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QUASIELLIPTIC OPERATORS AND SOBOLEV TYPE EQUATIONS
G. V. Demidenko UDC 517.953+4-517.983

Abstract: We consider a class of matrix quasielliptic operators on the n-dimensional space. For these
operators, we establish the isomorphism properties in some special scales of weighted Sobolev spaces.
Basing on these properties, we prove the unique solvability of the initial value problem for a class of
Sobolev type equations.
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§ 1. Introduction

In this article we consider a class of matrix quasielliptic operators,
2Z(Dz) = (ljr(Dx2)) (1.1)

on the whole space R™. For these operators, we establish the isomorphism properties in some special

. l . . o1 o ey
scales of weighted Sobolev spaces W, , and apply these properties to proving the solvability of the initial
value problem for the class of Sobolev type equations

m—1
L(D)DPPU + Y | L i(Da) DEU = F(t, ),
~ (1.2)

D1]€€U|t:0:90k+l(m)7 k:()??m*l

The theorems on the isomorphism properties of differential operators have numerous applications in
the theory of partial differential equations. However, in many cases their statements are far from obvious.
For instance, the differential operator

A—cel : WJ(R") = Ly(R™), 1<p< oo,
for € > 0 establishes an isomorphism, but this is false for the Laplace operator
A WER™) = Ly(R™Y), 1<p< oo,
The situation is similar for the polyharmonic operator
A" WEMRY) = Ly(R™), 1< p< oo

This operator is not an isomorphism for any m. In particular, using the results of [1, Chapter 12|, we
can show that the solvability of the equations

Ay = f(z), xz€R" n>2m,

in the Sobolev space Wﬁm(R”) with p < 75— requires that the right-hand side f(x) satisfy the orthog-
onality conditions of the form

/f(m)xada: =0, |af<s.
Rn
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Note that the first isomorphism theorems for the Laplace operator A on R™ are proved in [2, 3], the
theorems on the isomorphism properties of homogeneous elliptic operators appeared in the literature in
the 1970s and 1980s (for instance, see [4-9]). The first isomorphism theorem for homogeneous quasielliptic
operators on R™ was proved by the author in [10]; further research into the properties of these operators
is presented in [11]. Some isomorphism theorems for a more general class of matrix quasielliptic operators
on R™ are collected in [12-14]. This article continues the research in [10, 12-14].

§ 2. Statements of the Main Results

Let us impose some conditions on the class of matrix differential operators (1.1).

CONDITION 1. Assume that the matrix v x v-differential operator .2 (D, ) has constant coefficients
and its symbol Z(i§) = (1, (i§)) satisfies the following conditions.

CONDITION 2. There exist vectors a = (ai,...,ay), t = (t1,...,t,), t, > 0, t,/a; € N, such that for
every ¢ > 0 we have l;,(c*i§) = c'*l;,(i€), j,r=1,...,v.

CONDITION 3. det Z(i€) = 0 for £ € R™ if and only if £ = 0.

The matrix operators satisfying these conditions belong to the class of quasielliptic operators intro-

duced by Volevich [15].
Let us give some examples of the operators satisfying Conditions 1-3.

ExaMPLE 1. The elliptic operators in the sense of Petrovskii: a1 = -+ = ay = %, m € N. Observe
that the operators of this type with ¢ty = --- = t, = 1 are called homogeneous elliptic operators. This
class contains, for instance, the Navier operator of elasticity:

pA+ A+ mD; (A+ D3, (A + p) D3,
L(D)=| (+wDhi,, wA+A+wD;, (A +p)Di,, (2.1)
A+ @)Dz 4, A+w)D3,.,  BA+(A+p)DE,

where A and p are the Lamé constants, and A is the Laplace operator with respect to x. Here det £ (i§) =
— 2N+ 2w) €8 and 0y =g = a3 = &

5
ExXAMPLE 2. The parabolic operators in the sense of Petrovskii:
Do 0
LDz)=| :+ . | =Z%Dw,Ds,), x=(2,20). (2:2)
0 ... D
The homogeneity vector has the form a = (Zib, ce 2%), 1), beN.

ExamMpPLE 3. The parabolic operators in the sense of Eidel'man of the form (2.2). In this case the
homogeneity vector « is equal to (ﬁ, ey ﬁ, 1), b; € N, and the elements of the matrix £9(i¢’, i¢,) =

0 . .
(15, (i€)) satisty ; | Lo ‘
I, (c%i€) = cl; (i), ¢>0, j,r=1,...,v,

while the imaginary parts of the roots of the equations det .Z(is,i\) = 0, s € R"~1, satisfy
ImA;(s) > 6(s2 4+ -+ 527, 6> 0.

ExaMPLE 4. The homogeneous quasielliptic operators: t1 = --- = t, = 1. This class contains, for
instance, the operator of parabolic type with “opposite time directions” [16]:

D, — A 0
0 D, +A'

where A’ is the Laplace operator with respect to z’. In this case a = (%, ey %, 1) and t; =ty = 1.
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It is obvious that the class of homogeneous quasielliptic operators contains the scalar quasielliptic
operators

= > agDy, 2(i€) £0, &eR™{0}.
Ba=1

By analogy with [10] we will establish the isomorphism properties of (1.1) using the special weighted
Sobolev spaces from [17]:

W, (R"), 1= (k/ay,...,k/ow), k/o; €N, 1<p<oo, 0>0.

DEFINITION. We will say that a locally summable function u(z) belongs to the weighted Sobolev space
Wllw(R") if u(x) has the generalized derivatives D¥u(x) in R™ for var < k, and

[+ (@)= Dlu(), LyR™)|| < 00, (2)* =D a7,
i=1

The norm on WAU (R™) is defined as

u(z), W}, ®™)| = Y |1+ () * ) DYu(x), L(R™)]|. (2.3)
0<va<k
We will consider the general case where the components k/«; of the smoothness vector [ need not be

the same. Observe that in the isotropic case, when k/a; = --- = k/a, = [, the norm (2.3) is equivalent
to the norm

>° [+ fe) =P DRu(a), Ly(®™)]. (24)
0<|8I<t
Observe that C§°(R™) is dense in WZZM(R”) for o <1 (see [17]).

Let us give two well-known examples of weighted Sobolev spaces, which in the isotropic case k/a; = 1
coincide with those defined above with o = 1.

EXAMPLE 5. The Kudryavtsev space W' »0(R™), where O = {z € R" : |zj| <1, j=1,...,n}, whose

norm is defined as
u(z), W o (R™) H—/|u o+ 3 || D2u(), L(R™)]|.

|81=t
It is shown in [18] that in the case p > n this norm is equivalent to (2.4) with o = 1. Consequently, in
the case that k/a; = --- = k/ay, =1, p > n, and o = 1, the spaces W;D(R") and WIZW(R”) coincide.

EXAMPLE 6. The Nirenberg—Walker—Cantor space Mll’m(]R")7 1 < p < oo, whose norm is defined
[19,20] as
Ju(e), 222, @Y = 3 (1 + )™ DRu(z), L,(®™].
0<|8|<l

Consequently, in the case that k/a; = --- =k/ap, =1, m=—l,0 =1, M? (R") and W} ,(R™) coincide.
We say that U(z) = (U'(x),...,U"(x))" belongs to

HW" R™), = (tr/ai,...,tr/ay), 1 <p< oo, >0,
if every component U"(z) belongs to W' (R™) and write
[U(z), W o (R —ZHUT W o (R
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We will also write

and put

n
lo| = Zai, tmax = max{ti,..., t,}.
=1

Let us state the isomorphism theorem.

Theorem 1. Suppose that |a|/p > tmax. Then
Z(Dz) : W} ,(R") = Ly(R"), 1<p<oo, o=1,

is an isomorphism.
We give an example of application of Theorem 1.

Consider the Cauchy problem (1.2) for a system of equations that are not solved with respect to the

highest time derivative:
m—1

L(Do)DJ"U + Y Li(Da)DFU = F(t, ). (2.5)
k=0
Nowadays the equations of the form (2.5) are called Sobolev type equations because it was precisely
Sobolev’s articles (see [21, Vol. I]) that pioneered the study of equations of this type. Note also that in
the literature the Sobolev equation
AD}u+ D2 u= f(t,x)

is among the most popular equations that are not solved with respect to the highest derivative.

We will assume that the matrix v x v-differential operators % (D), k = 1,...,m, have constant
coefficients and satisfy Condition 2; i.e., their symbols %% (i§) = (lﬁr(iﬁ)), as well as the symbol of the
operator .Z(D,), are quasihomogeneous.

Let us state the theorem on the unconditional solvability of the Cauchy problem (1.2), assuming for
simplicity that the initial conditions are zero.

Theorem 2. Suppose that |a|/p > tmax, ¢x(x) = 0, k = 1,...,m. Then for every F(t,x) €
C([0, T); Ly(R™)) the problem (1.2) has a unique solution U(t,z) € C™ ([0, T]; W), ;(R"™)), and
U, z), ™ ([0, T]; W, (R™)) || < e(T)|| F(t,z), O([0, T; Ly (R™)) | (2.6)

with some constant ¢(T') independent of F(t,x).

§ 3. Proofs of the Main Results

In proving Theorem 1 we will follow the scheme of [10,12]. Thus, we briefly sketch the proof and
dwell on the substantial differences.
Conditions 1 and 2 imply that . (D;) maps WZI;’U(R”) into L,(R™) and is a bounded operator.

Indeed, given U(z) € W}, ,(R"), we can write the jth component of .2 (D, )U(x) as

(L(Da)U(2))j = Y Liw(D)U" (@), Liw(Da) = Y ajrpDy.
r=1

ﬁa:tr

Hence, 1;,(D,)U"(z) € L,(R™), and so .Z(D,)U(x) € Ly(R™); since the coefficients a;, 3 are constant,
we also have

1.2 (D2)U (), Lpy(R™)|| < c||U (), W}, ,(R™)]],

where ¢ > 0 is some constant independent of U(z).
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Consequently, in order to prove Theorem 1 we must establish that for |a|/p > tmax the system of
differential equations
ZL(Dg)U(x) = F(z), ze€R", (3.1)

has a unique solution U(z) € W;)’I(R”) for every right-hand side F'(z) € Ly(R"), and we have the
estimate

|U (), W, (R")|| < C||F(2), Ly(R")| (3.2)

with some constant C' > 0 independent of F(z).
Let us mention the crucial steps in proving the solvability of (3.1) and deriving the estimate (3.2).
In order to prove the solvability of (3.1) we use the method for constructing approximate solutions
which is detailed in [22]. This method bases on the integral representation for summable functions due
to Uspenskii [23] (also see [22, Chapter 1]):

1

() = lim (2m) h/vd'l [ [ew (“%) G(€)p(y) dedydv, (3.3)
h

h—>0
R R™

where

G(&) = 2m(&)* ™ exp(—(6)*™), (€)* =D &', m,1/a; eN.
=1

Initially, we assume that the components F7(x) of F(z) € L,(R") are compactly supported. Consider
the family of integral operators Py, k =1,...,v,0 < h <1, defined as

h—1 v
Pk (@) = @0 [t [ e (j‘/t%) Gi(©) (Zl’“’r(oFT(y))dsdydv, (3.4)
h Rn R™ r=1

where [¥7(€) are the elements of the inverse matrix (.Z(i€))~!, and
Grl€) = 2m(EF " exp(—{EF™), (O3 =3 €% meN. (3.5)
i=1
It follows from (3.4) and Conditions 1-3 that the functions Py, F'(x) are infinitely differentiable and
Zz]k o) PenF(z) = Fl(z),

where
—1

>

Fj(z) = (2m) ™"

S

U_|O‘|/tf_1//exp (zf};jﬁ) Gj(f)Fj(y) d§dydv.

Using (3.3) with &; = «;/t;, we have
|Fi (z) — FI(x), Ly(R™)|| = 0 as h— 0.

Consequently, we can consider Uy (z) with the components U}]f(:c) = PypF(z), k=1,...,v, as an ap-
proximate solution to (3.1). Henceforth we will write Up(x) as

Un(z) = PuF(x) = (PuuF (), ..., PanF ()T (3.6)
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It is obvious that we can find a positive integer m; such that for m > m; the functions Py, F'(x) in
(3.5) will be summable to every power p > 1 (see [12]). Henceforth we will assume in (3.5) that m > m;.
In the next section we will prove that in the case |a|/p > tmax the estimate

|Un(2), Wy, (RM)|| < C||F(2), Ly(R™)|| (3.7)
holds with some constant C' > 0 independent of F'(z) and h and also establish that
|Un, (2) = Upy(z), Wp 1 (R™)|| = 0 as hy, ho — 0. (3.8)

Let us show how to use this to prove Theorem 1.
Since the space W;)’I(R”) is complete, it follows from (3.7) and (3.8) that there exists a continuous
linear operator
P:L,(R") - W, (R"), 1<p<oo, o=1,

defined on the compactly supported vector functions F(z) as PF(x) = limj_0 P,F(x), and U(x) =
PF(z) € WLI(R") will be a solution to (3.1). Since the set of compactly supported vector functions
is dense in L,(R"™), by a well-known theorem P has a unique continuous extension to the whole space
L,(R™) with the same norm. We use the same notation P for the extension.

The inequality (3.7) implies that the linear operators

Pyt Ly(R") = W (R"), 1<p<oo, o=1,

are continuous and the norms {||P||} are uniformly bounded: ||P|| < C. Consequently, by the Banach—
Steinhaus theorem we have

| P F(z) — PF(z), Wy ,(R")|| =0 ash—0

for all F(z) € L,(R™).
The above arguments imply the existence of a solution U(zx) € W;,,l(]R") to (3.1) for every right-hand
side F(z) € L,(R™); and, moreover, we have (3.2).
The uniqueness of a solution to (3.1) in the space under consideration is proved by analogy with [10].
Thus, the quasielliptic operator

L(Dy) : W (R") = Ly(R™), 1<p< oo,

is continuous; if |@|/p > tmax then the domain of £ (D) coincides with the whole space L,(R"); the
kernel Ker £ (D) is zero; and the bounded operator P : L,(R") — WZI)J(R") is the inverse of .Z(D,).

Consequently, in order to complete the proof of Theorem 1 we must obtain (3.7) and establish (3.8).
This question is discussed in the next section.

The claim of Theorem 2 is a simple corollary to that isomorphism theorem for (1.1).

Indeed, by Theorem 1 and the condition on the symbols of %% (D,.) the operators

(ZL(D2)) ' Zni(Dy) : W), | (R") = W, (R"), 1<p<oo, k=0,...,m—1,
for |a|/p > tmax are continuous. Consequently, for ¢i(z) =0, k = 1,...,m, (1.2) is equivalent to the
Cauchy problem for the differential equation

DU + mz_ (Z(Da)) ™ Lni(Da) DU = (Z£(Da)) ' F(t, ),
k=0

DfU|ig=0, k=0,...,m—1,

with bounded operator coefficients.

Since the right-hand side (Z(D.)) 'F(t,z) belongs to C([O,T];W;,?l(R")), the general theory of
Cauchy problems implies the existence and uniqueness of a solution U(t,z) € C™ ([0, T7; W}Dyl(R”)) to
the problem, as well as (2.6).
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§4. The Estimate for Approximate Solutions to (3.1)

We split the proof of (3.7) and (3.8) into a series of lemmas.
Firstly, we give an estimate of the highest derivatives of the components of the vector function (3.6).

Lemma 4.1. Let 8 = (f1,...,0,) and fa = t;. Then
|DZU (2), Ly(R™)|| < Cpl| F (), Lp(R™) | (4.1)
with some constant Cg > 0 independent of F(x) and h; moreover,
|DEUE () — DEUE (x), Ly(R™)|| = 0 as hi, ha — 0. (4.2)
PRrROOF. It is obvious that it suffices to obtain (4.1) for F(z) € CJ°(R"). By (3.4)

DEUE(w) = (2m)" / e [ [ew (’f‘/ys) Gk@)(if)ﬁ( zygz’ws)my)) dédydv.
h R R r=

Using the properties of the Fourier transform, we can rewrite this formula as

D}Uy(x) = (2m) " h/lvl/( /exp(’i(fc —y)S)Gk(Sv“/tk)d8>Fk,ﬁ(y) dydv, (4.3)
h R®» Rn

where

Fraly) = (2m) 2 exp(iyﬁ)(iﬁ)"< Zl’”@)ﬁr(o) d.

Rn r=1
The multi-index (3 satisfies Sa = ti; therefore, by Conditions 2 and 3 the function

pep(€) = (i€)°) 1F(€)
r=1

satisfies the hypotheses of the multiplier theorem [24]. Then the theorem yields the inequality
[Ek,5(2), Lp(R™)|| < ca| F(x), Lp(R™)]]

with some constant ¢z independent of F'(z). Consequently, using the properties of the integral represen-
tation (3.3) (see [22, Chapter 1]), we derive (4.1) from (4.3).
The proof of (4.2) goes similarly. The proof of the lemma is complete.

In order to obtain the weighted estimates for the derivatives
DIUf(x), 0<Ba <t (4.4)

we will need some estimates for the integrals

—1

At = nyn [ ool fep <zvfftk) Gu(&) ()1 (€)dedv, 0<h<1.  (45)
h R”

Lemma 4.2. Suppose that |a|+Ba > t. Then there exists mg such that if m > mg in the definition
(3.5) of Gi(&) then the estimate

<$>|a\+6aftk‘%lf}:(w)‘ <e¢, zeR (4.6)

holds with some constant ¢ > 0 independent of h.

A proof of (4.6) is easy to give by analogy with that of Lemma 3.3 in [12].
Henceforth we will assume in (3.5) that m > max{m,ma}. Let us estimate the derivatives (4.4).
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Lemma 4.3. Let 8 = (f1,...,0n), Ba < tx, and |a|/p > tx. Then the inequality

[(z)~ PO DRUR (x), Ly(R™)|| < ¢ F(), Ly(R™)| (4.7)
holds with some constant ¢ > 0 independent of F(x) and h; moreover,
[(z) =P (DBUE (x) — DEUE (2)), Ly(R™)|| — 0 as hy, hy — 0. (4.8)

PRrROOF. It is obvious that it suffices to obtain (4.7) for F'(z) € C°(R"). Taking (3.4), (3.5), and (4.5)
into account, we write the derivative DS U,’f (x) as

DPUF(x) Z/ji/kra:— F"(y) dy.
r= 1]R"
Using Lemma 4.2, we obtain the estimate

1)~ DI (), Ly(R")

—(tx,—Ba) /<aj _ y>*(|a\+ﬁa7tk)‘pr(y)| dy, L,(R™)||.
R

By hypotheses, |a|/p > t; and t; — Ba > 0; therefore, |a| + Ba — t;, > 0. Hence, we will have

)~ =P DIUR (), Ly(R™)|

[T lwil @iy — g, OB 1el=0 BT (y) | dy, L, (R
Rn =1

12
SCQZ

r=1

Consequently, applying the Hardy—Littlewood inequality [25], we obtain (4.7).
A proof of (4.8) goes by analogy with that of (4.7).
The proof of the lemma is complete.

Lemmas 4.1 and 4.3 immediately yield (3.7) and (3.8) for the vector function (3.6) which is an ap-
proximate solution to (3.1). This completes the proof of Theorem 1.

§ 5. Examples

Let us give as corollaries to Theorem 1 the statements on the isomorphism properties of the differential
operators

ZL(Dy) : W H Wl (R L,(RY), "= (t,/a1,... tr)an), p> 1, (5.1)

considered in Examples 1-4.

1. Let .Z(D,) be an elliptic matrix differential operator in the sense of Petrovskii, and as in Exam-

ple 1, let the homogeneity vector have the form o = (%, e %) Then I" = (t,m,...,t,m), |a| = =, and
according to Theorem 1 the operator (5.1) establishes an isomorphism provided that n > mptyax. For
the homogeneous elliptic operators (¢; = --- = t, = 1) this holds for n > mp. In particular, the Navier

operator (2.1) establishes an isomorphism
Z(Dg) : W2 (R?) — Ly(R%) for 1 <p<3/2.

2. Let Z(D,) be a parabolic operator in the sense of Petrovskii, and as in Example 2, let the

homogeneity vector have the form a = (%, .. % ) Then
1
" =t,(2b,...,20,1), |a|= "% +1.

By Theorem 1, (5.1) establishes an isomorphism provided that n + 2b — 1 > 2bptmax.
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3. Let Z(D,) be a parabolic operator in the sense of Eidel‘'man, and as in Example 3, let the
homogeneity vector have the form a = (ﬁ, el ﬁ, 1). Then

n—1
1
" =t.(2b1,...,2b,-1,1 =1 —
'r‘( 1, sy «Un—1, )7 |O[’ +Zzl2bz

According to Theorem 1, (5.1) is an isomorphism provided that

4. Let £ (D) be a homogeneous quasielliptic operator (t; = --- = ¢, = 1). Then by Theorem 1 (5.1)
is an isomorphism provided that |« > p. In particular, the operator of parabolic type with “opposite
time directions”

 W2AHR™) x W;f(Rn) — Ly(R™) x Ly(R")

D, — A’ 0
) ©pl

0 D, + A’

is an isomorphism for 1 < p < %H

§ 6. Generalizations

Following [14] and the scheme of this article, we can study the isomorphism properties of quasielliptic
operators in a larger class. More precisely, we can replace Condition 2 on the symbol of the operator
Z(D,) with the following condition:

COoNDITION 2°. There exist vectors
a=(a1,...,an), (ti,...,t), txr >0, (s1,...,8), sk <0, max{sp}=0,

such that for every ¢ > 0 we have

crooLL 0 F2 S |
ZL(ci€) = : : Z(i€) : : , £eR".

0o ... c% 0 ... v

The class of differential operators satisfying Conditions 1, 2° and 3 includes, in particular, the
operators elliptic in the sense of Douglis—Nirenberg.

Using the isomorphism theorems for this class of operators, we can prove a theorem on the uncondi-
tional solvability of the initial value problem for a larger class of Sobolev type equations. For instance,
the article [14] contains a proof, using the isomorphism theorem [12] for some certain operators elliptic in
the sense of Douglis—Nirenberg, of the well-posedness theorem for the initial value problem for the class
of first order systems

n
AoDyu + Z AjDyu+ Bu = F(t, ) (6.1)
j=1
with degenerate matrix Ag. This class contains, in particular, the Sobolev system [26]
v + [@, 0] + Vp = f(t,z), dive =g(t,z), © € R>. (6.2)

Recall that in the case that Ay = Af > 0, Ay = A}, k =1,...,n, the systems of the form (6.1) are
called hyperbolic in the sense of Friedrichs [27], but (6.2) does not belong to this class since det Ag = 0.

REMARK. It is interesting to note that the two fundamental articles [26] and [27] on the theory of
systems of the form (6.1) were published in the same year.
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