s formula, we have

1
Dy (ip) — Pu(n) = /0 Vy@u(n + s(fin — m)ds - (fn — 1). (5.4

Let I,(n) = — fol Vy®u(n + s(f, — n))ds be invertible. Note that @, (7),) = 0. Then,
we have

Vi(in —m) = L)~ V/nd, (). (5.5

Note that (1, (77))_1 — (I(n)~" as. since A, — n a.s. Therefore by using Lemma 2
and Slutsky’s Theorem, we have

VG =) S Am) T PO U

The proof is complete.

5.2 Computation of the covariance matrix Z1¢

The explicit expressions of the elements in the covariance matrix X1 are given in this
subsection.
By using the characteristic function ¢ (1) given in (2.3), we define

Aow) = E(cosuXp)

¥ o¥ . o
=exp{ — —|u|*} cos | — |u|*Bsign (u) tan — |. (5.6)
b b 2
Bo(u) = E(sinuXo)
o¥ N ) o® oo o
=expy — —|ul|® ¢ sin | —|u|” Bsign (u) tan — . 5.7
ob of 2
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Computation of 04,¢,. From the definition of g; we have
[e.¢]
Og1g; = cov(cosuiXo, cosuiXo), +2 Z[cov(cos u1Xo,cosuiXp)l
j=1
= E((cos u1 Xo)*) — (E(cos u1 X))

o0
+2 Z {E(COS ulf(o cos ul}?jh) — E(cos ul)?o)E(cos ul)?jh)} . (5.8)
j=1
The first term in (5.8) is given by

. 2u1Xo + 1 11 -
E((cosui Xo)2) = B 3220 1Y 10 Tpcos2ui Xo)
2 272
L e (5.9)
=515 02uy). .

To compute the second term in (5.8) one needs
E(cos u1 Xo) = Ao(uy). (5.10)

Notice that [E(cos u X jn) = E(cosuy f(o) and then the second summand in the sum of (5.8)
is also given by the above formula. We write

- - I L
uXo+vX;p = (u+ ve P Xy + voe ?in / e dz,
0
and then we see
E [exp{iuf(o +ivth}]
o~ . Jjh
=FE [exp{i(u + ve_efh)XO}] E [exp{ivaeaﬂ’ / eanZS}i|

0

o

=exp { — Z—e [lu + vefejhl‘x (l — iBsign (u + vefgjh) tan %)

(1 — e~y (1 — iBsign (v) tan %)] } (5.11)
Let
Aj(u,v) = E(cos(uXo + vX i)

o
= exp{ — 279 [|u + ve*Q}hla + |U|a(1 _ e*(xO./h):I }

o
cos <U—0ﬁ tan % [Iu + ve " |%sign (u + ve M) + |v|¥(1 — e7%%)sign (v)] >

o
(5.12)

Bj(u,v) = E(sin(uXo + vX 1))

o
= exp{ — 2—6 [|u +ve %I 41— e_"‘efh)] }

o
sin <U—9,3 tan % [lu + ve " |%sign (u + ve M) + |v|¥(1 — e7*%)sign (v)] >
a

(5.13)

@ Springer



70 Statistical Inference for Stochastic Processes (2020) 23:53-81

From this computation we have the following formula for the first summand in the sum
of (5.8).

E(cosu1(Xo + X 1)) + E(cosui (Xo — X 1))
2
_ Aj(ul,ul)-i-Aj(ul,—ul). (5.14)
2
Substituting (5.9)—(5.10), (5.12), and (5.14) into (5.8) gives the computation for oy, .
Computation of 04,g,. From the definition of g we have

E(cos u; Xo cos ulffjh) =

oo
Ogrg, = COV(sinuy X, sinuy Xg) + 2 Z[cov(sinulxo, sinuy X jp)]
j=1

= E((sinu1 X0)%) — (E(sinu1 X))?

o0
+2 ZE(smul)Zo sinug X ) — E(sinug Xo)E(sinug Xj5).  (5.15)
j=1

The first term in (5.15) is given by

- 1 —cos2u; X 1 1 -
E((sin u; Xo)2) = E(%) = 3 — 5E(os2u1 Xo)
11
— = — —AyQuy). 5.16
773 0(2uy) (5.16)

The other terms appeared in (5.15) are given by
E(sinu; Xo) = Bo(u1) (5.17)
and

E(cosuy(Xo — Xjn)) — E(cosu (Xo + X))
2
Aj(ur, —uy) — Aj(uy, ur)

= 3 (5.18)

E(sin u X sin ulXj/,)

We can get 0y, ¢, from Eq. (5.15).

The method of getting ogs5, g, 545 Ogsgs> Tgage> Tgoge AN Tg g are essentially the same
as 0g,¢, and og,,, by simply changing the value of u.
Computation of 04,¢,. From the definition of g7 we have

0g,g7 = COV(COS ug(f(h — f(o), cos ug(f(h — )~(0))
oo

+2) [cov(cos uz(X; — Xo), cos u3(X(j 1y — X jn))]
j=1

= E((cos u3(X; — X0))?) — (Ecosu3(X;, — X))*

)
+ZZIE(COS u3()~(h — Xo) COSu3()~((j+1)h — f(jh))
j=1

— E(cos u3(Xj, — Xo)E(cos u3(X(j+1yn — X jn))- (5.19)
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The first term in (5.19) is given by

cos2uz(Xn — Xo) + 1)
2

1 1 = =
=3 + EIE(cos 2u3(Xp — Xo))

E((cos u3z(X) — X0))*) = E(
—1+1A(2 2u3) (5.20)
= > 5 1 usz, zu3). .

The second term in (5.19) is given by
E(cosu3(Xp — X)) = A1(—u3, u3). (5.21)

For any real numbers «# and v we have

u(Xp — Xo) + v(X(jr1n — Xjn)
— [u(e—eh _ 1) 4 U(e_e(j+1)h _ e—@jh)]XO

o0 o0
+/ uoefeheesl[o,h](s)dzs +/ v0679(1+1)hegs1[0,(j+1)hj(s)dZs
0 0

o0
- / voe Ve 11 i (s)d Zs. (5.22)
0
Therefore, we have

w;(u, v) = Elexp{iu(X — Xo) + iv(X(j4 10 — Xjn)}]
= Elexp{i[u(e " — 1) + v(e 0U+D _ o=0ihy1x,]

o0 o0
Elexpli (uoe™" / 10 (5)dZs — voe It / ¢ 1j0,jny(s)d Zs
0 0
o0
+v0679(”1)h/ e 110, (j+1m) ()d Zs)]
0
o
_ exp{ _ Lﬂu(ef@h — 1) + v(e OUHDE _ —0jhye
o

(1 — ipsign (u(e™" — 1) + v(e U+ _ o=0ily) tan %)
T lue 4 e 0UHDI _ yo=0ihe a0h _ 1y
(1 — iBsign (ue™ 4 pe0U+Dh _ ve_ejh) tan ?)
(1 — e M1 — e *UDh (1 + iBsign (v) tan %)
+ %1 — e My — i Bsign (v) tan ?)]}. (5.23)
Then the first summand of the sum in (5.19) is given by
E(cos u3(X, — Xo) cos MS(X(j—H)h - th))

1 . . . -
= 3 |:]E(cos uz((Xp — Xo) + (XG+vn — Xjn))

+E(cos uz (X — Xo) — (X(j+1yh — th))}

1
=5 [wjus, uz) + wjus, —uz)]. (5.24)

Then we can get 0, ,, from Eq. (5.19).
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Computation of 044, From the definition of gg we have

Ogggs = COV(sin u3()~(h — )~(0), sin u3()~(h — 5(0))
o0
+2) [eov(sinuz(Xp — Xo), sinuz(X(j1n — X jn))]
j=1

= E((sinus(Xj — X0))») — Esinuz (X, — Xo))?

o0
+22E(Sin us(Xy — Xo) sinus(Xj+nn — Xjn))

Jj=1
— E(sin uz(X; — Xo)E(sinu3(X(j 10 — X jn))-
(5.25)
E((sinu3(X), — Xo))?) = E(l — cos 2u32(xh _ Xo))
L P
= 5 — yE(cos2u3(Xy — Xo)
11
=5 M ). (5.26)
Esinuz(Xy — Xo) = Bi(—u3, u3). (5.27)

E(sin u3(X;, — Xo) sinus(X(jsn — Xjn) = % [E(COS(IB()N(h —Xo0) — us(X(j+in — Xjn)))
— E(cos(uz(Xy — Xo) — uz(X(j+1yn — th)))}
= %m [wjus, —uz) — wj(uz, u3)]. (5.28)
Then we can get 044, from Eq. (5.25).
Computation of 04, 4,. From the definition of g; and g we have

o0
Ogrer = cov(cos uj Xo, sin u1 Xo) + Z[COV(COSMXO’ Sinulf{jh)
j:1
+ cov(sinu; Xo, cosu; th)]
= E(cos u1 Xo sinu; Xo) — E(cos u1 Xo)E(sin u; Xo)

o0
+ Z[E(cos uj f(o sin u| X,h) — E(cosu; )?O)E(sin uy )?jh)
j=1

+ E(sin ulf(o cos lefjh) — E(sin ul}?o)IE(cos ulf(jh)], (5.29)
where

E(sin2u;Xo) 1

E(cosuy Xo sinuy Xo) = 5 = 5 BoCun), (5.30)
E(cosu1 Xo) = Ao(u1), (5.31)
E(sinu1 Xo) = Bo(uy), (5.32)
- - E(sinu1(Xo + X)) — E(sinuy(Xo — X
E(cos u; Xo Sinulth) _ (sinu(Xo + ]h)) . (sinuq(Xo ]h))
_ Bj(ul,ul)—Bj(ula_Ml)’ (5.33)

2
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E(sinu;(Xo + X;n)) + Esinuy (Xo — X 1))

E(sin u; Xo cos u X jp) =

2
_ Bj(ul,ul)‘FBj(ula_Ml). (5.34)
2
Similarly, we can get gy g, Ogsg6> Ogg1o DY Changing uy to uz, u3 and uy.
Computation of 04, ¢,. From the definition of g; and g3 we have
oo
Og,g3 = COV(COS ulf(o, cos u2)~(0) + Z[cov(cosulffo, cos ugf(jh)
j=I
+ cov(cos uzf(o, cos ulffjh)]
= [E(cos u1 Xo cos uz Xo) — E(cos u; Xo)E(cos uz Xo)
o0
+ Z |:]E(cos ul}?o cos ugf(jh) — E(cos ul)?o)IE(cos ugf(jh)
j=1
+ E(cos us Xo cos ulf(jh) — E(cos uzf(o)]E(cos ul)?jh)], (5.35)
where
~ ~ 1 ~ ~
E(cosuiXgcosurzXg) = E[E(cos(ul 4+ u2)Xo) + E(cos(uy — uz)Xo)]
(5.36)
1
=3 [Ao(ui + u2) + Ao(ur — u2)l,
E(cosu1Xo) = Ao(u1), E(cosuzXo) = Ag(ua), (5.37)
y . E X Xin+E Xo—urX;
E(cosuiXocosur X jp) = cos(u1 Xo + ua X jn) —; cos(ui Xo — u2 X jn))
_ Aj(ul,u2)+Aj(u1,—u2), (5.38)
2
8 . E X X +E Xo—u1X;
E(cosuz Xgcosu1 X j) = cosuaXo + u1 Xjn) _; cos(uaXo — u1Xjn))
_ Aj(uz, uy) +2A,/(M2, —Ml)' (5.39)

Then we can get oy, ¢, from Eq. (5.35).

Similarly, we can get 0, ¢, Og 29> Og3g5» Tg3g9> AN Ogsgy.

Computation of og,g,. From the definition of g; and g4 we have
[e.¢]

Og,g4 = cov(cosuiXo, sinuzXo) + Z[cov(cos u1Xo, sinuz X jp)
Jj=1
~+ cov(sin u2)~(0, CcoS U th)]
= E(cos u1)~(0 sin u2)~(0) — E(cos ul)?o)E(sin uzf(o)

o0
+ ZE(COS u1 X sin uszjh) — E(cos u; Xo)E(sin uszjh)
j=1
o0
+ Y E(sinuzXocosuy X jp) — E(sinupXo)E(cosur X ), (5.40)
j=
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where

~ ~ 1 ~ ~
E(cosui XgsinuyXg) = E[E(Sin(ul 4+ u2)Xo) — E(sin(u; — u2)Xo)]

1
5 [Bo(uy + uz) — Bo(uy — u2)],

E(cosu1 Xo) = Ao(u1), E(sinuzXo) = Bo(ua), (5.41)
z : Esin(ui Xo + u2 X j3) — Esin(u Xo — us X
E(cos uy Xo sinus X j4) = sin(ui Xo + u2 X jn) g sin(u1 Xo — u2Xjn))
_ Bj(uy,uz) — Bj(uy, —u2)7 542)
2
~ - Esin(uz X Xin) —Esin(aXo — ui1 X;
E(sinuz Xgcosu1 X i) = sinuaXo + u1 X ;1) 5 sin(uaXo — u1Xjn)) (5.43)
_ Bj(uz, uy) —sz(Mz, —ul)' (.44

Then we can get 0y, ¢, from Eq. (5.40).

Similarly, we can get og, g4, Og 819> Tg322> Tg326> Og3gi0> Ogs22> Ogsga> Ogsgio> Ogoga> Ogogss
and oy, by changing the value of u; and u>.
Computation of 0g4,¢,. From the definition of g, and g4 we have

o
Ogrgs = COV(sinug f(o, sin uzf(o) + Z[cov(sin ul)?o, sin uz)?jh)
j=1
~+ cov(sin u2)~(0, sin ulf(jh)]
= ]E(sin ui )?0 sin uzio) - IE(sin ui f(())IE(Sin uz)?())

o0
+ ) E(sinu; Xosinua X j5) — E(sinu Xo)E(sin uz X j)
j=1

o0
+ Z E(sin u2 Xo sinu1 X j,) — E(sin uz Xo)E(sin u1 X j5), (5.45)

j=1
where
E(sin u1 Xo sin us Xo) = %[E(cos(ul —u2)X0) — E(cos(u; + u2)Xo)]

= 2 Vofur — ) — A +u2)], (5.46)
E(sinu1Xo) = Bo(uy), E(sinuzXo) = Bo(uz), (5.47)

E(sinulf(o sin MZth) _ Ecos(ulffo — uszjh) —Z]Ecos(ulffo + uzf(jh))
_ Ajur, —M2)2— Ajur, uz)’ (5.48)

E(sin uzf(o sinu; f(jh) _ ]Ecos(uz)?o — ulf(jh) —2]Ecos(u2)~(o + ul}?jh))
_ Ajlu, —ul)z— Aj(uz, “l). (5.49)

Then we can get 0y, ¢, from Eq. (5.45).
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Similarly, we can get 0, g6, Ogr010> Tgagsr Toagio» AN Oggero by changing the value of u
and uj.
Computation of 04,¢,. From the definition of g7 and gg we have

Og,95 = COV(COS u3()~(h — )20), sin u3()~(h — f(o))
o0
+ ) leov(cos uz(Xy — Xo). sinus (X j1n — Xjn)
j=1

+ cov(sin u3()~(h - f(o), cos u3()?(j+1)h - f(jh))]
= E(cos u3(}~(h — f(o) sin u3()~(h — )N(o))
—Ecosusz(X, — Xo)Esinuz (X, — Xo))
0o
+ Z[E(COS uz(Xp — Xo) sinuz(X(j+in — Xjn))
j=1
—E(cos u3 (X, — Xo)E(sinuz(X(jp1n — Xjn))
+E(sinus (X, — Xo) cosuz(X(j+1yn — X jn))
— E(sinu3(Xy — Xo)E(cos u3(X(j1n — X)), (5.50)

where

% X v in2u3(X; — X
E(cos u3(Xp — Xo) sinusz(Xp — Xo)) E(w)

2

= %Bl(—2u3, 2u3), (5.51)
E(cosus(X; — Xo)) = A1(—u3, uz), (5.52)
E(sinuz(Xy — Xo)) = Bi(—u3, u3), (5.53)

o 3 3 17 . 3 3
E(cosuz(X; — Xo) sinuz(X(j+myn — Xjn)) = E[E(SIH(M(X}: = X0)) +uz(X¢j+1yn — Xjn))

—E(sin(us(Xy — Xo) — u3(X(j+1yn — 5(,»;1))]
1

= 53 [w)(uz, uz) — wj(u3, —u3)],

(5.54)

: - - - - 1 . - - - -
E(sinu3 (X, — Xo) cosuz(Xj+nn — Xjn)) = E[E(Sln(u3(Xh — X0) +us(X¢j+n — Xjn))

+E(sin(uz(Xy — Xo) — u3(X(j+1yn — X’jh))]
1

= 5% [wj(u3, u3) + w;(us, —u3)] . (5.55)

Then we can get o, ¢, from Eq. (5.50).
Computation of 04, ¢,. From the definition of g; and g7 we have

Og,g7 = cOV(cos u1)~(0, cos u3(}~(h — f(o))
o0

+ Z[cov(cos Ui f(o, cos u3()~((j+1)h — )?jh))
j=1
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+ cov(cos u3()~(h — f(o), COSM]X/'h)]
= E(cos u1 Xo cos u3(Xj — Xo)) — Ecosuy XoE cos u3(Xj — Xo))

o0
+ Z[E(cos u1 X cos 143()?(/‘+1)h — Xjn)
j=1

- E(COS ulio)E(COS ug(ff(j+1)h — f(jh))

+FE(cosuz (X, — Xo) cosu; f(jh)

— E(cos u3(Xp, — Xo))E(cos u1 X j))]. (5.56)
Note that

Ecosusz(Xy — Xo) = Aj(—u3, u3), Ecosu; Xo = Ag(uy). (5.57)
We write

uf(() + U(X(j-&-l)h - th) =+ ve fU+DE _ Ue_ejh))z()
] (+Dh ik
+vae_6(f+l)h/ edz, — vae_efh/ edz,.
0 0

Let

p;(u, v) == Elexp{iuXo + iv(Xj+1n — Xjn)}]
= Elexpli[u 4 v(e ?U+Dh — o=0ihy ¥

00
= E[exp{i(vaeie(ﬁl)h /0 e Lio,(j+Dn] (s)dZg

o0
—vae*g/h/ " 110, jm ()d Zs})]
0

o

S af
(1 — iBsign (u + v(e_e(ﬂ'l)h — e_ejh)) tan %)

+ vl (l — e_m')a (1 - e_“ejh) (1 + i Bsign (v) tan O%)

o[ (1 — em0hy (1 _ iBsign (v) tan %)] } (5.58)

= exp { [|u + (e VDR _ p=bihy o

Then
E(cos ul)N(() cos u3()~((j+1)h — th))

= %[E(cos(ulio +uz(X(j+1n — Xjn)
+E(cos(u1 Xo — u3(X(j+1)n — th))]
= %9’? (o)1, u3) + pj(ur, —u3)]. (5.59)
We write
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Mf(jh +u(Xp — Xo) = e " v " — 1) X
ik h
+uoe_9]h/ dz, +we—0h/ Hdz,.
0 0
Let

kj(u,v) = ]E[exp{iuf(jh + iv(}?h — f(o)}]
= Elexp{i[ue %" + v(e " — 1)1Xo]

BT h
xE[exp{i(uae_efh[ Az, + vae_eh/ edz)]
0 0

o
exp{ - Z—G[ue_efh +oEe " -1

(1 — iBsign (ue %" £ v(e " — 1)) tan %)
+ |ue—9jh + ve—9h|(¥(e019h _ 1)

(1 — ifBsign (uefejh + vefgh) tan %)
T ule(1 — e~*0U=Dh) (1 — iBsign (u) tan “7”) ] } (5.60)

Then

~ ~ ~ 1 ~ ~ ~
E(cosu3(Xy — Xo)cosu1 X j5) = E[E(cos(ulth + u3 (X, — Xo)))
+E(cos(u1 X ji — uz(Xy — f(o))):|

1
= Ef}t [/cj(ul,u3)+/<j(u1,—u3)]. (5.61)

Then we can get 0y, ¢, from Eq. (5.56). By changing the value of u1, we can get 04,47, 04575
and 0y,
Computation of 04, gs. From the definition of g; and gg we have

0,65 = cov(cosuiXo, sinuz (X, — Xo))

o
+ Z[cov(cos u1)~(0, sin u3()~((j+1)h — f(jh))
j=1

+ cov(cos u3(}~(h — f(o), sin ulf(jh)]
= E(cosu1 Xo sinuz (X, — Xo)) — Ecosu XoE sinuz (X, — Xo))
o0
+ Z[E(COS u1 Xo sinuz(Xj+nn — Xjn))
j=l1
—E(cos u1 Xo) E (sinus(X(j+1yn — X jn))
+ E(sin u3 (X, — Xo) cosu1 X j)
— E(sinuz (X, — Xo))E(cosu1 X jn)], (5.62)
where

Ecosu; Xo = Ag(uy), Esinuz(X; — Xo) = By (—u3, u3). (5.63)
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By Egs. (5.58) and (5.60), we get
E(cosul}?o sin u3(}?(~,‘+])h — th)) (5.64)

[ : :
=5 [E(sm(ulXo +u3(Xj+n — Xjn))
— Esin(u1 Xo — u3(X(j1y0 — f(jh))]

1.
=33 [pj(ur,u3) — pjur, —uz)],
E(sin u3(X, — Xo) cos u1 X jn)

1 - ~ ~
- E[E(Sin(mxjh +us (X = Ko))
—Esin(u1 X j5, — u3(X) — Xo)))]

1
= Es[xj(ul,ug —kj(uy, —uz)]. (5.65)

Then we can get 0y, ¢ from Eq. (5.62). By changing the value of u1, we can get 0g; ¢4 05>
and 0y g -
Computation of 04,4,. From the definition of g, and g7 we have

Og,97 = cov(sinu X, cosu3 (X, — Xo))

oo

+ Z[COV(Sin ul}?o, (e u3()~((j+1)h — th))
j=1

+cov(cos u3(X; — Xo), Sinulffjh)]
= E(sinu; X cos u3(Xj, — Xo)) — Esinu) XoF cos u3(X), — Xo))

o0
+ > [E(sinuy Xo cos us (X4 1n — X jn)
=1

— E(sinu1 Xo)E(cos u3(X(j+1yn — X jn))
+E(cos u3(Xp — Xo) sinu1 X )
— E(cos u3(Xj, — Xo))E(sinu; X ju))]. (5.66)

Note that
Esinu; Xo = Bo(u1), Ecosusz(X, — Xo) = A (—u3, u3). (5.67)
By Eqgs. (5.58) and (5.60), we get
E(sin u1 Xo cos u3(X(j+1n — Xjn))

1 . ~ - -
=3 [E(Sln(mXo +us(Xj+n — Xjn)

+E(sin(u; Xo — u3(}~((j+1)h - th))]

1
= =3 [pjur,uz) + pj(ui, —u3)] (5.68)

[\
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and
E(cos uz(X; — Xo) sinu; X j)
1 . ~ ~ -
=5 []E(Sln(ulxjh + u3(Xp — Xo)))
+E(sin(ui X jn — u3(Xy — 5(0)))]
1 o~
=53 [icj(ur, uz) 4+« (ur, —u3z)]. (5.69)

Then we can get 0y, ¢, from Eq. (5.66). By changing the value of u1, we can get og,¢7, 0g¢g75

and oy, 0g;-
Computation of 0,4, From the definition of g and gg we have

Ogrgy = Cov(sinulf(o, sin u3()~(;, — )~(0))

o0

+ Y leov(sinuy Xo. sinuz(X (410 — Xjn))
j=1

+ cov(sin u3()~(h - f(()), sin ulf(jh)]
= E(sinu; Xo sinu3(Xy — Xo))

—Esinu; XoE sinusz (X, — Xo))
[e.@]

+ D [EGsinur Xosinus(X(n = Xjn)
j=1

— E(sinu; Xo)E(sin uz (X (j+10 — X jn))

+ E(sin u3()?h - )?0) sin u]f(jh)

—E(sinuz(X; — Xo))E(sinu1 X j))].

Note that

Esinu; Xo = Bo(u1), Esinuz(Xp — Xo) = By (—u3, u3).

By Egs. (5.58) and (5.60), we find

E(sinulffo sin u3()~((j+1)h — th))

1 ~ ~ -
=3 [E(COS(MIXO —u3s(Xj+nn — Xjn))
— E(cos(u1 Xo + uz(X(j+1yn — th))]

1
= Efﬁ[pj(ul, —u3) — pjur, uz)].
IE(sin u3()~(h — )}0) sin Ml)?jh)
1 ~ ~ ~
=3 [E(cos(ijh —u3z(Xn — Xo)))

— E(cos(u X j + uz(X) — 5(0)))]

1
= Eé)i [Kj(ul, —u3) —kj(uy, M3)]-

(5.70)

(5.71)

(5.72)

(5.73)
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Then we can get 0,4, by Eq. (5.70). Similarly, we can get 0, ¢5,06g5.a0d 0g ;005
Thus, we have obtained the explicit expression of X'jg = (0, ¢)1<k,1<10-
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