Stat Inference Stoch Process (2011) 14:101-109
DOI 10.1007/s11203-010-9051-x

Nonparametric estimation of trend for stochastic
differential equations driven by fractional Brownian
motion

M. N. Mishra - B. L. S. Prakasa Rao

Received: 15 March 2009 / Accepted: 28 September 2010 / Published online: 12 January 2011
© Springer Science+Business Media B.V. 2011

Abstract  Consider a stochastic process {X;, 0 <t < T} governed by a stochastic differ-
ential equation given by

dX, =S(X)dt +edWH, Xo=x0, 0<t<T

where {W,H ,0 <t < T} is a standard fractional Brownian motion with known Hurst
parameter H € (1/2, 1) and the function S(.) is an unknown function. Suppose the pro-
cess {X;,0 <t < T} is observed over the interval [0, T]. We consider the problem of
nonparametric estimation of trend function S; = S(x;) by a kernel type estimator

T
N 1 T—1t
S,=—/G( )er
®e ®e

0

and study the asymptotic behaviour of the estimator as € — 0. Here x; is the solution of the
differential equation given above when € = 0.
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1 Introduction

Statistical inference for diffusion type processes satisfying stochastic differential equations
driven by Wiener processes have been studied earlier by several authors and comprehensive
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surveys of various methods of parametric and nonparametric estimation are given in Basawa
and Prakasa Rao (1980), Prakasa Rao (1999) and Kutoyants (1984, 1994, 2004) among oth-
ers. There has been a recent interest to study similar problems for stochastic processes driven
by a fractional Brownian motion (fBm) starting with the works of Le Breton (1998) and
Kleptsyna and Le Breton (2002). In some of our recent work (cf. Prakasa Rao 2003, 2004,
2005, 2008), we studied statistical inference problems for classes of stochastic processes
satisfying linear stochastic differential equations driven by a fractional Brownian motion and
investigated the asymptotic properties of the maximum likelihood and the Bayes estimators
for parameters involved in such processes. Prakasa Rao (2010) gives a survey of results in sta-
tistical inference for fractional diffusion processes, that is, processes governed by stochastic
differential equations driven by a fractional Brownian motion.

Consider a stochastic process {X;, 0 <t < T} governed by a stochastic differential equa-
tion given by

dX, =S(X)dt +edWH, Xo=x0, 0<t<T (1.1

where {WH ,0 <t < T}isastandard fractional Brownian motion with known Hurst param-
eter H € (1/2, 1) and S(.) is an unknown function. Suppose the process {X,;,0 <t < T}is
observed over the interval [0, T]. We consider the problem of nonparametric estimation of
trend function S; = S(x;) by a kernel type estimator

T
§t=i/G(T_’)dX,
Pe Pe

0

and study the asymptotic behaviour of the estimator as € — 0. Here x; is the solution of the
Eq. 1.1 when € = 0.

The main results are presented in three theorems. Under some smoothness conditions,
the first one proves the mean square consistency of the estimator, the second theorem gives
a bound on the the rate of convergence and the third theorem deals with the asymptotic
normality of the estimator. Kutoyants (1994) investigated a similar problem for processes
driven by the Brownian motion. Our methods are similar to those in Kutoyants (1994).

2 Preliminaries

Let WH = {WIH, t >0} be a normalized fractional Brownian motion with known Hurst
parameter H € (%, 1), that is, a Gaussian process with continuous sample paths such that
Wi =0, EW/) =0and

1
EW W = 3 [52” L r|2H], t>0,5>0.
Let us consider the stochastic differential equation

dX, =S(X)dt +edWH, Xo=x0, 0<t<T 2.1)

where the function S(.) is unknown. Suppose {x;, 0 < ¢ < T}isthe solution of the differential
equation

d
% = S(x), %0, 0 <1 <T. 22)
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We have to estimate the function S; = S(x;) based on the observation {X;,0 <t < T}. We
assume that the function S(x) satisfies the following condition which ensures the existence
and uniqueness of the solution of Eq. 2.1:

(A1) There exists L > 0 such that

|S(x) = SI = Llx —yl,x,y € R.

It is clear that the condition (Aj) implies that there exists a constant M > 0 such that
[S(x)] < M(1 + |x]), x € R by choosing M = max(|S(0)|, L).

Existence and uniqueness of the solution of the stochastic differential Eq. 2.1 follow as a
special case of the results in Nualart and Rascanu (2002).

Suppose the function S(.) is bounded by a constant C. Since the function x; satisfies the
ordinary differential Eq. 2.2, it follows that

N
[S(xi) = S(xs)| < Llxs —xs| =L /S(xr)dr = LC|t —s|.t,5 € R.

t

Lemma 2.1 Let the function S(.) satisfy the conditions (A1). Let X, and x; be the solutions
of the Egs. 2.1 and 2.2, respectively. Then, with probability one,

@ 1X; — x| < eHelWH| (2.3)
and
(b) sup E(X; —x;)? < PtTe2T?H, (2.4)
0<t<T

Proof of (a): Let u; = |X; — x;|. Then, by (A1), we have

t
Uy < / IS(Xy) — S(xy)dv + € |W/H]
0

1
< L/uvdv—i—e IWH.
0

Applying the Gronwall’s lemma (cf. Lemma 1.12, Kutoyants (1994), p. 26), it follows that
u < e|WlH|eLt.
Proof of (b) : From (2.3), we have ,

E(X; — x,)? < 2HEE(W,|T)?
= ?L1e2?H (2.5)

Hence

sup E(X; — x,)2 < AT 22, (2.6)

0<t<T
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3 Main results

Let ®¢(L) denote the class of all functions S (x) satisfying the condition (A) and uniformly
bounded by the same constant C. Let ®4 (L) denote the class of all functions S(x) which are
uniformly bounded by the same constant C and which are k-times differentiable with respect
to x satisfying the condition

1S® (x) = O ()| < Lix =yl x,y € R.

Here g(k) (x) denotes the k-th derivative of g(.) at x.
Let G(u) be a bounded function with finite support [A, B] satisfying the condition

(A) Gu)=0 for u<A and u > B, and ff Gu)du = 1.
Further suppose that the following conditions are satisfied by the function G(.):

(i [, G*w)du < oo;
() [ u***DG2(u)du < oo, and

Gii) [, |G @w)|7du < oo.

Following the procedure adapted in Kutoyants (1994), we define a kernel type estimator of

the trend S; = S(x;) as
. T
~ —1
S, =— / G (r )dxf
Pe ) Pe

where the normalizing function ¢, — 0 with €' — 0 as € — 0. Let Eg(.) denote the
expectation operator when S(.) is the trend function.

Theorem 3.1 Suppose that the trend function S(x) € ®g(L) and the function 9. — 0 such
that €2¢7; ' — 0ase — 0. @rther suppose that the condition (Ay) holds. Then, for any
0 < c <d < T, the estimator S; is uniformly consistent, that is ,
lim sup sup Es(S; — S(x)[*) =0.
€0 §(x)e@y(L) c<t=<d
In addition to the conditions (A1) and (A,), assume that
(A3) [P w/Gwydu =0 for j=1,2,....k; and [0 |G)u*'|du < cc.

Theorem 3.2 Suppose that the function S(x) € Oyy1(L) and ¢ = ekffll+2. Then, under
the conditions (A3), and (A3),

) ~ —2(k+1)
limsup  sup sup Es(|S; — S(x)[P)eFr < oo.
e—>0 Sx)€O, (L) c<t<d
Remark Under the conditions stated in Theorem 3.2, it follows that the mean square error

(MSE) of the estimator S} of the function S(x;) is of the order O (e %) as € — 0 and the
order of the MSE decreases as k increases.

The results stated above are analogues of the corresponding results in Kutoyants (1994)
for nonparametric estimation of the trend for processes governed by the Brownian motion.
We follow the techniques in Kutoyants (1994) for proving these results.
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Theorem 3.3 Suppose that the function S(x) € Oky1(L) and ¢ = ekffll+2. Then, under
the conditions (A) and (A3), the asymptotic distribution of

—(k+1) ~
€=aF2 (S, — S(xp))
is Gaussian with the mean

S [

T G(u)ukJrl du

—0oQ0

and the variance

azzH(ZH—l)/ /G(u)G(v)lu—vIZHfzdudv

as € — 0.

4 Proofs of theorems

Proof of Theorem 3.1: From (2.1) we have,

T
EsIS) — St /G(
0

T
1 —1 —t
+ —/G(t )S(xf)dr—S(x,)—i-i/G(t )dW,H
Pe 2 Pe Pe ) Pe

)(S(Xz) — S(xc))dr

T 2
<3 /G( )6@)-&%»”
0
T 2
3| L / G ( ) S(x)dt — S(xp)
Pe
0
2 T ?
+3€2 Es /G(T )dw”
Pe ) Pe
=11+ L+ Iz (say). 4.1
Note that
_ T 2
1 T—1
I} =3Eg f/G( )(S(XT)—S(XT))dT
Pe Pe
L 0
- oo 2
= 3Eg /Gwﬂﬂ&wm—smwwym
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<3(B—A) / G2 L*Es (Xi1gou — Xi+pu) du (by using the condition (A))

—00

<3(B—A) / G w) L*  sup  Es (Xipgpou — Xrigou) du
0<t+@eu<T

< C1€? (by using (2.4)) (4.2)

for some positive constant C depending on H, T, L, and B — A. Furthermore

T
B
L=3|—
O

2

) Sxr)dt — S(x;)

00 2
=3 / G (u) (S(r+po) — S(x1)) du
<c / |G (wulgedu
< Cz<pZ/G2(u)u2 du
< C3¢? (by (A2)(ii)) (4.3)

for some positive constant C3 depending on 7', L, C and B — A. Furthermore the last term
tends to zero as € — 0. In addition, for % < H<1,

T
32
L= = Es /G(t )dWH
(pe 0 (/’e

2H
u
§—C4(2 H) /‘ ( ) drt (cf. Memin et al. 2001)
562 2H .
< —5¢ (byusing (A2)(iii) )
€
e? 2H-1
= Co—¢; 4.4)
Pe

for some positive constant C¢ depending on H and 7. Theorem 3.1 is now proved by using
the equations (4.1) to (4.4).

Proof of Theorem 3.2: By the Taylor’s formula, for any x € R,

Oy )

Nk
s - sO LT

S(y) = Sx) + Z S () =——

j=I
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for some z such that |z — x| < |y — x].
Using this expansion, the Eq. 2.2 and the conditions in the expression /> defined in the
proof of Theorem 3.1, it follows that

- oo 2
h<3 / G @) (SCirsgu) — SCx) du
- B o
=3|> 5V /G(u)ujdu el (jH~!
2 |
o) 2
+ / G (5O (2) — S® (x)) du | @* k)

for some z,, such that [x; — z,| < [X;4¢.u — X/| < Clpeul. Hence

00 2
L < C7L? / |G )"+ ok (k)™ du
— 00
o0
< C3(B — A) (k) "2p2*+D / Gy du < Cop?*k+D 4.5)
—00

for some positive constant Cg depending on C, H, T, L and B — A. Combining the relations
(4.2), (4.4) and (4.5), we get that there exists a positive constant Cjo depending on H, T, L
and B — A such that

sup Es|S; — S(x)* < Cro(2p2 7% + 92D 1 &2).

c<t<d

1
Choosing ¢, = €*=H+2 we get that

. ~ 5 _ 2kt
lim sup sup sup Eg|S; — S(x;)|"€ &=H2 < oo.
€e—>0 Sx)€O)y1(L) c<t<d

This completes the proof of Theorem 3.2.

1
Remark Choosing ¢ = €2-H and without assuming the condition (A3), it can be shown
that

o~ 2
limsup sup  sup Es|S; — S(x)|?€ TF < oo
€—>0  S(x)eBy(L) c<r=d

which gives a slower rate of convergence than the one obtained in Theorem 3.2.
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Proof of Theorem 3.3: From (2.1), we obtain that

S — S(x1)

1 r T—t
= */G( )(S(Xr)_S(xr)) dt
Pe Pe
0
T T
1/ (r—t) e/ (r—t) i
+— [ G Skxy)dt —Sxp)+— | G dw;
(peo Pe (/’eo Pe

= /G(“)(S(XH»%M)_S(xtJr(pgu)) du

—00
(o) T
€ T—t H
+ Gu)(S(Xt4peu) —Sx))du+— [ G dwz|. (4.6)
Pe Pe
—00 0
Let ¢ = ekffllﬂ and
S, — S(x;) = R1 + Ry + R3 (say). 4.7)
By the Taylor’s formula, for any x € R,
k+1 i k+1
_ Dy & =) [ k1)) _ k1) ] O-x
S(y)_S(x)—i—;S (x) Tt SE D@ = sE D | =

for some z such that [z — x| < |y — x].
Using this expansion, the Eq. 2.2, relation (4.7) and the condition (A3), it follows that

[ee)

k+1
R (D)) \ _ kD) (pe)™)
(Ry=m* = | [ G (5% @) = s0e) U
—00
for some z,, such that |x; — z,| < [X;4p.u — X:| < Cleeu|. Hence, by arguments similar to
those given following the inequality (4.5), it follows that there exists a positive constant Cyg
such that

oo

k+2
(Ry—m)? < €1 L2C? / Gl s du | by(an)
J !
< Cpp2®*? (by (43)) (4.8)

for some positive constant C1, depending on 7', L, H, C and B — A. Therefore

_ 2(k+1) 2
€ &H2(Ry —m)” — 0 ase — 0.

Furthermore

_ 2(k+1) _ 2(k+D
0<e &=rm ES[RIZ] — ¢ A2 0(¢52(k+2))
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by arguments similar to those given for proving the inequality (4.5). Hence

_ 2(k+D) 2
€ A2 Eg[R{] — 0 ase — 0.

In addition, it follows that ES[Rg] is finite by (A2)(iii) and the variance of the Gaussian
random variable

o0

/ G(ryawl

—00

is

HQH - 1) / / GG |u — v 2 du dv

(cf. Prakasa Rao 2004). Combining these observations, an application of Slutsky’s lemma
proves Theorem 3.3.

Remark 1t would be interesting to find verifiable conditions which give the locally asymptotic
minimax lower bound on the risks of all estimators of the function S; = S(x;) in the sense of
Hajek-Lecam following the techniques in Ibragimov and Khasminskii (1981) and Kutoyants
(1994) and to check that the kernel type estimator proposed above is asymptotically efficient
in the sense of achieving this asymptotic lower bound.
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