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QUASIELLIPTIC OPERATORS AND SOBOLEV TYPE EQUATIONS

G. V. Demidenko UDC 517.953+517.983

Abstract: We consider a class of matrix quasielliptic operators on the n-dimensional space. For these
operators, we establish the isomorphism properties in some special scales of weighted Sobolev spaces.
Basing on these properties, we prove the unique solvability of the initial value problem for a class of
Sobolev type equations.
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§ 1. Introduction
In this article we consider a class of matrix quasielliptic operators,

L (Dx) = (lj,r(Dx)) (1.1)

on the whole space Rn. For these operators, we establish the isomorphism properties in some special
scales of weighted Sobolev spaces W lp,σ and apply these properties to proving the solvability of the initial
value problem for the class of Sobolev type equations

L (Dx)D
m
t U +

m−1∑

k=0

Lm−k(Dx)Dkt U = F (t, x),

Dkt U |t=0 = ϕk+1(x), k = 0, . . . ,m− 1.
(1.2)

The theorems on the isomorphism properties of differential operators have numerous applications in
the theory of partial differential equations. However, in many cases their statements are far from obvious.
For instance, the differential operator

Δ− εI :W 2p (Rn)→ Lp(Rn), 1 < p <∞,
for ε > 0 establishes an isomorphism, but this is false for the Laplace operator

Δ :W 2p (R
n)→ Lp(Rn), 1 < p <∞.

The situation is similar for the polyharmonic operator

Δm :W 2mp (R
n)→ Lp(Rn), 1 < p <∞.

This operator is not an isomorphism for any m. In particular, using the results of [1, Chapter 12], we
can show that the solvability of the equations

Δmu = f(x), x ∈ Rn, n > 2m,
in the Sobolev space W 2mp (R

n) with p ≤ n
n−2m requires that the right-hand side f(x) satisfy the orthog-

onality conditions of the form ∫

Rn

f(x)xαdx = 0, |α| ≤ s.
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Note that the first isomorphism theorems for the Laplace operator Δ on Rn are proved in [2, 3], the
theorems on the isomorphism properties of homogeneous elliptic operators appeared in the literature in
the 1970s and 1980s (for instance, see [4–9]). The first isomorphism theorem for homogeneous quasielliptic
operators on Rn was proved by the author in [10]; further research into the properties of these operators
is presented in [11]. Some isomorphism theorems for a more general class of matrix quasielliptic operators
on Rn are collected in [12–14]. This article continues the research in [10, 12–14].

§ 2. Statements of the Main Results
Let us impose some conditions on the class of matrix differential operators (1.1).

Condition 1. Assume that the matrix ν × ν-differential operator L (Dx) has constant coefficients
and its symbol L (iξ) = (lj,r(iξ)) satisfies the following conditions.

Condition 2. There exist vectors α = (α1, . . . , αn), t = (t1, . . . , tν), tr > 0, tr/αj ∈ N, such that for
every c > 0 we have lj,r(c

αiξ) = ctr lj,r(iξ), j, r = 1, . . . , ν.

Condition 3. detL (iξ) = 0 for ξ ∈ Rn if and only if ξ = 0.
The matrix operators satisfying these conditions belong to the class of quasielliptic operators intro-

duced by Volevich [15].
Let us give some examples of the operators satisfying Conditions 1–3.

Example 1. The elliptic operators in the sense of Petrovskĭı: α1 = · · · = αn = 1
m , m ∈ N. Observe

that the operators of this type with t1 = · · · = tν = 1 are called homogeneous elliptic operators. This
class contains, for instance, the Navier operator of elasticity:

L (Dx) =

⎛

⎝
μΔ+ (λ+ μ)D2x1 (λ+ μ)D2x1x2 (λ+ μ)D2x1x3
(λ+ μ)D2x1x2 μΔ+ (λ+ μ)D2x2 (λ+ μ)D2x2x3
(λ+ μ)D2x1x3 (λ+ μ)D2x2x3 μΔ+ (λ+ μ)D2x3

⎞

⎠ (2.1)

where λ and μ are the Lamé constants, and Δ is the Laplace operator with respect to x. Here detL (iξ) =
−μ2(λ+ 2μ)|ξ|6 and α1 = α2 = α3 = 1

2 .

Example 2. The parabolic operators in the sense of Petrovskĭı:

L (Dx) =

⎛

⎝
Dt1xn . . . 0
...

. . .
...

0 . . . Dtνxn

⎞

⎠−L 0(Dx′ , Dxn), x = (x
′, xn). (2.2)

The homogeneity vector has the form α =
(
1
2b , . . . ,

1
2b , 1

)
, b ∈ N.

Example 3. The parabolic operators in the sense of È̆ıdel ′man of the form (2.2). In this case the
homogeneity vector α is equal to

(
1
2b1
, . . . , 1

2bn−1 , 1
)
, bj ∈ N, and the elements of the matrix L 0(iξ′, iξn) =

(l0j,r(iξ)) satisfy

l0j,r(c
αiξ) = ctr l0j,r(iξ), c > 0, j, r = 1, . . . , ν,

while the imaginary parts of the roots of the equations detL (is, iλ) = 0, s ∈ Rn−1, satisfy
Imλj(s) ≥ δ

(
s2b11 + · · ·+ s2bn−1n−1

)
, δ > 0.

Example 4. The homogeneous quasielliptic operators: t1 = · · · = tν = 1. This class contains, for
instance, the operator of parabolic type with “opposite time directions” [16]:

L (Dx) =

(
Dxn −Δ′ 0

0 Dxn +Δ
′

)
,

where Δ′ is the Laplace operator with respect to x′. In this case α =
(
1
2 , . . . ,

1
2 , 1
)
and t1 = t2 = 1.
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It is obvious that the class of homogeneous quasielliptic operators contains the scalar quasielliptic
operators

L (Dx) =
∑

βα=1

aβD
β
x , L (iξ) �= 0, ξ ∈ Rn\{0}.

By analogy with [10] we will establish the isomorphism properties of (1.1) using the special weighted
Sobolev spaces from [17]:

W lp,σ(R
n), l = (k/α1, . . . , k/αn), k/αi ∈ N, 1 < p <∞, σ > 0.

Definition. We will say that a locally summable function u(x) belongs to the weighted Sobolev space
W lp,σ(R

n) if u(x) has the generalized derivatives Dνxu(x) in R
n for να ≤ k, and

∥∥(1 + 〈x〉)−σ(k−να)Dνxu(x), Lp(Rn)
∥∥ <∞, 〈x〉2 =

n∑

i=1

x
2/αi
i .

The norm on W lp,σ(R
n) is defined as

∥∥u(x),W lp,σ(Rn)
∥∥ =

∑

0≤να≤k

∥∥(1 + 〈x〉)−σ(k−να)Dνxu(x), Lp(Rn)
∥∥. (2.3)

We will consider the general case where the components k/αi of the smoothness vector l need not be
the same. Observe that in the isotropic case, when k/α1 = · · · = k/αn = l̄, the norm (2.3) is equivalent
to the norm ∑

0≤|β|≤l̄

∥∥(1 + |x|)−σ(l̄−|β|)Dβxu(x), Lp(Rn)
∥∥. (2.4)

Observe that C∞0 (Rn) is dense in W lp,σ(Rn) for σ ≤ 1 (see [17]).
Let us give two well-known examples of weighted Sobolev spaces, which in the isotropic case k/αi = l̄

coincide with those defined above with σ = 1.

Example 5. The Kudryavtsev space W l̄p,�(R
n), where � = {x ∈ Rn : |xj | < 1, j = 1, . . . , n}, whose

norm is defined as ∥∥u(x),W l̄p,�(Rn)
∥∥ =

∫

�

|u(x)| dx+
∑

|β|=l̄

∥∥Dβxu(x), Lp(Rn)
∥∥.

It is shown in [18] that in the case p > n this norm is equivalent to (2.4) with σ = 1. Consequently, in

the case that k/α1 = · · · = k/αn = l̄, p > n, and σ = 1, the spaces W l̄p,�(Rn) and W lp,σ(Rn) coincide.
Example 6. The Nirenberg–Walker–Cantor space Mp

l̄,m
(Rn), 1 < p < ∞, whose norm is defined

[19, 20] as ∥∥u(x),Mp
l̄,m
(Rn)

∥∥ =
∑

0≤|β|≤l̄

∥∥(1 + |x|)m+|β|Dβxu(x), Lp(Rn)
∥∥.

Consequently, in the case that k/α1 = · · · = k/αn = l̄, m = −l̄, σ = 1, Mpl̄,m(Rn) and W lp,σ(Rn) coincide.
We say that U(x) = (U1(x), . . . , Uν(x))T belongs to

Wl
p,σ(R

n) =
ν∏

r=1

W l
r

p,σ(R
n), lr = (tr/α1, . . . , tr/αn), 1 < p <∞, σ ≥ 0,

if every component U r(x) belongs to W l
r

p,σ(R
n) and write

∥∥U(x),Wl
p,σ(R

n)
∥∥ =

ν∑

r=1

∥∥U r(x),W lrp,σ(Rn)
∥∥.
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We will also write

Lp(R
n) =

ν∏

r=1

Lp(R
n)

and put

|α| =
n∑

i=1

αi, tmax = max{t1, . . . , tν}.

Let us state the isomorphism theorem.

Theorem 1. Suppose that |α|/p > tmax. Then
L (Dx) :W

l
p,σ(R

n)→ Lp(Rn), 1 < p <∞, σ = 1,
is an isomorphism.

We give an example of application of Theorem 1.
Consider the Cauchy problem (1.2) for a system of equations that are not solved with respect to the

highest time derivative:

L (Dx)D
m
t U +

m−1∑

k=0

Lm−k(Dx)Dkt U = F (t, x). (2.5)

Nowadays the equations of the form (2.5) are called Sobolev type equations because it was precisely
Sobolev’s articles (see [21, Vol. I]) that pioneered the study of equations of this type. Note also that in
the literature the Sobolev equation

ΔD2t u+D
2
xnu = f(t, x)

is among the most popular equations that are not solved with respect to the highest derivative.
We will assume that the matrix ν × ν-differential operators Lk(Dx), k = 1, . . . ,m, have constant

coefficients and satisfy Condition 2; i.e., their symbols Lk(iξ) =
(
lkj,r(iξ)

)
, as well as the symbol of the

operator L (Dx), are quasihomogeneous.
Let us state the theorem on the unconditional solvability of the Cauchy problem (1.2), assuming for

simplicity that the initial conditions are zero.

Theorem 2. Suppose that |α|/p > tmax, ϕk(x) ≡ 0, k = 1, . . . ,m. Then for every F (t, x) ∈
C([0, T ];Lp(R

n)) the problem (1.2) has a unique solution U(t, x) ∈ Cm([0, T ];Wl
p,1(R

n)
)
, and

∥∥U(t, x), Cm
(
[0, T ];Wl

p,1(R
n)
)∥∥ ≤ c(T )‖F (t, x), C([0, T ];Lp(Rn))‖ (2.6)

with some constant c(T ) independent of F (t, x).

§ 3. Proofs of the Main Results
In proving Theorem 1 we will follow the scheme of [10, 12]. Thus, we briefly sketch the proof and

dwell on the substantial differences.
Conditions 1 and 2 imply that L (Dx) mapsWl

p,σ(R
n) into Lp(R

n) and is a bounded operator.

Indeed, given U(x) ∈Wl
p,σ(R

n), we can write the jth component of L (Dx)U(x) as

(L (Dx)U(x))j =
ν∑

r=1

lj,r(Dx)U
r(x), lj,r(Dx) =

∑

βα=tr

aj,r,βD
β
x .

Hence, lj,r(Dx)U
r(x) ∈ Lp(Rn), and so L (Dx)U(x) ∈ Lp(Rn); since the coefficients aj,r,β are constant,

we also have
‖L (Dx)U(x),Lp(Rn)‖ ≤ c

∥∥U(x),Wl
p,σ(R

n)
∥∥,

where c > 0 is some constant independent of U(x).

845



Consequently, in order to prove Theorem 1 we must establish that for |α|/p > tmax the system of
differential equations

L (Dx)U(x) = F (x), x ∈ Rn, (3.1)

has a unique solution U(x) ∈ Wl
p,1(R

n) for every right-hand side F (x) ∈ Lp(Rn), and we have the
estimate ∥∥U(x),Wl

p,1(R
n)
∥∥ ≤ C‖F (x),Lp(Rn)‖ (3.2)

with some constant C > 0 independent of F (x).
Let us mention the crucial steps in proving the solvability of (3.1) and deriving the estimate (3.2).
In order to prove the solvability of (3.1) we use the method for constructing approximate solutions

which is detailed in [22]. This method bases on the integral representation for summable functions due
to Uspenskĭı [23] (also see [22, Chapter 1]):

ϕ(x) = lim
h→0
(2π)−n

h−1∫

h

v−|α̂|−1
∫

Rn

∫

Rn

exp

(
i
x− y
vα̂
ξ

)
G(ξ)ϕ(y) dξdydv, (3.3)

where

G(ξ) = 2m〈ξ〉2m exp(−〈ξ〉2m), 〈ξ〉2 =
n∑

i=1

ξ
2/α̂i
i , m, 1/α̂i ∈ N.

Initially, we assume that the components F j(x) of F (x) ∈ Lp(Rn) are compactly supported. Consider
the family of integral operators Pk,h, k = 1, . . . , ν, 0 < h < 1, defined as

Pk,hF (x) = (2π)
−n

h−1∫

h

v−|α|/tk
∫

Rn

∫

Rn

exp

(
i
x− y
vα/tk

ξ

)
Gk(ξ)

( ν∑

r=1

lk,r(ξ)F r(y)

)
dξdydv, (3.4)

where lk,r(ξ) are the elements of the inverse matrix (L (iξ))−1, and

Gk(ξ) = 2m〈ξ〉2mk exp
(−〈ξ〉2mk

)
, 〈ξ〉2k =

n∑

i=1

ξ
2tk/αi
i , m ∈ N. (3.5)

It follows from (3.4) and Conditions 1–3 that the functions Pk,hF (x) are infinitely differentiable and

ν∑

k=1

lj,k(Dx)Pk,hF (x) = F
j
h(x),

where

F
j
h(x) = (2π)

−n
h−1∫

h

v−|α|/tj−1
∫

Rn

∫

Rn

exp

(
i
x− y
vα/tj

ξ

)
Gj(ξ)F

j(y) dξdydv.

Using (3.3) with α̂i = αi/tj , we have

∥∥F jh(x)− F j(x), Lp(Rn)
∥∥→ 0 as h→ 0.

Consequently, we can consider Uh(x) with the components U
k
h (x) = Pk,hF (x), k = 1, . . . , ν, as an ap-

proximate solution to (3.1). Henceforth we will write Uh(x) as

Uh(x) = PhF (x) = (P1,hF (x), . . . , Pν,hF (x))
T . (3.6)
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It is obvious that we can find a positive integer m1 such that for m ≥ m1 the functions Pk,hF (x) in
(3.5) will be summable to every power p ≥ 1 (see [12]). Henceforth we will assume in (3.5) that m ≥ m1.
In the next section we will prove that in the case |α|/p > tmax the estimate

∥∥Uh(x),Wl
p,1(R

n)
∥∥ ≤ C‖F (x),Lp(Rn)‖ (3.7)

holds with some constant C > 0 independent of F (x) and h and also establish that
∥∥Uh1(x)− Uh2(x),Wl

p,1(R
n)
∥∥→ 0 as h1, h2 → 0. (3.8)

Let us show how to use this to prove Theorem 1.
Since the spaceWl

p,1(R
n) is complete, it follows from (3.7) and (3.8) that there exists a continuous

linear operator
P : Lp(R

n)→Wl
p,σ(R

n), 1 < p <∞, σ = 1,
defined on the compactly supported vector functions F (x) as PF (x) = limh→0 PhF (x), and U(x) =
PF (x) ∈ Wl

p,1(R
n) will be a solution to (3.1). Since the set of compactly supported vector functions

is dense in Lp(R
n), by a well-known theorem P has a unique continuous extension to the whole space

Lp(R
n) with the same norm. We use the same notation P for the extension.
The inequality (3.7) implies that the linear operators

Ph : Lp(R
n)→Wl

p,σ(R
n), 1 < p <∞, σ = 1,

are continuous and the norms {‖Ph‖} are uniformly bounded: ‖Ph‖ ≤ C. Consequently, by the Banach–
Steinhaus theorem we have

∥∥PhF (x)− PF (x),Wl
p,1(R

n)
∥∥→ 0 as h→ 0

for all F (x) ∈ Lp(Rn).
The above arguments imply the existence of a solution U(x) ∈Wl

p,1(R
n) to (3.1) for every right-hand

side F (x) ∈ Lp(Rn); and, moreover, we have (3.2).
The uniqueness of a solution to (3.1) in the space under consideration is proved by analogy with [10].
Thus, the quasielliptic operator

L (Dx) :W
l
p,1(R

n)→ Lp(Rn), 1 < p <∞,
is continuous; if |α|/p > tmax then the domain of L (Dx) coincides with the whole space Lp(Rn); the
kernel KerL (Dx) is zero; and the bounded operator P : Lp(Rn)→Wl

p,1(R
n) is the inverse of L (Dx).

Consequently, in order to complete the proof of Theorem 1 we must obtain (3.7) and establish (3.8).
This question is discussed in the next section.
The claim of Theorem 2 is a simple corollary to that isomorphism theorem for (1.1).
Indeed, by Theorem 1 and the condition on the symbols of Lk(Dx) the operators

(L (Dx))
−1Lm−k(Dx) :Wl

p,1(R
n)→Wl

p,1(R
n), 1 < p <∞, k = 0, . . . ,m− 1,

for |α|/p > tmax are continuous. Consequently, for ϕk(x) ≡ 0, k = 1, . . . ,m, (1.2) is equivalent to the
Cauchy problem for the differential equation

Dmt U +
m−1∑

k=0

(L (Dx))
−1Lm−k(Dx)Dkt U = (L (Dx))

−1F (t, x),

Dkt U |t=0 = 0, k = 0, . . . ,m− 1,
with bounded operator coefficients.
Since the right-hand side (L (Dx))−1F (t, x) belongs to C

(
[0, T ];Wl

p,1(R
n)
)
, the general theory of

Cauchy problems implies the existence and uniqueness of a solution U(t, x) ∈ Cm([0, T ];Wl
p,1(R

n)
)
to

the problem, as well as (2.6).
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§ 4. The Estimate for Approximate Solutions to (3.1)
We split the proof of (3.7) and (3.8) into a series of lemmas.
Firstly, we give an estimate of the highest derivatives of the components of the vector function (3.6).

Lemma 4.1. Let β = (β1, . . . , βn) and βα = tk. Then
∥∥DβxUkh (x), Lp(Rn)

∥∥ ≤ Cβ‖F (x),Lp(Rn)‖ (4.1)

with some constant Cβ > 0 independent of F (x) and h; moreover,
∥∥DβxUkh1(x)−DβxUkh2(x), Lp(Rn)

∥∥→ 0 as h1, h2 → 0. (4.2)

Proof. It is obvious that it suffices to obtain (4.1) for F (x) ∈ C∞0 (Rn). By (3.4)

DβxU
k
h (x) = (2π)

−n
h−1∫

h

v−|α|/tk−1
∫

Rn

∫

Rn

exp

(
i
x− y
vα/tk

ξ

)
Gk(ξ)(iξ)

β

( ν∑

r=1

lk,r(ξ)F r(y)

)
dξdydv.

Using the properties of the Fourier transform, we can rewrite this formula as

DβxU
k
h (x) = (2π)

−n
h−1∫

h

v−1
∫

Rn

( ∫

Rn

exp(i(x− y)s)Gk(svα/tk) ds
)
Fk,β(y) dydv, (4.3)

where

Fk,β(y) = (2π)
−n/2

∫

Rn

exp(iyξ)(iξ)β
( ν∑

r=1

lk,r(ξ)F̂ r(ξ)

)
dξ.

The multi-index β satisfies βα = tk; therefore, by Conditions 2 and 3 the function

μk,β(ξ) = (iξ)
β
ν∑

r=1

lk,r(ξ)

satisfies the hypotheses of the multiplier theorem [24]. Then the theorem yields the inequality

‖Fk,β(x), Lp(Rn)‖ ≤ cβ‖F (x),Lp(Rn)‖
with some constant cβ independent of F (x). Consequently, using the properties of the integral represen-
tation (3.3) (see [22, Chapter 1]), we derive (4.1) from (4.3).
The proof of (4.2) goes similarly. The proof of the lemma is complete.

In order to obtain the weighted estimates for the derivatives

DβxU
k
h (x), 0 ≤ βα < tk, (4.4)

we will need some estimates for the integrals

K k,r
β,h (x) = (2π)

−n
h−1∫

h

v−|α|/tk−βα/tk
∫

Rn

exp

(
i
xξ

vα/tk

)
Gk(ξ)(iξ)

βlk,r(ξ)dξdv, 0 < h < 1. (4.5)

Lemma 4.2. Suppose that |α|+βα > tk. Then there existsm2 such that if m ≥ m2 in the definition
(3.5) of Gk(ξ) then the estimate

〈x〉|α|+βα−tk ∣∣K k,r
β,h (x)

∣∣ ≤ c, x ∈ Rn, (4.6)

holds with some constant c > 0 independent of h.

A proof of (4.6) is easy to give by analogy with that of Lemma 3.3 in [12].
Henceforth we will assume in (3.5) that m ≥ max{m1,m2}. Let us estimate the derivatives (4.4).
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Lemma 4.3. Let β = (β1, . . . , βn), βα < tk, and |α|/p > tk. Then the inequality
∥∥〈x〉−(tk−βα)DβxUkh (x), Lp(Rn)

∥∥ ≤ c‖F (x),Lp(Rn)‖ (4.7)

holds with some constant c > 0 independent of F (x) and h; moreover,
∥∥〈x〉−(tk−βα)(DβxUkh1(x)−DβxUkh2(x)

)
, Lp(R

n)
∥∥→ 0 as h1, h2 → 0. (4.8)

Proof. It is obvious that it suffices to obtain (4.7) for F (x) ∈ C∞0 (Rn). Taking (3.4), (3.5), and (4.5)
into account, we write the derivative DβxUkh (x) as

DβxU
k
h (x) =

ν∑

r=1

∫

Rn

K k,r
β,h (x− y)F r(y) dy.

Using Lemma 4.2, we obtain the estimate
∥∥〈x〉−(tk−βα)DβxUkh (x), Lp(Rn)

∥∥

≤ c1
ν∑

r=1

∥∥∥∥〈x〉−(tk−βα)
∫

Rn

〈x− y〉−(|α|+βα−tk)|F r(y)| dy, Lp(Rn)
∥∥∥∥.

By hypotheses, |α|/p > tk and tk − βα > 0; therefore, |α|+ βα− tk > 0. Hence, we will have
∥∥〈x〉−(tk−βα)DβxUkh (x), Lp(Rn)

∥∥

≤ c2
ν∑

r=1

∥∥∥∥
∫

Rn

n∏

i=1

|xi|(βα−tk)/|α||xi − yi|(tk−βα)/|α|−1|F r(y)| dy, Lp(Rn)
∥∥∥∥.

Consequently, applying the Hardy–Littlewood inequality [25], we obtain (4.7).
A proof of (4.8) goes by analogy with that of (4.7).
The proof of the lemma is complete.

Lemmas 4.1 and 4.3 immediately yield (3.7) and (3.8) for the vector function (3.6) which is an ap-
proximate solution to (3.1). This completes the proof of Theorem 1.

§ 5. Examples
Let us give as corollaries to Theorem 1 the statements on the isomorphism properties of the differential

operators

L (Dx) :W
l
p,1(R

n) =
ν∏

r=1

W l
r

p,1(R
n)→ Lp(Rn), lr = (tr/α1, . . . , tr/αn), p > 1, (5.1)

considered in Examples 1–4.

1. Let L (Dx) be an elliptic matrix differential operator in the sense of Petrovskĭı, and as in Exam-
ple 1, let the homogeneity vector have the form α =

(
1
m , . . . ,

1
m

)
. Then lr = (trm, . . . , trm), |α| = n

m , and
according to Theorem 1 the operator (5.1) establishes an isomorphism provided that n > mptmax. For
the homogeneous elliptic operators (t1 = · · · = tν = 1) this holds for n > mp. In particular, the Navier
operator (2.1) establishes an isomorphism

L (Dx) :W
2
p,1(R

3)→ Lp(R3) for 1 < p < 3/2.
2. Let L (Dx) be a parabolic operator in the sense of Petrovskĭı, and as in Example 2, let the

homogeneity vector have the form α =
(
1
2b , . . . ,

1
2b , 1

)
. Then

lr = tr(2b, . . . , 2b, 1), |α| = n− 1
2b
+ 1.

By Theorem 1, (5.1) establishes an isomorphism provided that n+ 2b− 1 > 2bptmax.
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3. Let L (Dx) be a parabolic operator in the sense of È̆ıdel ′man, and as in Example 3, let the
homogeneity vector have the form α =

(
1
2b1
, . . . , 1

2bn−1 , 1
)
. Then

lr = tr(2b1, . . . , 2bn−1, 1), |α| = 1 +
n−1∑

i=1

1

2bi
.

According to Theorem 1, (5.1) is an isomorphism provided that

1 +
n−1∑

i=1

1

2bi
> ptmax.

4. Let L (Dx) be a homogeneous quasielliptic operator (t1 = · · · = tν = 1). Then by Theorem 1 (5.1)
is an isomorphism provided that |α| > p. In particular, the operator of parabolic type with “opposite
time directions”

L (Dx) =

(
Dxn −Δ′ 0

0 Dxn +Δ
′

)
:W 2,1p,1 (R

n)×W 2,1p,1 (Rn)→ Lp(Rn)× Lp(Rn)

is an isomorphism for 1 < p < n+1
2 .

§ 6. Generalizations
Following [14] and the scheme of this article, we can study the isomorphism properties of quasielliptic

operators in a larger class. More precisely, we can replace Condition 2 on the symbol of the operator
L (Dx) with the following condition:

Condition 20. There exist vectors

α = (α1, . . . , αn), (t1, . . . , tν), tk > 0, (s1, . . . , sν), sk ≤ 0, max{sk} = 0,
such that for every c > 0 we have

L (cαiξ) =

⎛

⎝
cs1 . . . 0
...
. . .

...
0 . . . csν

⎞

⎠L (iξ)

⎛

⎝
ct1 . . . 0
...
. . .

...
0 . . . ctν

⎞

⎠ , ξ ∈ Rn.

The class of differential operators satisfying Conditions 1, 20 and 3 includes, in particular, the
operators elliptic in the sense of Douglis–Nirenberg.
Using the isomorphism theorems for this class of operators, we can prove a theorem on the uncondi-

tional solvability of the initial value problem for a larger class of Sobolev type equations. For instance,
the article [14] contains a proof, using the isomorphism theorem [12] for some certain operators elliptic in
the sense of Douglis–Nirenberg, of the well-posedness theorem for the initial value problem for the class
of first order systems

A0Dtu+
n∑

j=1

AjDxju+Bu = F (t, x) (6.1)

with degenerate matrix A0. This class contains, in particular, the Sobolev system [26]

vt + [�ω, v] +∇p = f(t, x), div v = g(t, x), x ∈ R3. (6.2)

Recall that in the case that A0 = A
∗
0 > 0, Ak = A

∗
k, k = 1, . . . , n, the systems of the form (6.1) are

called hyperbolic in the sense of Friedrichs [27], but (6.2) does not belong to this class since detA0 = 0.

Remark. It is interesting to note that the two fundamental articles [26] and [27] on the theory of
systems of the form (6.1) were published in the same year.
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