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Abstract: We obtain conditions for the Y-definability of a subset of the set of naturals in the heredi-
tarily finite admissible set over a model and for the computability of a family of such subsets. We prove
that: for each e-ideal I there exists a torsion-free abelian group A such that the family of e-degrees
of Y-subsets of w in HF(A) coincides with I; there exists a completely reducible torsion-free abelian
group in the hereditarily finite admissible set over which there exists no universal ¥-function; for each
principal e-ideal I there exists a periodic abelian group A such that the family of e-degrees of ¥-subsets
of w in HF(A) coincides with I.
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Problems of 3-definability of subsets of the set of finite ordinals in admissible sets were addressed in
articles [1-5]. Connections between T-reducibility and X-definability were studied in [2, 3, 5], and relations
between e-reducibility and the family of ¥-subsets of w in admissible sets, in [1,4]. There are examples
in [1] of the models in whose hereditarily finite extensions the family of ¥-definable subsets of w coincides
with I* = {S Cw | d.(S) € I}, where I is an arbitrary e-ideal. The present article is inspired by [1].

The necessary background on admissible sets can be found in [6, 7]. The fundamentals of the classical
computability theory and group theory can be obtained from [8] and [9] respectively. In this article we
consider hereditarily finite admissible sets over models of finite signatures.

Our notation is standard. Denote by W, the nth computably enumerable set; and by D,,, the nth
finite set: D, = {aq,...,ax} for n = Zle 2%, Enumeration reducibility, or e-reducibility for brevity, is
defined by

A<,B<& dnvt (te A< Im ((t,m) € W,&D,, C B)).

Define the enumeration operators ®,, by
®,(S) = {z | Im((x,m) € Wp&D,, C S)}.
This gives another definition of e-reducibility:
A<, B<&dn (9,(B)=A).

In this case we say that W,, determines ®,,. Call a sequence {©,, },¢,, of enumeration operators computable
whenever there exists a computable sequence { A, }new of computably enumerable sets that determine ©,,.

An arbitrary nonempty family I of e-degrees of sets of naturals is called an e-ideal whenever the
following are fulfilled:

l)a<c,bandbel=acl;

2)a,bel=allbel

Denote by (M™). the set of all n-tuples of pairwise distinct elements of M; i.e., (M"), = {a € M™ |
a; # a; for i < ]}

We will assume that if 9y and 9%; are models of distinct signatures then 97y cannot be embedded
into M.
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§ 1. The Condition of 3-Definability of Subsets of Naturals

Take a model 9 of finite signature o, some subset My C M, and assume that the following are
fulfilled:

1. For each a = (ag,...,an—1) € (M[f“’)# the Y-subset S; C w is defined in HF(9M). If n = 0 then
Sﬁ — Sg.

2. For each n € w a computable class K, = {(M?,b) | r € w} of constructive models is defined,
with b = (bg,...,bn—1), b € (M;‘)#, and for each r € w a finite set S]' C w is defined effectively so that

(97 b) can be isomorphically embedded into (90, a) if and only if S? C Sz, a € (M{)l)#.
3. For each finitely generated submodel (9, a) C (M, a), a € (M) oy there exists a number r such

that S? C Sz and (9, @) can be isomorphically embedded into (97, b).
We then have

Proposition 1. Take a X-formula ¢(z,yo, . .., Yn—1) of signature o’ = {0, €, &} without parameters
and a tuple a = (ag,...,an_1) € (Mél)#. If A C w can be defined by the formula p(z,a) in HF (9t) then

A <. Sz; conversely, if A <. Sz then A is ¥-definable in HF(9).

PrOOF. The second part of the proposition is already proved in [1], and we will demonstrate the
first part. Take A = ™[z g] C w and

W, = {{(m,r) | HF(D},b) = ¢(m, b)}. (1)

Condition 2 yields that Wy is computably enumerable.
To verify the equality
A={m|3r((m,r) e Wy & S" C Sa)}, (2)

denote its right-hand side by B. Take m € A. Then
HF(9N) = ¢(m, a). (3)
There exists a finitely generated submodel (M, a) C (9M,a) such that
HF(, a) = p(m, a). (4)

By condition 3 there exists a number r such that S;' C S; and (M, a) can be isomorphically embedded
into (M, b). Together with (4) this yields

HF (M, b) = ¢(m, b). (5)

Consequently, (m,r) € W5 & S] C Sz; i.e., m € B.

Take now m € B. Then (1) implies (5). By condition 2 the model (97, b) can be isomorphically
embedded into (9, a). Thus, we have (3), and so m € A, which proves (2).

Take a computable function f such that Si' = Dy(,) and put

W= {(m, f(r)) | (m,r) € W}. (6)
It is clear that W is computably enumerable. From (2) and (6)
A={m |3t ((m,t) € W, & D; C Sz)};

i.e., A ée Sa. [l
REMARK 1. Suppose that for a € (Mgb) 2 the set S; can be defined by some Y-formula with param-
eters a. Then A C w can be Y-defined by some formula ¢(z,a) if and only if A <. S;.

Introduce the following condition:
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2. For each n € w a computable class K, = {(M7,b) | r € w} of constructive models is defined
uniformly in n, with b = (by,...,by,—1), b € (M;})#’ and for all n and r a finite set S} C w is defined
effectively and uniformly in n and 7 so that (97, b) can be isomorphically embedded into (9, a) if and
only it S)' C S;, a € (M(?)#.

REMARK 2. If conditions 1, 2, and 3 hold for a model 9 and a set My then in Proposition 1 the
required enumeration operator is determined from ¢ effectively.

Suppose that for 9 and My the following condition is fulfilled in addition to conditions 1-3.

4. For each © € M there exist a € (M0<‘*’) 2 and a parameter-free ¥-formula ¢(z,y) such that x is

determined by the formula ¢(x,a) in HF(9?). In this case, say that 9 is S¥-generated by My. If I is
S¥.-generated by its inverse M then we say that 91 is SX-generated.

Proposition 1 implies

Corollary 1. Suppose that 9 is S¥-generated by My. A set A C w is X-definable in HIF(9) if and
only if there exists a € (M0<“’)7£ such that A <, S5.

PrROOF. Take A = @[z b] where b = (bo,...,bm—1) € (M™),. By condition 4 there exists
aec (M(f“’)# such that for each ¢ < m there exists a formula @;(y, @) of signature o’Ua, o' = cU{U, €, @},
that defines b; in HF(90t). Consider the formula

$(@,8) =30 Igmr (92, 9) A\ 0il1i,0)).

<m
It is easy to check that B
PN [2,5] = HFON [z, a).

Together with Proposition 1 this yields the corollary. [

Lemma 1. Every model 9t of a finite purely predicate signature o is SY-generated.

ProoOF. Check conditions 1-4. Pick n € w. Denote by K,, the class of all finite models of signature
o Ub, with b= (b, ...,b,_1), whose inverses are the initial segments of the ordered set ({b; | i € w}, <),
where b; < b; for i < j. Suppose that I';, is an effective enumeration of this class, M} = I'y(r), and
St = {r}. It is easy to check that K, is a sequence of constructive models computable uniformly in n.

Given @ € (M<¥)4, a = (ag,...,an—1), denote by S; the set of numbers r such that (", b) can
be isomorphically embedded into (9, a), and show that S; C w is ¥-definable in HF(90). Pick r € w.
Suppose that M? = {b,...,bn_1}. Denote by ®(by,...,by_1,...,by,_1) the open diagram of (97, b).
Let F be the set of all formulas of signature o, and let v : w — F' be an effective enumeration of it. Put

V(') = @(%) = Iyn -+ WYm—1P7(T0, -+, Tn—1, Yy -+ -, Ym—1)-
The sequence (Y 'F} | n € w) of sets, where F' = {®,..(Z) | r € w}, is computable. The function
f(n,r) = r' is computable, thus, Y-definable in HF(91). There exists a ¥-function h : M= — w such
that h(a) = n, where a = (ag,...,an—1). Thus, Sz = {r | HF(OM) = Trox(f(h(a),r),a)}, where
Trop(m,a) = {(m,a) | m is the number of the I-formula ®,,(Z) of signature o,
a €M<, and HF(OM) = ®,,(a)},

is a Y-set in HF(9M).

By the definition of S this implies that conditions 1 and 2 hold for 9t and M. Let us check
condition 3. Given a finite submodel (M, a) C (9, a), there exists r € w such that (M7, b) ~ (M, a).

Hence, S} = {r} C Sz; i.e., condition 3 holds for MM and M. The verification of condition 4 is obvious.
Consequently, 91 is S¥-generated. [

REMARK 3. The proof of Lemma 1 also implies that
1) condition 2’ holds for 9 and its inverse M;
2) Sz can be Y-defined by a formula with parameters a.

Hence, Lemma 1 and Remarks 1 and 2 imply
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Corollary 2. Take a model 9 of a purely predicate signature o. A set A C w can be defined by
some ¥-formula ¢(x,a) in HF(9N) if and only if A <. Sz. Moreover, the enumeration operator can be
found effectively from .

Given a model M, denote by I.(9) the ideal of e-degrees of ¥-subsets of naturals in HIF(90t).

Corollary 3 [1]. Given a model 9 of a finite purely predicate signature o, the ideal I.(9M) is
generated by the e-degrees d.(Th3(9M,a)), where a € M<“.

Indeed, M is S¥-generated by Lemma 1. Suppose that A C w is Y-defined by ¢(x,a). Proposition 1
gives A <. Sz. The proof of Lemma 1 implies that S; =, Tha(9M,a). O

It was proved in [9] that every abelian p-group and every Ershov algebra is locally constructivizable.
Thus, Corollary 3 implies

Corollary 4. If97 is an abelian p-group or a Ershov algebra then each ¥.-subset of the set of naturals
in HF(9) is computably enumerable.

Given a nonempty family U of nonempty sets of naturals and a sequence A = (ag | S € U) of infinite
cardinals, a model i)ﬁ’w A) is constructed in [1]. In fact, the construction applies also in the case that U

contains the empty set. Given a nonempty family U of sets of naturals and a sequence A, we have

Lemma 2. If U contains all finite sets then the model 9 = sm’w’ A) is SY-generated by the set
Mo ={(S5,7) | S €U,y < as}.

PROOF. We have to check conditions 1-4 for S¥-generation of 971 by M.

1. Take a = (ag,...,an—1) € (Mél)i’ a; = (S;,a;), and put Sz = So@®--- @ S,—1. It is easy to check
that Sz is a X-subset in HF(9).

2. Given some number n, fix an effective enumeration v” : w — A, where A is the set of all m-tuples
of pairwise distinct pairs of numbers for m > n, m € w. Let v™r = <<ej,p;-> | 3 < m). Put U =
{Deo, .-, Deyy - Let Ul = {Dy, ..., Dr,_, }, where Dy # Dy, j < j' <t, pr; = max{p) | Dr; = De,,
k<m}+1, AL ={prgs--,0r,_ }, M = mQUr"aA?)’ bi = <Deiap2>' Put 57 = De, @ -+ @ D, _,.

It is easy to check that (97, b) can be isomorphically embedded into (9, a) if and only if S)' C S5.

3. Take some finitely generated submodel
(M’ a) C (M,a), a={ag,...,an_1) € (Mgl)#.

Without loss of generality we may assume that if (S,y,n) € M’ then (S,v) € M’. Suppose that
{a; | 7 < m}, with m > n, is the set of all elements in M’ belonging to My, a; = (Sj,a;), and
De} = {n ‘ <5’j,ozj,n> S M’}.

It is easy to check that there exist numbers e;, p;-, such that for each j < m

1) De;. C Dej - Sj;

2) (Do, 8} # (Do), 4 <4 <m.

Put yr = ({ej,p}) | § <m). )

It is easy to check that (9, a) can be isomorphically embedded into (9N, b), where b; = (De,, p.)
for ¢ < mn, and S C S;.

4. Take x € M. If x € w then it is obvious that z is X-definable with respect to signature (0, s).
Suppose that z = (S,~,n). Then

T = <S?'7>n> < Q(z, <Sa7>vn)'

Thus, each z is Y-definable in the model 9t with constants in M. Therefore, all conditions are fulfilled,

and so the model E)JT’<U A) is SY-generated by My. O

REMARK 4. The second part of the proof of Lemma 2 implies that 9 satisfies condition 2’.
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Suppose that a model 9 of signature o and a set My C M satisfy conditions 1, 2, and 3, and the
following condition is fulfilled.

5. There exists a computable sequence ¢ (z, g, . .., Zy—1), with 7, e € w, of parameter-free X-formulas
of signature ¢’ such that the following conditions are fulfilled:

(a) for all numbers r, e and each tuple a € (M{)")# the set {x € M | HF(M) = ¢S(x,a)} contains at
most one element;

(b) for each x € M there exist numbers 7,,e, and a tuple a, € (Mg)""’);”é such that x is defined in
HIF(90) by the formula o5 (z, az).

Say then that 9 is computably S¥-generated by M.

It is easy to observe the validity of

Lemma 3. Given a model M and a formula v (z, yo, ..., Yn_1,b), b € (M?).., we can define effectively
by v the set of formulas

{wi(xay()w o 73/7774—116) ‘ <8, m; < n}

so that
[W™,ab] |a € M"Y} = (@w,ab] i< s, ae (M™)4, a5 # by}, ()

Theorem 1. Suppose that 9 is computably SY-generated by My. If a family S of subsets of the
set of naturals is computable in HIF(9t) then the family S U {@} can be represented in the form

{@i(s(a,iz)) licw, ac (M(;ni);y a; # i}

for some computable sequence of enumeration operators ©;, some b € (Mg) oy and the function m(i) = m;
is computable.

PROOF. Take some computable family S of subsets of the set of naturals in HF(9t). By Proposi-

tion 4.4 in [1] and condition 5 there exists a X-formula ¥(xg, z1,b) such that
Su{a} = {TFM (g, c,b] | c € HF (M)} (8)

for some fixed b € (Mé)#.

Following Ershov [7], introduce the sets $,, = HF(n = {i | i < n}), $Ho = HF(@). Then HF(w) =
U,, 9n- There exists a X-enumeration o : w - HF(w) of HF(w) in HF(9). Denote by ¢, the element
of HF(w) with index m. Suppose that t,, € 9,,, where k,, = min{k | ¢, € H;}, and

O™ (20, 20, .., 2k —1,0) = U (2, ty (20, - - . , 21, 1), D). (9)

The function k(m) = k,, is computable. Denote by R the set of all finite tuples of naturals of the form
a = (m,rg,€0,...,Tk,—1,€k, —1)- 1t is obvious that R is computable; let v be a computable function that
enumerates R.

For each i € w, define a formula ¥;. If v(i) = a and k,;, = ¢ then put

-1 -1 3
\Iii(xyyg""uyg()fl?yg 7"'7ygq_1717b)
=dz.. .Elzq_l(/\ U(zj) A \If(m)(xo,Z(), .. .,zq_l,l_)) A /\ goij (zj,yg, . ,yi],_l)),
ji<q Jj<q

where gofj are the same formulas as in condition 5.
Condition 5 implies that for each tuple ¢ = (cp,...,cq—1) € M= there exist tuples & € R and
a = (Gcy, - - -, 0c,_,) € M§* such that v(i) = o and

VIOV 3, 4,,(0), 8] = TP [wo, @, B]-

i
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Together with (8) and (9) this yields
Su{o} = {UFM g 4,8 | i€ w,ae M} (10)
By Lemma 3 we may assume that in (10) we have (a,b) € (M{" ") - Then Remark 2 shows that
SU{o} ={6i(Sup) licw, ac (Mg’”)sé, a; # by}
for some computable sequence of enumeration operators ©;, i € w, some b € (MS) oy and the function
m(i) = m; is computable. [

Introduce the following conditions for a model 91 and a set My C M.

6. The set My is a X-subset in HF ().

7. There exists a ¥-formula ®;(z,y), possibly with parameters, such that CIJ]iHF(Sm)[

a€ (Mg™)..
REMARK 5. The proof of Lemma 1 implies that for a model 9t of a purely predicate signature and
its inverse M conditions 6 and 7 are fulfilled.

x,a] = Sg for each

Corollary 5. If 9 is computably SY.-generated by My and conditions 6, 7 are fulfilled then a fam-
ily S of subsets of the set of naturals is computable in HIF(9) if and only if S U{@} can be represented
in the form

{G)Z(S<E:E>) | 1€ w, ac (M(;nl)?é, a; 75 bk} (11)

for some computable sequence of enumeration operators ©; and some b € (Mé) oy and the function
m(i) = m; is computable.
PROOF. By Theorem 1 we have to prove the sufficiency. Suppose that S U {@} can be represented

in the form (11) and a computable sequence {A;} of computably enumerable sets defines the operators
HF(90)

{©;}. Then there exists a X-formula ®, such that &, [x,i] = A;.

This, together with (11), implies by condition 7 that

Su{e}={Az.3t ®2((z,t),i) & Vy €t (y € Dy = P1(y, (@, ) | i € w, a € (Mg”i)i, a; # bi}.
Since the set {a € (Mgni);”é |i € w, aj # by} is S-definable in HF(9M), the family SU{@} is computable.
Thus, S is computable. [J

Consider the model £m'<U Ay constructed in [1].

Corollary 6. Given some e-ideal I and 9 = 91712 Ay @ family S of subsets of the set of naturals is
computable in HF(9) if and only if SU{@} can be represented in the form
{0;(R,A) |icw, ReI"}
for some computable sequence of enumeration operators ©; and some A € I*.

PRrOOF. The sufficiency is easy from the existence of a universal Y-predicate for admissible sets of
finite signature. To prove the necessity, suppose that a family S is computable. By Theorem 1
Su{o}= {@}(S@@) licw, ae (M(;ni)7é7 aj # by}
for some computable sequence of enumeration operators @il and some b € (Mg) oy and the function
m(i) = m; is computable. The proof of Lemma 2 implies the equality
Siap =50@ D Sm-1 DA D D A1,

where a; = (S;,7;) for j < m;, and by = (Ag, Bx) for k < t. Hence, there exists a computable sequence
of enumeration operators ©; such that

SU{@}: {@i(so@"'@smifl,AO@"'@Atfl) | Sj EI*,j < my, iew}.
It remains to notice that {So @ -+ ® Spy,—1 | S; € I*, j<m;} =1I*. O
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§ 2. X-Subsets of Naturals over Abelian Groups

Let P be the set of all primes, and take some nonempty family S = {S, | a < 8} of subsets of P,

where (3 is some infinite ordinal. Given an ordinal a <  and i € w, define the group Ag) by the
presentation

AL = gr(ai, {b5: | p € Sa} : by = al)),

Aa:@A(Z AS_@A

€W a<f

and put

Lemma 4. The group A = Ag is computably S¥-generated by Ay = {ag la<p, i€ w}.
PROOF amounts to checking conditions 1, 2/, 3 and 5 in the definition of a computable SY-generated
model.

1. Given a = (alo, .. L am ) e (A(fw)#, define the set

ap?
S =1Sa ® D Sa, , Bw.

It is easy to check that condition 1 is fulfilled.

2. Let [ ] : w<“ — w be an effective enumeration of finite tuples of naturals. Given numbers n and
r = [uo, ..., Un—1,m| such that D,, C P, i <n, m € w, define for each i < n the group

B} = gr(bi. {¢} | p € Du,} : pej = bi),

and put
=@ B Pz b=(b,....bn1), S} =Dy ® - @Dy, , ®{m},

<n

where Z™ is the direct sum of m copies of the infinite cyclic group.
It is easy to verify that the mapping f : b; — a’éji, 1 < n, can be extended to an isomorphic embedding
of the model (M*,b) into (A, a) if and only if S]* C S;.

3. Given a = <a .. agn 1> (A<°J) and a finitely generated subgroup A’ C A that includes

agp?

a; = a , define for each 7 < n the set

R'= Ry ={peP|AEIy(py=a)}

Suppose that R! = {p’é, e p§¢_1}’ and for each j < I; the number u; and the element b; are such that
D,, = R* and pi bi = a;. Denote by A” the subgroup generated by {bi ai | j <li i <n}. It is easy to
see that A" is Servant in A’, and so A’ = A” @ B for some finitely generated subgroup B.
By the fundamental theorem of finitely generated abelian groups there is a number m such that the
groups B and Z™ are isomorphic. Put r = [ug,...,un—1,m]. Then S} C S5, and the groups (A4’,a) and

M™. b) are isomorphic.
(M, P

5. Each element of A depends linearly on {(a’, | @ < 3, i € w). This implies that condition 5 is
fulfilled. O

Lemma 4 and Corollary 1 yield

Corollary 7. A set M C w is ¥-definable in the hereditarily finite admissible set HF(Ag) over the
group Ag if and only if there exists a tuple a € (Ag”);”é such that M <. S;.
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Theorem 2. Given an e-ideal I, there exists a torsion-free abelian group A such that I* coincides
with the family of all 3-subsets of the set of naturals in HF(A). Moreover, this group can be chosen so
that card(A) = card(I*).

PRrROOF. Take an e-ideal I and I* = {S, C w | a < }. For each o < 3 define the set S, = {p, | = €
S« }, where p, is the xzth prime, and put I’ = {S/, | & < 3}, A = Ap, where the group A is constructed
from I’ as before Lemma 4. Let us show that A is the required group. The construction of A implies
that for each a < 8 and i € w we have

Sa=1{pAEJy (py=1a)}-
Hence, S, and so S, as well, are 3-definable in HF(A). Given a X-subset M C w in HF(A), by Corollary 7
there exist n and a € (Ag) y such that
M <¢S83=2S84 ® @ Sa, , Bw.
Since S, € I'*, we deduce Sz € I*, which implies that M € I*. O

Corollary 8. Given an e-ideal I and the associated group A as in Theorem 2, a family S of subsets
of the set of naturals is computable in HF (A) if and only if SU{@} can be represented in the form

{0i(R,B) |i €w, ReI"}

for some computable sequence of enumeration operators ©; and some B € I*.

PROOF. As in Corollary 6, we prove the necessity. Suppose that S is computable. By Theorem 1
SU {Q} = {@g(‘g(d,l_ﬁ) ’ (&S w, a € (A,(,)nz)?y a; # bk}

for some computable sequence of enumeration operators @% and some b € (A’f)) oy and the function

m(i) = m; is computable. By the proof of Lemma 4 there exists a computable sequence of enumeration
operators @? such that

SU{@}:{@f(S&O@---@S&mrl,BgeB---@B{_lcgw)|ng er, j<m; i€w}.

Since Sp, ® - ® S, | =m Say ® - @ Sam, 1, Where So, = {z | px € S&j}, j < my, and I* =
{Say ® -+ ® Sami_1 | Sa; € I*}, there exists a computable sequence of enumeration operators ©; such
that

SU{g}={6;(R,Bj®---®B,_ @w)|ReI* icw} O

Suppose that an e-ideal T is generated by total e-degrees and is not principal, I* = {S, | Sq # 9,
a < (3}, and A = Ap is constructed as in the proof of Theorem 2. As in [1], for A we can verify

Corollary 9. There exists a completely reducible torsion-free abelian group A such that in the
hereditarily finite admissible set HF (A) there exists no universal X-function.

Given a set S C P of primes, define the group G = Gg = @{Z, | p € S}. In each of the groups Z,
fix an element a, # 0, and put Go = {a, | p € S}.

Lemma 5. The group G is computably SX-generated by Gj.

PROOF amounts to checking conditions 1, 2/, 3, and 5 in the definition of a computably SY-generated
model.

1. Given a = (apy,...,0p, ,) € (GS‘”)#, put
SEL = {[p()a 7pn—17QO7"'7Qm—1} ’ q¢c ( 0<w)7é7 Di 7é aj, i < n, -] < m}
It is easy to check that S, and therefore S; as well, are ¥-definable in HF(G).
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2'. Given n and r such that » = [po,...,Pn—1,90,---,qm—1], where (po,...,Pn-1,q0;---,qm—1) 18
a tuple of pairwise distinct primes, put

Gr =Pz, li<n-1}o@P{Z, |j<m-1},

S;l - {[pO’ -e+yPn-1,490,-- -, Qm—l]}-

Put Z,, = (by,). It is clear that the model (G?,b), with b = (by,,...,bp, ), can be embedded into (G, a)
if and only if S]' C S5.

3. Take in (G, a) some finitely generated subgroup (G’,a), a = (ap,,...,ap, ,) € (GG);A. Denote by

Hy C G’ the subgroup generated by a; = ay, for i < n. Then there exists a tuple qo, ..., gm—1 of primes
such that G' = Hy ® Zgy ® - - & Z,, -

Put r = [po, ..., Pn-1,90; - - - »@m—1]. Then the model (G?,b) defined in part 2 is isomorphic to (G’, a),
and ST C S;; thus, the validity of condition 3 is ascertained.

5. For each r = [mg,...,Mn—1,D0,--.,Pn—1], Mi € w, p; € P, m; < p;, p; # pj, i < j < n, define the
formula

or(z, 20, ..., Tn—1) = (x =moxo + -+ + Mp_125-1) & /\(-%‘z #0 & pix; =0).
<n

It is easy to check that for each x € G there exists a number r such that the formula ¢, (z, ap, ..., ap, ;)
defines z in HIF(G), and for each a € Gy the set c,ofnGm [z,a] contains at most one element.

All requirements are met of the definition of a computably SY-generated model for G and Go. [

Corollary 10. Take S C P and G =@{Z, | p€ S}. A set A C w is X-definable in HF(QG) if and
only if A <. S. The ideal I.(G) is principal.
Indeed, by Lemma 5 and Corollary 1 there exists a € (G(f“’) y such that A < S3. Because S; <. S,

it follows that A <. S. The set S is Y-definable in HF(G). Consequently, d.(S) € I.(G); thus, I.(G) is
a principal ideal.

Corollary 11. For each principal e-ideal I there exists a periodic abelian group G with I.(G) = I.

—

Indeed, if S C P is such that I = d(S) then Corollary 10 shows that G = Gy is the required group.

DEFINITION. Call U, (z9,21) a strictly universal numerical function in the hereditarily finite admis-
sible set HIF(1) whenever the family HF (9)t) of all one-place numerical ¥-functions can be represented
in the form

{Uu(z0,21) | 20 € W}.
Lemma 6 [10]. There exists a principal e-ideal I that has no universal function for the class of
one-place functions on 1.
By Corollary 11, this implies
Corollary 12. There exists a periodic abelian group G such that HF(G) has no strictly universal
numerical ¥:-function.

REMARK 6. There exists a model 9t such that HF(9t) has no universal function, but does have
a strictly universal numerical Y-function.

Indeed, take the strongly constructivizable model 9, constructed in [11], such that HF (1) has
no universal ¥-function. Corollary 3 implies that I.(9t) = 0. Thus, I.(9) has a universal numerical
function. Hence, HF(91) has a strictly universal numerical function; i.e., 9 is the required model.
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