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Abstract

We consider the nonparametric robust estimation problem for regression models in continuous
time with semi-Markov noises. An adaptive model selection procedure is proposed. Under
general moment conditions on the noise distribution a sharp non-asymptotic oracle inequality
for the robust risks is obtained and the robust efficiency is shown. It turns out that for semi-
Markov models the robust minimax convergence rate may be faster or slower than the classical
one.
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1 Introduction

Let us consider a regression model in continuous time

dy, =S@)dt+dg§, 0<t<n, (1.1)
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where S(-) is an unknown 1-periodic function from L,[0, 1] defined on R with values in R,
the noise process (§,), ¢ is defined as

& =o1w, +02L; + 03z, , (1.2)

where @1, 02 and o3 are unknown coefficients, (w,),- is a standard Brownian motion,
(L) is a jump Lévy process (with ELt2 = t cf. Eq. (2.3)) and the pure jump process
(z;);> 1, defined in (2.5), is assumed to be a semi-Markov process (see, for example, Barbu
and Limnios 2008).

The problem is to estimate the unknown function S in the model (1.1) on the basis of
observations (y,)g«,<,- Firstly, this problem was considered in the framework of the “sig-
nal+white noise” models (see, for example, Ibragimov and Khasminskii 1981 or Pinsker
1981). Later, in order to study dependent observations in continuous time, were introduced
“signal+color noise” regressions based on Ornstein-Uhlenbeck processes (cf. Hopfner and
Kutoyants 2009, 2010; Konev and Pergamenshchikov 2003, 2010).

Moreover, to include jumps in such models, the papers Konev and Pergamenshchikov
(2012) and Konev and Pergamenshchikov (2015) used non Gaussian Ornstein-Uhlenbeck
processes introduced in Barndorff-Nielsen and Shephard (2001) for modeling of the risky
assets in the stochastic volatility financial markets. Unfortunately, the dependence of the
stable Ornstein-Uhlenbeck type decreases with a geometric rate. So, asymptotically when
the duration of observations goes to infinity, we obtain very quickly the same “signal+white
noise” model.

The main goal of this paper is to consider continuous time regression models with depen-
dent observations for which the dependence does not disappear for a sufficient large duration
of observations. To this end we define the noise in the model (1.1) through a semi-Markov
process which keeps the dependence for any duration n. This type of models allows, for
example, to estimate the signals observed under long impulse noise impact with a memory
or in the presence of “against signals”.

In this paper we use the robust estimation approach introduced in Konev and Pergamen-
shchikov (2012) for such problems. To this end, we denote by Q the distribution of (§,)¢,<,
in the Skorokhod space D[0, n]. We assume that Q is unknown and belongs to some distri-
bution family Q,, specified in Sect. 4. In this paper we use the quadratic risk

Ro(S,.$) =Ey IS, — S|, (1.3)

where || f 12 = fol f 2(s)ds and EQy s 1s the expectation with respect to the distribution PQ’ s
of the process (1.1) corresponding to the noise distribution Q. Since the noise distribution Q
is unknown, it seems reasonable to introduce the robust risk of the form

RE(S,. $) = sup Ry(S,.S), (1.4)
QEQn

which enables us to take into account the information that Q € Q, and ensures the quality
of an estimate g'n for all distributions in the family Q,.

To summarize, the goal of this paper is to develop robust efficient model selection methods
for the model (1.1) with the semi-Markov noise having unknown distribution, based on
the approach proposed by Konev and Pergamenshchikov (2012, 2015) for continuous time
regression models with semimartingale noises. Unfortunately, we cannot use directly this
method for semi-Markov regression models, since their tool essentially uses the fact that the
Ornstein-Uhlenbeck dependence decreases with geometrical rate and the “white noise” case
is obtained sufficiently quickly.
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Thus in the present paper we propose new analytical tools based on renewal methods to
obtain the sharp non-asymptotic oracle inequalities. As a consequence, we obtain the robust
efficiency for the proposed model selection procedures in the adaptive setting.

The rest of the paper is organized as follows. We start by introducing the main conditions
in the next section. Then, in Sect. 3 we construct the model selection procedure on the basis
of the weighted least squares estimates. The main results are stated in Sect. 4; here we also
specify the set of admissible weight sequences in the model selection procedure. In Sect. 5
we derive some renewal results useful for obtaining other results of the paper. In Sect. 6 we
develop stochastic calculus for semi Markov processes. In Sect. 7 we study some properties
of the model (1.1). A numerical example is presented in Sect. 8. Most of the results of the
paper are proved in Sect. 9. In “Appendix” some auxiliary propositions are given.

2 Main conditions

In the model (1.2) we assume that the jump Lévy process L, is defined as
1
L, 2/ / x(pu(ds, dx) — p(ds, dx)) , 2.1
0 IR,

where w(ds, dx) is the jump measure with the deterministic compensator i(ds dx) =
dsTI(dx), where TI(-) is the Levy measure on R, = R\ {0} (see, for example Jacod and
Shiryaev 2002; Cont and Tankov 2004 for details) for which we assume that

I1 (x2) =1 and II (xg) < 00, 2.2)

where we use the usual notation I1(|x|™) = fR |z|™ I1(dz) for any m > 0. Note that, using

the Ito formula for the martingales (see, for example, Liptser and Shiryaev 1986, p.185) we
can obtain directly that

t
EoL}=E ) (AL’ :EQ/O /R s, dx) = D) =1, (2.3)

0<s<t

where AL, = L, — L, and L_ is the left limit to s in probability. Moreover, the last
condition in (2.2) and the inequality (A.1) imply that for some positive constant C* the
expectation

EL} <C*(1+ 1Y) 1 < oo. (2.4)

Note that IT(R,) may be equal to +00. Moreover, we assume that the pure jump process
(z,)¢>¢ in (1.2) is a semi-Markov process with the following form

NI
=Y, (2.5)
i=1

where (Y;);> | is ani.i.d. sequence of random variables with
2 4
EQYl- =0, EQY,' =1 and EQY,' < 00.
Here N, is a general counting process (see, for example, Mikosch 2004) defined as
=) k
Ny=) gy and T, =) 1, (2.6)
=1

k=1
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where (7;);~ 1 is an i.i.d. sequence of positive integrated random variables with distribution n
andmean? = E ol > 0. We assume that the processes (N,),~( and (¥;);> 1 are independent
between them and are also independent of (L,),~.

Note that the process (z,),- o is a special case of a semi-Markov process (see, e.g., Barbu
and Limnios 2008; Limnios and Oprisan 2001).

Remark 2.1 It should be noted that if 7; are exponential random variables, then (N,),~
is a Poisson process and, in this case, (§,),~( is a Lévy process for which this model has
been studied in Konev and Pergamenshchikov (2009a, b) and Konev and Pergamenshchikov
(2012). But, in the general case when the process (2.5) is not a Lévy process, this process
has a memory and cannot be treated in the framework of semi-martingales with independent
increments. In this case, we need to develop new tools based on renewal theory arguments,
what we do in Sect. 5. This tools will be intensively used in the proofs of the main results of
this paper.

Note that for any function f from L,[0, n], f : [0, n] — R, for the noise process (§,),>
defined in (1.2), with (z,),> o given in (2.5), the integral

n
Lh= [ e @7)
0
is well defined with E, 1,,(f) = 0. Moreover, as it is shown in Lemma 6.2,

Eo I;(f) < s I fII2 and 3¢5 =0+ 03 |pl, . (2.8)
where ||f||t2 = fot F2(s)ds, o = Qf + Q% and |p|, = sup,-.o |p(t)] < oo. Here p is the
density of the renewal measure 7] defined as

oo
i=y_ 7", (2.9)
I=1

where n) is the /th convolution power for .

Remark 2.2 In Proposition 5.2 we will prove that, under Conditions (H;)-(H,), the the
renewal measure 7 hase a density p.

To study the series (2.9) we assume that the measure 7 has a density g which satisfies the
following conditions.
(H,) Assume that, for any x € R, there exist the finite limits

gx—) = lim g(z) and g(x+)= lim g(z)
7—>x— 7—>x+
and, for any K > 0, there exists § = §(K) > 0 for which

/3 lg(x +1) +g(x — 1) — g(x+) — g(x—)|
sup ; dt
0

< OQ.
lx|<K

(H,) For any y > 0,

sup 27 [2¢(2) — gz—) — gz+H)| < oo.

>0

(Hy) There exists B > 0 such that fR eP* g(x)dx < oo.
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Remark 2.3 1t should be noted that Condition (H;) means that there exists an exponential
moment for the random variable (t j) =1 i.e. these random variables are not too large. This
is a natural constraint since these random variables define the intervals between jumps, i.e.,
the frequency of the jumps. So, to study the influence of the jumps in the model (1.1) one
needs to consider the noise process (1.2) with “small” interval between jumps or large jump
frequency.

For the next condition we need to introduce the Fourier transform of any function f from
L;(R), f : R — R, defined as

f(@):i f e f(x)dx. (2.10)
27 Jp

(Hy) There exists t* > 0 such that the function g(0 — it) belongs to L;(R) for any
0<r<r*.

Itis clear that Conditions (H,)—(H,) hold true for any continuously differentiable function
g, for example for the exponential density.

Now we define the family of the noise distributions for the model (1.1) which is used in
the robust risk (1.4). In our case the distribution family Q, consists in all distributions on the
Skorokhod space D[0, n] of the process (1.2) with the parameters satisfying the conditions
(2.11) and (2.12). Note that any distribution Q from Q,, is defined by the unknown parameters
in (1.2) and (2.1). We assume that

G, <0g=¢", (2.11)
where o0 = Q% + g% + Q%/‘LV', the unknown bounds 0 < ¢, < ¢* are functions of n, i.e.
S, = G, (n) and ¢* = ¢*(n), such that for any € > 0,
*
lim nfc.(n) = +oo and lim S —¢. 2.12)
n—oo €

n—oo n

Remark 2.4 As we will see later, the parameter o, is the limit for the Fourier transform of the
noise process (1.2). Such limit is called variance proxy (see Konev and Pergamenshchikov
2012).

Remark 2.5 Note that, generally (but it is not necessary) the parameters o, 0, and o3 can
be dependent on n. Condition (2.12) means that we consider all possible cases, i.e. these
parameters may go to the infinity or be constant or to zero as well. See, for example, the
conditions (3.32) in Konev and Pergamenshchikov (2015).

3 Model selection

Let (¢ j) =1 be an orthonormal uniformly bounded basis in L, [0, 1], i.e., for some constant
¢, > 1, which may be depend on n,

sup  sup [p;(1)] = ¢, < o0. (3.1)

0<j<n 0<t<Il

We extend the functions ¢j (1) by periodicity, i.e., we set ¢j (t) = d)j ({t}), where {t} is the
fractional part of t > 0. For example, we can take the trigonometric basis defined as Tr| = 1
and, for j > 2,

_ cos(2m[j/2]x) foreven j;
Trf'(x)—ﬁ:sin(zn[j/z]x) forodd j, (3.2)
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where [x] denotes the integer part of x.

To estimate the function S we use here the model selection procedure for continuous
time regression models from Konev and Pergamenshchikov (2012) based on the Fourrier
expansion. We recall that for any function S from L, [0, 1] we can write

00 1
St)=)0;¢;(t) and 0, =(S.¢,) = / S(g; () . (33)
j=1 0
So, to estimate the function § it suffices to estimate the coefficients 6; and to replace them
in this representation by their estimators. Using the fact that the function S and ¢; are 1 -
periodic we can write that

1 n
9]- = ;/o d)j(t) S(t)dr .

If we replace here the differential S(¢)dz by the stochastic observed differential dy, we obtain
the natural estimate for 6 ; on the time interval [0, n]

—~ 1 ("
0, = ;/ ¢;(Hdy,, (3.4)
0
which can be represented, in view of the model (1.1), as
—~ 1 1
9/-’” = 9., + ﬁs""" , fj’n = ﬁln(‘ﬁj)' 3.5)

Now (see, for example, Ibragimov and Khasminskii 1981) we can estimate the function §
by the projection estimators, i.e.

m
Say=Y"0,,0;,(), 0<t<1, (3.6)
Jj=1
for some number m — oo as n — o0. It should be noted that Pinsker in Pinsker (1981)
shows that the projection estimators of the form (3.6) are not efficient. For obtaining efficient
estimation one needs to use weighted least square estimators defined as

n
Siu(D) =D 1())8; ;) (3.7)
j=1

where the coefficients A = (A(j));<;<, belong to some finite set A from [0, 1]". As it is
shown in Pinsker (1981), in order to obtain efficient estimators, the coefficients A(j) in (3.7)
need to be chosen depending on the regularity of the unknown function S. In this paper we
consider the adaptive case, i.e. we assume that the regularity of the function S is unknown.
In this case we chose the weight coefficients on the basis of the model selection procedure
proposed in Konev and Pergamenshchikov (2012) for the general semi-martingale regression
model in continuous time. These coefficients will be obtained later in (3.19). To the end, first
we set

Iy =#(A) and |Al, =1+max L(A), (3.8)
AEA

where #(A) is the cardinal number of A and i(k) = 27:1 A(j). Now, to choose a weight
sequence A in the set A we use the empirical quadratic risk, defined as

Err,(A) =] S5 — S |12,
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which in our case is equal to

n n [e.¢]
_ 20 :3\52 N 2
Erm, (1) = ) 22()8;, =2y M())b; .0, + ) 67 (3.9)
j=1 j=1 j=1
Since the Fourier coefficients (;) ;> | are unknown, we replace the terms é\l nt; by
g =5 %, (3.10)

Jsn J.n n

where G, is an estimate for the variance proxy o defined in (2.11). If it is known, we take
o, = 00s otherwise, we can choose it, for example, as in Konev and Pergamenshchikov

(2012), i.e.

n

Go= Y. ?’j‘ (3.11)
J=lv/nl+1

where ?;n are the estimators for the Fourier coefficients with respect to the trigonometric
basis (3.2), i.e.

. ("
ljn= 7/ Tri(t)dy, . (3.12)
nJo
Finally, in order to choose the weights, we will minimize the following cost function
n n
Ja) =Y 32 (NBT, =2 r()b;, + 8 POV, (3.13)
j=1 j=1

where § > 0 is some threshold which will be specified later and the penalty term is

AN
P,(A) = . (3.14)
We define the model selection procedure as
fSZ = :S?i and A = argmin, _, Jy(A) . (3.15)

We recall that the set A is finite so A exists. In the case when A is not unique, we take one of
them.

Let us now specify the weight coefficients (A(j));<;<,. Consider, for some fixed 0 <
& < 1, anumerical grid of the form

A={1,... k") x{e, ..., me}, (3.16)
where m = [1/ 82]. We assume that both parameters k* > 1 and ¢ are functions of n, i.e.
k* = k*(n) and € = ¢(n), such that
k*
(m _ 0

lim,_,  k*(n) =400, lim,_, Ton

(3.17)
lim, , e(n) =0 and lim,  _ nle(n) = +oo
for any § > 0. One can take, for example, forn > 2
1
e(n) = — and k*(n) =k;j+ VInn, (3.18)

Inn
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where k(’)" > 0 is some fixed constant. For each « = (8,1) € A, we introduce the weight
sequence

ro = () i<j<n
with the elements
(D) = Vzjjy + (1= Gloa)’) 1 <z ). (.19)
where j, =14 [Inv, ], , = (dg lu,)!/CH+D),
B+Des+D

dg = ) and v, =n/s*.
and the threshold ¢*(n) is introduced in (2.11). Now we define the set A as
A ={r,,aecA}. (3.20)
It will be noted that in this case the cardinal of the set A is
i, =km. (3.21)
Moreover, taking into account that d g < 1 for 8 > 1 we obtain for the set (3.20)
IAl, < 1+ supw, <14 (v,/e)'/3. (3.22)
acA

Remark 3.1 Note that the form (3.19) for the weight coefficients in (3.7) was proposed by
Pinsker in Pinsker (1981) for the efficient estimation in the nonadaptive case, i.e. when
the regularity parameters of the function S are known. In the adaptive case these weight
coefficients are used in Konev and Pergamenshchikov (2012, 2015) to show the asymptotic
efficiency for model selection procedures.

4 Main results

In this section we obtain in Theorem 4.3 the non-asymptotic oracle inequality for the quadratic
risk (1.3) for the model selection procedure (3.15) and in Theorem 4.4 the non-asymptotic
oracle inequality for the robust risk (1.4) for the same model selection procedure (3.15),
considered with the coefficients (3.19). We give the lower and upper bound for the robust
risk in Theorems 4.5 and 4.7, and also the optimal convergence rate in Corollary 4.8.

Before stating the non-asymptotic oracle inequality, let us first introduce the following
parameters which will be used for describing the rest term in the oracle inequalities. For the
renewal density p defined in (2.9) we set

1 +00
T(x)=plx)— z and [T =/ T (x)|dx, “4.1)
0

where T = Eer. In Proposition 5.2 we show that |p|, = sup,- lp()| < ocoand|Y]; < oo.
So, using this, we can introduce the following parameters

\1:—4V5V2T4Z41“i 42

o =4xgln t500T 4, . | |1+g¢max( +tog) 42)
and

¢ = 5+ 0o (1+E82, ITI) + 62, (1 +02) Vi, (43)
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where I = 5(1 + £)2(1 + [p[2) (2 + |7, + EY# + 1(x*)). We recall that i, is cardinal of
A, the noise variance o) is defined in (2.11) and the parameter 2 is given in (2.8). First, let
us state the non-asymptotic oracle inequality for the quadratic risk for the model selection
procedure (3.15) introduced in (1.3) by R (S,,. §) = Ey 5 IIS, — S|

Theorem 4.1 Assume that Conditions (H,)-(H,) hold. Then, for anyn > 1 and 0 < § <

1/6, the estimator of S given in (3.15) satisfies the following oracle inequality

Vo + 12|A|, Eglo, — oyl
né '

~ 1
RpGBh, §) <

38 ~
inRy(Sy, S 4.4
[ 35 Mmin 081, ) + (4.4)

Now we study the estimate (3.11).

Proposition 4.2 Assume that Conditions (H,)—(H,) hold and that the function S(-) is con-
tinuously differentiable. Then, for any n > 2,

51817 + ¢,

T , 4.5)

where S is the differential of S.
Theorem 4.1 and Proposition 4.2 implies the following result.

Theorem 4.3 Assume that Conditions (H,)—(Hy) hold and that the function S is continuously
differentiable. Then, for anyn > 1 and 0 < § < 1/6, the procedure (3.15), (3.11) satisfies
the following oracle inequality

60A, 1512 + Py,

- 1+
Ro(Ss, 8) = ;
0(S: S) Y

1—

35 —~
min R (Sx, $) + (4.6)
S reA

where W, = 12, + W and A, = |A],//n.

Remark 4.1 Note that the coefficient s, can be estimated as >, < (1 + T lol)og. There-
fore,taking into account that (bfnax > 1, the remainder term in (4.6) can be estimated as

~ 1 ~ .
Py, =C, (1 +oh+ GQ) (1+A)0,e0 . 4.7)

where C, > 0 is some constant which is independent of the distribution Q.

Furthermore, let us study the robust risk (1.4) for the procedure (3.15). In this case, the
distribution family Q, consists in all distributions on the Skorokhod space D[0, n] of the
process (1.2) with the parameters satisfying the conditions (2.11) and (2.12).

Moreover, we assume also that the upper bound for the basis functions in (3.1) may depend
onn > 1,ie. ¢, = ¢,(n), such that for any € > 0

im 2 o 4.8)

n—oo n¢

The next result presents the non-asymptotic oracle inequality for the robust risk (1.4) for
the model selection procedure (3.15), considered with the coefficients (3.19).
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Theorem 4.4 Assume that Conditions (H;)-(H,) hold and that the unknown 1_function
S is contznuouvly differentiable. Then, for the robust risk defined by R*(SH,S) =
SUPpeo RQ(Sn, S), through the distribution family (2.11-2.12), the procedure (3.15) with

the coefficients (3.19) for any n > 1 and 0 < & < 1/6, satisfies the following oracle
inequality

A 1438 _ U*(S)
REGur §) < —° minR*(S,., n
n (S 8) = 75 mnR, (S s

where the sequence U:(S) > 0 is such that, under the conditions (2.12), (3.17) and (4.8),
Sforanyr >0 and § > 0,

(4.9)

. Ui(s)
lim sup — =0. (4.10)

: §
TSI 0

Now we study the asymptotic efficiency for the procedure (3.15) with the coefficients
(3.19), with respect to the robust risk (1.4) defined by the distribution family (2.11-2.12). To
this end, we assume that the unknown function S in the model (1.1) belongs to the Sobolev
ball

k
WE=1{feck,101]: an(”nzsr : .11

per

where r > 0 and k > 1 are some unknown parameters, Czer[O, 1] is the set of k times

continuously differentiable functions f : [0, 1] — R such that f@©0) = f®(1) for all
0 < i < k. The function class er can be written as an ellipsoid in L, [0, 1], i.e.,

k k
Wr =1/¢€ Cper

o0
[0,1] : Zajej? <r}, (4.12)
=1

where a; = Z (27r [j/2] )2’ and 0 = fo f(v)Tr (v)dv. We recall that the trigonometric
basis (Tr; ) i>1 18 deﬁned in (3.2).

Slmllarly to Konev and Pergamenshchikov (2012, 2015) we will show here that the asymp-
totic sharp lower bound for the robust risk (1.4) is given by

X 2k/(2k+1)
(k + l)n)

Note that this is the well-known Pinsker constant obtained for the nonadaptive filtration
problem in “signal + small white noise” model (see, for example, Pinsker 1981). Let IT,
be the set of all estimators S measurable with respect to the o - field o{y,, 0 <t < n}
generated by the process (1.1).

The following two results give the lower and upper bound for the robust risk (1.4) defined
for the distribution family (2.11-2.12).

rf = ((2k+ DHr)/HD ( (4.13)

Theorem 4.5 Under Conditions (2.11) and (2.12),
liminf v2*/@FD inf  sup RX(S,.$) =1}, (4.14)

n— oo S Enn SEWk

where v, = n/c*.
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Note that if the parameters r and k are known, i.e. for the non adaptive estimation case,
then to obtain the efficient estimation for the “signal+white noise” model Pinsker (1981)
proposed to use the estimate S o defined in (3.7) with the weights

ho=Tpizjejy + (1= Glow)’) 1 <jco, 1 “.15)
where oy = (k, 1)) and 1) = [r/e]e. For the model (1.1-1.2) we show the same result.
Proposition 4.6 The estimator :S?lo satisfies the following asymptotic upper bound

lim v2*/@HD qup RE(S,,,8) <17 (4.16)

n—oo Se Wl/f

Remark 4.2 Note that the inequalities (4.14) and (4.16) imply that the estimator :9}0 is effi-
cient. But we can’t use the weights (4.15) directly because the parameters k and r are unknown.
By this reason to obtain the efficient estimate in the adaptive setting we use the model selec-
tion procedure (3.15) over the estimate family (3.20) which includes the estimator (4.15).
Then, using the oracle inequality (4.9) and the upper bound (4.16) we can obtain the efficient
property for this model selection procedure.

For the adaptive estimation we use the model selection procedure (3.15) with the parameter
8 defined as a function of n satisfying

lim8, =0 and lim n®§, =0 (4.17)

n n

for any/ESV > 0. For example, we can take §, = (6 + In n)~L.
Let S, be the procedure (3.15) based on the trigonometric basis (3.2) with the coefficients
(3.19) and the parameter § = §,, satisfying (4.17).

Theorem 4.7 Assume that Conditions (H;)—(H,) hold true. Then
lim sup Usk/(2k+1) sup R» (§*, S)<r}. (4.18)

n— 00 Se Wl/f
Theorems 4.5 and 4.7 allow us to compute the optimal convergence rate.

Corollary 4.8 Under the assumptions of Theorem 4.7 the procedure 3'; is efficient, i.e.
2k/(2k+1)

lim vy _inf  sup RI(S,,S) =1} (4.19)

=00 Snenn SEWk
r

and

infgnenn SUP gk ’R;:(gn, S)
lim U =
n—o0 SUP gk R:(S*, S)

Remark 4.3 1tis well known that the optimal (minimax) risk convergence rate for the Sobolev

ball er is n2k/@k+1) (see, for example, Pinsker 1981; Nussbaum 1985). We see here that the

efficient robust rate is v’%

k/2k+1) j e if the distribution upper bound ¢* — 0 asn — oo,
we obtain a faster rate with respect to n2k/ @+ and, if ¢* — oo asn — 00, we obtain a
slower rate. In the case when ¢* is constant, than the robust rate is the same as the classical
non robust convergence rate. The same properties for the robust risks are obtained in Konev

and Pergamenshchikov (2010) and Konev and Pergamenshchikov (2012) for the regression
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model with Ornstein-Uhlenbeck noise process. So, this is typical situation, when we take
the supremum over all noise distribution in (1.4). It is natural that we don’t obtain the same
convergence rate as for the usual risks (1.3) and the difference is given by the coefficient ¢*
which satisfies the “slowly changing” properties (2.12).

5 Renewal density

This section is concerned with results related to the renewal measure 7 = Z;’i] n® . We
start with the following lemma.

Lemma 5.1 Let © be a positive random variable with a density g, such that Eef™ < oo for
some B > 0. Then there exists a constant 1, 0 < B1 < B for which,

Eef1 T £1  VeeR.

Proof We will show this lemma by contradiction, i.e. assume there exists some sequence of
positive numbers going to zero (y});> and a sequence (wy )y such that

EektionT — | (5.1

forany k > 1. Firstly assume that limsup, , _ w; = 400, i.e. there exists (/) for which
lim,_, wy = +o00. Note that in this case, for any N > 1,

=

N N
/ e?" cos(wy 1) g(t)dt / cos(wy 1) g(1)dr
0 0

+

)

N
/ (" — 1) cos(w, 1) g()d
0

i.e., in view of Lemma A.5, for any fixed N > 1

N
lim "' cos(wy 1) g(t)dr = 0.
k—o00 J k

Since for some B > 0 the integral f0+°° ePl g(1)dr < oo, we get
+00 ;
lim ¢! cos(wy 1) g(1)dt = 0.

k— 00 0

Let now limsup,_, . wy = wy, and oy, | < co. In this case there exists a sequence (Ik);
such that limy_, ., w;, = 0, l.e.

1= lim Ee"" cos(tw;,) = Eg cos(tw,,) .
k—o00

It is clear that, for random variables having density, the last equality is possible if and only
if w, = 0. In this case, i.e. when limy_, , w; = 0, the Eq. (5.1) implies

¢ sin(twy)

lim E e =E7t=0.
k—00 wlk
But, Er > 0, under our conditions. These contradictions imply the desired result. O
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Proposition 5.2 Let t be a positive random variable with the distribution n having a den-
sity g which satisfies Conditions (H,)—(H,). Then the renewal measure (2.9) is absolutely
continuous with density p, for which

1
ox) = z +T(x), (5.2)

where © = Et| and Y () is some function defined on R | with values in R such that

sup x¥|Y(x)| < 0o forall y >0.

x>0

Proof First note, that we can represent the renewal measure 7 as 7 = 7 * 1, and 1, =

Z?io n) . It is clear that in this case the density p of 7 can be written as

X
o= [ g-3 X "0y, (53)
0 n>0
Now we use the arguments proposed in the proof of Lemma 9.5 from Goldie (1991). For any

0 <e < 1weset

1—¢)
Z go(y) |dy —gx), (4

b0 = [ gy [ - er g -
0

n>0

where go(y) = e/t l{y>0y. It is easy to deduce that for any x € R

1 X
lim o0 = p00)— 7 [ 8@ dz - g0, (5.5)
e—>0 T Jy

Moreover, in view of Condition (H;) we obtain that the function p_(x) satisfies Condition
D) from Section A.3. So, through Proposition A.6 we get

1 —ix0 =~
pext) + px—) == | e 5.(6)d6
T JRr

where p_(0) = fR ¢!%% p, (x)dx. Note that by the Bunyakovskii—-Cauchy—Schwarz inequality

/ ¢'%% g (x)dx
R

It should be noted that this inequality becomes an equality if and only if & = 0. Therefore,
for any 0 < € < 1 the module |(1 — €)g(0)| < 1 and

18(@)| =

< / glx)dx =1. (5.6)
R

> 1
1—-e)"@O)' = ——mMM—.
ngo( @O = 1o m)

So, taking into account that

2000) = / e go(x)dx = ————,
R €—1it0

we obtain

1—e¢

p.(6) =3(0) Y (1—e)"@06)" — (

) 8(0)g0(0) —2(0) =g(O)G ()
n=0
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where
1 1—it0
G.(0) = - — ~
1—-(1—-e€)g®) €e—itb
ie.
1 g
P (x=) + p (x+) = - / e 0 2(0)G (6)do. (5.7
R
In section A.5 we show that
sup |G (0)] < 0. (5.8)

O<e<l1,0eR

Therefore, using Condition (H,) and Lebesgue’s dominated convergence theorem, we can
pass to limit as € — 01in (5.7), i.e., we obtain that

2 [ 1 PN
plx+) +px—) — 3 / g(@)dz —glx+) —glx—) = p / e 5(0)Gy(0)db
0 R
where
1 n 1—it0
1 -2 ito

Gy(0) =
Using here again Proposition A.6 we deduce that

p(x+)+p(x—)=%/ g(z)dz+l / e 30)G(0)do (5.9)
T Jo T JR

and

1 1

1-36) + ito "

G@O) =
Note now that we can represent the density (5.3) as

p)=gxy g =3 g"@) =g+ Y ") = g(x) + pox)
n>0 n>1 n>2

and the function p,.(x) is continuous for all x € R. This means that

_ PO +px—) _ 8 +eglx—)

p(x) 2 p(x) 2 g(x)
and, therefore, Condition (H,) implies that, for any y > 0,
sup x¥ |p(x)| < oo.
x>0
Now we can rewrite (5.9) as
1 1 [T 1 i~ ~
px)—< =< g(@)dz+ — e g(0)G(O)do — p(x). (5.10)
T T J, 2 Jg

Taking into account that EQeﬁT < oo for some > 0 we can obtain that

+00
sup x” / g(z)dz < 00.
X

x>0
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To study the second term in (5.10) we will apply Proposition A.4 to the function §(9)é(9).
First, note that the function g(0) = EQeiTQ is holomorphic for any 6 € C with Im(0) > —8,
due to Condition (H3); in view of Lemma A.8, there exists 0 < B, < B for which the
function G(Q) is holomorphic. Second, Condition (H,) applied to the function §(9)G(9)
implies the first condition in Eq. (A.2). The second condition of (A.2) follows directly from
Lemma A.S.

Therefore, the conditions of Proposition A.4 hold with 8, = +o00. Thus Proposition A.4
implies that for some 0 < B, < B,

/ e 0 3(0) G(0)do = e Po* / TGO —iBy) GO —ify)db.
R R
Taking into account here Condition (H,) and the bound for G given in (A.8), we obtain

sup efo*
x>0

< 0.

/ e %0) G(0) do
R

Hence Proposition 5.2. O
Using this proposition we can study the renewal process (N,), s introduced in (2.6).
Corollary 5.3 Assume that Conditions (H;)—(H,) hold true. Then, for any t > 0,
EN, <lpl,t, EN?<|pl,t+ |p2¢? (5.11)
and, moreover, ENI”’ < oo forany m > 3.
Proof First, by means of Proposition 5.2, note that we get

t
EN,=E)" Lz < =/ p(v)ydv < |pl, 1.
k>1 0

To estimate the second moment of N, note that,

2 _
EN'=E) L7 +2E) Lz D, L=y
k=1 k=1 j=k+1

=EN,+2E) 15 E| Y 17 /T
k>1 JZzk+1

t
=EN,+2E ) 17,00 —T) =EN, +2f O(r — v) p(v)dv,
k>1 0

i.e. we obtain that
t
EN? <|plt+ 2I,OI*/ O —v)dv,
0

where ® (v) = E ijkﬂ 1{ {:M . <v) Taking into account that (73 ) is i.i.d. sequence,
this term can be represented as

O@w)=E)_ Ly .y =EN, <lpl,v. (5.12)

m>1
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This implies the second inequality in (5.11). Similarly, for m > 3 we obtain that for some
constant C,, > 0

m
EN" <C,E Z Hl{TkjSt}

ky <<k, j=1

m—1

=C,E )’ rllubsnE > lgenlTi,

ky <o <ky,_y j=1 ‘ I=ky_y+1

m—1

=C,E ) ]TH%SQU—QWQSCMNQEM%P

ky<e<kyy_y j=1

Therefore, by induction we obtain that E N;" < oo for any m > 3. Hence Corollary 5.3. O

6 Stochastic calculus for semi-Markov processes

In this section we give some results of stochastic calculus for the process (&), ¢ given in
(1.2), needed all along this paper. As this process is the combination of a Lévy process and
a semi-Markov process, these results are not standard and need to be provided.

Lemma 6.1 Let f and g be any non-random functions from L,[0, n] and (1,(f)),> o be the
process defined in (2.7). Then, for any 0 <t <n,

EoL (N1 =5(f.8), +0}(f.gp) 6.1)
where (f, g), = fot f(s) g(s)ds and p is the density of the renewal measure 1 = Z;’il r](l).

Proof First, note that the noise process (1.2) is square integrated martingale which can be
represented as

£ =8 +¢&", (6.2)

where §7 = 0w, and E,d = 02 L, + 037,- Note that the process (§;),5( is the square
integrated continuous martingale with the quadratic characteristic < £¢ >,= Q% t. Therefore,
the quadratic variance [£], is the following:

g =<8 >+ Y (a8!) =gt + Y (agd)’
O=<s=<t O=<s=<r

where A§, = & — & _ (see, for example, Liptser and Shiryaev 1986). Recalling that the
processes (L,),~¢ and (z,),>( are independent, we obtain that AL, Az, = 0 for any # > 0,
ie.

g, =clt+03 Y (AL +a3 Y. (az)’. 6.3)

0<s<t 0<s<t

Moreover, note that we can represent the stochastic integral I, (f) as

L) = 011" (f) + 02T  (f) + 3 I5(f). (6.4)
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where the stochastic integrals 1 (f) = f(; f(s)dw ItL(f) = fot f(s)dLg and IF(f) =
/ Ot f(s)dz, are independent square integrated martingales. Therefore,

Eol,()1,(8) = ofE 1" (1" (9) + 03EIF ()1 (g) + 0IE () (g) .

Taking into account that E 1" (f)1"(g) = (f, g), and that the expectation of the product
of square integrated martingales equals to the expectation of their mutual covariance, i.e.

EIL(f) IE(g) = EMIE(f), I5(9)], and EIZ(f) I:(g) = E[I(f), I*(g)],, we obtain
that

E, L(H)1,(8) =01(f.8), + 3R (). I"()], + SEI*(f). I*()]; -
In view of (6.3) the mutual covariances may be calculated as
(14 1Hw)] = OZ F©)g0) (AL,)?
<s<t
and
(), @), = Y f9)g(s) (Az) Z FTMMY gy -
0<s<t I=1

Taking into account that TT(x?) = 1 and that the sequences (Y)rs1 and (Ty); are inde-
pendent, we find

E[1'(D 1] = 1) (o), = (9, (6.5)
and
o t
E[F(/)IF(®)), =E Y f(T)g(T) g~ = f F©)gs)p(s)ds = (f, gp), -
=1 0
Hence the conclusion follows. ]

Corollary 6.2 Assume that Conditions (H,)—(H,) hold true. Then, for any n > 1 and for any
non random function f from L,[0, n], the stochastic integral (2.7) exists and satisfies the
inequality (2.8).

Proof This lemma follows directly from Lemma 6.1 with f = g and Proposition 5.2 which
ensures that sup,.. p(t) < oo. ]

Lemma 6.3 Let f and g be bounded functions defined on [0, 00) x R. Then, for any k > 1,

k—1

Eo (I, (D15 @16) =a(f . 9r, +} Y. Ty,

=1

where G is the o -field generated by the sequence (1});>1, i.e., G = o{T;, [ > 1}.

Proof Using (6.5) and, taking into account that the process (L,),~ is independent of G, we
obtain

Eo (I, (D15, @ 16) =a(f . 7, + &3 (I5_(NE_(@)16) .
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Moreover,

k—1 k—1
E (5 _(NE_()16)=F ((Z f(Tz)Yz> (Z g(Tl)Yl) | g)
=1 =1
k—1
=Y fIe).

=1

Then we obtain the desired result. ]

Lemma 6.4 Assume that Conditions (H,)—(H,) hold true. Then, for any measurable bounded
non-random functions f and g, we have

n
'EQ/ 1) gty dmy| < 20312l f17 11y n,
0

where m, = Zo<s<z(AZs)2 — fot p(s)ds and the norm | Y|, is given in (4.1).

Proof Using the definition of the process (m,),-, We can represent this integral as

/ P (De@ydm =3 12 (e Y25
0

k>1
—/ If(f)g(t)p(t) dt=Vv,—-U,. (6.6)
0

Note now that

EgV, =B Y. sTOE (12 () 16) 17,2
k>1

Now, using Lemma 6.3 we can represent the last expectation as

E,V, =0EV +0JEV/, (6.7)
where
k—1
V.= (T ||f||2Tk Loy and V=3 2T g0 D AT
k>1 k>2 =1

The term E V’; can be represented as

EV, = f g0 1 F1Pp(0)dr
0
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We recall that the norm || - ||, is defined in (2.8). To estimate E V,;/, note that in view of
Fubini’s theorem

" 2
EV,=E) A1) Y 8Tl g
=1 k>1+1

2
=E) FMEg| D 8T Yg<nTi | Liz<n)
[>1 k>1+1

=Y ELD g = [ 080 ),
0

=1

where, similarly to (5.12), the function g(-) can be represented as

k
FW=E ) glvt D | Lyt sy

j=l+1 "] —
k>l+1 j=it1 =

=E Z gWHT,) Lir <y =/ g(v+s)p(s)ds =/ gt) p(t —v)dr.
0 v

m=>1

Moreover, using Lemma 6.1, we calculate the expectation of the last term in (6.6), i.e.

EQUn=éf ||f||3g<r>p(r>dt+g§/ If /P17 8(t) p(1)dt .
0 0

This implies that
|EQ/ 1,2_<f>g<r>dm,|=Q§|f g(r)a<r)dz|sg§|g|*/ 15(0)1ds
0 0 0

where §(1) = f(; fz(v) (p(t —v) — p(t)) p(v)dv. Note here that, in view of Proposition
5.2 the function §(¢) can be estimated for any 0 <7 < n as

t
18] < | f12 |p|*/ 1T —v) = YO dv < |2 Ipl, (IT], +0lT@®)) ,
0
with Y (x) = p(x) — 1/%. So,
" 2 " 2
/ 18(H)|dr < nlf121pl, (ml +/ |T<r)|dr) <2nlfiZlpl, I,
0 0
and, therefore,

n
‘EQ/ IE(f) 80 dm,| <2038l I fIZ Ty n
0

and this finishes the proof. O

Lemma 6.5 Assume that Conditions (H;)—(Hy) hold true. Then, for any measurable bounded
non-random functions f and g, one has

E, f 12 (f)],_(2)g(1)dg, =0. 6.8)
0
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Proof Putting lvz, = Itz_ (f)1,_(g)g(t), we can represent the integral in (6.8) as

1,(h) = /oI  (h) + o3 IZ () . (6.9)
where L = gjw; + 02L;, 61 = 01/+/@ and 0> = 02/+/. First, we will show that
E Il =0. (6.10)

Using the notations (6.4), we set
n 5 . . n 2 v
Iy = / 12 (HIE (9gdL, and J, = f 12 (HIF (9)gdL,,
0 0
we obtain that
n
[ it @s0al, = Va g+ 2. 6.11)
0

Taking into account that, for any non random square integrated function g the integral
(f(; g(s)dws) is Gaussian with the parameters (O, f(; g2 (S)ds), we obtain
w 8
sup E (1"(g))” < oc. (6.12)
0<t<n
By applying inequality (A.1) for the non-random function i (s, x) = g(s)x, and, recalling
that l'[(xs) < 00, wWe obtain,
L 8
sup E (It (g)) < 00.
0<t<n
Therefore, we obtain that
i 8
sup Ey (It (g)) < 00.
0<t<n

Finally, by using the Cauchy inequality, we can estimate for any 0 < ¢ < n the following
expectation as

oL e)? < JEoUE(3 Bl (o)

sup E, (1}(f))4 (lf(g))2 < o0.

0<t<n

Moreover, taking into account that the processes (lv,,),zo and (z,),>( are independent, we
obtain that

¥ 2 . t
Eo(F () (15®) =EoUi (/) EgUF (@) = f ()dsE(IF(/)*.

0

One can check directly here that, for ¢ > 0,

EIF(H <IfIIEYEN?.
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where |f], = sup,_,_, |f(2)]. Note that Corollary 5.3 yields ENt2 < 00, therefore
supy, -, EgU7(f))* < 00 and we obtain,

sup Eo(L(f)*(1E(9)* < oc.

0<t<n
Taking into account that the process (i ¢)1>0 18 square integrated martingale with the quadratic

characteristic < L >,= t, we obtain that EJ; = 0. As to the last term in (6.11) note that
similarly to the previous reasoning we obtain that

n . 2 . no. .
E, /O (15H) 17 (98l =0 and Eg /O 1L (HIZ(HIF (9)g)dL, =0.
Therefore, to show (6.10) one needs to check that
E It =0, (6.13)

where fzf =7 (f))zlt{ (g)g(t). To this end, note that, forany 0 <t <n

o0 Nn
FH=YfTY gy =Y FT) Y g <, (6.14)

k=1 k=1

N, N, N,
1) = Z DD ST FITN Y Y Ly,

=1 [=1 j=I1

>~
~

~.

where [j;; = fo (To<1) Tl<t}1{Tj§t}g(t)dI:t' Taking into account that the process (i,),zo
is independent of the field G, = o'{z, ,# > 0}, we obtain that E, (;;;1G,) = 0 and

n
( kl]|g ) / l{Tkgt}l{Tlgz}1{Tj§z}g2(l)dt <lgl? <oo.
0

Moreover,

NVI N?l N?l
EolIX(h)] < gl f2IgI, E D D ) 111l 1Y]

k=1

~

=1 j=1

<EY,Plgllf2lgl, EN>.

Corollary 5.3 implies that ENS < 00, l.e. EQ |1 nL (}VLZ)| < 00, and, therefore,

N,

n

Nn
Y f(T@) f(T) (T Y;Y, Y Eg (Iy16.) =0

=1 j=I

NVl
L v
Egly (") =Eg )

k=1

~
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So, we obtain (6.13). Furthermore, to study the last term in (6.9) note that the (z,), is the
martingale with the bounded variation. Moreover, in view of the definition of h we get

er

n Nn
E, /O hdlzl, =Eg Y lhg |Y2=Ey > g |
k=1 k=1

Igl*

D Eo Il (Mligzy+ D Eolp (g2

k>1 k>1

Reminding here, that the processes (i,) r>0 and (z,),> are independent and using (6.12), we
obtain that for 1 < m < 2 and any bounded function f

v 2m ¥ 2m
> Eo (IrLk, (f)) Lige<m = sup Eg (IIL(f)) ED gz
0<t<n

k>1 == k>1
i 2m
= sup Eg (15()) EN, <oo.
0<t<n
Moreover, from (6.14) through the Holder inequality we obtain that

2
k—1 "

k—1
(15, (f)) ol DRLOR A IV ) D o
=l =1

Taking into account that the sequences (Y;);~; and (T;);>; are independent we obtain
through Corrolary 5.3 that

Z E (IZ (f)) Lz <ny = IfI?"EY:"E Z kzml{rkgn}

k=1 k=1
Nn
=If2"EY"E Y K" < |f"EY"EN"T < o0
k>1
Thus EQ f; |I;,|d[z], < 00, therefore, EQInZ (ﬁ) = 0 and we get the equality (6.8). ]

7 Properties of the regression model (1.1)

In order to prove the non-asymptotic sharp oracle inequalities we use the method proposed
in Konev and Pergamenshchikov (2009a) and Konev and Pergamenshchikov (2012) for the
general semi-martingale model (1.1). To this end we need to study the following functions
of x e R"

n n
By o)=Y x; (Eggin _ aQ) and B, o, = x;E,, 7.1)

j=1

where o is defined in (2.11), ’5 52 —EQ:;*2 andé is given in (3.5). These functions
describe the behavior for the total nome 1nten§1ty and variance respectively for the chosen
Fourier coefficients in the estimators (3.7).
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Remark 7.1 The propositions 7.1 — 7.2 given below are used to obtain the oracle inequalities
in Sect. 4 (see, for example, Konev and Pergamenshchikov 2012).

Proposition 7.1 Assume that Conditions (H,)—(Hy) hold. Then

sup |B],Q,n(x)| < Cl,Q,n s (72)
xe[—1,11"

whereClQn_aQ‘c¢ IT], 00 =0+03 2/t and Y (x) = p(x) — 1/7.

max

Proof First, taking into account that Ej,n = n_l/zln (¢j) and ||¢j ||i = n, we obtain through
Lemma 6.1 that

2 pnt
Egél, =0+ @ / () pL0)dx = 0 + 9—3/ $7(0) T(x)dx

Jn

So, in view of Condition (3.1) and the Eq. (4.1), we obtain

2
— 7¢max |T|]

/ ¢ )T x)dx| <

2
‘EQ%,” - UQ’

We bound here Q% by 0T we obtain the inequality (7.2) and hence the conclusion follows.
O

Proposition 7.2 Assume that Conditions (Hl)—(H4) hold. Then

sup EQ 20m (x) < Can, (7.3)

[x|<1
where |x|* = Z'; X5 C2 on = (bfnax(l + aé)ziandi is given in (4.3).
Proof By Ito’s formula one gets

dIP(f) =20,_(HAL() +of FAOdt+d Y fHs)(AED?. (7.4)

0<s<t

Using the representations (6.2) and (6.3), we can rewrite this differential as

dI2(f) =21,_(HAL(f) + of fA()de
+03d Y fAOALY* +03d Y fAs)(Azy)” (7.5)

0<s<t 0<s<t
From Lemma 6.1 it follows that E, 12(f) = @ | f|I? + 031 /PII?. Therefore, putting
L(f)=12(f) —EpI}(f). (7.6)
we obtain
AL (f) = 21,_(f) f()dE, + fA(0)dii, , i, = o3, + o3m, , (1.7)

where 11, = Zo<s<z(ALs)2 —tandm, = Zo<s<z(Azx)2 —f(; p(s)ds. For any non-random

— i n 2
vector x = (x;) <<, With Zj:1 Xy < 1, we set

N

] Zx L@ (1.8)
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Denoting
n n
A=) %1, @)d;() and B, =) x;¢(0), (7.9)
Jj=1 Jj=1
we get the following stochastic differential equation for (7.8)
dl, =2A,_d&, + B,dni,, Iy(x)=0.
Now, similarly to (7.4) the Ito formula and representation (6.2) yield

A2 =20 dl, +d <I° >, +d Y (aL)

0<s<t

_ _ 2
=20, _dl, +40} A%t +d } (2AS_A$Sd + B, Ar"ris)

0<s<t

Taking into account that the processes (L,),~( and (z,),( are independent, we obtain that
AL,Az, = 0, therefore, for any r > 0

~\? 2
<2A,_Agf’ + B, Amt> = (20A,_AL, + 02B,(AL,)?)

2
+ (2034,_Az, + 03B, (Az)7)” .

This implies

n

n
EQi,fzzEQ/ I,_dI, +4Q%EQ/ Ald1
0 0

+03EgD, +03EgD, . (7-10)
where D, = Y ocien 2A, AL, + Qth(ALt)Z)Z and

D,= 3 (24,_Az +03B,(82)) .

0<t<n

It should be noted here that
1 _
EgB},,(0) = ;Eglf(x) : (7.11)

Let us now show that

n
‘EQ/ I_dI,| <203¢> |T| n*. (7.12)
0

To this end, note that by (7.7)

/ Lodl,=2 3 xxy / I @) I_ (@), (s,
0 0

1<j,l<n

n
+ij/
j=1

n
I,_(¢,)B,dii, .
0
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Using here Lemma 6.5, we get Eg f(;l 7;_(([>j) 1,_(¢;)¢;(t)d&, = 0. Moreover, the process
(111,),5¢ is a martingale, i.e. Ey fon ’I:f (qﬁj)B,dnvfz, = 0. Therefore,

n n n
EQ/ 1,_d1,:g§2ijQ/ I,_(¢;)B,dm, .
0

j= 0

Taking into account here that for any non-random bounded function f
n
Ey / f()ydm, =0,
0

we obtain Eg [f I,_(¢;)B,dm, =E, Jo 172(¢,) B, dm,. So, Lemma 6.4 yields

'EQ/ I, (¢;) B,dm,
0

S kg [ 1@t wan,
=1 0

n
< 20305, 11 D xln.
=1

Therefore,

n - -
‘EQ / I,_di,
0

<203, IThin > Ixllxl

1<l,j<n
n 2
4,3
=203¢> ITIn (Z |x,|> )
=1

Taking into account here that (3, |x,|)2 < nY,_, x{ < n,we obtain (7.12). Recall

that IT(x%) = 1. Using the definition (2.1) and the properties of the jump measures (see, for
example, Liptser and Shiryaev 1986, chapter 3) we obtain that

Ey Y (ALt)“:EQ/ / x4u(dt,dx):EQ/ / x* F(dt, dx) = nTI(x")
0 /R, 0 JR,

0<t<n

and

n
Ep Y. BtAt,(AL,P:EQ/ / B,A, x> u(dz, dx)
0 JR,

0<t<n
n N 3 n
=EQ/‘0 /R B, A;x” p(det, dx) = IT(x”) /0 B EyA,dr=0.
From this it follows directly that
v n n
EyD, =4EQ/O Afdz+g§n(x4)/0 Bldr. (7.13)
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Note that, thanks to Lemma 6.1, we obtain

i.J
=inx,,~/ ¢i([)¢j([)/ ¢ (1)¢; (v)(@ + 03 p())dv

2

1_ " 2 ne _
=30 D%, (/ ¢i<r>¢j<r>dz> +O3 AL = SO0 AL,
A 0
L]

where Ay, = X, %) [ 106, () ([ 6,(v)6;(v) p(v)dv) dr. This term can be esti

mated through Proposition 5.2 as

I’l2 n t
[Aral = |53 + inxjf $:(; (1) (f ¢,~(v)¢,~(v>T(v>dv> dr
ij 0 0

IA

2

n 1

5% +n¢3wx|T|1 § i [1x ;] < (E + ¢:mx|T|l>n2-
ij

So, reminding that o) = 0 + Q%/f and that ¢,, .. > 1, we obtain that

max —

n o
2 Y] 2.4 2
EQ/O A2t < (—2 +g3¢w|T|1)n

L 4 2
< §+I|T|1 B oM - (7.14)
Taking into account that
2
n
sup B! < ¢ | DIl = g (7.15)
>0 =
that ¢,,,. > 1, and that 0% < oé we estimate the expectation in (7.13) as
EgD, < ¢, (1400 (142F|7] + TTH) . (7.16)

Moreover, taking into account that the random variable Y, is independent of ATk_ and of
the field = {7, , j > 1} and that E,, (ATF |g) — 0, we get

400 oo

3 _ 3
Eg Y By, Ar, Y \inz = > Eq (B (By, A7, ¥/11,219))
k=1 k=1
+00
3
=EolTEg Z BTk I{Tksn} EQ(ATk* 19) =0.
k=1

Therefore,

E, D, =03D, ,EY{ +4D,,, (7.17)
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where
+00 T
2 2
Dy, =) EBj1lz, and Dy, = ZEQATk_l{TkSn}.
k=1 k=1

Using the bound (7.15) we can estimate the term D , as Dy, < qbiaan N,,. Using here
Corollary 5.3, we obtain

Dy < 10l 0 (7.18)

Now, to estimate the last term in (7.17), note that the process A, can be rewritten as

A,=/ K(r, )&, K(t.5) =Y x;0,(5); (). (7.19)
0

j=1

Applying Lemma 6.3 again, we obtain for any k > 1

T, k—1
2 _ = 2 2 2
E, (ATFIQ) =5 /0 K2(T;, )ds + 02 X; KX(T;. T)).
]:

So, we can represent the last term in (7.17) as
~ (1 2
D,, =0D}) + 0} DY), (7.20)

where
+00 T, +00 k—1
(1) 2 2) 2
D;) = ZEI{TkSn} /0 K*(T;,s)ds and Dy, = ZEI{Tksn} Z K(T;. T)).
k=1 k=1 j=1

Thanks to Proposition 5.2 we obtain

n t n n
Dg;:/O /0 K2(t, s)ds p(t) dt < |p|*/0 /0 K2(t, s)ds dt .

In view of the definition of K(-, -) in (7.19), we can rewrite the last integral as

/ KXt 5)ds = Y xixj¢i<t)¢j(r>/ $i(5) ¢ (s) ds
0 0

I<i,j=<n
n n n
=D X0 f ¢ () ds=n Yy x}d7(0).
i=1 0 i=1
Since Zl}:l x]z < 1, we obtain that,
n
/ K2(t,s)ds < ¢2, n and DS) <¢? |pl,n?. (7.21)
0
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Let us estimate now the last term in (7.20). This term can be represented as

oo o¢]
(2) 2
DY) =Y El;7 o) E > KA, THlig, <l
k=j+1

j=1
oo _ no_

= Ely K1) =f0 K(1) p(t)dt
j=1

where
oo “+00
KO =E| ) KA Tlgo|Ty =1 | = 3 Eligp o KXC+T0)
k=j+1 =1

n—t n n
=/ K%(t 4+ v, 1) p(v)dv = / K2(u, 1) p(u — t)du < |p|, / K2 (v, 1) dv.
0 t 0

In view of the inequality (7.21) we obtain K@) < | ,o|*¢2 n and, therefore, Dézr)l <

max

|,o|i ¢3mx n2. So, bounding in (7.20) Q% by faQ we obtain that
D,, <n’oy(1+ D)ol b, -
Therefore, taking into account in (7.17) that EY14 >1,

Eg D, <5(1+9D¢,, EY{(+Ip)n’o,. (7.22)

max

Using all these bound in (7.10) and taking into account that

1 -
2 2
EQBZ,Q,n(x) = anQIn (x),

we obtain (7.3) and thus the conclusion follows. ]

8 Simulation

In this section we report the results of a Monte Carlo experiment in order to assess the
performance of the proposed model selection procedure (3.15). In (1.1) we chose a 1-periodic
function which is defined, for0 <t < 1, as

S(t) = tsin(2nt) + 12(1 —t)cos(4rmt). (8.1)
We simulate the model
dy, = S()dr +d§, ,

where §; = 0.5w, + 0.5z,.

Here z, is the semi-Markov process defined in (2.5) with a Gaussian N'(0, 1) sequence
(Yj)jzl and (tx)x>1 used in (2.6) taken as 7y ~ X32~

We use the model selection procedure (3.15) with the weights (3.19) in which k* =
100 4+ /In(n), t; = i/ In(n), m = [In*(n)] and 8§ = (3 + In(n))~2. We define the empirical
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risk as

14
R = Z (Sut)) — S, (82)

where the observation frequency p = 100001 and the expectation was taken as an average
over N = 10000 replications, i.e.,

B (5,00 - S0)? li( )-s0) .

=1

We set the relative quadratic risk as
. 1<
R, =R/IISI[, with [ISII5 = > > S%)). (8.3)

In our case ||S||f, = 0.1883601.

Table 1 gives the values for the sample risks (8.2) and (8.3) for different numbers of
observations n.

Figures 1, 2, 3 and 4 show the behaviour of the regression function and its estimates by the
model selection procedure (3.15) depending on the values of observation periods . The black
full line is the regression function (8.1) and the red dotted line is the associated estimator.

Table 1 Empirical risks

n R R.
20 0.04430 0.235
100 0.01290 0.068
200 0.00812 0.043
1000 0.00196 0.010
Fig.1 Estimator of S for n = 20 i

e ]

o

b}

S 4

|

<

.

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
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Fig.2 Estimator of S for
n =100

Fig.3 Estimator of S for
n =200

Fig.4 Estimator of S for
n = 1000
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Remark 8.1 From numerical simulations of the procedure (3.15) with various observation
numbers n we may conclude that the quality of the proposed procedure: (i) is good for
practical needs, i.e. for reasonable (non large) number of observations; (ii) improves as the
number of observations increases.

9 Proofs

We will prove here most of the results of this paper.

9.1 Proof of Theorem 4.1
First, note that we can rewrite the empirical squared error in (3.9) as follows
[e.¢]
Erty (1) = Jo() +2 3 A, + ISP — 8Pa(h) . ©.1)
j=1

where the cost function J, (1) and the penalty terms are defined in (3.13) and (3.14) respec-

tively, éjy,, =0,,-0;0;,.

—~ 1 _ Az >
ej,n = 91 + ﬁsj’" and Gj’n = Qj,n — ;’l .

Using the definition of 5] . in (3.10) we obtain that

.~ 3, 1 _ 1 lz2 %

J.n Js ﬁ ﬁ j.n
1 1~ 1 0g =0,
N R

where Sin= EngZ,n -0 and Ej,n = sz,n - EQE?J,- Putting

1 . o oolrl?
M) = EZA(J)Q,%J, and P’ = , (9.2)
j=1

n
we can rewrite (9.1) as

09 =0y 2
Erry () = Ju () +2—— L) +2M () + By o, (V)

+ISI? = 8P, (M), (9.3)

Bz O.n (e(A))
0 s &
+ 24/ P, (A) 70Ql’l

where e(X) = L/|A[, i(k) = Z;’.Zl A(j) and the functions BI_Q’,,(~) and BZ_Q’,,(~) are given
in (7.1).
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Let 1o = (Ao (j))lSan be a fixed sequence in A and » = argmin
) and X in Eq. (9.3), we obtain

rep In(). Substituting

Bt (0) — Ert, (ho) = J () — J (o) +2 Qn L) + 2B, g, () +2M ()

4
+2,/POGH) 2L ZQ” —2/PO(2) ZQ”( 0

— 8Py (A) + 8 Py(R0), (9.4)
where @ = & — A, ¢ = e(X) and ey = e(%o). Note that, by (3.8),
IL@)| < LG + L) < 2|Al,.
Using the inequality
20ab| < 8a* + 57 'p? (9.5)

and taking into account that P,? () = 0 we obtain that for any X € A
B, o, (e(A B3, (e(L)
2,/P,9(x)7| 2.0 €M) < 5Py + 22 "
N ' sogn
Taking into account the bound (7.2) and that J (/):) < J(Xp), we get
o, — 2C 2B;

~ g, o
Err, (3.) < Erry(Ao) +4”79| IAl, +2M (@) + — @0 4 Z 200
n n SGQn

. 2 2 0
+n|Un aol(Al" + [Aol%) + 28 P, (o) ,

where B 5.0 = SUPsc A B ((e(A)) Moreover, noting that in view of (3.8) SUp, (o |A|
|Al,, we can rewrite the prev10us bound as

0 2C 2B}
Err, (V) < Erry (ho) + 2M (@) 4+ — Q1 4 720
n dogn
6lAl, ~
+ Wy, ool + 28 P (M) (9.6)

To estimate the second term in the right side of this inequality we set
n
Sy =D x(NO;;. x=(x()i<jz, €R".
Jj=1

Taking into account that M (x) = n~'1,(S, ), we can estimate this term through the inequality
(2.8) shown in Corollary 6.2 for any x € R" as

B M2 () < 1S, 117 9.7
0 (x)_%Q—n ) 9.7)
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where, taking into account that the functions (¢;) ;- are orthogonal, the norm 115117 =
fol S)% (t)dt = Z;’.zl xz(j)sz. To estimate this function for a random vector x € R” we set
2
" nM=(x)

Z :Supiz, A]:A_{)\.()}:{)\._)\.(), )\.EA}.
xel ”Sx”

So, as we did for proving (9.6) and (9.7), through Inequality (9.5), we get

*

, Z
2AM )] = SlIS 1™ + - 9-8)

It is clear that the last term here can be estimated as

nE,M? (x)
i 2
E,Z* < E TSI E %Q = xgl, 9.9)

xeA

where I = card(A). Using the equality (3.5), we obtain that for any x € A,
18]I = 11S,1> = Zx%)(ez )

2

54,1
_Zx (,)( N 0, ;) < —2M)(x), (9.10)

where M;(x) = n -172 Z/—l 2(])9 “;‘J - Taking into account that, for any x € A the
components |x(j)| < 1, we can estimate this term as in (9.7), i.e.,

B 0200 < 50 ISP
Similarly to the previous reasoning we set
nM?(x
Z| = sup 1(2)
xeAq ||Sx||
and we get
Using the same type of arguments as in (9.8), we can derive
*
2IM1 ()] < SIS + 5 9.12)
From here and (9.10), we get
I O
Sy 9.13
1cIP? = 5+ s 9.13)

for any 0 < § < 1. Using this bound in (9.8) yields
SIS Z*+ 2z}

MO = G5+ sa s

Taking into account that

IS, 12 =18 =5, 17 =155 — $) = (5,, = I < 2 (Err,(A) + Err, (20)) ,
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we obtain
~ . i
1-34 nd(1 —8)
Using this bound in (9.6) we obtain
~ _ 1+94 VARNY A 2C 2B
Err, (A) < + 1 1.Q.n 2,0.n

Erry, (Ao) +
né

1-36 (1-38) n(1-38) &1 —38)oyn

6lAl,
+ [ — gl +

0
n(l —38) P 0)-

26
(1—39)

Moreover, for 0 < § < 1/6, we can rewrite this inequality as

o LF9 AZ*+ 2% 4AC 4B
Errn()") < + Enn(ko) =+ ( ]) + 1,Q.n + 2,0,n
1-36 né n dogn
2o 2 PO
0, —0p (1—3%) n (A0).

In view of Proposition 7.2 we bound the expectation of the term B;‘ o in (9.6) as

2 v
EoBy,, < ZEQBZ’Q_n(e(A)) <iCyp,-
AEA

Taking into account that |[A[, > 1, we get

~ 146 o~ 4,0 4C 4i{C
RGw 8 < ~TORE,,. ) + 2ty Trhen | T20m
1-36 0 né n Sogn
+ 2B 5y —ogl 4 2 P00

Using the upper bound for P?(1¢) in Lemma A.2, one obtains (4.1), that finishes the proof.
o

9.2 Proof of Proposition 4.2

We use here the same method as in Konev and Pergamenshchikov (2009a). First of all note
that the definition (3.12) implies that

?j,n:zﬁ%n,,n, 9.14)
where
1 1 n
t :/ S Tr;(t)dr and 7;, = - / Tr; (1) d§; .
0 0
So, we have
n 1 n
Go= ) Ak D (9.15)
j=ly/nl+1 j=lynl+1
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where
1 n
M, =7 X Ul
j=l/nl+1

Note that, for continuously differentiable functions (see, for example, Lemma A.6 in Konev
and Pergamenshchikov 2009a), the Fourier coefficients (¢;) satisfy the following inequality,
forany n > 1,

1. 2
© Al Boma)T gz
> < <

j Jn NG

j=lvnl+1

In the same way as in (9.7) we estimate the term M, , i.e.,

(9.16)

3 " 43,1812
E,M> <2 <2770
0™ n Z I~ nyn

~n
j=lv/nl+1
while the absolute value of this term for n > 1 can be estimated as
%o+ IISI1?
N
Moreover, using the functions (7.1) for the trigonometric basis (3.2), i.e. with & jn = Njn

T 2
and§; , =m;,

Ey IM,| <

— En? ,, we can represent the last term in (9.15) as

1 Xn: 2 Ogln—+/n) n ZL[W]H (E”in — 99 +§j,n)

n n n
j=lynl+1

og(n —/n) N By g, (x) N By 9.n(x")
n n ﬁ ’

with x;. =1 /< j<n) and x}’ = 1y j<n)/~/1. Therefore, using Propositions 7.1 and 7.2,
we obtain

n

E l }: 2 < 99 _i_Cl,Q,n_i_VCZ,Q,n
0 Tin =90\ = /g n Jno
j=lv/nl+1

From here we obtain the bound (4.5) and hence the desired result. ]

9.3 Proof of Theorem 4.4

Note, that Theorem 4.1 implies directly the oracle inequality (4.9) with

~ s~ ~ ~
UZ(S) =60A,|ISI”+ \II:L‘ and \IJ: = sup Yy, .
QGQ"
Using the bound (4.7) and the conditions (2.11) we obtain that for some positive constant

C

*

~ 1 ~ .
v <C, (1 +(cM + g—) (1+A,) 0,90 (9.17)

*
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Moreover, note, that in view of (3.21) and (3.17)

. i . k*m .
lim — = lim — =0 forany € >0,
n—oo n¢ n—oo n¢

where m = [1/82]. Furthermore, the bound (3.22) and Conditions (2.12) and (3.17) yield

[ALL
oo n1/3+¢

=0 forany € >0,

where |A|, = 1 + max,_, L(}), ie.

A —|A|*—>0 as n — oo
n = 12 :

So, taking into account in (9.17) the condition (4.8) we obtain the convergence (4.10). O

9.4 Proof of Theorem 4.5

First, we denote by Q,, the distribution of the noise (1.2) and (2.1) with the parameter o; = ¢*
and o1 = 02 = 0, i.e. the distribution for the “signal + white noise” model, i.e. forany n > 1
this distribution belongs to the family Q,, defined in (2.11-2.12) and, therefore, forany n > 1

RS, 8) = o E; oIS, — SI* = Eg o 11, — SI.
E n

Now, taking into account the conditions (2.12) Theorem A.9 yields the lower bound (4.14).
Hence this finishes the proof. O

9.5 Proof of Proposition 4.6

Putting A (j) = 0 for j > n we can represent the quadratic risk for the estimator (3.7) as
o0 1 n
| S0 = S1P= 301 = R0} = 2H, + — > A5(1E],
Jj=l1 Jj=l1

where H, = n~ 12 3% (1 = 20(j)0(j)6;§; ,- Note that Eg H, = 0 for any Q € Q,,
therefore,

[e ] n
~ . 1 .
Eg | S, =S 7= D (1 = 20())°6} + ~Eg 3 330} -
j=1 j=1
Proposition 7.1 and the last inequality in (2.11) imply that for any Q € Q,,
n n
Eo ) 3()Ef, = ¢* ) i) +CF,,
j=1 j=1

where C} | = ¢2 ¢*7|Y|;. Therefore,

£
Cl,n

o n
—~ 1
RSy $) = (1= 20(N%0] + — > 5+ —
n j_l

J=s
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where j, and v,, are defined in (3.19). Setting

o0 n
. 1 ‘
Y1, (8) = v FED R (1 = 20(7)%67 and Ty, = 7 2 M0
=l Un j=1

we rewrite the last inequality as

D R (8, ) = T, () + T, + €, ©.18)

where C,, = v2F/@+D s /n. Note, that the conditions (2.12) and (4.8) imply that C* =

o(n‘s) as n — oo for anyg > 0; therefore, én — 0 asn — oo. Putting

w, = vyt Y sup (1= 10 ())?/aj
E

with a i= Z;{:o Qrlj /2])2i , we estimate the first term in (9.18) as

2
sup 1} ,(S) < sup u, Zajej <u,r.
Sewk Sewk s

We remind that Wy, is defined in (3.19) with oy = (k, ;) and 1 = [r/e]e. So, taking into
account that a; /(r** j**) — 1 as j — oo and Iy — r as ¢ — 0 we obtain that

1= ho(j))?
limsupu, < lim p2X/@+D gup 1= 20UD7
n—00

n—00 " = (r j)*
L2k/ k1) 1
= lim Lo = — )
n—oo e 2k (d,1r)2k/ kA1)
)
where
k+1DQRk+1
dp = 2k
Tk
Therefore,
P1/Qkt1)

0 G 9.19)

limsup sup Yp,(S) < W =7

n— 00 sgwlf

As to the second term in (9.18), note that in vue of the definition (3.19) and taking into
account that j, = o(w,, ) as n — oo we deduce that

k

- 1 j
lim — Y A3(j)= lim — I
i e 2= lim - X (w )

% j=I1 R0) 15,’5%0 R0
1 2](2
:f I—dr=— .
0 k+1DQRk+1)

So, taking into account that a)ao/v;/(Zk‘*'l) — (dy0) /@D as n — oo, the limit of Y, ,, can
be calculated as

z(dkr)l/(Zk-H) k2

. *
lim 7,, =
n—00o

=T7.
(k+1D@k+1) 2
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Moreover, since Y} + T} =: r;‘;, we obtain

lim v/ qup RA(S,,. 8) < xf
n—oo SEWI]_(

and get the desired result. O
9.6 Proof of Theorem 4.7

Combining Proposition 4.6 and Theorem 4.4 yields Theorem 4.7. O
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10 Appendix
A.1 Inequalities for the purely discontinuous martingales

Now let us recall the Novikov inequalities, Novikov (1975), also referred to as the Bichteler—
Jacod inequalities (see Bichteler and Jacod 1983; Marinelli and Réckner 2014)

LemmaA.1 Let pu be a jump measure and [i its compensator on the R, = R\ {0}. Then for
forany T > 0, any predictable function h and any p > 2

P
/ hd(u— )
[0.7]xR,

< CyEqlJ, r(h). (A1)
where C ; is some positive constant and

p/2
Ty (h) = (/ h? dﬁ) +/ h? dJi.
[0,T]xR, [0,T]xR,

A.2 Property of the penalty term

E sup
0<t<T

LemmaA.2 Foranyn > land ) € A,
C
POOY < EgErr, () + ITQ”

where the coefficient P,? (A) was defined in (9.2).

Proof By the definition of Err, (1) one has
n . 2
. A(J)
EpErm, () =Ey Y <()~(J) — 16, + %ém)

Jj=l1

n 1 n
=D () = 1%0] + 3 A2(DEQE], -
j=1 j=1
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So, denoting by A2 = (AZ(j))ISan we obtain that

1 n
EoErm, () = = 3 W ()Egk], = PY(h) +By 0,07).
j=1

where 12 = (A2())),< j<n- Now Proposition 7.1 implies the desired result, i.e.
C
E, Em, (1) = PO(1) — %

Hence lemma A.2. ]

A.3 Properties of the Fourier transform

Theorem A.3 Cauchy (1825) Let U be a simply connected open subset of C, let g : U — C
be a holomorphic function, and let y be a rectifiable path in U whose start point is equal to
its end point. Then

f g(z)dz =0.
Y

Proposition A4 Let g : C — C be a holomorphic function in U = {z eC: -y <Im
7 < ,Bz}forsomeO < By <ocoand 0 < B, < oo. Assume that, for any —f; <t <0,

/ |g(@ +it)|d0 <oo and lim g@ +it) =0. (A.2)
R 18] — 00
Then, for any x € R and for any 0 < 8 < By,
/ % g(0)do = e_ﬁX/ %% g6 —ip)do. (A.3)
R R

Proof First note that the conditions of this theorem imply that
f ¢%%g(0)do = lim / %% (6)do .
R N—o0 _N
We fix now 0 < B < B, and we set forany N > 1
y={z€eC: =N <Rez<N,Imz=0}U{z€eC:—-N <Imz <N, Rez =N}

Uf{zeC: =N <Rez<N,Imz=-B}U{zeC:—-8<Imz <0, Rez=—N}.

Now, in view of the Cauchy theorem, we obtain that for any N > 1

. N -8 '
%‘ P g(Z)dZ = / eleXg(O) do + / el(N—Ht)xg(N + l[) dr
14 —N 0

—N
n / G B0 o (_iB 4 6)d6
N

0
+ / et(—N—HI)Xg(_N +it)dt =0. (A4
-8
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The conditions (A.2) provide that

-8 o .
lim NI (N +it)dr = lim S NFOX (N 1+ ir)dr = 0.

N—o00 0 N—o00 -B

Therefore, letting N — oo in (A.4) we obtain (A.3). Hence we get the desired result. ]
The following technical lemma is also needed in this paper.

LemmaA.5 Let g : [a, b] — R be a function from L[a, b]. Then, for any fixed —00 < a <
b < +oo,

b b
lim / g(x) sin(Nx)dx =0 and lim / g(x) cos(Nx)dx =0. (A.5)
N—o0 a N—o0 a

Proof Let first —oo < a < b < 4o00. Assume that g is continuously differentiable, i.e.
g € C'[a, b]. Then integrating by parts gives us

b b
/ g(x) sin(Nx)dx = % (g(b) sin(Nb) — g(a) sin(Na) —/ g/(x) cos(Nx) dx) .

So, from this we obtain that

18] + |g(@)| + (b — a) max, . g (¥)]
N .

b
/ g(x) sin(Nx) dx‘ <
a
This implies the first limit in (A.5) for this case. The second one is obtained similarly. Let

now g be any absolutely integrated function on [a, b], i.e. g € L;[a, b]. In this case there
exists a sequence g, € C'[a, b] such that

n—oo

b
lim / lg(x) —g,(x)|dx =0.
a
Therefore, taking into account that for any n > 1
b
lim / g,(x) sin(Nx)dx =0,
N—oo a
we obtain that
b b
lim sup |/ g(x) sin(Nx)dx| < / lg(x) — g, (x)|dx .
n—o0 a a

So, letting in this inequality n — oo we obtain the first limit in (A.5) and, similarly, we
obtain the second one. Let now b = +00 and a = —oo. In this case we obtain that for any

—0<a<b<+4+o00
+o00 +o0
V g(x) sin(Nx)dx +/ lg(x) |dx
—0o b

+0o0
< ‘f g(x) sin(Nx)dx

a
+ / lg(x) |dx .
—00
Using here the previous results we obtain that for any —oco < a < b < 400

lim sup
N—o0

+00
/ g(x) sin(Nx)dx

400 a
5/ 18(x) |dx+/ 1g(x) ldx .
b —00
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Passing here to limit as » — 400 and @ — —oo we obtain the first limit in (A.5). Similarly,
we can obtain the second one. ]

Let us now study the inverse Fourier transform. To this end, we need the following local
Dini condition.
(D) Assume that, for some fixed x € R, there exist the finite limits

g(x—) = lim g(z) and g(x+)= lim g(z)
7—>x— z—>x+

and there exists § = §(x) > 0 for which

S |~ ~

1) —

[ Ben=Goly,
0

where g(x, 1) = g((x +1) + g(x —1))/2 and gy (x) = (g(x+) + g(x—))/2.
Remark 10.1 Note that the condition (H,) is the “uniform” version of the condition D).

Proposition A.6 Let g : R — R be a function from L (R). If, for some x € R, this function
satisfies Condition D, then
_ S oxn
go(x) = w — 7/‘ e—lexg(e) d@ , (A6)
2 27 Jp

where g(0) = fR e g(1) dr.

Proof First, for any fixed N > 0 we set

1 N N 1 N
=5 [ o =~ [ g [ coso - dsaz.
-N R 0

Here, the inner integral may be represented as

1 sin(N(z — x 2 (™ sin(Nt
Iy =— / g(Z)Mdzz f/ g(x, 1) N 4.
T Jp 7—x T J t
Taking into account that for any N > 0 the integral
2 [ sin(Nt
d f sinNT) 4, _ (A7)
T Jy t

we obtain that

Tn(x) = Bpx) = ; f G g3<x>> sinNo)
0

Now we represent the last integral as

/°° (g(x. 1) — gy(x)) sin(N1)
0 t

dt =1 y+DLy—8Wh5y,
where 1) y = [ (F(x. 1) — Zy(x)) sin(N1) ! dr,

o0 o0
Ly :/ t71 g(x, t)sin(Nr)dr and I3 =/ t~!sin(Nr)dr .
s 5

Condition D) and Lemma A.5 imply that I; y — 0 as N — oco. Now note that, since
g € L{(R), then the function 1~ 3(x, 1) is absolutely integrated. Therefore, in view of
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Lemma A.5, I, y — 0as N — 00. As to the last integral we use the property (A.7), i.e., the
changing of the variables gives

* sint
Iy = —dt -0 as N — 0.
SN

Hence we have the desired result. ]

A.4 Properties of the analytic functions

We need the following identity theorem (see, for example, Sveshnikov and Tikhonov 1978,
Corollary 1, p. 78)

Theorem A.7 Let function f(z) # 0 and be analytic in the domain D. In any closed bounded
subdomain D' C D it has only a finite numbers of zeros.

Lemma A.8 Assume that the condition (Hy)—(Hy) hold. Then there exists some 0 < B, < B
such that the function G defined in (5.9) is holomorphic in

U={0eC:Im@®) >-4,}
and for any x > —pB,

sup |G(0 +ix)| < oc. (A.8)
0eR
Proof Firstly, we remind that thanks to the condition (H;) the function g(#) is holomorphic

inD = {0 € C : Im(#) > —pB}. Therefore, the function é(@) is holomorphic for any 0
from DN {6 € C : g(0) # 1}. In this case its derivative can be calculated as

HONE
(1-30)?  it6*’

G 0) =

where g’ (0) is the derivative of the function g(#). Moreover, using the Taylor expansion for
%, the function g(0) and its derivative g’ () can be represent as

~ - L 1ot

2) :EQett =14it0 — 5 +6°A,00),

§O)=iEyre™ =it — 0 +607A,0). (A.9)
where 7, = E, 7:]2 and the terms A (6) and A, (9) are such that for any L > 0

sup |A;(0)] <oo and sup |A,(0)] < 0.
lol1<L lo1<L

Therefore, there exists 0 < § < 1 for which

1—-3g@®
IO

0. A.10
10]<8 6] ( )

So, the expansion (A.9) implies, that the function G(Q) is holomorphic at the point 6 = 0
and for such § > 0

sup |G(0)] <oo and sup |G'(0)] < oc.
161<5 e
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Moreover, note that in view of lemma A.5 forany 0 < r < f8

lim 20) =0. (A.11)
IRe®)|— oo, Im@)|<r

Taking into account here that, thanks to (5.6), the module |g(0)| < 1 forany 8 € R\ {0}, we
obtain

gs = sup [g(@)| <1 forany § > 0. (A.12)
16]>8

Therefore, the function é(@) is holomorphic at the line {z € C : Im(z) = 0} and

sup |G(0)] < oo. (A.13)
HeR

In the general case note that, due to Lemma 5.1, the function 1 — g(6) has no zeros on the
line {z € C : Im(z) = —pB, } for some 0 < B; < B. Moreover, in view of Theorem A.7 for
any N > 1 there can be only finitely many zeros of the function 1 — 2(#) in

{zeC: - <Im@@) <0, [Re(z)| = N} C D.

The limiting equality (A.11) implies that there exists N > 0 such that the function 1 —g(0) #
0 on the set

[zeC: =B, <Im(z) <0, [Re(z)| > N} .
So, there can be only finitely many zeros of the function 1 — g(0) in
{zeC: —B, <Im(z) <0} .

Moreover, taking into account the Taylor expansion (A.9) one can check that & = 0 is an
isolated zero of the 1 — g(6). Therefore, there exists some 8, > 0 for which the function
1 —2(6) has no zeros in {z € C : =B, < Im(z) < 0}. Note also that the function 1 — ()

has no zeros in {z € C : Im(z) > 0}. Since we already shown that the function é(@) is
holomorphic at the line {z € C : Im(z) = 0} we obtain that it is holomorphic for any 8 € C
with Im(f) > —B, and in view of (A.13) we obtain the upper bound (A.8). Hence Lemma
A.8. o

A.5 Proof of (5.8)

Fist note, that for any |#| > § the inequality (A.12) implies
1 [1—it0] 1 1
= v = + <~
(I—-e)g@| le—itf] ~ 1—gs 7

6@ = 7=

sup sup |G, (0)| < 0.
O<e<l [0|>68

Moreover, from (A.9) we can obtain that

—e; 4+ 6, (1 —iT0)g(0)  €1207 +€,07(1 —i10)Ay(0)
(1 —€80)( —ith) (1 — €,8(0) (e —it0)

Ge (0) -
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where ¢, = 1 — € and Ay(0) = —7,/2 4+ 0A,(6). Note that G_(0) = O for any € > 0. Let
now 0 < || < § for some § for which the inequality (A.10) holds. In this case for some
0<C, <00
le, 720 + €,02(1 — iT0) Ay (6)| __ Gl

|1 —€,8@) V2 +7262  ~ [1—€80)°

1G(O)] =

Moreover, taking into account here the lower bound (A.10) and that

1= €80 = /(1 — |ReG0)* + 2(mF©)° = €, [IEO))] .
we obtain that

sup sup |G .(0)] < 0.
O<e<l [0]<6

Hence the inequality (5.8). O

A.6 Lower bound for the robust risks

In this section we give the lower bound obtained in Konev and Pergamenshchikov (2009b)
(Theorem 6.1) for the robust risks (1.3) for the “signal+white noise” model, i.e. the model
(1.1) in which the noise process (&), <, is defined as & = ¢*w, for 0 < ¢ < n. To study
the efficiency properties we need to obtain the lower bound for the mean square accuracy in
the set of all possible estimators En denoted by IT,,.

Theorem A.9 Under Conditions (2.12)

2k /(2k+1) N 5
lim inf <?> _inf  sup EQ075||Sn = SIF=r, (A.14)

n—00 Snenn SEWk
r

where Q is the distribution of the noise process (¢*w;)o<,<, and xj is given in (4.13).
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