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Abstract: The oblique derivative problem is addressed for an elliptic operator differential equation
with variable coefficients in a smooth domain. Several conditions are obtained, guaranteing the maximal
regularity, the Fredholm property, and the positivity of this problem in vector-valued Lp-spaces. The
principal part of the corresponding differential operator is nonselfadjoint. We show the discreteness
of the spectrum and completeness of the root elements of this differential operator. These results are
applied to anisotropic elliptic equations.
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1. Introduction, Notation, and Background

In the recent years, the maximal regularity properties of boundary value problems (BVPs) for op-
erator differential equations have found many applications to partial differential and pseudodifferential
equations and various physical processes (see [1–19] for references). The main objective of the present
paper is to discuss the maximal Lp regularity properties of BVPs for the elliptic operator differential
equation with varying top coefficients

Lu =
n∑

i,j=1

aij(x)
∂2u(x)

∂xi∂xj
−Aλ(x)u(x) +

n∑

k=1

Ak(x)
∂u(x)

∂xk
= f(x), x ∈ G,

LΓu =

[
α(x)

∂u

∂l
+ β(x)u

]

Γ

= 0,

(1)

where Γ is a boundary of a domain G ⊂ R
n, l is nontangential direction on Γ, aij , α, and β are complex-

valued functions, Aλ(x) = A(x)+λ, where A and Ak are possibly unbounded linear operators in a Banach
space E.

Maximal regularity of partial differential operator equations in Lp-spaces was studied in [1, 4, 5, 15–
19]. The results in [4] and [15–19] are restricted to the rectangular domains and the equations without
mixed derivatives in the leading part. Moreover, the problems under study in [1] and [5] involve only
bounded operator coefficients.

Unlike to the above articles, we study elliptic problems with unbounded operator coefficients in
general domains with smooth boundaries.

We say that (1) is maximal Lp-regular (or separable in Lp) if:
(1) for all f ∈ Lp(G;E) there exists a unique solution u ∈ W 2

p (G;E(A), E) satisfying (1) a.e. on G;
(2) there exists a positive constant C independent of f such that

n∑

i,j=1

∥∥∥∥
∂2u

∂xi∂xj

∥∥∥∥
Lp(G;E)

+ ‖Au‖Lp(G;E) ≤ C‖f‖Lp(G;E).

Let O be the operator generated by (1); i.e.,

D(O) = W 2
p (G;E(A), E, LΓ) = {u : u ∈ W 2

p (G;E) ∩ Lp(G;E(A)), LΓu = 0}, Ou = Lu.
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We show that (1) is maximal Lp-regular, which implies that there is a bounded inverse of O from Lp

to W 2
p (G;E(A), E). Moreover, we prove that O is a positive operator and the generator of an analytic

semigroup in Lp.
Since (1) involves unbounded operator coefficients, it becomes difficult to obtain global estimates for

solutions of (1). Therefore, to show that O has a left inverse and its range coincides with Lp, we use the
covering and flattening arguments, some formulas for solutions, results on the operator-valued Fourier
multipliers, some abstract embedding theorems (Theorems A1 and A2) and the separability properties of
local differential operators with constant coefficients (both on the plane and half-plane). Then by using
these results along with the qualitative properties of some embedding operators we prove discreteness
of the spectrum and the completeness of the root elements of O. By way of application we establish
well-posedness for anisotropic elliptic equations in Lp, p = (p1, p) (i.e., the Lebesgue spaces with mixed
norm) and Lp-separability for infinite systems of elliptic equations.

The paper is organized as follows: Section 2 collects definitions and background materials, embedding
theorems of Sobolev–Lions spaces, maximal regularity properties for elliptic operator differential equa-
tions on the line and half-line and estimates of approximation numbers. In Section 3, the Lp-separability
and results on the Fredholm property for (1) are presented. Finally, Sections 4 and 5 are devoted to
spectral properties of O and some applications.

A Banach space E is an UMD-space if the Hilbert operator

(Hf)(x) = lim
ε→0

∫

|x−y|>ε

f(y)

x− y
dy

is bounded in Lp(R,E), p ∈ (1,∞) (e.g., see [20]). The UMD-spaces include, e.g., Lp- and lp-spaces and
as well the Lorentz spaces Lpq, p, q ∈ (1,∞).

Let C be the set of complex numbers and

Sϕ = {λ ∈ C, | arg λ| ≤ ϕ} ∪ {0}, 0 ≤ ϕ < π.

A linear operator A is positive with bound M > 0 in a Banach space E if D(A) is dense in E and
‖(A+λI)−1‖L(E) ≤ M(1+ |λ|)−1 with λ ∈ Sϕ, ϕ ∈ [0, π), where I is the identity operator in E and L(E)
is the space of all bounded linear operators in E. Sometimes instead of A+λI we will write A+λ or Aλ.
It is known that [21, § 1.15.1] there exist fractional powers Aθ of a positive operator A. Let E(Aθ) denote
the space D(Aθ) with the graph norm

‖u‖E(Aθ) = (‖u‖p + ‖Aθu‖p) 1
p , 1 ≤ p < ∞, −∞ < θ < ∞.

Let E1 and E2 be two Banach spaces. Also (E1, E2)θ,p, 0 < θ < 1, 1 ≤ p ≤ ∞, will denote the
interpolation spaces that are defined by the K-method [21, § 1.3.1].

A set W ⊂ B(E1, E2) is called R-bounded (see [5, 22]) if there is a constant C > 0 such that for all
T1, T2, . . . , Tm ∈ W and u1,u2, . . . , um ∈ E1, m ∈ N ,

1∫

0

∥∥∥∥
m∑

j=1

rj(y)Tjuj

∥∥∥∥
E2

dy ≤ C

1∫

0

∥∥∥∥
m∑

j=1

rj(y)uj

∥∥∥∥
E1

dy,

where {rj} is a sequence of independent symmetric {−1, 1}-valued random variables on [0, 1].
Let S(Rn;E) denote the Schwartz class, i.e. the space of all E-valued rapidly decreasing smooth

functions on R
n. Let F stand for the Fourier transform. A function Ψ ∈ C(Rn;B(E1, E2)) is called

a Fourier multiplier from Lp(R
n;E1) to Lp(R

n;E2) if the map u → Λu = F−1Ψ(ξ)Fu, u ∈ S(Rn;E1)
is well defined and extends to the bounded linear operator Λ : Lp(R

n;E1) → Lp(R
n;E2). The set of all

multipliers from Lp(R
n;E1) to Lp(R

n;E2) will be denoted by Mp
p (E1, E2). If E1 = E2 = E we use the

symbol Mp
p (E).
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Let ξ = (ξ1, ξ2, . . . , ξn), ξ ∈ R
n, β = (β1, β2, . . . , βn), ξ

β = ξβ1
1 ξβ2

2 . . . ξβn
n , Un = {β = (β1, β2, . . . , βn),

βk ∈ {0, 1}}.
Definition 1. A Banach space E is said to satisfy the multiplier condition if for every Ψ ∈

C(n)(Rn;B(E)) the R-boundedness of
{
ξβDβ

ξΨ(ξ) : ξ ∈ R
n\0, β ∈ Un

}
implies that Ψ is a Fourier

multiplier in Lp(R
n;E); i.e., Ψ ∈ Mp

p (E) for all p ∈ (1,∞).

Definition 2. A ϕ-positive operator A is said to be an R-positive in a Banach space E if there
exists ϕ ∈ [0, π) such that LA = {A(A+ ξ)−1 : ξ ∈ Sϕ} is R-bounded.

A linear operator A(x) is called positive on E uniformly in x if D(A(x)) is independent of x, D(A(x))
is dense in E, and

‖(A(x) + λI)−1‖ ≤ M

1 + |λ|
for all λ ∈ S(ϕ), ϕ ∈ [0, π).

Let σ∞(E1, E2) denote the space of all compact operators from E1 to E2. If E1 = E2 = E then
we use the denotation σ∞(E). Denote by sj(A) and dj(A) the approximation numbers (s-numbers) and
Kolmogorov numbers (d-numbers ) of A (e.g., see [21, § 1.16.1]). Put

σq(E1, E2) =

{
A : A ∈ σ∞(E1, E2),

∞∑

j=1

sqj(A) < ∞, 1 ≤ q < ∞
}
.

Let E0 and E be two Banach spaces with E0 embedded continuously and densely into E. Let m be
a natural number.

Let Wm
p (G;E0, E) stand for a function space of u ∈ Lp(G;E0) having the generalized derivatives

Dm
k u = ∂mu

∂xm
k

such that Dm
k u ∈ Lp(G;E) which is endowed with the norm

‖u‖Wm
p (G;E0,E) = ‖u‖Lp(G;E0) +

n∑

k=1

‖Dm
k u‖Lp(G;E) < ∞.

We will called Wm
p (G;E0, E) a Sobolev–Lions type space. If E0 = E then Wm

p (G;E0, E) will be
denoted by Wm

p (G;E). Clearly,

Wm
p (G;E0, E) = Wm

p (G;E) ∩ Lp(G;E0).

Let G be a domain in R
n with sufficiently smooth boundary Γ. The space Bs

p,p(Γ;E0, E) is defined as
the trace space of Wm

p (G;E0, E) as in a scalar case (see [9, § 1.7.3] or [21, § 3.6.1]), i.e. for E0 = E = C

replacing Lp(R
n−1) by Lp(R

n−1;E).

Theorem A1 [19]. Suppose that
(1) E is a Banach space enjoying the multiplier condition with respect to p ∈ (1,∞) and A is an

R-positive operator in E;

(2) α = (α1, α2, . . . , αn) are n tuples of nonnegative integer numbers such that κ = |α|
m ≤ 1 and

0 < h ≤ h0 < ∞, 0 < μ ≤ 1− κ;
(3) Ω ∈ R

n is a domain such that there is a bounded linear extension operator from Wm
p (G;E(A), E)

to Wm
p (Rn;E(A), E).

Then the embedding DαWm
p (G;E(A), E) ⊂ Lp(G;E(A1−κ−μ)) is continuous and there exists a pos-

itive constant Cμ such that

‖Dαu‖Lp(G;E(A1−κ−μ)) ≤ Cμ[h
μ‖u‖Wm

p (G;E(A),E) + h−(1−μ)‖u‖Lp(G;E)]

for all u ∈ Wm
p (G;E(A), E).
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Theorem A2. Suppose that all conditions of Theorem A1 are satisfied and G is a bounded domain
in R

n, A−1 ∈ σ∞(E). Then the embedding DαWm
p (G;E(A), E) ⊂ Lp(G;E(A1−κ−μ)) is compact for

0 < μ ≤ 1− κ.

Put

Ej = W
2(1−θj)
p (Rn−1; (E(A), E)θj ,p, E), θj =

pj + 1

2p
.

Take x1 = (x1, x2, . . . , xn−1).

Theorem A3. u → u(j)(x
1
, 0) are surjective bounded linear operators from W 2

p (R
n
+;E(A), E) to Ej .

Proof. Indeed, W 2
p (R

n
+;E(A), E) = W 2

p (R+;E0, E1) where E0 = W 2
p (R

n−1;E(A), E) and E1 =

Lp(R
n−1;E). By [21, § 3.6.1] the maps u → u(j)(x

1
, 0) are surjective bounded linear operators from

W 2
p (R

n
+;E(A), E) to (E0, E1)θj ,p = (W 2

p (R
n−1;E(A), E), Lp(R

n−1;E))θj ,p.

Since W 2
p (R

n−1;E(A), E) = W 2
p (R

n−1;E) ∩ Lp(R
n−1;E(A)); therefore,

(E0, E1)θj ,p = (W 2
p (R

n−1;E), Lp(R
n−1;E))θj ,p ∩ (Lp(R

n−1;E(A)), Lp(R
n−1;E))θj ,p.

By interpolation between W 2
p (R

n−1;E), Lp(R
n−1;E), and Lp(R

n−1;E(A)) (e.g., see [23; 21 § 1.18]) we
have (

W 2
p (R

n−1;E), Lp(R
n−1;E)

)
θj ,p

= W
2(1−θj)
p (Rn−1;E),

(Lp(R
n−1;E(A)), Lp(R

n−1;E))θj ,p = Lp(R
n−1; (E(A), E)θj ,p).

From the above we infer the desired result.
First, consider the following operator differential equation on the whole R

n

(L+ λ)u =

n∑

k=1

ak
∂2u(x)

∂x2k
+ (A+ λ)u = f(x), x ∈ R

n. (2)

Put L(ξ) =
∑n

k=1 akξ
2
k for ξ = (ξ1, ξ2, . . . , ξn) ∈ R

n.

Theorem A4 [19]. Let E be a Banach space satisfying the multiplier condition with respect to
p ∈ (1,∞) and let A be an R-positive operator in E for ϕ ∈ [0, π). Moreover,

|L(ξ)| ≥ M
n∑

k=1

|ξk|2, L(ξ) ∈ S(ϕ).

Then (2) has the unique solution u ∈ W 2
p (R

n;E(A), E) for f ∈ Lp(R
n;E), | arg λ| ≤ ϕ and the

uniform coercive estimate holds

n∑

k=1

2∑

i=0

|λ|1− i
2 ‖Di

ku‖Lp(Rn;E) + ‖Au‖Lp(Rn;E) ≤ M‖f‖Lp(Rn;E).

Consider the BVPs for the operator differential equation

(L+ λ)u =
n∑

k=1

akD
2
ku(x) +Aλu = f(x), x ∈ Rn

+, (3)

Lku =

mk∑

j=1

αkju
(j)(x1, 0) = fk, k = 1, 2,

where mk ∈ {0, 1}, a and αkj are complex numbers, A is a possibly unbounded operator in E, and Aλ =
A+ λ.
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Let ωj , j = 1, 2, be the roots of an equation anω
2 + 1 = 0 and

L0(ξ) =

n−1∑

j=1

ajξ
2
j ,

Fk = (W 2
p (R

n−1;E(A), E), Lp(R
n−1;E))θk,p, θk =

pmk + 1

2p
, k = 1, 2.

By [2] and the trace Theorem A3 we obtain

Theorem A5. Let E be a Banach space satisfying the multiplier condition with respect to p ∈ (1,∞)
and let A be an R-positive operator in E for some ϕ ∈ [0, π). Let | arg ω1−π| ≤ π

2 −ϕ, | arg ω2| ≤ π
2 −ϕ,

αkmk
�= 0, and

|L0(ξ)| ≥ M
n−1∑

k=1

|ξk|2, L0(ξ) ∈ S(ϕ).

Then the operator u → {[L + λ]u, L1u, L2u} is an isomorphism (algebraic and topological) from

W 2
p (R

n
+;E(A), E) onto Lp(R

n
+;E) × ∏2

k=1 Fk. Moreover, for λ ∈ S(ϕ) and sufficiently large |λ| the
uniform coercive estimate holds

n∑

k=1

2∑

i=0

|λ|1− i
2

∥∥Di
ku

∥∥
Lp(Rn

+;E)
+ ‖Au‖Lp(Rn

+;E)

≤ M

[
‖f‖Lp(Rn

+;E) +
2∑

k=1

(‖fk‖Fk
+ |λ|1−θk‖fk‖E)

]
.

Proof. Since Lp(R
n
+;E) = Lp(R+;Lp(R

n−1;E)), the problem (3) can be expressed as

Lu = anD
2
xn
u(xn) + (B + λ)u = fk(y), Lku = fk, k = 1, 2,

where B is the differential operator in Lp(R
n−1;E) generated by (2). By [4, Theorem 3.1] B is R-positive

in Lp(R
n−1;E). By [1, Theorem 4.5.2], Lp(R

n−1;E) ∈ UMD provided E ∈ UMD, p ∈ (1,∞). Moreover,
in view of [22], Lp(R

n−1;E) satisfies the multiplier condition. Then by [2, Theorem 2] we get the claim.

Theorem A6. Let E0 and E be Banach spaces with base. Suppose that

sj(I(E0, E)) ∼ j−
1
γ , γ > 0, j = 1, 2, . . . ,∞.

Then

sj(I(W
m
p (G;E0, E), Lp(G;E))) ∼ j

− 1
γ+κ , κ =

m

n
.

Proof. Let
F = Lp(G)⊗ E,F0 = Wm

p (G;E) ∩ Lp(G;E0).

Since F0 = Wm
p (G) ⊗ E ∩ Lp(G) ⊗ E0, where E1 ⊗ E2 denotes the tensor product of E1 and E2, the

embedding operator B can be expressed as

B = B2 ⊗ I1 + I2 ⊗B1,

where B1 and B2 are the embedding operators from E0 to E and from Wm
p (G) to Lp(G), respectively;

I1 and I2 denote the identity operators in E and Lp(G). Moreover, the finite-rank operators from F0

to F can be represented as
K = K2 ⊗ I1 + I2 ⊗K1.
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Let {ek}, {gk(x)}, k = 1, 2, . . . ,∞, be basis systems in E0 and Wm
p (G), respectively. Then the system

{gk ⊗ ej} is a basis system in Wm
p (G;E). By the properties of tensor products, for u ∈ F0 we have

u =

∞∑

i,j=1

aijgi ⊗ ej .

By [21, § 1.16.1] and [21, § 3.8.1] we get

sj(B(F0, F )) = inf
dimK≤j

sup
‖u‖≤1

‖(B −K)u‖F

≤ inf
dimK≤j

sup
‖u‖≤1

‖[(B2 −K2)⊗ I1]u+ [I2 ⊗ (B1 −K1)]u‖F

≤ inf
dimK≤j

sup
‖u‖≤1

∥∥∥∥
∞∑

i,j=1

aij(B1 −K1)gi ⊗ ej

∥∥∥∥
F

+ inf
dimK≤j

sup
‖u‖≤1

∥∥∥∥
∞∑

i,j=1

aij(B1 −K1)ej ⊗ gi

∥∥∥∥
F

≤ C(j−1/κ + j−1/γ) ≤ Cj
− 1

κ+γ . (4)

Let us now estimate the d-numbers of the embedding operator B. Consider uk ∈ C∞(σk;E0),
k = 1, 2, . . . ,∞, such that

‖uk‖F0 ≤ 1, ‖uk‖F = 2−kη, η =
1

κ + γ
.

Take Cν , ν = 1, 2, . . . , Nν , Nν such that
∑Nk

ν=1 |Cν |p = 1. Put

Φk =

{
u : u =

Nk∑

ν=1

Cνϕν , ϕν ∈ C∞(σk;E0)

}
.

Then ‖u‖F0 ≤ 1 and ‖u‖F = 2−kη for sufficiently large k.
Let Ok and Okl stand for the embedding operators from Φk into F and F0. Since dimΦk = Nk, by

[21, § 3, Lemma 3] we have
dNk−1(Ok(Φk, F )) = 1.

Since Ok = BOkl, using the properties of d-numbers we get

dNk−1(Ok(Φk, F )) ≤ ‖Okl‖dNk−1(B(Φk, F )).

Therefore putting Nk − 1 = j we find

dj(B) ≥ Cj
− 1

κ+γ , j = 1, 2, . . . ,∞. (5)

Then by (4), (5) and in view of [21, § 3, Lemma 2] we obtain the claim.
By [14, Theorem 3] we have

Theorem A7. Suppose that
(1) E is an UMD-space;
(2) A is a densely defined unbounded operator in E with the property that for some λ in the resolvent

set of A, the operator R(λA) is of class σp(E), p ∈ (1,∞);
(3) γ1, γ2, . . . , γs are nonoverlapping differentiable arcs in the complex plane having a limiting direc-

tion at infinity and such that no adjacent pair of arcs forms the angle of π
p at infinity;

(4) the resolvent of A satisfies the inequality ‖R(λ,A)‖ = O(|λ|−1) as λ → ∞ along each of these
arcs γi.

Then spA is the entire space E.
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2. Partial Operator Differential Equations with Variable Coefficients

Consider the inhomogeneous problem (1), i.e.

Lu =

n∑

i,j=1

aij(x)
∂2u(x)

∂xi∂xj
−Aλ(x)u(x) +

n∑

k=1

Ak(x)
∂u(x)

∂xk
= f(x), x ∈ G,

LΓu =

[
α(x)

∂u(x)

∂l
+ β(x)u(x)

]

Γ

= g,

(6)

where the second equality is understood in the trace sense.
We start with obtaining some coercive estimate for strong solutions to (6).

Condition 1. Suppose that (1) aij = aji and there is μ > 0 such that

μ−1|ξ|2 ≤ L0(x, ξ) ≤ μ|ξ|2 for x ∈ G, L0(x, ξ) =
n∑

i,j=1

aij(x)ξiξj ;

(2) Γ ∈ C(2) (e.g., see [8, § 6.2]), α, β ∈ C(1)(Γ), α(x) �= 0, β(x)
α(x) ∈ S(ϕ).

Put Ep = (E(A), E) 1+p
2p

.

Theorem 1. Assume that Condition 1 is satisfied and
(1) E is a Banach space enjoying the multiplier condition with respect to p ∈ (1,∞);
(2) A(x) is an R-positive operator in E uniformly in x ∈ G, A(x)A−1(x0) ∈ C(G;B(E));
(3) for every ε > 0 there is C(ε) > 0 such that for a.e. x ∈ G and for u ∈ (E(A), E) 1

2
,∞

‖Ak(x)u‖ ≤ ε‖u‖(E(A),E) 1
2 ,∞

+ C(ε)‖u‖.

Then for u ∈ W 2
p (G;E(A), E) and for λ ∈ S(ϕ) and sufficiently large |λ| we have

n∑

k=1

2∑

i=0

|λ|1− i
2 ‖Di

ku‖Lp(G;E) ≤ M
[
‖(L+ λ)u‖Lp(G;E) + ‖LΓu‖

B
1− 1

p
p,p (Γ;Ep,E)

]
. (7)

Proof. Let G1,G2, . . . , GN be domains in R
n and let ϕ1, ϕ2, . . . , ϕN be a corresponding partition

of unity; i.e., ϕj are smooth functions on R, σj = suppϕj ⊂ Gj , and
∑N

j=1 ϕj(x) = 1. Then for

u ∈ W 2
p (G;E(A), E) we have u(x) =

∑N
j=1 uj(x), where uj(x) = u(x)ϕj(x). Take u ∈ W 2

p (G;E(A), E).

Then from (6) we obtain

(L+ λ)uj =
n∑

k,i=1

akiD
2
kiuj(x)−Aλ(x)uj(x) = fj(x), (8)

LΓuj = gj , j = 1, 2, . . . , N. (9)

where

fj = fϕj +
n∑

k,i=1

aki[ϕjD
2
kiu+DkuDkϕj + ϕjDiu+ uD2

kiϕj ]

−
n∑

k=1

ϕjAk(x)
∂u(x)

∂xk
, j = 1, 2, . . . , N, gj =

[
g + α

∂ϕj

∂l
uj

]

Γ

. (10)
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LetGj∩G = Gj . Since the boundary Γ is sufficient smooth, there are (e.g., see [8, § 1.7.3] differentiable
diffeomorphisms Ψj on the neighborhood of Gj transforming Gj to G̃j with plane boundary and such that

LΓuj become L̃Γũj = [α̃(y)
∂ũj(y)
∂yn

+ β̃(y)ũj(y)]yn=0, where υ̃(y) = υ(Ψj(y)) for υ ∈ W 2
p (Gj ;E(A), E). For

these transformations W 2
p (Gj ;E(A), E) is isomorphically mapped to W 2

p (G̃j ;E(A), E) and under these
maps (8) transforms to

(L+ λ)ũj =
n∑

k,,i=1

ãkijD
2
kiũj(y)− Ãjλ(y)ũj(y) = f̃j(y).

Moreover, by Condition 1, there is a linear mapping that transforms the expression

n∑

k,,i=1

ãkiD
2
kij ũj(y) + Ãjλ(y)ũj(y) to

n∑

k

ãkjD
2
kũj(y)− Ãjλ(y)ũj(y), ãkj > 0.

After redenoting y by x, G̃ by Gj , ãkj(y) by akj(x), Ãjλ(y) by Aλ(x), and ũj(y) by uj(x) etc., and freezing
coefficients in the transformed equation (8) we obtain

n∑

k

akj(xj0)D
2
kuj(x) +Aλ(xj0)uj(x) = Fj(x),

LΓuj =

[
α(xj0)

∂uj(y)

∂xn
+ β(xj0)uj(x)

]

xn=0

= Φj(x
1),

(11)

where

Fj = fj + [A(xj0)−A(x)]uj +
n∑

k

[ak(x)− aki(xj0)]D
2
kuj(x), (12)

Bj(x
1) = gj(x

1) +

[
(α(xj0)− α(x))

∂uj
∂xn

+ (β(xj0)− β(x))uj(x)

]

xn=0

. (13)

By Theorem A5 we see that (11) has the unique solution uj ∈ W 2
p (Gj ;E(A), E) and for λ ∈ S(ϕ) and

sufficiently large |λ| the following coercive estimate holds:

n∑

k=1

2∑

i=0

|λ|1− i
2 ‖Di

kuj‖Gj ,p + ‖Auj‖Gj ,p ≤ C‖Fj‖Gj ,p + ‖Φj‖
B

1− 1
p

p,p (Γ∩Gj ;Ep,E)
. (14)

In a similar way, by Theorem A4 we obtain estimates of type (14) for Gj ⊂ G. Whence, using properties
of the smoothness of coefficients of (12) and (13) and by Theorems A1 and A3, choosing diameters of σj
sufficiently small, we get

‖Fj‖Gj ,p ≤ ε‖uj‖W 2
p (Gj ;E(A),E) + C(ε)‖uj‖Gj ,p, (15)

‖Φj‖
B

1− 1
p

p,p (Γ∩Gj ;Ep,E)
≤ C‖gj‖

B
1− 1

p
p,p (Γ∩Gj ;Ep,E)

+ ε‖uj‖W 2
p (Gj ;E(A),E) + C(ε)‖uj‖Gj ,p, (16)

where ε is sufficiently small and C(ε) is a continuous function. From (14)–(16) we get

n∑

k=1

1∑

i=0

|λ|1− i
2 ‖Di

kuj‖Gj ,p + ‖Auj‖Gj ,p ≤ C‖f‖Gj ,p + ‖gj‖
B

1− 1
p

p,p (Γ∩Gj ;Ep,E)
+ ε‖uj‖W 2

p
+ C(ε)‖uj‖Gj ,p.
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Choosing ε < 1 from the above inequality we have

n∑

k=1

2∑

i=0

|λ|1− i
2

∥∥Di
kuj

∥∥
Gj ,p

+ ‖Auj‖Gj ,p ≤ C
[‖f‖Gj ,p + ‖uj‖Gj ,p + ‖gj‖

B
1− 1

p
p,p (Γ∩Gj ;Ep,E)

]
. (17)

In a similar manner we also obtain (17) for the domains Gj lying entirely in G. Then by (17) for
u ∈ W 2

p (G;E(A), E) we have

n∑

k=1

2∑

i=0

|λ|1− i
2 ‖Di

ku‖p + ‖Au‖p ≤ C
[‖(L+ λ)u‖p + ‖u‖p + ‖gj‖

B
1− 1

p
p,p

]
. (18)

Let u ∈ W 2
p (G;E(A), E) be the solution to (6). Then for λ ∈ S(ϕ) we get

‖u‖p = ‖(L+ λ)u− Lu‖p ≤ 1

λ
[‖(L+ λ)u‖p + ‖u‖W 2

p
]. (19)

Then by Theorem A1, (18), and (19) for sufficiently large |λ| and u ∈ W 2
p (G;E(A), E) we get (7).

Now consider the BVP (1). Let Oλ denote the operator in Lp(G;E) generated by (1), i.e.

D(Oλ) = W 2
p (G;E(A), E, LΓ), Oλu = (L+ λ)u.

Theorem 2. Let all conditions of Theorem 1 be satisfied. Then for all f ∈ Lp(G;E), λ ∈ S(ϕ), and
sufficiently large |λ| there is a unique solution to (1) and the following uniform coercive estimate holds:

n∑

k=1

2∑

i=0

|λ|1− i
2

∥∥Di
kuj

∥∥
Lp(G;E)

≤ M‖f‖Lp(G;E). (20)

Proof. Let us show that for all f ∈ Lp,γ(G;E) there is a unique solution u ∈ W 2
p (G;E(A), E)

to (1). The uniqueness of this problem follows from (7). So it suffices to prove that (1) has a solution
u ∈ W 2

p (G;E(A), E) for all f ∈ Lp(G;E). Consider the smooth functions gj = gj(x) with respect to the
partition of unity ϕj = ϕj(y) on G that equal one on suppϕj , where supp gj ⊂ Gj and |gj(x)| < 1. Let
us construct for all j the functions uj on Ωj = G ∩ Gj satisfying (1). First consider the case when Gj

adjoins boundary points. The problem (1) can be expressed as

n∑

k,i=1

aki(xj0)D
2
kiuj(x) +Aλ(xj)uj(x)

= gj

{
f + [A(xj0)−A(x)]uj +

n∑

k,i=1

[aki(xj0)− aki(x)]D
2
kiuj −

n∑

k=1

Ak(x)
∂uj(x)

∂xk

}
,

LΓuj = 0, j = 1, 2, . . . , N. (21)

Consider the operators Ojλ in Lp(Gj ;E) generated by BVP (21) when Gj partially belong to G. By
Theorem A5 for all f ∈ Lp(Gj ;E), λ ∈ S(ϕ), and sufficiently large |λ| we have

n∑

k=1

2∑

i=0

|λ|1− i
2

∥∥Di
kO

−1
jλ f

∥∥
p
+

∥∥AO−1
jλ f

∥∥
p
≤ C‖f‖p. (22)

Extending uj zero beyond suppϕj and making the substitutions uj = O−1
jλ υj we obtain from (21)

the operator equations
υj = Kjλυj + gjf, j = 1, 2, . . . , N, (23)
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where Kjλ are bounded linear operators in Lp(Gj ;E) defined as

Kjλ = gj

{
f + [A(x0j)−A(x)]O−1

jλ +
n∑

k,i=1

[aki(xj0)− aki(x)]D
2
kiO

−1
jλ −

n∑

k=1

Ak(x)
∂

∂xk
O−1

jλ

}
.

By Theorem A1, (22), the smoothness of the coefficients of the expression Kjλ, and condition (4) for
λ ∈ S(ϕ) and sufficiently large |λ|, we have ‖Kjλ‖ < ε where ε is sufficiently small. Consequently, (23)
have the unique solutions υj = [I −Kjλ]

−1gjf and

‖υj‖p = ‖[I −Kjλ]
−1gjf‖p ≤ ‖f‖p.

Whence, [I −Kjλ]
−1gj are bounded linear operators from Lp(G;E) to Lp(Gj ;E). Thus, we see that

uj = Ujλf = O−1
jλ [I −Kjλ]

−1gjf

are solutions to (21). By Theorem A4 we can construct the solutions uj for (21) for Gj lying entirely
in G. Consider the linear operator (U + λ) in Lp(G;E) such that

(U + λ)f =

N∑

j=1

ϕj(y)Ujλf.

It is clear from the constructions of Uj and (22) that Ujλ are bounded linear operators from Lp(G;E) to
W 2

p (G;E(A), E) and for λ ∈ S(ϕ) and sufficiently large |λ| we have

n∑

k=1

2∑

i=0

|λ|1− i
2 ‖Di

kU
−1
jλ f‖p + ‖AU−1

jλ f‖p ≤ C‖f‖p. (24)

Therefore (U + λ) is a bounded linear operator from Lp to Lp. Applying Oλ to u =
∑N

j=1 ϕjUjλf yields

Oλu = f+
∑N

j=1Φjλf , where Φjλ are bounded linear operators from Lp,γ(G;E) to Lp,γ(Gj ;E) defined as

Φjλ =
n∑

k,i=1

aki

[
D2

kiϕjUjλ +
∂ϕj

∂xk

∂Ujλ

∂xi
+

∂ϕj

∂xi

∂Ujλ

∂xk

]
+

n∑

i=1

∂ϕj

∂xi
AiUjλ.

By the embedding Theorem A1 and (24), from the expression Φjλ we obtain that Φjλ are bounded linear
operators from Lp(G;E) to Lp(Gj ;E) and ‖Φjλ‖ < ε. Therefore, the invertible bounded linear operator(
I+

∑N
j=1Φjλ

)−1
is available. Whence, we see that for all f ∈ Lp(G;E) BVP (1) have the unique solution

u(x) = O−1
λ f =

N∑

j=1

ϕjO
−1
jλ [I −Kjλ]

−1gj

(
I +

N∑

j=1

Φjλ

)−1

f,

i.e., we proved the claim.

Result 1. Theorem 1 implies that O has the resolvent (O + λ)−1 for λ ∈ S(ϕ) and
n∑

k=1

2∑

i=0

|λ|1− i
2 ‖Di

k(O+λ)−1‖B(Lp(G;E)) + ‖A(O + λ)−1‖B(Lp(G;E)) ≤ C. (25)

Remark 1. The estimate (20) and the embedding Theorem A1 imply that under the conditions of
Theorem 2

n∑

i,j=1

‖ ∂2u

∂xi∂xj
‖Lp(G;E) + ‖Au‖Lp(G;E) ≤ C‖f‖Lp(G;E)

for the solution to (1); i.e., (1) is separable in Lp(G;E).

Remark 2. Result 1 implies that O is positive on Lp(G;E). Moreover in view of (24) and by [21,
§ 1.14.5] O generates an analytic semigroup when ϕ ∈ (π2 , π).

Remark 3. If α(x) ≡ 0 then the claims of Theorems 2 and 3 hold for g ∈ B
2− 1

p
p,p (Γ; (E(A), E) 1

2p
, E).
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3. The Spectral Properties of Elliptic
Differential Operators in Banach Spaces

Consider the differential operator O generated by BVP (21). It is clear to see that the principal part
of this operator is nonselfadjoint. In this section we will address the spectral properties of O. In the
following theorem we prove the Fredholm property of O.

Theorem 3. Let all conditions of Theorem 1 hold and A−1 ∈ σ∞(E). Then O is Fredholm from
W 2

p (G;E(A), E) into Lp(G;E).

Proof. Theorem 1 implies that O+λ for sufficiently large |λ| has a bounded inverse (O+λ)−1 from
Lp(G;E) to W 2

p (G;E(A), E); that is the operator O+λ is Fredholm from W 2
p (G;E(A), E) into Lp(G;E).

By Theorem A2 the embedding W 2
p (G;E(A), E) ⊂ Lp(G;E) is compact. Then by the perturbation

theory of linear operators we find that O is Fredholm from W 2
p (G;E(A), E) into Lp(G;E).

Theorem 4. Suppose that all conditions of Theorem 2 are satisfied. Let E be a Banach space with

base and sj(I(E(A), E)) ∼ j−
1
ν , j = 1, 2, . . . ,∞, ν > 0. Then

(a)

sj((O + λ)−1(Lp(G;E))) ∼ j−
2

2ν+n ; (26)

(b) the system of the root functions of O is complete in Lp,γ(G;E).

Proof. Let I(E0, E) denote the embedding operator from E0 to E. By Result 1 there exists the
resolvent (O + λ)−1 bounded from Lp(G;E) to W 2

p (G;E(A), E). Thus, by Theorem A6 the embedding

operator I(W l
p,γ(G;E(A), E), Lp,γ(G;E)) is compact and

sj(I(W
2
p (G;E(A), E), Lp(G;E))) ∼ j−

2
2ν+n . (27)

Since

(O + λ)−1(Lp(G;E)) = (O + λ)−1(Lp(G;E),W 2
p (G;E(A), E))I(W 2

p (G;E(A), E), Lp(G;E)); (28)

from (27) and (28) we obtain (26). The estimate (25) and (27) imply that O+λ0 is positive on Lp(G;E)
and

(O + λ0)
−1 ∈ σq(Lp(G;E)), q >

2

2ν + n
. (29)

Then from (25), (29), and Theorem A6 we obtain (b).

4. BVPs for Anisotropic Elliptic Equations

The Fredholm property for elliptic equations with parameters in smooth domains were studied in,
e.g., [24, 25]; also for nonsmooth domains these questions were investigated, e.g., in [26, 27].

Let Ω ⊂ R
n be an open connected set with compact C2m-boundary ∂Ω. Let us consider the BVPs

in the cylindrical domain Ω̃ = G× Ω for the following anisotropic elliptic equation:

Lu =

n∑

i,j=1

aij(x)
∂2u(x, y)

∂xi∂xj
+

n∑

k=1

dk
∂u(x, y)

∂xk

+
∑

|α|≤2m

aα(y)D
α
y u(x, y) = f(x, y), x ∈ G, y ∈ Ω, (30)

LΓu =

[
α(x)

∂u(x, y)

∂l
+ β(x)u(x, y)

]

Γ

= 0, (31)

Bju =
∑

|β|≤mj

bjβ(y)D
β
yu(x, y) = 0, x ∈ G, y ∈ ∂Ω, j = 1, 2, . . . ,m. (32)
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Here Γ is the boundary of G ∈ R
n, l is a nontangential direction on Γ and aij , α, and β are complex-

valued functions on G and Γ, respectively, Dj = −i ∂
∂yj

, mk ∈ {0, 1}, y = (y1, . . . , yn).

If Ω̃ = G × Ω and p =(p1, p) then Lp(Ω̃) will denote the space of all p-summable scalar-valued

functions with mixed norm (e.g., see [7, § 1]), i.e. the space of all measurable functions f on Ω̃ for which

‖f‖
Lp(Ω̃)

=

(∫

G

(∫

Ω

|f(x, y)|p1 dy
) p

p1

dx

) 1
p

< ∞.

Similarly, W 2,2m
p (Ω̃) denotes the anisotropic Sobolev space with the corresponding mixed norm [26, § 10].

Theorem 5. Assume that
(1) Condition 1 holds;
(2) aα ∈ C(Ω̄) for each |α| = 2m and aα ∈ [L∞ + Lrk ](Ω) for each |α| = k < 2m with rk ≥ q and

2m− k > l
rk
;

(3) bjβ ∈ C2m−mj (∂Ω) for all j, β, and mj < 2m,
∑m

j=1 bjβ(y
′)σj �= 0, for |β| = mj , y

′ ∈ ∂G, where

σ = (σ1, σ2, . . . , σn) ∈ R
n is a normal to ∂Ω;

(4) for y ∈ Ω̄, ξ ∈ R
n, λ ∈ S(ϕ), ϕ ∈ (0, π), |ξ|+ |λ| �= 0 let λ+

∑
|α|=2m aα(y)ξ

α �= 0;

(5) given y0 ∈ ∂Ω in the local coordinates corresponding to y0, the local BVP

λ+
∑

|α|=2m

aα(y0)D
αϑ(y) = 0, Bj0ϑ =

∑

|β|=mj

bjβ(y0)D
βu(y) = hj , j = 1, 2, . . . ,m,

has the unique solution ϑ ∈ C0(R+) for all h = (h1, h2, . . . , hm) ∈ R
m, and for ξ′ ∈ R

n−1 with |ξ′|+|λ| �= 0.
Then
(a) for all f ∈ Lp(Ω̃), | arg λ| ≤ ϕ, and sufficiently large |λ| the problem (29)–(31) has the unique

solution u that belongs to W 2,2m
p (Ω̃) and the coercive uniform estimate holds

n∑

k=1

2∑

i=0

|λ|1− i
2

∥∥∥∥
∂iu

∂xk

∥∥∥∥
Lp(Ω̃)

+
∑

|β|=2m

‖Dβ
yu‖Lp(Ω̃)

≤ C‖f‖
Lp(Ω̃)

;

(b) problem (30)–(32) is Fredholm in Lp(Ω̃).

Proof. Put E = Lp1(Ω). Then by [22, Theorem 3.6] part (1) of Theorem 2 is satisfied. Consider
the operator A defined by

D(A) = W 2m
p1 (Ω;Bju = 0), Au =

∑

|α|≤2m

aα(y)D
αu(y).

Given x ∈ Ω, consider the operators Ak(x)u = dk(x, y)u(y), k = 1, 2, . . . , n. The problem (30)–(32)
can be rewritten as (1), where u(x) = u(x, .) and f(x) = f(x, .) are functions with values in E = Lp1(Ω).
By [25] the problem

λu(y) +
∑

|α|≤2m

aα(y)D
α
y u(y) = f(y), Bju =

∑

|β|≤mj

bjβ(y)D
β
yu(y) = 0, j = 1, 2, . . . ,m,

has the unique solution for f ∈ Lp1(Ω) and arg λ ∈ S(ϕ0) as |λ| → ∞. Moreover, in view of [5,
Theorem 8.2] the differential operator A is R-positive on Lp1 . It is known that the embedding W 2m

p1 (Ω) ⊂
Lp1(Ω) is compact (e.g., see [21, Theorem 3.2.5]). Then by the interpolation properties of Sobolev spaces
(e.g., see [21, § 4]) it is clear that (3) of Theorem 2 is fulfilled too. Then from Theorems 2 and 3 we
obtain the claim.
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5. BVPs for Infinite Systems of Elliptic Equations

Consider the following infinite systems of BVPs:

n∑

i,j=1

aij(x)
∂2um(x)

∂xi∂xj
+ (dm(x) + λ)um(x)

+
n∑

k=1

∞∑

j=1

dkjm(x)
∂uj(x)

∂xk
= fm(x), x ∈ G, m = 1, 2, . . . ,∞, (33)

LΓu =

[
α(x)

∂um(x)

∂l
+ β(x)um(x)

]

Γ

= 0, (34)

where Γ is the boundary of a domain G ∈ R
n, l is a nontangential direction on Γ, and aij , α, and β are

complex-valued functions on G and Γ, respectively.
Let d(x) = {dm(x)}, dm > 0, u = {um}, Du = {dmum}, m = 1, 2, . . . ,∞,

lq(D) =

{
u : u ∈ lq, ‖u‖lq(d) = ‖Du‖lq =

( ∞∑

m=1

|dmum|q
) 1

q

< ∞
}
,

x ∈ G, 1 < q < ∞. Let Q denote the differential operator in Lp(G; lq) generated by (33), (34). Let
B = B(Lp(G; lq)).

Theorem 6. Assume that
(1) Condition 1 holds;

(2) dj ∈ C(G), dkmj ∈ L∞(G) andmaxk supm
∑∞

j=1 dkmj(x)d
−( 1

2
−μ)

j < M for all x ∈ G and 0 < μ < 1
2

a.e. for x ∈ G and 1 < p < ∞.
Then
(a) For all f(x) = {fm(x)}∞1 ∈ Lp(G; lq), λ ∈ S(ϕ), ϕ ∈ (0, π), and sufficiently large |λ| the problem

(33), (34) has the unique solution u = {um(x)}∞1 belonging to W 2
p (G, lq(D), lq) and the coercive estimate

holds

n∑

k=1

[∫

G

( ∞∑

m=1

|D2
kum(x)|q

) p
q

dx

] 1
p

+

[∫

G

( ∞∑

m=1

|dmum(x)|q
)
dx

] 1
p

≤ C

[∫

G

( ∞∑

m=1

|fm(x)|q
) p

q

dx

] 1
p

. (35)

(b) The resolvent (Q+ λ)−1 of Q exists for sufficiently large |λ| > 0 and

n∑

k=1

2∑

j=0

|λ|1− j
2

∥∥Dj
k(Q+ λ)−1

∥∥
B
+ ‖A(Q+ λ)−1‖B ≤ M. (36)

Proof. Indeed, assume that E = lq, while A, and Ak(x) are infinite matrices such that

A = [dm(x)δjm], Ak(x) = [dkjm(x)], m, j = 1, 2, . . . ,∞.

It is clear that A is R-positive on lq. Therefore, by Theorem 4 we infer that (33), (34) for all
f ∈ Lp(G; lq), λ ∈ S(ϕ), and sufficiently large |λ| has the unique solution u in W 2

p (G; lq(D), lq) and

n∑

k=1

‖D2
ku‖Lp(G;lq) + ‖Du‖Lp(G;lq) ≤ C‖f‖Lp(G;lq).

From above we obtain (35). The estimate (36) ensues from Result 1.

Remark 4. There are many positive operators on particular Banach spaces. Therefore, using par-
ticular Banach spaces and particular positive operators (i.e. pseudodifferential operators or finite or
infinite matrices for instance) instead of E and A, respectively, from Theorems 2–4 we can obtain various
classes of maximal regular BVPs for partial differential or pseudodifferential equations or finite or infinite
systems of these equations.
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