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Abstract Fractional Ornstein—Uhlenbeck process of the second kind (fOU,) is a solution
of the Langevin equation dX; = —60X,dr + dYt(l), 6 > 0 with a Gaussian driving noise
Y,(l) = fot e *dB,,, where a; = H e™ and B is a fractional Brownian motion with Hurst

parameter H € (0, 1). In this article we consider the case H > %, and by using the ergodicity

of fOU, process we construct consistent estimators for the drift parameter 6 based on discrete
observations in two possible cases: (i) the Hurst parameter H is known and (i) the Hurst
parameter H is unknown. Moreover, using Malliavin calculus techniques we prove central
limit theorems for our estimators which are valid for the whole range H € (%, 1).
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1 Introduction
1.1 Motivation and overview

Assume B = {B;};>¢ is a fractional Brownian motion with Hurst parameter H € (0, 1), i.e
a continuous, centered Gaussian process with covariance function

1
Ry(s, 1) = 5{sm + 20 —s|2H}, s,1>0.
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Consider the following Langevin equation with a drift parameter # > 0 and a driving
noise N

dX; = —0X,dr +dN;. (1.1)

When the driving noise N = B is a fractional Brownian motion, a solution of the Langevin
equation (1.1) is called the fractional Ornstein—Uhlenbeck process of the first kind, (fOU)
in short. The fractional Ornstein—Uhlenbeck process of the second kind is a solution of the
Langevin Eq. (1.1) with a driving noise N; = Y,(l) = fot e *dB,,, where a; = Her . Terms
“of the first kind” and “of the second kind” are taken from Kaarakka and Salminen (2011).
It is well known that the classical Ornstein—Uhlenbeck process, i.e. when the driving noise
N = W is a standard Brownian motion, has the same finite dimensional distributions as the
Lamperti transformation (see 2.6 for definition) of Brownian motion. However, when one
replaces Brownian motion with a fractional Brownian motion the solution of the Langevin
equation (1.1) is different from the one that is obtained by the Lamperti transformation of
a fractional Brownian motion, see Cheridito et al. (2003), Kaarakka and Salminen (2011).
The motivation behind introducing the noise process N = YD is related to the Lamperti
transformation of fractional Brownian motion. We refer to Subsection 2.2.2 or (Kaarakka
and Salminen 2011, Sect. 3) for more details.

Usually statistical models with fractional processes exhibit short (long) memory property
for H < % (H > %, respectively) and this is true for (fOU;) processes. In contrast, the
fOU; process always exhibits short range dependence regardless of the Hurst parameter
H. This phenomenon makes fOU; an interesting process for modelling in many different
disciplines. For example, for applications of short memory processes in econometric or in
modelling the extremes of time series see Mynbaev (2011), Chavez-Demoulin and Davison
(2012) respectively.

In this article we use ergodicity of the fOU, process to construct consistent estimator of
the drift parameter 6 based on observations of the process at discrete times. More precisely,
assume that the process is observed at discrete times 0, Ay, 2Apy, ..., NAy and let Ty =
N Ay denote the length of the observation window. We show that:

(i) when H is known one can construct a strongly consistent estimator 9, introduced in
Theorem 3.2, with asymptotic normality property under the mesh conditions

Ty — oo, and NA?V—>O

with arbitrary mesh Ay such that Ay — 0 as N tends to infinity.

(i) when H is unknown one can construct another strongly consistent estimator 6, intro-
duced in Theorem 5.1, with asymptotic normality property under the restricted mesh
condition

IV o
Ay =N"% with o€ s Al).
2 4H -2

1.2 History and further motivations

Statistical inference of the drift parameter 6 based on a data recorded from continuous (dis-
crete) trajectories of X is an interesting problem in the realm of mathematical statistics. In
the case of diffusion processes with Brownian motion as a driving noise the problem is well
studied (e.g. see Kutoyants (2004) and references therein among many others). However,
the estimation of the drift parameter becomes very challenging with fractional processes as
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a driving noise. This is mainly because of the fact that fractional Brownian motion B with
Hurst parameter H # % is neither a semimartingale nor a Markov process (we refer to the
recent book Prakasa Rao (2010) for more details). In the case of the fractional Ornstein—
Uhlenbeck process of the first kind, maximum likelihood (MLE) and least squares (LSE)
estimators based on continuous observations of the process are considered in Kleptsyna and
Breton (2002) and Hu and Nualart (2010) respectively. In this case it turns out that both
MLE and LSE provide strongly consistent estimators. Moreover, the asymptotic normality
of MLE is shown in Bercu et al. (2011) for values H > % and for LSE in Hu and Nualart
(2010) for values H € [%, %). In the case of the fractional Ornstein—Uhlenbeck process of
the second kind, Azmoodeh and Morlanes (2013) showed that LSE is a consistent estimator
using continuous observations. Moreover, they showed that a central limit theorem for LSE
holds for the whole range H > %

The main feature of this paper is to provide strongly consistent estimators for the drift
parameter 6 based on discrete observations of the process X together with CLTs using the
modern approach of Malliavin calculus for normal approximations Nourdin and Peccati
(2012). From practical point of view, it is very important to assume that we have a data
collected from process X observed at discrete times. In addition to its applicability, such a
demand makes the problem more delicate. Therefore, such a problem could not remain open
for the fractional Ornstein—Uhlenbeck process of the first kind. In fact, estimation of the
drift parameter 6 for the fOU; process with discretization procedure of integral transform
is considered in Xiao et al. (2011) assuming that the Hurst parameter H is known. In the
same setup, Brouste and Iacus (2012) introduced an estimation procedure that can be used to
estimate both the drift parameter 6 and the Hurst parameter H based on discrete observations.
In this paper, we also display a new estimation method that can be used to estimate the drift
parameter 6 of the fOU, process based on discrete observations when the Hurst parameter
H is unknown (Theorem 5.1).

1.3 Plan

The paper is organized as follows. In Sect. 2 we give auxiliary facts on Malliavin calculus
and fractional Ornstein—Uhlenbeck processes. Section 3 is devoted to estimation of the drift
parameter when H is known. In Sect. 4 we give a short explanation how the Hurst parameter
H can be estimated by using discrete observations. Section 5 deals with estimation of the drift
parameter when H is unknown. Finally, some technical lemmas are collected to Appendix A.

2 Auxiliary facts

2.1 A brief review on Malliavin calculus

In this subsection we briefly introduce some basic facts on Malliavin calculus with respect to
Gaussian processes needed in this paper. We also recall some results how Malliavin calculus
can be used to obtain a central limit theorem for a sequence of multiple Wiener integrals. For
more details on the topic, we refer to Alos et al. (2001), Nualart (2006), Nourdin and Peccati

(2012). Let W be a Brownian motion and let G = {G};c[0,7] be a continuous centered
Gaussian process of the form

t
G, :/ K, $)dW;,
0
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where the Volterra kerel K, i.e. K(¢,s) = 0 for all s > ¢, satisfies sup,¢(o 7 fot K(t,s)>
ds < oco. Moreover, we assume that for any s the function K (-, s) is of bounded variation on
any interval (u, T'] for all u > s. A typical example of this type of Gaussian processes is a
fractional Brownian motion. It is known that for H > % the kernel takes the form

t
1 3 1
KH(t,s):cHsffﬂ/ (u—s)Hfqufidu.
)

Moreover, we have the following inverse relation
Wi = B((Kjp) ™' (1o.0)). 2.1)

where the operator K}, is defined as

* T 0Kn
(Kpp)(s) = / o) — =t s)dt.

Consider the set £ of all step functions on [0, T]. The Hilbert space H associated to the
process G is the closure of £ with respect to inner product

(Lio,r1> Lo,s1)H = R (2, 8),

where Rg(t, s) denotes the covariance function of G. The mapping 1[0 ;) +— G, can be
extended to an isometry between the Hilbert space H and the Gaussian space H; associated
with the process G. Consider next the space S of all smooth random variables of a form

F:f(G(W]),’G(Wn))a §019«~~,‘Pn EH’ (22)

where f € C;°(R"). For any smooth random variable F of the form (2.2), we define its
Malliavin derivative D'©) = D as an element of L2(2; H) by

DF =" f(G@).....Ggn)gi.

i=1

In particular, DG; = 1jp,]. We denote by Dgz = D2 the space of all square integrable
Malliavin derivative random variables as the closure of the set S of smooth random variables
with respect to the norm

IFI}, = EIF* + E(|DF|3,).

Consider next a linear operator K* from & to L>[0, T] defined by

T
(K*0)(s) = () K (T, 5) + / (1) — o)1 K(dr. 5),

where K (dt, s) stands for the measure associated to the bounded variation function K (-, s).
The Hilbert space H generated by covariance function of the Gaussian process G can be
represented as H = (K*)~'(L[0, T]) and Dg*(H) = (K*)~' (Dy;*(L2[0, T1)). Further-
more, for any n > 1 let .7, be the nth Wiener chaos of G, i.e. the closed linear subspace
of LE(Q) generated by the random variables {H, (G(¢)), ¢ € H, |l¢llx = 1} where H,
is the nth Hermite polynomial. It is well known that the mapping InG (©®") = n'H, (G(p))
provides a linear isometry between the symmetric tensor product H®" and the space .77;.
The random variables 1.9 (9®") are called multiple Wiener integrals of order n with respect
to the Gaussian process G.
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Let A(0, %) denote the Gaussian distribution with zero mean and variance o2. We use

. law . L . .. . ..
notation —> for convergence in distribution. The next proposition provides a central limit
theorem for a sequence of multiple Wiener integrals of fixed order.

Proposition 2.1 Nualart and Ortiz-Latorre (2008) Let {F,},>1 be a sequence of random
variables in the qth Wiener chaos g with q > 2 such that lim,,_, oo E(Fnz) = o2 Then the
Sfollowing statements are equivalent:

. law 2 . .

(i) F, —> N(0, 0°) as n tends to infinity.
i) ||DF, ||%1 converges in L%2(Q) 1o qaz as n tends to infinity.

2.2 Fractional Ornstein—Uhlenbeck processes

In this subsection we briefly introduce fractional Ornstein—Uhlenbeck processes although
we mostly focus on fractional Ornstein—Uhlenbeck process of the second kind for which we
also provide some new results. Our main references are Cheridito et al. (2003), Kaarakka
and Salminen (2011).

2.2.1 Fractional Ornstein—Uhlenbeck processes of the first kind

Let B = {B;};>0 be a fractional Brownian motion with Hurst parameter # € (0, 1). To
obtain a fractional Ornstein—Uhlenbeck process, consider the following Langevin equation

dui™ = U ar + dB,, U = &. 2.3)

The solution of the SDE (2.3) can be expressed as

t
yH50) = =0t (50 + / e“’Sst). (2.4)
0

Notice that the stochastic integral can be understood as a pathwise Riemann-Stieltjes
integral or, equivalently, as a Wiener integral. Let B denote a two sided fractional Brownian
motion. The special selection

0 A
£ = / ™ dB,

—0oQ

leads to a unique (in the sense of finite dimensional distributions) stationary Gaussian process
U of the form

t
Ut = / e 0= 4B, 2.5)
—00

Definition 2.1 Kaarakka and Salminen (2011) The process U (H.o) given by (2.4) is called
a fractional Ornstein—Uhlenbeck process of the first kind with initial value &y. The process
U defined in (2.5) is called a stationary fractional Ornstein—Uhlenbeck process of the first
kind.

Remark 2.1 Ttis shown in Cheridito et al. (2003) that the covariance function of the stationary

process U ) decays like a power function, and hence U#) is ergodic. Furthermore, for
H e (%, 1) the process U ") exhibits long range dependence.
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2.2.2 Fractional Ornstein—Uhlenbeck processes of the second kind

Now we define a new stationary Gaussian process X ) by means of Lamperti transformation
of the fractional Brownian motion B. More precisely, we set

X .=eB,, teR, (2.6)

at . .
where « > 0 and a; = geﬁ. We aim to represent the process X (@ as a solution to the
Langevin equation. To this end, we consider the process Y defined via

‘
Y,(O‘) :=/ e “dB,, t=>0,
0

where again the stochastic integral can be understood as a pathwise Riemann-Stieltjes integral
as well as a Wiener integral. Using the self-similarity property of fractional Brownian motion
one can see that (Kaarakka and Salminen 2011, Proposition6) the process Y@ satisfies a
scaling property

(@) fgd{ —H (1)}
{Yt/a},zo— LR G P 2.7)

f.dd T . N .
where =" stands for equality in finite dimensional distributions. Using ¥ (), the process X *)
can be viewed as a solution of the Langevin equation

dx\® = —ax{* dr +dy,”

with random initial value X(()a) = By, = Buaja ~ N(O, (g)zH ). Taking into account the
scaling property (2.7), we consider the following Langevin equation

dx, = —6Xx,dr +av”,  6>0 (2.8)

with Y1 as the driving noise. The solution of the Eq. (2.8) is given by

t t
X, =e ¥ (X0+/ eGSdYS(l)) =e (Xo +/ e((’_l)sdBas) (2.9)
0 0

with o = 1 in a;. Moreover, special selection Xo = fi)oo e@—Ds dB,, for the initial value
X0 leads to the following unique stationary Gaussian process

t
U =e? / e®=Dsdp, . (2.10)
—00

Definition 2.2 Kaarakka and Salminen (2011) The process X given by (2.9) is called the
fractional Ornstein—Uhlenbeck process of the second kind with initial value X. The process
U defined in (2.10) is called the stationary fractional Ornstein—Uhlenbeck process of the
second kind.

For the rest of the paper we assume H > % and we take X¢ = 0 in the general solution
(2.9). Then the corresponding fractional Ornstein—Uhlenbeck process of the second kind

takes the form

t
X,:e*“/ e Vs dB,, (2.11)
0
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and we have a useful relation
0
U=X+e &= / @54, . (2.12)
—0Q

We start with a series of known results on fractional Ornstein—Uhlenbeck processes of the
second kind required for our purposes.

Proposition 2.2 Azmoodeh and Morlanes (2013) Denote l~?t = B;1y — By the shifted
fractional Brownian motion and let X be the fractional Ornstein—Uhlenbeck process of the

second kind given by (2.11). Then there exists a regular (see (Alos et al., 2001, page767) for
definition) Volterra kernel L such that

t
fdd —0(t—s) 1~
{Xi}reto,r1 "= [/ et S)dGs] 2.13)
0 t€[0,7T]
where the Gaussian process G is given by
t
G, :/ (KH(t,S) + L(t,S)) dWw;
0

and W is a standard Brownian motion.
Remark 2.2 Notice that by a direct computation and applying Lemma 4.3 of Azmoodeh

and Morlanes (2013), the inner product of the Hilbert space H generated by the covariance
function of the Gaussian process G is given by

T T
(@, ¥y = ag HM 2 / / pwp e ()
0 Jo

where ¢, i € Hand ay = HQH —1).

2H-2
dvdu

=

u
el —e

The following lemma plays an essential role in the paper. More precisely, we use this
lemma to construct our estimators for drift parameter. In what follows, B(x, y) denotes the
complete Beta function with parameters x and y.

Proposition 2.3 Azmoodeh and Morlanes (2013) Let X be the fractional Ornstein—
Uhlenbeck process of the second kind given by (2.11). Then

1 T
—/ X2dt — W), T — oo
T Jo

almost surely and in L2(), where

_ 2H
V() = %B((Q— DH + 1,2H — 1). (2.14)

Proposition 2.4 Kaarakka and Salminen (2011) The covariance function c of the station-
ary process U decays exponentially and hence U exhibits short range dependence. More
precisely, we have

e(t) == E(U,Up) = O (exp ( — min {9, ! ;IH }t)) . ast — oo.
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Let vy be the variogram of the stationary process U, i.e.
1
vy (t) = 5B Upgs = Uy = c(0) = e(0),

The following lemma tells us the behavior of the variogram function vy near zero. For
functions f and g, the notation f(¢) ~ g(¢) ast — O means that f(¢) = g(¢) + r(¢), where
r() =o(g())ast — 0.

Lemma 2.1 The variogram function vy satisfies

vy t) ~ Hi*M ast — 0t

Proof Due to (Kaarakka and Salminen, 2011, Proposition3.11) there exists a constant
C(H,0) = HQH — 1)H?*"(1=9 gych that

a;  pao
c(t) = C(H, 0" ( /O /0 (ey) @D H e — y|2H‘2dxdy) .

Denote the term inside parentheses by ®(¢). Then with some direct computations, one can
see that

“29H 20H  20H a O—-DH 2H-2
(1) =" B(O— DH +1.2H 29H( —a? )/0 z (1 —2)2 =24z,
Therefore,
2H — )H*H
c(t) = %B((Q —H+1,2H — D)e ¥
2H — HHH o
n ( 29) " — e—Ht)/ " J6-DH (| _ pH-2g, 2.15)

=c(0) — 2H — 1>H2”xrx/ O =22 dz + (1)

at

where r(t) = 0(t*") as r — 0. Hence, by use of the mean value theorem, we infer that as
t — 0T we have

—2H

1
HH
O—DH (| _ \2H=24, ~ 2H-1 216
ﬁoz =2 T 2H - (2.16)

ar

Substituting (2.16) into (2.15) we obtain the claim. O

The next lemma studies the regularity of sample paths of the fractional Ornstein—
Uhlenbeck process of the second kind X. Usually Holder constants are almost surely finite
random variables and depend on bounded time intervals where the process is considered.
The next lemma gives more probabilistic information on Holder constants.

Lemma 2.2 Let X be the fractional Ornstein—Uhlenbeck process of the second kind given
by (2.11). Then for every interval [S, T] and every 0 < € < H, there exist random variables
Y1 =Y1(H,0), Y, =Y(H,0,[S,T)), Y3 = Y3(H,0,[S,T]), and Y4 = Y4(H, €, [S, T])
such that for all s,t € [S, T]

1X; — Xs| < (Y1 4 Yo+ Y3) |t — 5| 4 Yyt — 5|
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almost surely. Moreover,

(1) Y1 < oo almost surely,
(i) Ye(H.0,[S.T]) "2 Y (H.0.[0,T — S]), k=2.3,
Qi) Y4(H, e[S, T1) 'Y Yy(H, €, [0, T — S]).

Furthermore, allmoments of randomvariables Y», Y3 and Y4 are finite, and Y»(H, 9, [0, T]),
Y3(H,0,[0,T]) and Y4(H, €, [0, T]) are increasing in T.

Proof Assume s < t. By change of variables formula we obtain
X, =e "By —e "By — Zi,

where
t
Z, = e_et/ Baue(e_l)”du.
0

Therefore

IX; — Xs| < |Balle™ — e + e |By, — Bay| + | By, lle™ — e
t S

e—Gt/ Baue(e—l)udu _e—Os/ Ba“e(e—l)udu
0 0

=hLh+DLb+ 15+ 14

+

For the term /1, we obtain
Iy < 0|Bg,llt — 5]
where 6B, | is almost surely finite random variable. Similarly for the term I3 we get

Iz < sup e "|By,llt —s|.
uelS,T)

Note next that Z is a differentiable process. Hence for the term /4 we get

I4 < |6 sup |Zy|+ sup e “|Bg,| ||t —sl.
uels,T] uelS,T]

Moreover, by using (2.12), we have
[Xi] < Uil + €]
As aresult we obtain
|Zu| < |Uul + 161 + |Bag| + le™" Bg, |

which implies

Iy = |:9 sup |Uy| +015] +6[Bgy| + (6 +1) sup e”|Bau|:| |t — s].
uelS,T] uelS.T]

Collecting the estimates for /1, /3 and I4 we obtain

I I + L < 261 Bag | + 618 |1t =

+[9 sup |Uul+ (0 +2) sup e“|Bau|} =
uelS,T] uelS,T]
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Put

Y1 =20|Bgy| + 6151, Y2(H,0,[S,T]):=6 sup |Uyl
uelS, T}

and finally

Y3(H,6,[S,T]) := (0 +2) sup e “|Bg,|.
uelS,T]

Obviously the random variable Y fulfils property (i). Notice also that U; and e~ B,, are
continuous, stationary Gaussian processes from which property (ii) follows. Moreover, all
moments of supremum of a continuous Gaussian process on a compact interval are finite (see
Lifshits (1995) for details on supremum of continuous Gaussian process). Hence it remains
to consider the term I,. By Holder continuity of the sample paths of fractional Brownian
motion we obtain

L <e'C(w, H, e[S, TDla, — as|"~¢
< C(w, H, e[S, Tt — s|7¢.

To conclude, we obtain (see Nualart and Ragcanu (2002) and remark below) that the
law

random variable C(w, H, €, [S, T]) has all the moments and C(w, H,¢,[S,T]) =
C(w, H,€,[0, T — S]). Now it is enough to take Y4 = C(w, H, €, [S, T]). O

Remark 2.3 The exact form of the random variable C(w, H, €, [0, T]) is given by

Clw. H,e,10,T]) = Cyp . TH¢ / / 1B = Bl? g5 )
0 0 |t —s|T

where Cp ¢ is a constant. Moreover, for all p > 1 there exists a constant ¢, , such that
EC(w, H,€,[0, TN < ce,pTP.
3 Estimation of the drift parameter when H is known

We start with the fact that the function W is invertible. This fact allows us to construct an
estimator for the drift parameter 6.

Lemma 3.1 The function V : Ry — R4 given by (2.14) is bijective, and hence invertible.
Proof 1t is straightforward to see that W is surjective. Hence the claim follows because for
any fixed parameter y > 0, the complete Beta function B(x, y) is decreasing in the variable
X. ]

We continue with the following central limit theorem.

Theorem 3.1 Let X be the fractional Ornstein—Uhlenbeck process of the second kind given
by (2.11). Then as T tends to infinity, we have

T
\FT(%/ X2dr — \IJ(Q)) 1% A0, 02)
0
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where the variance o2 is given by

2 2 H4H—4 1
o2 = %72/ [e—é)x—e\y—z|e(1 H)(X+,V+z)
6 [0’00)3

y\2H-2 N .
X (l—e_ﬁ) ‘e‘ﬁ —e H
The proof relies on two lemmas proved in the Appendix where we also show that 02 < co.

The variance o2 is given as iterated integral over [0, c0)3 and the given equation is probably
the most compact form.

3.1
2H-2

]dzdxdy.

Proof of Theorem 3.1 For further use put

Fr= 1), (32)
Nia

where the symmetric function g of two variables is given by

g(.x, y) = % [679|x*)'\ _ 679(2T7X7y):| )

The notation IZG refers to multiple Wiener integral with respect to G introduced in Subsection
2.1. By Proposition 2.2 we have

law

X, 218 (it ). Rt s) = e PO,

Using product formula for multiple Wiener integrals and Fubini’s theorem we infer that

1/T X2dr ' ]/T A, )12 dt+llé /T (h(t, H®h(t,-)) dt
T o t - T 0 ’ H T 2 0 ’ k]
- I/TIE)XZdt—i- 16 )
=7 0 t T2 8)-
We get
1 r 2 law 1 r 2
VT o[ Xidi—w©) = JT - [ BX[di—w©)) + Fr. (3.3)
0 0
Next we note that (see Azmoodeh and Morlanes 2013, Lemma3.4)
1 T
_ 2 _ 1 2
V() =EU; = / EUydt.
T Jo
Hence

1 r 2 1 ’ 2 2
= [ BXMr-wo) = [ (BX?-EU])dr
T Jo T Jo

I 2 7
=EU; — / e Wdr — = / e "B, Up)dr,
T Jo T Jo
and thus we obtain

T
vT (%/0 EX2dr — \p(e)) - 0. (3.4)

Therefore it suffices to show that
Fr ¥ N0, 02)
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as T tends to infinity. Now by Lemmas 5.1 and 5.2 presented in the Appendix A we have
2 LXQ 5 20 20 2
”DSFT”?_‘l —> 20° and E(F7) = ?”g”H@Z — o2,
Hence the result follows by applying Proposition 2.1. O

Now we are ready to state the main result of this section.

Theorem 3.2 Assume we observe the fractional Ornstein—-Uhlenbeck process of the second
kind X given by (2.11) at discrete time points {ty = kAn,k =0,1,..., N} and put Ty =
NAp. Assume that Ay — 0, Ty — oo and NA%V — 0 as N tends to infinity. Define

N
_ 1 2 3, -1 (5
HaN = T—N kE_l X, At and Oy =W (MZ,N) ) (3.5)

where W™ is the inverse of the function W given by (2.14). Then Oisa strongly consistent
estimator of the drift parameter 0 in the sense that as N tends to infinity, we have

Oy —> 0 (3.6)
almost surely. Moreover, we have
VTn@y —0) 225 N©,02), N — oo, 3.7)
where
2 o’

= e 68

and 0% is given by (3.1).

Proof Applying Lemma 2.2 we obtain for any € € (0, H) that

L R 1 ﬁ: ko 2
\/TN‘ﬁz,N——/ th‘z— / (X: — XH)Hdr
TN 0 ! A/ TN k=1 tk—1 fk !
2 (I i
< — sup  |X I/ [ Xy — X¢|dt
VT ];M€[lk—lyfk] ! tk—1 ‘

N

2Y1(H,0) e
=S sup |Xu|/ (tx — ndr
VTn (k; u€lfe—1.14] k-1

2 (L g
b= (X s POl [ G-
k Ik—1

—1 U€lfe—1.1]

N

2 e

+ sup [ Xul¥3(H. . [ic1. 1c]) / (1 — 1)dr
VTy (]CZ:;ue[tlik] ! k-1

N

2 I

+ 7= sup [ X,|Y4(H, €, [tk—l,tk])/ (t — )" ~<de
Y (;ue[tk—l,tk] tg—1

=L+ L+15+1.
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We begin with last term /4. Clearly we have

N
Sup |XM| Y4(Hs éa [tk—lv tk]) f N Sup |XM| Y4(H7 67 [05 TN])'

k=1 “€lt—1.1] u€l0,Ty]

By Remark 2.3, we have EY4(H, €, [0, Ty])P < CT]f,p for any p > 1. Hence, thanks to
Markov’s inequality, we obtain for every § > O that

— CPT;JP
P (N7"Y4(H, €, [0, Ty]) > ) < Nvp§p'

Now by choosing € < y and p large enough we obtain

> P (NVY4(H, €, [0, Ty]) > §) < 0.
N=1

Consequently, Borel-Cantelli Lemma implies that
N77Y4(H,€,[0, Ty]) — 0
almost surely for any y > €. Similarly, we obtain

N7V sup |X,|—0
uel0,Ty]

almost surely for any y > 0. Consequently, we get

N
> sup | XulYa(H. € [tim1. te]) —> 0

k=1 WEl—1.1]

1
N1+2y

almost surely for any y > €. Note also that by choosing ¢ > 0 small enough we can

choose y in such way that 1 +2¢ < 1 4+ 2y < % + ><. In particular, this is possible if

e <min{H — %, %} With this choice we have

N
2 1
Iy < ————/Tvaj = sup | XulYa(H. €, [tr—1. 1))
H—ec+1 NN ;ue[lk—l-fk] ’
5 N
2 TuaHeN sup | Xyu|Ya(H, €, [tr—1, t])
H—ec+1 N N1+2y k1 UElt—1,1] !
— 0

almost surely, because the condition N A%V — 0 and our choice of y implies that

2H+1-2¢

H—e 2 o s 27\2r+3
VINAG N = (NA,™ < (NAR)T T =0
Treating Iy, I, and /3 in a similar way, we deduce that

- 1 v,
VTN |H2,N — 7/ X;dt
Ty Jo

— 0 (3.9
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almost surely. Moreover, we have convergence (3.6) by Lemma 2.3. To conclude the proof,
we set u = W (0) and use Taylor’s theorem to obtain

~ d
VIy By —6) = @w—mm (Fo.v — W(8))
+ Ri(Bo, MV Ty (Bon — W (6))

Ty
- i\rl(ﬂ)\/rN (i/ X2dt — w(e))
du Tn Jo

d | _ 1 v,
+ —VT (VTN (2N — X;de
du v Jo

+ R (o, MV Ty (Bon — W (6))

for some reminder function Rj(x) such that R;(x) — 0 when x — W(0). Now continuity
of ﬁ\ll_l and W~ implies that Ry is also continuous. Hence the result follows by using
(3.9), Theorem 3.1, Slutsky’s theorem and the fact that

iq;*l( ) =
du w=

o)
[}
Remark 3.1 We remark that it is straightforward to construct strongly consistent estimator

without the mesh restriction Ay — 0. However, in order to obtain central limit theorem
using Theorem 3.1, one need to pose the condition Ay — 0 to get the convergence

_ Lo,
VTN |H2,N — */ X;de
n Jo

Remark 3.2 Note that we obtained a consistent estimator which depends on the inverse of
the function W. However, to the best of our knowledge there exists no explicit formula for
the inverse and hence the inverse has to be computed numerically.

— 0.

Remark 3.3 Theorem 3.2 imposes different conditions on the mesh A 5. One possible choice

for the mesh satisfying such conditions is Ay = loi,N.

Remark 3.4 Notice that we obtained strong consistency of the estimator 6 without assum-
ing uniform discretization of the partitions. The uniform discretization will play a role in
estimating the Hurst parameter H.

4 Estimation of the Hurst parameter H

There are different approaches to estimate the Hurst parameter H of fractional processes.
Here we consider an approach which is based on filtering. For more details we refer to Istas
and Lang (1997), Coeurjolly (2001).

Leta = (ag, ay,...,ar) € RLH! be a filter of length L + 1, L € IN, and of order p > 1,
i.e. for all indices 0 < g < p,

L L
> a;j1=0 and D a;j’ #0.
j=0 j=0

@ Springer



Stat Inference Stoch Process (2015) 18:205-227 219

We define the dilated filter a associated to the filter a by

ays k =2k
a? =
k 0, otherwise

for 0 < k < 2L. Assume that we observe the process X given by (2.11) at discrete time
points {tx = kAn,k = 1,..., N} such that Ay — 0 as N tends to infinity. We denote the
generalized quadratic variation associated to filter a by

1 N—-L L
Vva=5 > (D aiXarhan
i=0 \j=0

and we consider the estimator H, N given by

2

Ay =

4.1)

Assumption (A):
We say the filter a of the length L 4 1 and order p satisfies assumption (A) if for any real
number r such that 0 < r < 2p and r is not an even integer, the following property holds:

L L
> > aiajli— jI” #0.
i=0 j=0

Example 1 A typical example of a filter with finite order satisfying assumption (A) is a =
(1, =2, 1) with order p = 2.

Theorem 4.1 Let a be a filter of the order p > 2 satisfying assumption (A) and put Ay =
N~ for some o € (%, ﬁ). Then

ﬁN — H
almost surely as N tends to infinity. Moreover, we have
VN(Hy — H) 5 N(0.T(H.6,))

where the variance I depends on H, 0 and the filter a and is explicitly computed in Coeurjolly
(2001) and also given in Brouste and lacus (2012).

Remark 4.1 1t is worth to mention that when H < %, it is not necessary to assume that the
observation window 7y = N Ay tends to infinity whereas for H > % condition Ty — o0
is necessary (see Istas and Lang 1997). Notice also that H > % if and only if ﬁ <1

Proof of Theorem 4.1 Let vy denote the variogram of the process U. By Lemma 2.1 we
have

v t) = Ht* 4+ r ()

as t — 0T, where r(t) = o(t*"). Moreover, r(r) is differentiable and direct calculations
show that for € € (0, 1)

r(4)([) < G|[|2H+1_6_4.
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Hence the claim follows by following the proof in Brouste and Iacus (2012) for the fractional
Ornstein—Uhlenbeck process of the first kind and applying results of Istas and Lang (1997,
Theorem3). To conclude, we note that the given variance is also computed in Coeurjolly
(2001, p. 223). O

5 Estimation of the drift parameter when H is unknown

In this section we consider W (0, H) instead of W (0) to take account the dependence on Hurst
parameter H. Let © = W (0, H). Now implicit function theorem implies that there exists a
continuously differentiable function g(u, H) such that

g(u, H) =190
where 6 is the unique solution to equation u = W (6, H). Hence for every fixed H, we have

1

g
“(u, H) = .
8M(M ) 6. H)

Moreover, by chain rule we obtain

d Bg dag ou
0=—g(\@®,H),H
ng( 0, H), H) = +8M8H

and note that here g £ and 47 are known from which we can compute ;—fl. Let /12,y be given

by (3.5) and let Hy be g1ven by (4.1) for some filter a of order p > 2 satisfying assumption
(A). We consider the estimator

= g(fa,n, Hy) (5.1)
for which we have the following result.
1

Theorem 5.1 Assume Ay = N~¢ for some number o« € (%, 75— N\ D). Then the estimator
On given by (5.1) is strongly consistent, i.e. as N tends to infinity, we have

oy —> 60 (5.2)
almost surely. Moreover, we have
Ty (B — 0) 225 N, o), (5.3)

where the variance 092 is given by (3.8).

Proof First note that

VT Oy — 6) = /Ty (g(@a.n. Hy) — g(@ion. H))

(5.4)
+ VT (8 @an H) = g, ).

Now convergence
~ law
VIn (8@an. H) = g, H)) =5 N0, o)
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is in fact Theorem 3.2. Moreover, by Taylor’s theorem we get
~ = — g ~
VT (82, Ay) = g B) = 52 (@a.n. )Ty (Hy — H)
g o~ ~
+ S (o H)Ra(Giv, A)y/Ty (Hy — H)

for some reminder function R, which converges to zero as ({12, v, A ~N) — (i, H). Therefore,
by continuity and Theorem 4.1 we obtain

Ty (g(fio,n, Hy) — g(fa,n, H)) — 0
in probability. Hence, we also have
law

VTy By —0) =5 N(0, 02)

by Slutsky’s theorem. To conclude the proof, we obtain (5.2) from Eq. (5.4) by continuous
mapping theorem. O
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Appendix
Computations used in the paper
Lemma 5.1 For Fr given by (3.2) and the variance o> given by (3.1) we have
LX)
IDsFrll7, — 20° (5.5)
as T tends to infinity.
Proof 1t is sufficient to show that as T tends to infinity, we have
2 2 2
E (1D FriZ — EIDFrI%] - o. (5.6)
Indeed, since
lim E|DsFrl% =2 lim E(F}),
lim B D, Fr|% =2 lim E(F})
we obtain that (5.6) implies (5.5). Now we have

Dy Fr = ——18(3(s. )
sI'T = ﬁ 1 g ’ .

Hence, using Remark 2.2, we can write

4o H2H—2 T T . _ -
IDsFr|%, = Hf/ / 1€ @, NIE @F W, )
0 0

2H-2
dvdu.

u X
eH —eH

5 e(u+v)(%71)
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Let now K (u, v) denote the kernel associated to the space H i.e.

. L 2H=2

1
K(u,u):e(“”)('f ) ot _ o (5.7)

Using multiplicative formula for multiple Wiener integrals we see that

17 @, NI @, )
= (g, ). g, N g + 15 (3, H®E(v, ")
= A1(u,v) + Ar(u, v).
Here A is deterministic and A; has expectation zero. Hence, in order to have (5.6), we need
to show that

2

1 T T
E |:—/ / Ar(u, v)K (u, v)dvdu] — 0. (5.8)
T Jo Jo

Therefore, by applying Fubini’s Theorem, it suffices to show that

1
T2 Jio.r
X K(ul, vl)K(uz, vz)duldvlduzdvz — 0

E[Az(ur1, v1)A2(uz, v2)]
1* 5.9)

as T tends to infinity. First we get
E[Az(u1, v1)A2(u2, v2)]
= 2/0 \ (g1, H®2(v1, ) (x1, y1) (82, I®Z(v2, ) (x2, y2)
[0,7]

x K(x1,x2)K(y1, y2)dxidyidxadys.

By plugging into (5.9) we obtain that it suffices to have

1 - -
ﬁ/ (81, )®g (w1, ) (x1, y1) (82, )®g(v2. ) (x2, ¥2)
(0,718

XK (x1, x2) K (y1, y2) K (1, vi) K (uz, v2)
dvlduzdvzduldxldyldxzdyz — 0 (510)

as T tends to infinity. Here we have

- 1
(g(u9 )®§(U, )) (.X, )’) = E [g(”h X)g(v, y) + g(”» y)g(va X)] .

Note first that for every 0 < x, y < T, we have that

e 0QT—x=y) < =Olx—yl,

As a consequence, we can omit the term e~ =*=¥) on function g(x, y). This implies that
instead of

(g(Ml, ')®§(U17 )) ()Cl, yl) (g(u2a ’)®§(U2a )) (x27 y2)
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it is sufficient to consider the following integrand:
e Olui—x1] ,=0lvi—y1l ,—Oluz—x2| ,—Olv2—y2|

+ e Olui—x1] ,=0lvi=y1l ,=Oluz—=y2| ,—0lv2—x2]

5.11
+ e Olu1=y1l ,=0lvi—x1| ,=Oluz—x2| ,—Olv2—y2| ( )
1 = Olui=y1] g=0lvi—x1] ,=6lu2—y2| ,=Olv2—x2]
Next we consider the first term and show that
Lz =01 —x11 ,=0lv1 =11 ,~8lur—x2] ,~6lv2 2]
T= Jio,ps
(5.12)

X K(xl, xz)K(yl, yz)K(ul, vl)K(ug, U2)
duidvidurdvodxidy;dxady, — 0.

In what follows C is a non-important constant which may vary from line to line. First it is
easy to prove that

T
/ e Yldx < C, (5.13)
0
where constant does not depend on y or 7. Moreover, by change of variable we obtain
T
/ K(x,y)dx <2HB(1 — H,2H — 1) (5.14)
0

for every y and T. Consider now the iterated integral in (5.12). The value of the integral
depends on the order of the variables, and eight variables can be ordered in 8! = 40320 ways.
However, it is clear that without loss of generality we can choose the smallest variable, say
y2, and integrate over region {0 < y» < uy, us, vy, v2, X1, x2, y1 < T}. Other cases can
be treated similarly with obvious changes. Assume now that the smallest variable is y, and
denote the second smallest variable by r7, i.e.

r7 = min(uy, uz, v, V2, X1, X2, ¥1).

Integrating first with respect to y; and applying upper bound ¢¥2 < %77 together with (5.14),
we obtain that

r7
/ / o0l =11 ,=01v1 =311 ,~Olur—x2] ,—6v2-+63>
[0.717 Jo
X K(x1, x2) K (y1, y2) K (u1, vi) K (u2, v2) dyzduidvidurdvadxidyidx;
< C/ =0l =11 =010 ~31] ,~Olur—x2] ,~Ov2 4617
[0.777

X K (x1, x2)K(u1, v1)K (uz, v2) duydvidusdvodxdyidxs.

Next we integrate with respect to y;. In the case when r; = y;, we have
re6
/ e IO gy < e f0IH-2) <
0
where rg is the third smallest variable, and in the case when r7 # y;, we obtain by (5.13)

T
/ efe\vlfyl |679U2+9r7dy1 < C.
0
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Hence we obtain upper bound

/ e—@\m—xl |e—9\v|—y| |e—6|u2—xgle—6vz+6r7
[0, 77

x K(x1,x2)K (uy, v1)K (u2, v2) duydvidusdvadxdydx;

< C/ e Olui—x1] ,=0luz—x2
[0,716

X K(xl, X2)K(u1, vl)K(uz, v2) duldvldvzdxldugdxz.

Next we integrate first with respect to variables v and v, and then with respect to variables
u1 and u,. Together with estimates (5.13) and (5.14) this yields

/ o~ 0lu1—11 ,~Olur—x2|
[0.776

X K(x1,x2)K (uy, v1)K (2, v2) dvydvadudurdxdxy
< C/ €_0|u]_xlle_eluz_an(xl, x2) dudurdxidxy
[0,71*
<c / K (x1, x2)dx dxs
[0,71?
<CT
which gives (5.12). It remains to note that other three terms in (5.11) can be treated with

the same arguments since only the “pairing” of variables in terms of form e~?*~¥I changes.
Thus we have (5.10) and implications (5.10)=(5.8)=(5.6) =(5.5) complete the proof. 0O

Lemma 5.2 For Fr given by (3.2) and o given by (3.1) we have
E[F}] — o2 (5.15)
as T tends to infinity.

Proof Using isometry we obtain

2 21
21 _ “ a2 _.edr
E[FF] = T ”8”7:‘@2 =
where
- |
= a%,H“H*“/ guy, v1)g(ua, vz)e<” Jtortuten)
[0.71*
uy up 2H=2| v v |2H-2
X |eH —eH eH —e¢H duydurdv;dus.
Recall that
gx,y) = Le—G\x—yI _ ie—e(zT—x—y)'
' 26 26
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We first show that we can omit the second term %e’g(ﬂ’x’y ) in the function g. To see this,
we have

/ 6—9(2T—u|—v|)g(u2’ vz)e(%fl)(ulerJruervz)
[0,7]*

uy u 2H=2| v v [2H-2
X |eH —¢H eH —¢H dudurdvidu;
0T (L—l)(u1+v1+uz+v2)
< C®) e 0CT—u1—v1) \H
[0.714
uy wg 12H=2| v v [2H-2
X |eH —eH eH —eH dudurdvidvy
T /T 1 2H-2
—0(T—v)+| 7 —1)(v+u o R
=C(0) |:/ / PR (” )( et — et dvduj|
0 0

v

By change of variables v =T —v,u =T —u,andthenx = ¢ #,y = e~ # we infer that

this is the same as
: : 6—1)H —H 2H-2 ?
[/_l/_lx(_) y 7y — x| _dxdy] .
e H e H

Let now x < y. By change of variable z = 7 we obtain

1 y
/_L /_L xO=DH =H |y (2H=24,q,
e H e H
1,1
< / / YOH=1,6=DH (1 _ 2H=24,q,
0 Jo
1
<—B(@E@—-1)H+1,2H -1
< g B« ) )
which converges to zero when divided with T tending to infinity. The case x > y can be
treated in a similar way, and hence it is sufficient to consider the function

1 g
0=yl

26

instead of g(x, y). We shall use L’Hopital’s rule to compute the limit. Taking derivative with
respect to T, we obtain

2 pr4H—4 :
dir _ ayH / e_elr_ul|e_9‘u2_v2‘e(ﬁ—l)(T+u1+u2+vz)
0.7

dTr 02
w  w [2H=2| 1 v [2H=2
X |eH —eH eH —¢H dudurdvidvs;.

By change of variables x =T —u;,y =T —up and z = T — vy, this reduces to

2 ppd4H—4
diy _ oy H / o—0x p=0ly—zl (1) 3+
0,7

dr 62

_y\2H-2 2H-2
X (l—e H)

dzdxdy.

"

S
e H —e
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Therefore, we have

dIr O{%_IH4H_4
m —— =
T—oo dT

: / e—oxe—exy—de(1*%)(X+,v+z)
9 [0’00)3

CyN2H=2
x(l—e H) ‘e

ﬁ—eiﬁ

-2
dzdxdy.
We end the proof by showing that this triple integral, denoted by 7, is finite. By use of the
obvious bound =%/~ < 1 we infer that

_ 1= L) (x+y+2)
e 9xe( H)

dzdxdy
oo 1 v\2H-2
= |:/ (liﬁ)y (] eiH> y]
0
00 00 . . [2H=2
X |:/ e_gxe(l_ﬁ)(xﬂ) TH —e W
0 0
= 11 X ]2

For the term /1, we obtain by change of variable u = e~ 7 that

1
I = C/ u_H(l —u)ZH_Qdu < 0.
0

For the term I», we obtain by change of variables u = e~ and v

= ¢ that

1,1
L = C/ / u(efl)vaHlu — v|2H72dudv

0 Jo

1 ru 1,1

= [/ / +/ / ]u(gfl)vaHlu — v|2H72dvdu
0 Jo 0 Ju

=D+ Lo

For the term I 1, we obtain by change of variable z = 7 that
1
1
L= C/ u”H/ 71— 2?2 dzdu = o B —H.2H —1).
0 0

Similarly for the term I 5, we get by change of variable z = % that

hro=—B((@—-1)H+1,2H —1).
22= o (( VH + )

O
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