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MAXIMAL REGULAR ABSTRACT ELLIPTIC
EQUATIONS AND APPLICATIONS
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Abstract: The oblique derivative problem is addressed for an elliptic operator differential equation
with variable coefficients in a smooth domain. Several conditions are obtained, guaranteing the maximal
regularity, the Fredholm property, and the positivity of this problem in vector-valued L,-spaces. The
principal part of the corresponding differential operator is nonselfadjoint. We show the discreteness
of the spectrum and completeness of the root elements of this differential operator. These results are
applied to anisotropic elliptic equations.
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1. Introduction, Notation, and Background

In the recent years, the maximal regularity properties of boundary value problems (BVPs) for op-
erator differential equations have found many applications to partial differential and pseudodifferential
equations and various physical processes (see [1-19] for references). The main objective of the present
paper is to discuss the maximal L, regularity properties of BVPs for the elliptic operator differential
equation with varying top coefficients

" 2u X " u\xr
Lu = Z aij(x)w — Ax(z)u(z) + ZAk(x)a&E ) = f(z), zedq,
ij=1 i k=1 k (1)
Lru = [a(x)a;; + B(:c)u} ) =0,

where I' is a boundary of a domain G C R", [ is nontangential direction on I, a;;, o, and 3 are complex-
valued functions, A)(x) = A(z)+ A, where A and Ay, are possibly unbounded linear operators in a Banach
space F.

Maximal regularity of partial differential operator equations in L,-spaces was studied in [1,4, 5,15~
19]. The results in [4] and [15-19] are restricted to the rectangular domains and the equations without
mixed derivatives in the leading part. Moreover, the problems under study in [1] and [5] involve only
bounded operator coefficients.

Unlike to the above articles, we study elliptic problems with unbounded operator coefficients in
general domains with smooth boundaries.

We say that (1) is mazimal Ly-regular (or separable in Ly) if:

(1) for all f € L,(G; E) there exists a unique solution u € W2(G; E(A), E) satisfying (1) a.e. on G;

(2) there exists a positive constant C' independent of f such that

0%y
al‘ial‘j

n

+ [ Aull e < Clfllz,c:m)-
LP(GSE)

ij=1
Let O be the operator generated by (1); i.e.,
D(0) = W}(G; E(A), E, Lr) = {u: u € W}(G; E) N Ly(G; E(A)), Lru =0}, Ou = Lu.
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We show that (1) is maximal Ly-regular, which implies that there is a bounded inverse of O from L,
to I/Vp2 (G; E(A), E). Moreover, we prove that O is a positive operator and the generator of an analytic
semigroup in L.

Since (1) involves unbounded operator coefficients, it becomes difficult to obtain global estimates for
solutions of (1). Therefore, to show that O has a left inverse and its range coincides with L,, we use the
covering and flattening arguments, some formulas for solutions, results on the operator-valued Fourier
multipliers, some abstract embedding theorems (Theorems A; and Ay) and the separability properties of
local differential operators with constant coefficients (both on the plane and half-plane). Then by using
these results along with the qualitative properties of some embedding operators we prove discreteness
of the spectrum and the completeness of the root elements of O. By way of application we establish
well-posedness for anisotropic elliptic equations in Ly, p = (p1,p) (i-e., the Lebesgue spaces with mixed
norm) and Ly-separability for infinite systems of elliptic equations.

The paper is organized as follows: Section 2 collects definitions and background materials, embedding
theorems of Sobolev-Lions spaces, maximal regularity properties for elliptic operator differential equa-
tions on the line and half-line and estimates of approximation numbers. In Section 3, the L,-separability
and results on the Fredholm property for (1) are presented. Finally, Sections 4 and 5 are devoted to
spectral properties of O and some applications.

A Banach space E is an UM D-space if the Hilbert operator

e—0 T
|z—y|>e

(Hf)(x) = lim f(y?y dy

is bounded in L,(R, E), p € (1,00) (e.g., see [20]). The UM D-spaces include, e.g., L,- and [,-spaces and
as well the Lorentz spaces Lyq, p, ¢ € (1,00).
Let C be the set of complex numbers and

Sp={NeC, Jag) <p}U{0}, 0<p<m.

A linear operator A is positive with bound M > 0 in a Banach space E if D(A) is dense in F and
HA+X) Yy < M1+ M)~ with A € Sy, ¢ € [0,7), where I is the identity operator in E and L(E)
is the space of all bounded linear operators in E. Sometimes instead of A+ Al we will write A+ X or Aj.
It is known that [21, § 1.15.1] there exist fractional powers A? of a positive operator A. Let E(A?) denote
the space D(A?) with the graph norm

1
lullsgan = (lull? + 1 A%[P)%, 1< p< o0, ~00 <6< oo.

Let Ey and E3 be two Banach spaces. Also (E1, E2)gp, 0 < 0 < 1,1 < p < oo, will denote the
interpolation spaces that are defined by the K-method [21, §1.3.1].

A set W C B(Eh, E») is called R-bounded (see [5, 22]) if there is a constant C' > 0 such that for all
11,15, ...,1T, € W and UL U2, - -y U € Fi,meN,

1 1 m
/ dy<C [ S i
0 £ o =l

where {r;} is a sequence of independent symmetric {—1, 1}-valued random variables on [0, 1].

Let S(R™; E) denote the Schwartz class, i.e. the space of all E-valued rapidly decreasing smooth
functions on R™. Let F stand for the Fourier transform. A function ¥ € C(R"; B(E, E2)) is called
a Fourier multiplier from L,(R™; E1) to L,(R"; Es) if the map u — Au = F71U()Fu, u € S(R"; Ey)
is well defined and extends to the bounded linear operator A : L,(R"™; E1) — L,(R™; E3). The set of all
multipliers from L,(R™; Ey) to L,(R™; Ey) will be denoted by M} (E1, Es). If Ey = Ey = E we use the
symbol M} (E).

er(y)TjUj

Jj=1

dy,
by
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Let g = (€1a£27"'7€n)? £ S an B = (Blvﬁ?»"'aﬁn)’ 56 = 51181522 ﬁn’ Un = {/8 = (/817527"'7/871)?
Bk € {07 1}}

DEFINITION 1. A Banach space E is said to satisfy the multiplier condition if for every ¥ €
C™(R™; B(E)) the R-boundedness of {gﬁpfxp(g) : £ € R"\0,8 € Uy} implies that ¥ is a Fourier
multiplier in L,(R™; E); i.e., ¥ € MJ(E) for all p € (1, 00).

DEFINITION 2. A p-positive operator A is said to be an R-positive in a Banach space E if there
exists ¢ € [0,7) such that La = {A(A+ &)~ : £ € S,} is R-bounded.

A linear operator A(x) is called positive on E uniformly in x if D(A(x)) is independent of z, D(A(x))
is dense in F, and

A(z) +AD)7H| <
IAe)+ A0~ < 7
for all A € S(p), ¢ € [0, ).

Let 0 (E1, E2) denote the space of all compact operators from E; to Es. If By = Ey = E then
we use the denotation oo (E). Denote by s;(A) and d;(A) the approximation numbers (s-numbers) and
Kolmogorov numbers (d-numbers ) of A (e.g., see [21, §1.16.1]). Put

o0

aq(El,Eg):{A A € 0oo(Fr, E), Zsj < o0, 1§q<oo}.

Let Ey and E be two Banach spaces with Ey embedded continuously and densely into E. Let m be
a natural number.
Let W)'(G; Ey, E) stand for a function space of u € Ly(G; Ep) having the generalized derivatives

Di'u = % such that Dj*u € L,(G; E) which is endowed with the norm
k

lullwom(c;Bo,m) = ullL,(G;E0) + Z Dy ull 1, (c5m) < 00
k=1
We will called W)"(G; Eo, E) a Sobolev-Lions type space. If Ey = E then W (G; Ep, ) will be
denoted by W'(G; E). Clearly,

WI(G; Eo, E) = W(G; E) N Ly(G; Ey).

Let G be a domain in R™ with sufficiently smooth boundary I'. The space B, ,(I'; Eo, E) is defined as
the trace space of W)'(G; Eo, E) as in a scalar case (see [9, §1.7.3] or [21, §3.6.1]), i.e. for By = E = C
replacing L,(R"™!) by L,(R"™ 1 E).

Theorem A; [19]. Suppose that

(1) E is a Banach space enjoying the multiplier condition with respect to p € (1,00) and A is an
R-positive operator in E;

(2) a = (a1,09,...,ay) are n tuples of nonnegative integer numbers such that » = % < 1 and
O0<h<hy<oo,0<pu<l—s;

(3) Q € R" is a domain such that there is a bounded linear extension operator from W (G; E(A), E)
to WI(R™; E(A), E).

Then the embedding D*W"(G; E(A), E) C Ly(G; E(A'™*71)) is continuous and there exists a pos-
itive constant C), such that

1D%u| L, (G p(a1-5-n)) < CulhPlullwm(c;pa),p By +h |z, m)]

for all u € W' (G; E(A), E).
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Theorem A,. Suppose that all conditions of Theorem A are satisfied and G is a bounded domain
in R", A € 0o(E). Then the embedding D*W]"(G; E(A), E) C Ly(G; E(A'™*"*)) is compact for
O<pu<l=- 0

Put

By = W R (B(A), B)

E), 0;=

3D
1_
Take z* = (x1,22,...,Zp_1).

Theorem As. u — u9(z',0) are surjective bounded linear operators from W2(R"; E(A),E) to E;.
PROOF. Indeed, W2(R'; E(A),E) = W2(Ry; Eo, E1) where Ey = W2(R" 1 E(A), E) and E; =
L,(R* 5 E). By [21, §3.6.1] the maps u — u(j)(:cl,()) are surjective bounded linear operators from
W2 (R E(A), E) to (Eo, Er)g,p = (WZ(R"™ L E(A),E), Ly(R"™ 5 E))g, p-
Since Wg(R”_l; E(A),E) = Wg(Rn_l; E) N Ly(R"1; E(A)); therefore,
(Eo, E1)e; p = (W (R"™5 B), Ly(R" ™ E))g; p N (Lp(R" ™1 E(A)), Ly(R"™Y E))g

jP*

By interpolation between WZ(R"™!; E), L,(R"™; E), and L,(R""!; E(A)) (e.g., see [23; 21 §1.18]) we
have

n— n— 201-0,) jrom—
(W2R" L E), LR 5 E)), =W, ®"YE),

(LP(Rn_l; E(A))a LP(Rn_l3 E))Gj,p - LP(Rn_l; (E(A), E)9j7p)'

From the above we infer the desired result.
First, consider the following operator differential equation on the whole R™

" 9%u(x) n
(L+Nu=) a +(A4+Nu = f(z), zecR"™ (2)

Put L(&) = 22:1 akﬁi for 5 = (615527 o 7671) € R™.

Theorem A4 [19]. Let E be a Banach space satisfying the multiplier condition with respect to
p € (1,00) and let A be an R-positive operator in E for ¢ € [0, 7). Moreover,

L= M> &, L) € S(y).
k=1

Then (2) has the unique solution u € WPQ(R";E(A),E) for f € L,(R™ E), |argA| < ¢ and the
uniform coercive estimate holds

n 2

Z Z A2 (| Dhull ey + AUl Ly @nig) < ML, @es)-
k=1 i=0

Consider the BVPs for the operator differential equation

(L+MNu = ZakD,zu(az) + Ayu= f(z), =z€ R, (3)
k=1

m
Lku = Zak]u(])(xl7 O) = fk7 k= 17 27
j=1

where my, € {0,1}, a and «ay; are complex numbers, A is a possibly unbounded operator in E, and Ay =
A+
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Let wj, j = 1,2, be the roots of an equation anpw? +1=0 and

n—1
Lo(€) = ) a;éF,
j=1
2 mpn—1 n—1 pmy + 1
Fr = (Wp (R aE(A)aE)va(R ;E))ek,pa Or = 77 k=12

By [2] and the trace Theorem A3 we obtain

Theorem Aj. Let E be a Banach space satisfying the multiplier condition with respect top € (1,00)
and let A be an R-positive operator in E for some ¢ € [0,7). Let |arg wi —7| < § —¢, |arg wa| < T —o¢,
Qkm,, # 0, and

n—1
1Lo(€)] = MY &I Lo(€) € S(yp).
k=1

Then the operator u — {[L + A|u, Liu, Lou} is an isomorphism (algebraic and topological) from
Wg(R’}r;E(A),E) onto L,(R"; E) x Hizl Fy. Moreover, for A\ € S(¢) and sufficiently large |\| the
uniform coercive estimate holds

n 2 ) )
ZZ |)‘|1_%HD}€UHLP(R1;E) +lAullz, )
k=1 i=0

2
< M\ fllzyeresmy + D ellm + N felle) |-
k=1

PROOF. Since L,(R"; E) = Ly(R4; L,(R"™1; E)), the problem (3) can be expressed as
Lu = CLannu(l’n) + (B+MNu= fr(y), Lyu=fr, k=12,

where B is the differential operator in L,(R"~1; E) generated by (2). By [4, Theorem 3.1] B is R-positive
in L,(R""%; E). By [1, Theorem 4.5.2], L,(R"~%; E) € UMD provided E € UMD, p € (1,00). Moreover,
in view of [22], L,(R""!; E) satisfies the multiplier condition. Then by [2, Theorem 2] we get the claim.

Theorem Ag. Let Ey and E be Banach spaces with base. Suppose that

Sj(I(anE))Njf%, v>0, j=1,2,...,00.

Then )
si(I(W,(G; Eo, E), Lp(G; E))) ~ j 777, 3=

m
n

PRrRoOOF. Let
F=L,(G)® E, Fy = W,"(G; E) N Ly(G; Eo).
Since Fy = W;'(G) ® E N Ly(G) ® Ep, where Ey ® Ey denotes the tensor product of Fy and Es, the
embedding operator B can be expressed as

B=By®I+1,® By,

where By and By are the embedding operators from Ep to £ and from W' (G) to L,(G), respectively;
I, and I, denote the identity operators in E and L,(G). Moreover, the finite-rank operators from Fj
to F' can be represented as

K=Kyl + 1 ®Kj.
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Let {ex}, {gr(7)}, k = 1,2,...,00, be basis systems in Ey and W"(G), respectively. Then the system
{gr ® e;} is a basis system in W*(G; E). By the properties of tensor products, for u € Fy we have

o0
u = E a;ijG; Q €j.
4,j=1

By [21, §1.16.1] and [21, §3.8.1] we get
(B(Fy,F)) = inf u B - K
sj(B(Fy, F)) dilegj ”inglu( JullF

< inf  sup ||[(B2 — K2) ® Iiju + [Io ® (By — Ki)lul||p
dim KT Jlufj <1

o
< inf sup a;j(B1 — K1)g; ® e
dim K<j |11 ;1 ” e
© 1
+ inf_sup || Y ay(Bi—Ki)ej@gi|| <CGYF457) <0 (4)
dim K<j [lul|<1 ij=1 F

Let us now estimate the d-numbers of the embedding operator B. Consider uy € C*(oy; Ep),
k=1,2,...,00, such that

1
U <1, Ju =97 kn, = —
lukllmy <1, Juelle =
Take C,, v =1,2,...,N,, N, such that Ef,vil |Cy|P = 1. Put
Ng
P, = {u Ty = ZCVQDV, 0, € COO(O'k;EQ)}.
v=1

Then |jul|r, < 1 and ||Jul|p = 27*7 for sufficiently large k.
Let O and Oy; stand for the embedding operators from ®; into F' and Fy. Since dim & = Ng, by
[21, §3, Lemma 3] we have
dn,—1(Ok (P, F)) = 1.

Since Oy = BOy,;, using the properties of d-numbers we get
AN, -1(Ok(®p, F)) < [Opalldn,—1(B(®x, F)).
Therefore putting Ny, — 1 = j we find

d;(B) > Cj 77, j=12,...,00. (5)

Then by (4), (5) and in view of [21, §3, Lemma 2] we obtain the claim.
By [14, Theorem 3] we have

Theorem Ay;. Suppose that

(1) E is an UM D-space;

(2) A is a densely defined unbounded operator in E with the property that for some X in the resolvent
set of A, the operator R(AA) is of class 0,(E), p € (1,00);

(3) 71,72, - - -, s are nonoverlapping differentiable arcs in the complex plane having a limiting direc-
tion at infinity and such that no adjacent pair of arcs forms the angle of % at infinity;

(4) the resolvent of A satisfies the inequality |[R(\, A)|| = O(|A|7!) as A — oo along each of these
arcs ;.

Then spA is the entire space E.
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2. Partial Operator Differential Equations with Variable Coefficients

Consider the inhomogeneous problem (1), i.e.

C N g ( P@)
Lu= ”2221 @jj (l’)m )+ Z Ap(z 35% = f(z), ze€aG, o
Lru = [a(x) 8ua(l:n) + ,B(az)u(x)} ) =g,

where the second equality is understood in the trace sense.
We start with obtaining some coercive estimate for strong solutions to (6).

Condition 1. Suppose that (1) a;; = aj; and there is 1 > 0 such that

n

p e < Loz, &) < plgf for x € G, Lo(x,€) = ) aij(2)&8;;
ij=1
(2) T € C? (e.g., see [8,§6.2]), a,f € C(T), afz) # 0, % € S(p).
Put E, = (E(A),E)14p.
2p
Theorem 1. Assume that Condition 1 is satisfied and
(1) E is a Banach space enjoying the multiplier condition with respect top € (1,00);

(2) A(z) is an R-positive operator in E uniformly in z € G, A(z)A™1(z") € C(G; B(E));
(3) for every € > 0 there is C(¢) > 0 such that for a.e. x € G and for u € (E(A), E)

3:00
1A(2)ull < ellulle.p), , +CEul.
Then for u € W7 (G; E(A), E) and for A € S(¢) and sufficiently large |\| we have
n 2 /_
S I EIDRullncm) < ML+ Nullz, ey + [ Lrul S - (7)
k=1 i=0 Bp,p” (I3 Ep, E)
Proor. Let G1,G2,...,Gn be domains in R" and let o1, ¢2,...,on be a corresponding partition

of unity; i.e., ¢; are smooth functions on R, o; = suppy; C G, and Zjvzl @j(x) = 1. Then for
u € W2(G; E(A), E) we have u(z) = Z;VZI uj(x), where uj(z) = u(x)p;(z). Take u € W2(G; E(A), E).
Then from (6) we obtain

(L + Nuj = Z ariD3u;(x) — Ax(z)uj(z) = fi(z), (8)
k=1
LFUj:gju j:1,2,...,N. (9)

where
n
fi=fej+ Y anilp;Diu+ DyuDyp; + ¢;Diu + uDj;p)]
k=1

_ () - L 890]
Z@]Ak &Bk j=12,....,N, gj= g—f—ozal . (10)
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Let G;NG = Gj. Since the boundary I is sufficient smooth, there are (e.g., see [8, §1.7.3] differentiable
diffeomorphisms ¥, on the neighborhood of GG; transforming G; to GG; with plane boundary and such that
Lru; become Lrii; = [a(y )875;(5) + B(Y)itj (y)]y,—0, where D(y) = v(¥;(y)) for v € W2(G;; E(A), E). For
these transformations sz(G], E(A), E) is isomorphically mapped to Wg(Gj, E(A), E) and under these

maps (8) transforms to

(L+ N Z akszkzu] A (y)uj (y) = }j(y)-
k,i=1
Moreover, by Condition 1, there is a linear mapping that transforms the expression
Z ak,D,ﬁ]u] )+ AM( Zak]Dkuj lej,\(y)ﬂj(y), ag; > 0.
k,i=1
After redenoting y by z, G by G, ax;(y) by ar;(z), ﬁj,\(y) by Ax(z), and @;(y) by u;(z) etc., and freezing

coefficients in the transformed equation (8) we obtain

> arj(wjo) Diu; () + Ax(zjo)u;(x) = Fj(x),

k 0,4 (11)
U; = |\ M Tio)U;\T = 1 SUl 5
e = [oten) T2 4 ()| = o)
where
Fy = fi+ [Alzjo) — A@)uj + Y _lar(x) — ai(xj0)] Diu;(x), (12)
k
By(a!) = (e") + | (a{a0) = o) G2 + (B(ao) = Ala)us(o)] (13

By Theorem Ajs we see that (11) has the unique solution u; € W7 (Gj; E(A), E) and for A € S(¢) and
sufficiently large |A| the following coercive estimate holds:

n 2
DY 2D llesp + I Auslla, p < ClIF e p + 1191 eSS : (14)
k=1 1=0 Bpp ( NGj;Ep,E)

In a similar way, by Theorem A4 we obtain estimates of type (14) for G; C G. Whence, using properties
of the smoothness of coefficients of (12) and (13) and by Theorems A; and As, choosing diameters of o;
sufficiently small, we get

1l < ellujllwzcyseay,e) + C@E)lujlle; p (15)
< Cllg;ll +ellujllwzcima),m) + C@)lulc; (16)

73Lps ) p,p

15l

p,p

1 _1
P P(r 3, E)

where ¢ is sufficiently small and C(¢g) is a continuous function. From (14)—-(16) we get

n 1
> Y N IDRuglle,p + Aujlics s < Cllfll,» + Hg]”
k=1 i=0

_1 + e||luj|lwz + Ce)||lujlla,p-
b i ) lujllwz + C@)llwslla;p
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Choosing € < 1 from the above inequality we have

n 2

DI I DMHG p+IIAUJIIG],pSC[Hfllcj,erIIUJIIG],erHgaII _
k=1 i=0 (I'NGj;Ep,E)

]. (17)

In a similar manner we also obtain (17) for the domains G; lying entirely in G. Then by (17) for
u e W2(G; E(A), E) we have

n 2 ]
SN I 2Dl + [ Aully < CLIE A+ Nullp + [l + Hg]” 1] (18)
k=1 1:=0 By p

Let u € W2(G; E(A), E) be the solution to (6). Then for A € S(p) we get

1
lullp = I(L + Au = Lullp < SI(L + Aullp + lJullwz]- (19)

Then by Theorem Aj, (18), and (19) for sufficiently large |A| and u € Wg(G; E(A),E) we get (7).
Now consider the BVP (1). Let O, denote the operator in L,(G; E) generated by (1), i.e

D(0y) = W2(G; E(A),E, Lr), Oxu= (L+ Au.

Theorem 2. Let all conditions of Theorem 1 be satisfied. Then for all f € L,(G;E), A € S(¢), and
sufficiently large || there is a unique solution to (1) and the following uniform coercive estimate holds:

n 2 ) ‘
Z Z IA['72 HDlZc“jHLp(G;E) < M| fllL,c:E)- (20)

k=1 1=0

PROOF. Let us show that for all f € L,,(G;E) there is a unique solution u € W2(G; E(A), E)
to (1). The uniqueness of this problem follows from (7). So it suffices to prove that (1) has a solution
u € W2(G; E(A),E) for all f € Ly(G; E). Consider the smooth functions g; = g;(z) with respect to the
partition of unity ¢; = ¢;(y) on G that equal one on supp ¢;, where supp g; C G; and |g;(z)| < 1. Let
us construct for all j the functions u; on ; = G N G; satisfying (1). First consider the case when G;
adjoins boundary points. The problem (1) can be expressed as

n

> ani(wjo) Diju;(x) + Ax(wj)u;(x)
k=1

= gj{f +[A(zj0) — A(@)]uj + Y laki(zj0) — api(@)] Diu; — ZAk auj )}

ox
kim1 k

Lruj =0, j=1,2,...,N. (21)

Consider the operators O;y in L,(Gj; E) generated by BVP (21) when G; partially belong to G. By
Theorem As for all f € L,(Gj; E), A € S(p), and sufficiently large |A\| we have

n 2 )
Sy

k=1 =0

O fll, +[[A05 L, < Cllfllp- (22)

Extending u; zero beyond supp ¢; and making the substitutions u; = Oj_/\lvj we obtain from (21)
the operator equations
UjZKj)\’Uj —I—gjf, j:1,2,...,N, (23)

943



where Ky are bounded linear operators in Ly,(G;; E) defined as

K= gj{f + [A(zoj) — A(x)]Oj—/\l + Z lari(zj0) — ari(x D;%Oj_A Z Ap(z Bxk }

k,i=1
By Theorem Ay, (22), the smoothness of the coefficients of the expression Ky, and condition (4) for
A € S(p) and sufficiently large |A|, we have ||K;5|| < ¢ where ¢ is sufficiently small. Consequently, (23)
have the unique solutions v; = [I — K;,]"'g; f and

lvjlly = Il = B\ g5 fllp < 11 £1lp-
Whence, [I — K;)]7'g; are bounded linear operators from L,(G; E) to L,(Gj; E). Thus, we see that
uj = Ujnf = 0, [I Kty f

are solutions to (21). By Theorem A, we can construct the solutions u; for (21) for G; lying entirely
in G. Consider the linear operator (U + \) in L,(G; E) such that

N
U +Xf = 0;W)Ujrf.

j=1
It is clear from the constructions of U; and (22) that U;y are bounded linear operators from L,(G; E) to
W2(G; E(A), E) and for X € S(y) and sufficiently large || we have

n 2
D) INTEIDLUL fllp + AU fllp < 1Ll (24)
k=1i=0
Therefore (U + A) is a bounded linear operator from Ly, to L,. Applying Oy to u = Zj\f: LU f yields
Oy\u = f—|—Z§V:1 ;) f, where @, are bounded linear operators from L, ,(G; E) to L, ~(G;; E) defined as

n

Oip; OU;x  Op; OU; 0
D) = Z Ak [Dm‘PJUJA + awi ag;]/\ + 8? 333]:} Z %A =
ki=1 Z Z

By the embedding Theorem A; and (24), from the expression ®;) we obtain that ®;, are bounded linear
operators from L,(G; E) to L,(Gj; E) and ||®;,| < €. Therefore, the invertible bounded linear operator

(I—{—Z?f:l D;1) ! is available. Whence, we see that for all f € L,(G; E) BVP (1) have the unique solution

N N -1
u(z) =0y f = Z PO — K 'gj <I + Z qm) 1
j=1 j=1
i.e., we proved the claim.
Result 1. Theorem 1 implies that O has the resolvent (O + \)~! for A € S(p) and
n 2 ] '
Z Z APz IDL(O+X) B, (c:m) + 1AO + N s, @r) < C. (25)
k=1 i=0
REMARK 1. The estimate (20) and the embedding Theorem A; imply that under the conditions of
Theorem 2

= 0%u
Z HiHLp(GE + | Aull e < Clfll,c:m)
ij=1 v
for the solution to (1); i.e., (1) is separable in L,(G; E).
REMARK 2. Result 1 implies that O is positive on L,(G; E). Moreover in view of (24) and by [21

§1.14.5] O generates an analytic semigroup when ¢ € (3, 7).
1

o1
REMARK 3. If a(x) = 0 then the claims of Theorems 2 and 3 hold for g € B, ,” (I'; (E(A),E) 1, E).

2p
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3. The Spectral Properties of Elliptic
Differential Operators in Banach Spaces

Consider the differential operator O generated by BVP (21). It is clear to see that the principal part
of this operator is nonselfadjoint. In this section we will address the spectral properties of O. In the
following theorem we prove the Fredholm property of O.

Theorem 3. Let all conditions of Theorem 1 hold and A~! € 0,(E). Then O is Fredholm from
WI,Q(G;E(A),E) into L,(G; E).

PROOF. Theorem 1 implies that O+ for sufficiently large |A| has a bounded inverse (O+\)~! from
L,(G;E) to W}?(G; E(A), E); that is the operator O+ is Fredholm from Wg(G; E(A),E) into Ly(G; E).
By Theorem A, the embedding W2(G; E(A),E) C Ly(G;E) is compact. Then by the perturbation
theory of linear operators we find that O is Fredholm from WpQ(G; E(A),E) into L,(G; E).

Theorem 4. Suppose that all conditions of Theorem 2 are satisfied. Let E be a Banach space with
base and sj(I1(E(A),E)) Nj_%, j=12,...,00, v>0. Then
(a) 2
5i (0O + N U Lp(GL E))) ~ j~ 257, (26)
(b) the system of the root functions of O is complete in Ly, (G; E).

PrOOF. Let I(Ep, E) denote the embedding operator from Ey to E. By Result 1 there exists the
resolvent (O + A)~! bounded from Ly(G; E) to W2(G; E(A), E). Thus, by Theorem Ag the embedding

operator I(W}_(G; E(A),E), Ly~ (G; E)) is compact and
(LW (G B(A), E), Ly(G: ) ~ j~ 5. (27)
Since
(O +N)HLy(G; B)) = (0 + N)TH(Ly(Gs B), Wy (G; E(A), E))I(W(G; E(A), B), Ly(G; E)); - (28)
from (27) and (28) we obtain (26). The estimate (25) and (27) imply that O + A is positive on L,(G; E)

and
2

w+n

(O +X0) " € 0y(Ly(G ), q> (29)

Then from (25), (29), and Theorem Ag we obtain (b).

4. BVPs for Anisotropic Elliptic Equations

The Fredholm property for elliptic equations with parameters in smooth domains were studied in,
e.g., [24,25]; also for nonsmooth domains these questions were investigated, e.g., in [26, 27].

Let 2 C R" be an open connected set with compact C?™_boundary 0. Let us consider the BVPs
in the cylindrical domain 2 = G x € for the following anisotropic elliptic equation:

n

8ua:y 8uxy
Lu= i
b Zaj( O0x;0x; Zd oxy

52
+ Y aaly)Dyulw,y) = f(z,y), z€G, yeq, (30)
|| <2m
Lru = |a() 250 4 slaputea)| =0 (31)
I
Z bis(y Duacy)—O reG,yed, j=1,2,...,m. (32)
|B|<m;
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Here I is the boundary of G € R", [ is a nontangential direction on I' and a;;, o, and 3 are complex-
valued functions on G and I', respectively, D; = _iaiyj’ mg € {0,1}, vy = (y1,---,Yn).

IfQ=0GxQand p =(p1,p) then Lp(ﬁ) will denote the space of all p-summable scalar-valued
functions with mixed norm (e.g., see [7, §1]), i.e. the space of all measurable functions f on € for which

ey = ([ ([ )" ar) < .
G Q

2 2m(Q) denotes the anisotropic Sobolev space with the corresponding mixed norm [26, § 10].

Similarly, Wy’

Theorem 5. Assume that
(1) Condition 1 holds;
2) an € C(Q) for each || = 2m and an € |Loo + Ly, |(Q2) for each || = k < 2m with r, > ¢ and
( K
2m — k > é;
(3) bjg € C?m=mi(0N) for all j, B, and mj < 2m, > i1 bip(y)oy # 0, for |B] = my, y' € OG, where
o= (01,02,...,0,) € R" is a normal to 95);
(4) fory € Q, £ €R™, A€ S(p), p € (0,m), [§] + [A[# 0 let A+ 37, o, aa(y)E™ # 0;
(5) given yo € 0N in the local coordinates corresponding to vy, the local BVP

At D aa(y)D*0(y) =0, Bjod = > biglyo) D uly) =h;, j=1,2,...,m,

|a|=2m 1Bl=m;

has the unique solution 9 € Co(R,) for allh = (hy, ha, ..., hy) € R™, and for ¢’ € R with |¢'|+|\| # 0.
Then
(a) for all f € L ( ) \arg A < ¢, and sufficiently large |A| the problem (29)—(31) has the unique

solution u that belongs to Wp (Q) and the coercive uniform estimate holds

+ Z ||D5’LL||LP(5) < CHfHLp(ﬁ)a
Le@)  |5]=2m

(b) problem (30)(32) is Fredholm in Ly(S2).

PrOOF. Put E = L, (©2). Then by [22, Theorem 3.6] part (1) of Theorem 2 is satisfied. Consider
the operator A defined by

D(A) = ngm(ﬂ; Bju=0), Au= Z a0 (y)D%u(y).

|a|<2m

Given z € Q, consider the operators Ai(z)u = di(z,y)u(y), k = 1,2,...,n. The problem (30)—(32)
can be rewritten as (1), where u(z) = u(z,.) and f(x) = f(z,.) are functions with values in £ = L,, (Q).
By [25] the problem

Mu(y) + Y aaly)Dyuly) = f(y), Bju= Y big(y)Djuly) =0, j=12,...m,

lo|<2m 181<m;

has the unique solution for f € L, () and arg\ € S(pg) as |[A| — oco. Moreover, in view of [5,
Theorem 8.2] the differential operator A is R-positive on Ly, . It is known that the embedding ng”(Q) -
L, () is compact (e.g., see [21, Theorem 3.2.5]). Then by the interpolation properties of Sobolev spaces
(e.g., see [21, §4]) it is clear that (3) of Theorem 2 is fulfilled too. Then from Theorems 2 and 3 we
obtain the claim.
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5. BVPs for Infinite Systems of Elliptic Equations
Consider the following infinite systems of BVPs:

n

2 Uy (
Z aij($)67() + (dm(x) + N)upm (x)

ig=1 8;10@6953
+Zdejm azggﬁk):f}n(:n), re@G, m=12,...,00, (33)
k=1 j=1
Lu— [a(a:)a“’g;x) ; ﬁ(w)umm} —o, (34)
T

where I' is the boundary of a domain G € R", [ is a nontangential direction on I'; and a;;, o, and 3 are
complex-valued functions on G and I, respectively.
Let d(z) = {dm(z)}, dm > 0, u = {un}, Du= {dpum}, m=1,2,...,00

o 1
q
(D) = {u by o = 1D, = (3 ldwin?) " < o0},
m=1

z € G, 1 < q < oco. Let Q denote the differential operator in L,(G;l,) generated by (33), (34). Let
B = B(Ly(G;ly))-

Theorem 6. Assume that

(1) Condition 1 holds;

(2) dj € C(G),dkmj € Loo(G) and maxy, sup,, > i1 dkmg (@ )dj (=1 <Mforallz € Gand0 < pu < 3
a.e. forx € G and 1 < p < 0.

Then

(a) For all f(z) = {fm(x)}° € Ly(G;ly), A € S(¢), ¢ € (0,7), and sufficiently large |\| the problem
(33), (34) has the unique solution u = {un(x)}$° belonging to W2(G,1,(D),l,) and the coercive estimate
holds

n

Z[G/(iwzumw) ] [/(Zumum )dx}lsc[/(Z\fm |q>§dm];.(35)

k=1 m=1

(b) The resolvent (Q + \)~! of Q exists for sufficiently large |A| > 0 and

n 2 ) )
YD N2 DUQ AN +IIAQ+N) s < M. (36)

k=1j=0
PrROOF. Indeed, assume that E = [, while A, and Ay (z) are infinite matrices such that
A = [dn(x)0jm], Ak(x) = [dijm(z)], m, j=1,2,...,00

It is clear that A is R-positive on [,. Therefore, by Theorem 4 we infer that (33), (34) for all
f € Lp(G;ly), X € S(p), and sufficiently large [A| has the unique solution u in W2 (G;ly(D),1,) and

> DRl ) + 1Dull i) < ClFllLG5,)-
=1

From above we obtain (35). The estimate (36) ensues from Result 1.

REMARK 4. There are many positive operators on particular Banach spaces. Therefore, using par-
ticular Banach spaces and particular positive operators (i.e. pseudodifferential operators or finite or
infinite matrices for instance) instead of E and A, respectively, from Theorems 2—4 we can obtain various
classes of maximal regular BVPs for partial differential or pseudodifferential equations or finite or infinite
systems of these equations.
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