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Abstract We consider the problem of the construction of the asymptotically distribution
free test by the observations of ergodic diffusion process. It is supposed that under the basic
hypothesis the trend coefficient depends on a finite-dimensional parameter and we study the
Cramér-von Mises type statistics. The underlying statistics depends on the deviation of the
local time estimator from the invariant density with parameter replaced by the maximum
likelihood estimator. We propose a linear transformation which yields the convergence of the
test statistics to an integral of the Wiener process. Therefore the test based on this statistics
is asymptotically distribution free.
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1 Introduction

The goodness of fit (GoF) tests occupy an important place in statistics because they provide
a bridge between the mathematical models and real data. Our work is devoted to the problem
of the construction of a GoF test in the case of observation of ergodic diffusion process in
the situation when the basic hypothesis is composite parametric. We propose asymptotically
distribution free test, which is based on linear transformation of the normalized deviation of
the empirical density.

Remind first the well-known properties of GoF tests in the statistics of i.i.d. observations
X1, ..., X, If we have to test the hypothesis Hy that their distribution function F (x) =
Fp (x) we can use (among others) the Cramér-von Mises test 1/7,1 = A, >c.}, Where
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n

o0 . ) . 1
A, :n/ [Fn (x) — Fo (x)] dFy (x), F,(x) = ;ZH{XJ.Q}.

j=1

Remarcable property of this (and some other) test is the fact that the statistics A, under
hypothesis Ho converges in distribution

1
An:>AE/B(t)2dZ,
0

where B (t),0 < t < 1, is a Brownian bridge. The tests with the limit distribution not
depending on the underlying model (here Fy (+)) are called asymptotically distribution free
(ADF). If we are interested in the construction of tests of asymptotically fixed first type error
e € (0, 1),1i.e., the tests &n satisfying

lim Eo ¥, = ¢,
n—o0

then for such tests the choice of the threshold ¢, can be done once for all problems with the
same limit distribution. Indeed, the threshold ¢, for the test @n is solution of the equation
P{A > c¢.} = &, which is the same for all possible Fy (-).

If the basic hypothesis Hy is parametric: F (x) = Fo (9, x), where ¥ € ® C R? is
an unknown parameter, then the situation changes and the limit distribution of the similar
statistics

A, =n 7 [ﬁ,, (x) — Fo (f?,,,x)]zdFo (&,,,x) — A,

(ﬁn is the MLE) can be written in the following form

1

A= / U (1)* dt, U@ =B()— (& H() ey

0

where { = ¢ (¥, Fp) is a Gaussian vector and H (1) = H (9, Fy, t) is some deterministic
vector-function (Darling 1955). If we decide to use the test v, = 1l { A oc }, then we need to

find such ¢, = ¢, (9, Fp) that Py (A > cg) = g, verify that ¢, (¥, Fp) is continuous function

of ¥ and to put ¢, = ¢, (5,1, Fo), where 9, is some consistent estimator of & (say, MLE).

Ap>cCe

Then it can be shown that for the test 1&,, =1 [ A ] we have

lim Egy, =¢ for all ¥ €®.
n—o0o
We denote the class of such tests as K. For a given family Fy (-) the function ¢, (¥, Fp) can
be found by numerical simulations. Of course, this problem becames much more complicate
than the first one with the simple basic hypothesis. More about GoF tests can be found, e.g.,
in Lehmann and Romano (2005), Martynov (1978) or any other book on this subject.
Another possibility is to find such transformormation L [U,] of the statistic U, (x) =

Ji (F (x) — F(d, x)) that
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00 1
A, = / LIUp ()2 dF (D, x) = A E/wfds, p (A > cg) —e,
00 0
where wy, 0 < s < 1, is some Wiener process. Then we will have the test 1/7,, = H{A e } €

Ke. Such linear transformation was proposed in Khmaladze (1981).
In our work we consider a similar problem of the construction of ADF GoF tests by the
observations of ergodic diffusion processes. We are given a stochastic differential equation

dX; =S (Xy) ds +o (Xy) dW,, Xo, 0=<s=T, (@)

where W, 0 < s < T, is a Wiener process, o (x)? > 0 is a known function and we have to
test a composite basic hypothesis H that

dX; = S (@, X) ds + o (X5) dW,, Xo, 0<s<T, 3)

i.e., the trend coefficient is some known function S (¢, x) which depends on the unknown
parameter € ® C R?. Here and in the sequel we suppose that the initial value X( has
the distribution function of the invariant law of this ergodic diffusion process. The invariant
distribution function and density function are denoted as F (¢, x) and f (3, x) respectively.

Let us denote by I:"T (x) and fT (x) the empirical distribution function of the invariant
law and the empirical density (local time estimator of the invariant density) defined by the
relations

T

A 1 A A
Fr(x) = ?/ Mix,<xyds, fr(x)= TP T

0

where A7 (x) is the local time of the observed diffusion process (see Revuz and Yor (1991)
for the definition and properties). Remind that we call the random function fT (x) empirical
density because it is the derivative of empirical distribution function.

The Cramér-von Mises type statistics are based on L, deviations of these estimators.
Denoting

iir ) = VT (Fr 0 = F (br.x)) . &r 0 =T (fr 0= £ (97.%)).

where z§T is the MLE of the parameter ¢, these statistics can be introduced as follows

AT = / f]T (x)zdF (@T,x), ST = / ET (x)zdF (@T,x).

—0Q0
Unfortunatelly, the immediate use of the tests W7 = 11, and yp = 1, leads
Ar>ce O >de

to the same problems as in the i.i.d. case, i.e., the limit (T — o00) distributions of these
statistics under hypothesis Hy depend on the model S (-, -) , o (-) and on the true value 9.
Moreover, in contrary to the i.i.d. case, even if the basic hypothesis is simple ® = {9}, the
limit distributions depend on the model defined by the functions S (9, -) , o (-). Therefore,
even in this case of simple basic hypothesis we have no ADF limits for these statistics. This
means that for each model we have to find the threshold ¢, separately. There are sevral ADF
GoF tests for the ergodic and “small noise” diffusion processes proposed, for example, in the
works (Dachian and Kutoyants 2007; Kutoyants 2011; Negri and Nishiyama 2009), but the
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links between these tests and the “traditional” tests like Cramér-von Mises and Kolmogorov-
Smirnov (based on empirical distribution function) was not always clear.

Recently in this problem (with simple hypothesis) there was proposed a linear transfor-
mation L [¢{7] of the random function

er ) =T (fr )= f 90,3)

such that

[e%e) 1
5 = / (L1 [¢r] (0)*dF (99, x) = / w?ds 4
0

(see Kutoyants (2012)). The proposed test statistics (after linear transformation and some
simplifications) is

3 Xy <x}

St = Xs — S (0o, X5)d dF (99, 5

T / f/a(X) (Mo, Xy) ds] (%o, x) 5
—00

with the same limit (4). See as well Negri and Nishiyama (2009), where the similar statistics

were used in the costruction of the Kolmogorov-Smirnov type ADF test.

Hence the test {7 = 11 { P } is ADF (in the case of simple basic hypothesis).
T=Ce

The goal of this work is to present such linear transformation L [;:T] of the random function
¢r (x) that

o0

ér = / L[¢r] (x)* dF (¥, x) = / w?ds. (©6)

—0o0

Note that the general case of ergodic diffusion process with shift (one-dimensional) para-
meter was studied in Negri and Zhou (2012). They showed that the limit distribution of the
Cramér-von Mises statistic does not depend on the unknown (shift) parameter and therefore
is asymptotically parameter free.

2 Assumptions and preliminaries

We are given (under hypothesis Hg) continuous time observations X T'— (X;,0<s<T)
of the diffusion process

dX; =S @, X;) ds + 0 (X5) dW,, Xo, 0<s<T. (7)
We are going to study the GoF test based on the normalized difference
VT (fr 0= £ (br.%))
=VT (fr@ - @.0) = (VT (br =2). f @) +o).

We need three types of conditions. The first one (€ES,RP and .Ap) provide the exis-
tence of the solution of the Eq. (7), good ergodic properties of the process (X, s > 0)
and allow to describe the asymptotic behavior of the normalized difference {7 (¢, x) =

VT (fr 0= £ 0.3).
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The regularity conditions R provide the properties of the MLE Br (consistency, asymp-
totic normality and stochastic representation). The last condition R will help us to construct
the linear transformation L [-] of the process Z'T () to the Wiener process. Therefore, the test
based on this transformation is asymptotically distribution free.

We assume that the trend S (¢, x), & € © C R? and diffusion o (x)2 coefficients satisfy
the following conditions.

ES. The function S (¥, x), 9 € O, x € R is locally bounded, the function o ()c)2 > 0is
continuous and for some C > 0 the condition

xS, x)+o @) <C(1+x?)

holds.

By this condition the stochastic differential Eq. (7) has a unique weak solution for all
0 € O (see, e.g., Durrett (1996)).

RP. The functions S (9, -) and o (x)2 are such that for all 9 € ®

X X

S (9,
/exp 2/ ( );)dy dx — +o00 as x — £oo
o ()
00 0
and
i [S@®
G(ﬁ)z/w)‘zexp 2/ @Dyl ar < oo,
I J o (y)

By condition R'P the diffusion process (7) is recurrent positive (ergodic) with the density
of invariant law

X

1 S, y)
2 = 2 d
T = owr & 0/ o?

We suppose that the initial value X has this density function, therefore the observed process
is stationary.
Introduce the class P of functions with polynomial majorants

P={h(): [hMI=C(1+Iy")}. ®

If the function 4 (-) depends on parameter ¢, then we suppose that the constant C in (8) does
not depend on ¥

The condition RP is strenghtened in the following way.

Ao. The functions S (9, ) , o (-)il € P and for all ¥

JJim  sgn () 20

5 < 0.
yl=00 o (y)

_ Under condition A the empirical distribution function Fr (x) and empirical density
fr (x) are unbiased, consistent, asymptotically normal and asymptotically efficient esti-
mators of the functions F (¢, x) and f (¢, x) respectively. The random processes

nr @) =T (Fr @) = F@.»), e @x0 =T (fron-ro.x)
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converge to the Gaussian processes 1 (¥, x) and ¢ (9, x), which admit the representations

T F,y)F(W,x)— F@,yAx)

P x) =2 dW(y), 9
LAY _/ oMV, y) o) ©
¢ (@, x) =2f (¥, x) /oo M W (). (10)

J oMV @,y

Here W () is two-sided Wiener process. For the proofs see Kutoyants (2004). These proofs
are based on the following representations

T
2 F@,x)F (9, Xs) — F (0, x A Xy)
9, = — dWw;
nr (0, x) JT/ o) £ )
» Trw ) — F (@, y) F (9, x)
» YA X) — , Y , X
+——/ d (11)
JT o (M f @)
Xo
and
2f (9 ) [ F@.X,) — 11
, X y Ag) — WX >x}
7, = dW
ir 0.0 === ! o) f (0 X,)
20 .0 1 F®.y)
, X {y>x} — , Y
+ 2 d (12
VT !)U@VfWJ) )
0

It is easy to see that Ay implies RP. Moreover, we can verify that the condition Ay
provides the equivalence of the measures {Pg) , U € © induced in the measurable space

(C10, T], B) of continuous on [0, T'] functions by the solutions of this equation with different
¥ (see Liptser and Shiryaev (2003)). Hence, the likelihood ratio has the following form

T T
S, X S (@, Xy)?
L(ﬁ,XT):exp /(%Sz)dxx—/(’iﬂzds
/ o (Xs) / 20 (Xy)

and the MLE 97 is defined by the equation

L (f}r, XT) =supL (19, XT).
0e®

To study the tests we need to know the properties of the MLE dr (in the regular case).
Below and in the sequel the dot means derivation w.r.t. ¢ and the prime means derivation
w.r.t. x, i.e.; S (9, x) is d-vector and S (9, x) is a d x d matrix. The information matrix is

SW£)Swfﬁ)
o (§)? ’

where * means transposition and & is the r.v. with the invariant density function f (9, x). The
scalar product in R? is denoted by (-, -).
We have two types of regularity conditions.

I(l?):Eg(
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Ri.

e The set © is an open and bounded subset of RY.
e The function S (¥, x) has continuous derivatives w.r.t. © such that

S@,x), §@, x)eP.
e The information matrix is uniformly nondegerate

inf  inf A (M)A >0
V€O |r|=1,1eR?

and for any compact K C ©, any 99 € © and any v > 0

S, &) — S(ﬁo,s)>2
> 0.

inf inf Ey,
VK |9 —dg|>v

o (§)

Here & is a random variable with the density function f (%, x). By the conditions .Ap and
R the MLE is consistent, asymptotically normal

VT (b7 =9) = N (0,107,

we have the convergence of all polynomial moments and this estimator is asymptotically
efficient (see Kutoyants (2004) for details). Moreover, the MLE admits the representation

T .
. I~ S X)
JT (m — 19) = S AW (Lo 1), (13)
0

Let us introduce the matrix

o0

N (@ y)=1(ﬂ)l/s(0’2) S0

. (Z)z f (¥, 7) dz.

Note that N (¢}, —o0) = I;, where 1; is the unit d x d matrix.
The next regularity condition is
Ro.

o The functions N (9, x) and o (x) have continuous derivatives w.r.t. x
$'@,x), o' (x) € P.

e The matrix N (9, y) for any y is uniformly in 9 € © non degenerate and there existes a
constant C > 0 such that

sup sup XN (9, ) 'h € ————.
9O |A|=1 1—-F(@,y)

Let us remind what happens in the case of simple basic hypothesis, say, @ = . Using the
representation (11) and (12) it is shown that the corresponding statistics have the following

limits

A = T/[FT (x) —F(ﬂg,x)]zdF(ﬁo,x) :>/n(190,x)2dF(15‘0,x),

. 2
ér = T/ [fT (x) — f(ﬁo,X)] dF (9o, x) ﬁ/( (%0, x)* dF (90, x).
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Therefore the tests based on these two statistics are not ADF. To construct the ADF test we
put

£ (90.) /°° F (9. y) = Wiyo
1} . = —_ W s
= w0 =) swvTmn
and note that by the CLT
;T (ﬂOa y)
2L o (B0, ) -
27 Fo.y) mo (Do, x)
Further, we have the convergence
T & 90, )
Ly [¢r W0l (x) = / o (y) f @, »d [72]( Do, y)]
—00
| T
- ﬁo/ lx, <) AW, +0 (1) = w0, (14)

Hence

5 = / L1 [ (90)] () dF (90, x)

00 1
S / w%(l,o’x) dF (99, x) =/wfds

—00 0

and the test Yr = 1 (5r>ce) is ADF (see the details in Kutoyants (2012)).

Moreover, we can define an asymptotically equivalent test Ur =11 { 5re } where
T 3
Tl o ’
< {Xs<x}
or = / —/ [dXs — S (W0, X5) ds] | dF (Do, x) (15)
VT o) T ’
—0o0

and this test as well is ADF.

3 Main result

Remind that the value of parameter ¢ is unknown that is why we replace ¢ by its MLE Br
and our goal is to find the transformations

Ll (3. ). Ller (9r.)] @

of the statistics n7 (d7, x) = «/T(ﬁr (x) — F(ﬁr,x)) and ¢7 (5‘T,x) = \/T(fr(x) -

f (@T, x)) such that the GoF tests constructed on it will be ADF. First note that we have
equality

[UT(@‘T,X)]/ = ¢r(dr, x),
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therefore if we find this transformation for {7 (l§T, -) then we obtain it for nr (5‘7, -) too.
Moreover, we show that the linear transformation (14) of

. (;}T,x) _ VT (fr (x) = f(ls‘TJf)),

2f@r,x)
gives us statistic which is asymptotically equivalent to the statistic

x €R

ix, <x)

£r (ﬁT x _f/ S0 XV—S(ﬁr,X‘Y)ds].

Therefore our ADF test will be based on the statistic &7 (f?T, x), which is much easier to
calculate.
Introduce the random vector

TS,
A@) = / G((yf)\/f @, y)dW(y) ~ N(0,I(¥)) (16)
and the Gaussian function
_1 1 a4l (9, x)
n (@, x) = po (P, x) —2 <I(l?) A(®), T>’ x €R,

where £ (¢, x) = In f (¥, x) and (-, -) is the scalar product in RY. Further, let us puts =
F (9,y),t = F (9, x), define the vector function

S, F~1 (@, )

1
h,s)=1@)""? /h(z?, *h @, s)ds =1,
0

o (F1(®,5)
and Gaussian process
1 '
U(t)=w(t)—</h(19,s)dw(s),/h(z?,s)ds>, 17
0 0

where w (s),0 < s < 1 is some Wiener process. Here F -1 (9, s) is the function inverse to
F (9, y), i.e., the solution y of the equation F (¥, y) = s. Below u (x) = U (F (¢, x)).

Theorem 1 Let the conditions ES, Ag and R be fulfilled, then

T(éf,x) — u@,x), & (&T,x) — (), (18)
and
/ o () f B y) dp (B, y) = u (x). (19)

Proof Using the consisteny of the MLE we can write
er (9r.%) =T (fr 0= £ 0.00) + VT (£ @0 = Gr. )

. af (v,
={r (0, x) — <ﬁ(l9r =), %> +o(1).
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The slight modification of the proof of the Theorem 2.8 in Kutoyants (2004) allows us
to verify the joint asymptotic normality of ¢z (9, x) and ~/T (f’r — 1?) as follows. Let us

denote A7 (¥, XT) the vector score function

T §9, X,)
Ar (19X f/ e W

The behavior of the MLE is described in Kutoyants (2004) through the weak convergence of
the normalized likelihood ratio

L(l?—i—#,XT)

Zr (u) = L (2 x7)

— exp “u Ar (15‘, XT)> - %M*I Mu+o (1)] .

By the central limit theorem for stochastic integrals we have the joint asymptotic normality:
for any (A, v) € R1H4

A (9, %) + <v, Ar (19, XT)> — (@, X) + (1, A®)).

Hence following the proof of the mentioned above Theorem 2.8 we obtain the joint conver-
gence

Cr (0,x),Zr () = (o (0, %), Z (),

where
1 * d
Z (u) = exp (u,A(ﬁ))—EuI(ﬂ)u , u € R%.
This joint convergence yields the joint asymptotic normality

(7 @) NT@r =) = (£ @) 1) A @)

with the same Wiener process W (-) in (10) and (16). A
Now the convergence (18) follows from the consisteny of the MLE, because f (d7, x) —

f (@, x).
Therefore the limit u (¢, x) of wr (¥, x) can be written as

/°° [F @) — Uyowy — (DT S @, 3) £ @, 1) f (9. y)

daw .
o MVT W) } )

—00
Let us consider the linear transformation of u (¢, -) following (14):

X

Ll[m(x):/o(y)f(ﬁ,y) du (9, ).

—0o0

Remind the details of this transformation from Kutoyants (2012). Denote

F@y)=s, a®s)=0c(F'@®ys), b@s)=f0F'®y).
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Then we can write

o0

F@,y) — My
o UEY gy
T o
% F 19’ —1I ))> x
:/[ @, y) — Wre,yn=rFe, )}]de(y)
. o) f @)

1
= / 7[S _ H{Dt}] dw (s)

a(,s)b,s)
0

t 1

Ky s —1
=/mdw“”/mdw“)
0

t

=U(l9,l‘), 0<t<1,

where w (s), 0 < s < 1 is the following Wiener process

Fl@,s)
w(s) = / V@ y)dW(y).

Note that v (¥, 0) = co (x = —00) and v (I, 1) = oo (x = +00). Therefore we define this
differential and the corresponding integrals below for t € (v, 1 — v) with small v > 0 and
in the sequel v — 0 (x — *£00).

Hence
1
duo (9, y) =dv (9, 5) = BT dw (s)
and
X t
/ o () £ (0. y) dao (9. ) =/a(ﬂ,s>b(a,s> v (2.5) = w (1),
e )

To calculate the second term note that

X

oo G $@.y)
(W, x) = G 20/ a(y)2 dy.
Therefore
7 . IS,
/o(y)f(ﬂ,y>dw,y>=2/ a((yf)f(ﬁ,y)dy
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and

X

/ o () f (9 ) di (9. y) = w (F (8, x))

—00

—<1<0)—‘/2/ S(li f)d (F (9,9), 1)~ 1/2/ S(IZ f)dF(ﬁ )>

—00 —00

1 t

=UF (0,x)) =w(t) —</h(19,s)dw(s),/h(z9,s)ds>.
0 0
Further, we have

H{xc<x}

£r (&T,x) - 7 [dX; — S, X,)ds]

O\N

{Xs<x

S(ﬁ X,) — S(Hr. XJ)] ds

T .
H{X3<x}S(7}s XS)
ﬁa (Xs)

o
/

H{Xs<x}dW§ _<(l§T _79) , ds>+0(1)

— w (F (9, x))—<I(19)_ A®), / S(ﬁ y) dF (v, y)>=u(x). (20)

It can be shown that

Lyfprl(x) = Li[ul(x) =u(x).
The same limit has the statistic &7 (ﬁT, x). Therefore itis sufficient to find such transformation
Ly [ST (5‘7, ~)] (x) that its limit is a Wiener process, say, Ly ([U ()] (t) = w;. Below we omit
¥ in h (¢, t) and denote the matrix
1

N(r) = /h(z?,s)h* @, s)ds =N (9, F~' (9, 1)).
t

The transformation Lj [-] of the limit process given below in (21) coincides with one
proposed by Khmaladze (1981) and the difference is in the proofs. The transformation L [-]
in Khmaladze (1981) is based on two strong results: one is due to Hitsuda (1968), which
gives the linear representation of a Gaussian process with measure equivalent to the measure
of Wiener process and the second is due to Shepp (1966), which gives the condition of
equivalence of the process U (s),0 < s < 7 (see (1)) on any interval [0, T], T < 1 to the
Wiener process Wy, 0 < s < t. Then, in Khmaladze (1981), the limit ¢ — 1 is considered.
We do not use these two results and give the direct martingale proof using the solution of
Fredholm equation of the second kind with degenerated kernel.

Theorem 2 Suppose that h (s) is continuous vector-function and the matrixN (t) , t € [0, 1)
is nondenerate. Then
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tos
Ly (U))@)) =U(@) +//h* W) N()7! h(s) dU (v) ds = w;, 21
00

where wy, t € [0, 1) is a Wiener process.

Proof The proof will be done in several steps.
Step 1. We itroduce a Gaussian process

1

M,:/q(t,s)dU(s), 0<r<l, (22)
0

where the function ¢ (t, s) is choosen as solution of special Fredholm equation.
Step 2. Then we show that with such choice of g (¢, s) the process M; becames a martingale
and admits the representation

t
Mt=/q(s,s) dwg, 0<r<1,
0

where wg, 0 < s < 1 is some Wiener process.
Step 3. This representation allows us to obtain the Wiener process by inverting this equation

t t

s
1 1
w,:/ dMs=U(t)+/7/q_;(s,v)dU(v)ds, 0<t<l.
" q(s,s) , q(s,S)O

This last equality provides us the linear transformation

t N
1
Lz[U](t)=U(t)+/—/q; (s,v) dU (v) ds = wy,
/ q(s,s)O

and we show that it is equivalent to (21).
Now we realize this program. Suppose that g (¢, s) is some continuous function and the
process M, is defined by the equality (22). Then the correlation function of M; is (s < t)

t t

R(t,s) =E[MM;] =E /q(t,u) dw(u)—/q(t,u) (G, b (u)) du
0 0

N )

/q<s,v> dw (v) —/q<s,v) (€ h () dv

0 0
N 5 t
=/q(t,u)q(s,u) du—</q(s,v)h(v) dv,/q(t,u)h(u)du>
0 0 0
N t
= [aso|awn= [a@v tw. hwiaw|
0 0

@ Springer



308 Stat Inference Stoch Process (2014) 17:295-319

Therefore, if we take ¢ (¢, s) such that it solves the Fredholm equation (¢ is fixed)

t

q(t,s)—/q(t,v) (h(s),h(v) dv=1, se€l0,1], (23)
0
then
E[M,M;]=E[M?] = /q (s, u) du. (24)
0

The solution ¢ (¢, s) of the Eq. (23) can be found as follows. Let us put

1

q(t,s):1+</q(t,v)h(v) dv,h(s)>:1+(A(t),h(s)):l+h(s)*A(t),
0

where the vector-function A () itself is solution of the following equation (after multiplying
(23) by h (s) and integrating)

t t
A(t)—/h(s)h(s)* dsA(t)=/h(s) ds.
0 0

We can write

t t

Id—/h(s)h(s)* ds A(t):N(t)A(t):/h(s) ds
0 0

(I is d x d identity matrix) and remind that N (¢) is nondegenerate, then we obtain

t

A)=N@)~! /h(s) ds.

0
Therefore, the solution of (23) is the function
t
q (t,5) =1+<N(z)—1/h(v) dv,h(s)>. (25)
0

The last integral in (24) has the following property.

Lemma 1
t t

/q (t,s) ds = /q (s,s)2 ds. (26)
0 0

Proof We show that

t t
d/ (t )d—d/( )Yrds =g (1,1)°
& q(t,s S_dt q(s,s s =q(t, .
0 0
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We have
t t

t
d _ d * —1
E/Q(fvs)ds—l—i-g /h (s)ds N(2) /h(v)dv
0 0 0
!

=1+42h* (1) N(t)_l/h(v)dv

0
1 t

+/h* dsN®O " h@) R (t)N(t)’l/h(v)dv

0 0
' 2

= 1+h*(z)N(z)*'/h(s)ds —q .02
0

The next step is the following Lemma.

Lemma 2 [fthe Gaussian process My satisfies (24) and we have (26) with some continuous
positive function q (s, s), then

t

() =/q<s,s>—‘dMs
0

is a Wiener process.

Proof Consider the partition 0 = sgp < s; < --- < sy = 1 and put

y (1) = Zq (Si—1, $1-1) " [My, — M,,_,].

S| <t
Note that by (24) we have EM M, = EMs2 for s < t. Hence forl # m
E [Msl - Mslfl] [Msm - Msm—l] =0.

This allows us to write

Eoy (0an ()= D q (si-1.5-0) 2 E[My, — My, ]°

SIS

=D qlu-1,5-1)" 2E[M2 M5, 1]
S|<s

=S g6t sn” /q(v,v>2dv—>s
S|<s

S1—1

asmax |s; — s;—1| — 0. Atthe sametime zy (#) — z (¢) in mean-square. Therefore, Ez (1) =
0,Ez(1)z(s) =1t A s and z (¢) is a Wiener process wy.
Hence
t

MtZ/q(S,S) dwy,, tel0,1)
0
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is a Gaussian martingale. This implies the equality

t P s
wt :/ : dM, =U (1) +/ ! /qj (s, v) dU (v) ds.
0

q(s.s) q(s,s)
0 0

For the derivative g, (¢, s) we can write

q; (t.s) = (A" (1), h (s))
t
= NGO RO ONG! /h(v) dv+h*s) NO™' h@)
0

t
=h*ONO " h@) | R @ON@! /h(v)dv+1
0
= NGO h@) g, 1).

Hence

q; (s, )

=h* )N hs)
q(s,s)

and we obtain the final expression

r s
w; = U(t)+//h* W) N(@s)~" h(s) dU (v) ds.
00

This is the explicit linear transformation w; = L, [U](¢) of the process U (-) in the
Wiener process w; and this proves the Theorem 2.
Let us denote

S, y) N x):75(z9,z)5’(z9,z)*

o () o P

g, y) =

Then we can write

wr@,x) = U (F (¥, x))

x oy
+ / / g W N@, ) g(@.2) dU (F (¥,2)) f @, y)dy,
—00 —00
i.e., this transformation of U (-) does not depend on the information matrix I (). Of course,
U (-) itself depends on I ().
To construct the test we have to replace U (F (¢, x)), g (9, y) and N (¢, y) in (21) by
their empirical versions based on observations only

&r (ﬁr,x), g(ﬁT,y) =S(jT(’y;]), N({?Ta)’)
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respectively and to study

ur (é]",x) = ST (éT,x)

x oy
+/ /8* (lg‘T,y)N(lg‘T,)’)_lg(lg‘T,Z> dér (lA?T,Z) dr (IQ/‘T,y)'

—00 —00
Then we have to show that
vr (7, %) —v7 (9, ) = 0, vr (9, X) = Wr(o.x)-

Unfortunately we can not do it directly. We have to avoid the calculation of the integral
y
N (7§T7 y) = / 8 (7§T, Z) dér (1§T, z)
—0o0
because this integral is equivalent in some sense to the [t6 stochastic integral and dr depends

on the whole trajectory (X;,0 <t < T). One way is to use the discrete approximation of
this integral

K, (5‘7, y) =>¢ (13‘7, Zi) [%‘T (§T71i+1) —é&r (f?r, Zi)]

Zi<y

and to show that
K, (f}r, y) C Ky (9,y) = 0, Ky, y) —K®,y) - 0.

Another possibility is to replace the corresponding stochastic integral by the ordinary one
what we do below.
Introduce two functions

X

0@ x.y) = / T OV g9,y aF @, v),
o (v)
YAX

(S@,v),0® x,y)

R, x,y) = . (y)2

and the statistic

VT (ﬁT,x) = gT (f?T,x)

T
1 Y 2
_MO/[R‘V (Br.x. X,) o (X2 ds

~

+2R (lgr, X, XS) S(1§Ta Xs)] ds.

The main result of this work is the following theorem.

Theorem 3 Let the conditions ES, Ag and R1, Ry be fulfilled, then the test IIAJT = Wis;>c,)
with 8t and c. defined by the relations
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oo 1
~ 2 ~
5 = / Vr (ﬁf,x) dF(dr,x), P /wlzdt>ca = 7)
S 0

is ADF and belongs to K.
Proof Let us suppose that g (1%, z) is piece-wise continuous function and consider the calcu-
lation of the integral

b

/g (0, 2) dér (9, 2) .

a

For any partitiona = z1 < z2--- < zx = b and max |zx4+1 — zk| — O we have

=

-1

2 (9,30 [Er 0 zes1) — Er (0, 20)]
1

a-
Il

B Zk 18D, Z1) Wigp<x, <y} dx,

_ﬁ o (Xy)

ds

_ 7/ ZIIcV 11 g (0, Zk) SO, X)Wz <x, <z 1)
o (Xy)

?, Xy) <
/ g ( ) Wia<x, <b) dx,
\F o (Xy)

s / g (9, Xg) S, X,) Waex, <p)
f o (Xs)

ds.

Therefore we have the equality

S, 2) /S(l?X)Hxsq}
der (9, o o8 e X,
/ o (2) 57 (9, 2) = JT o (X;)?

—0oQ

B 1 S(ﬁX)S(z?X)lIqu ds.
ﬁo o (Xy)?

(28)

Further, by Fubini theorem

X y

Jr (0, x) = / g @ NHN@, y! /8(19, z) dér (0, 2) AF (9, ),

—00 —00

S@.X)" [ L
dF (v, y) dX;
f/ e h [ nen @ oy

XgAx
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T .
1 S (v, Xs)* S, X
JT ) o (Xs)?

) / N@®,y) g (@, y) dF (9, y) ds

XsAx

T T
1 1
= ﬁO/R(ﬁ,x,XS) dX — ﬁO/R(ﬁ,x,XS)S(ﬁ, Xi)ds.

By the Itd formula

T Xr ! T
/Rw,x,xs) ax, =/R(z9,x,y> dy - E/R; (8, %, Xg) o (Xo)2ds.
0 Xo 0

Hence we have no more stochastic integrals and can substitute the estimator

Xr

ﬁJT (laT,x) :/R (;,T,xv)’) dy

Xo

T
~ ~ 1 ~
—/[R (Br.x. X,)SOr. Xo) + SR} (z?T,x,Xx)o(Xaz] ds
0

Xr
:/R(lgr,x,y) dy
Xo

T
_/ |:R (Br.x. X,) 5@, Xo) + %R’y (br.x. %,) 0 (Xs)z] ds

T

+/ br.x, X,) [S(ﬁ, Xs)—Sa%,Xs)] ds
0

Further (below iy = ~/T (31 — ©))

A XT
[JT (z%,x) —Jr (ﬁ,x)] - <”TT / R, x,y) dy>

Xo
R T
<TT,/[R(79 X, X5)S(, Xs) + 1R’ @, x, X,) o (Xy) ] >
0
R T
_<”T /R(z? x, XS0, X)dv>+0(1).
0

Note that by Theorem 2.8 in Kutoyants (2004) for any p > 0

supEg’ﬁT—ﬁ‘p <cr5. (29)
¥
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Using once more the Itd formula we obtain

Xr T
. . 1.
/R(ﬂ,x,y) dy—/[R @, x, X)8(0, X;) + S R, (ﬁ,x,xaa(xaz] ds
X0 0
T
:/R(z?,x,XS)dWs.
0
Hence
~ T 2
E19<L?3/R(ﬂaxvxs) dWY>
0
1 ’ ' C
~ |2 .
<Ey |ir]| ;/R(ﬂ,x,xs) aw,| = =,

0

and we can write

T
A 1
Jr (ﬂr,x) = ﬁ/R (W, x, Xs) de
0
| T
_ ?/R @, x, Xy) (iir, S, X)) ds +o(1).
0
Therefore

T
Vr (faT,x) — &7 (faT,x) 4 %/R ®, x, Xs) AW,
0

T
- %/R(l?,x, X) (fir, S, X,)) ds + o0 (1) = Vr (f}T,x) tYo(l),
0

where we put
| T
Ur (br.x) =& (&T,x)+7T/R<ﬁ,x,xs) aw,
0
| T
— ?/R(ﬁ,x,Xs)(ﬁT, S, X)) ds.
0
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To prove the convergence

S5y = /Oo Vr (éT,x)zdF (5‘7,)6) +o(l)
—00
1

o0
= / WE 9.0y dF (9, x) = / w?de
—00 0

we have to verify the following properties:

1. Forany xi, ..., xx

(Vr(f’r,)m), cey VT(5T7xk)) = (WF@.x1)s - - WE@x0)) - (30)

2. For any § > 0 there exist L > 0 such that

/ Ey Vr (D7, x)% f O, x)dx < 8. (31
|x|>L
3. For |xj| < L,i =1,2,
S 5 2 12
Eﬂ‘VT(ﬁT,xz)—VT(ﬁT,M)‘ <C |x2—x1|/". (32)

Note that by the conditions (30) and (32) we have the convergence of the integrals

L L 1-1
/OT({sT,x)z dF (97, ) :>/w%(ﬁ’x) dF (9, x) = / w? dr,
) L vy

where F (9, —L) =viand F (9, L) =1 — vy.
The first convergence (30) follows from (20), central limit theorem for stochastic integrals
and the law of large numbers

T 0
%/R(ﬁ, xi, X5) S0, X;) ds —> / R, xi,y) S, y) f (9, y)dy.
0

—00
Herei =1, ..., k. Indeed, we obtain the joint asymptotic normality
o0
Vr (7, xi) = u (x) + / R (0, xi, y) dwr,y)

—00

o
- / R@,xi, (I A@), S, »))dF @, y).

—00
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Note that the limit of (28) is equivalent to

y o y o
$,2) [ 5@,
/ o u _/ o (@) JWFeD

—00 —00

y

/(1(19)— A®),S®,2) S, )dF(z? 2).
J o (2)?
To check (31) we write
1 ‘ ’
Esér (x)* < 2Ey 7/H{x5<x}dWs
0
2
1 THXY<X}S 0T7Xs)
+ 2Ey ur , / ds
o (Xs)
0
e 2
R H{XS<X}S<19TsXS)
<2F (¥, x)+2Ey |ur 7/ ds| <C.
o (Xy)

T
0

Remind that by conditions Ag, R, Rz, all related functions have polynomial majorants. By
condition Ay, the invariant density f (3, x) has exponentially decreasing tails: there exist the
constants ¢y > 0, C2 > 0 such that

f@®,x) < Cye 2,

Therefore all mathematical expectations are finite.
Further,

Ey ‘VT (1§T7x2) - Vr (19T,x1)‘2 < 3Ey l&7 (x2) — &7 (xp)I?
2

T
1
+ 3Ey ﬁO/[R (@, x2, X5) — R (9, x1, X;)] dW;

+3E, %/[R (ﬁ,xg,xs)—R(ﬁ,xl,xs)](ﬁf,s(ﬁT,XS»ds

<C(L) lxa—x |2,
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For example (x] < x2),

T 2
1
Eo lér () — 67 () <260 | = / Wy <x, <2z AV

0

1 M ex,<n$ (1§T, Xs)

+2Ey | {dar, —/ ds
T o (Xy)
0

X2 12

7 o2
<2 [ oy dyr2(E )" [Porr o o
x1

1
<Clxa—x1|+Clxa —x1|"? < C (L) |x2 — x1|V%.

Here P (y) is some polynome.
These properties of V7 (1, x) allow us (see Theorem A1.22 (Ibragimov and Has’minskii
1981)) to verify the convergence

00 00 1
/VT(f}T,x)Zf(ﬁT,x)dx=> / WFp0) dF(ﬂ,x):/wtz dt.
—0 —0o0 0

Example 1 Linear case. Let us consider the one-dimensional (d = 1) linear case
dX; =%a (X5)ds + 0 (Xg)dW,, Xo, 0<s<T.

We have some simplification because we have no more problem with the calculation of
stochastic integral and the statistic can be calculated as follows. Let us denote

[ a(y) Ar(dr.y)

By (br.x) = &rr. ) +ZO S ) o dF (7. ).
where
T a(z)?
N (@, y) =/G(Z)2 f(0,2) dz
y
and (see (28))

T
A 1 a (Xs) Uix, <y) R
Ar(dr,y) = 7/7 [dX, — dra (Xs) ds].
y ﬁ J o (Xs)z s K
Then we obtain the convergence

00 1

5y = / BT(éT,x)ZdF(f’T,x):>/w,2 dr
0

—0oQ0

Hence the test &T = s, >c,} is ADF.
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4 Discussion

In Theorem 2 the condition of existence of the finite solution on the interval [0, 1) is the
following: the matrix

1
N((t) = /h (v) h* (v)dv, is positive definite for any t € (0,1). (33)
t

Of course, we have to check it for any close to 1 value of t < 1. The quantity N (¢) =
L)', (9), where (t = F (9, x))

o0

S @, )8 @, y)*
I () = L (9) = / SACPILICE)N

o 0) f @, y)dy

is the Fisher information in the case of censored observations
Yy = X; H{X,>x}7 0<s=<T

and the condition (33) means that this Fisher information is positive definite for any x < co.
For example, if d = 1 and we suppose that

h = tim S OFO0)] L SO
=10 (FL@,0)JI@) r=2o@mJ/I@

then the condition (33) is fulfilled.

It is easy to see that for Ornstein-Uhlenbeck process & (1) = oo, but the integral of (-)?
on [0, 1] is finite and equal to 1.

Note that if the function (¥, y) = 0 for y > b with some b, then we have finite solution
q (t,s),s € [0, t] for the values ¢ € [0, F (9, b)) only.
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