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ASYMPTOTIC INTEGRATION OF PARABOLIC PROBLEMS
WITH LARGE HIGH-FREQUENCY SUMMANDS
V. B. Levenshtam UDC 517.956

Abstract: We develop the averaging method theory for parabolic problems with rapidly oscillating
summands some of which are large, i.e., proportional to the square root of the frequency of oscillations.
In this case the corresponding averaged problems do not coincide in general with those obtained by the
traditional averaging, i.e., by formally averaging the summands of the initial problem (since the principal
term of the asymptotic expansion of a solution to the latter problem is not in general a solution to the
so-obtained problem). In this article we consider the question of time periodic solutions to the first
boundary value problem for a semilinear parabolic equation of an arbitrary order 2k whose nonlinear
terms, including the large, depend on the derivatives of the unknown up to the order k—1. We construct
the averaged problem and the formal asymptotic expansion of a solution. When the large summands
depend on the unknown rather than its derivatives we justify the averaging method and the complete
asymptotic expansion of a solution.
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§ 0. Introduction

Under consideration in the classical theory of the averaging method by N. N. Bogolyubov [1] (also
see [2]) are the systems of ordinary differential equations representable as

Z—f = f(z,wt), (0.1)

where the vector-function f(x,7) possesses the means in 7:

N
(f(x,7)) = lim N_l/f(fL‘,T) dr
N—o00
0
and w is a large parameter. At present, the main results of this theory are translated (for example, see [3]
and the bibliography therein) to the parabolic problems and abstract parabolic equations of the form

Y — Ay + gly,wt), 02)
where A is an unbounded linear operator (in the case of a parabolic problem A is generated by the
corresponding elliptic differential expression and boundary conditions) and the vector-function g(y,7)
is subordinated to A in a sense and possesses the means in 7. In particular, the author constructed
and justified in [4, 5] the complete asymptotic expansions for solutions to such parabolic problems (their
partial sums can be considered as the leading approximations).

Together with the well-studied broad classes of equations (0.1) and (0.2), the various forms of the
averaging method have been applied to study of some other classes of ordinary differential and parabolic
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equations (other classes are not considered here) and several other problems. They in particular include
the ordinary differential equations of the form

Z—f = f(z,wt) + w f1(z,wt) (0.3)

and the (abstract) parabolic problems of the form

dy _

o= At g(y,wt) +wg1(y, wt), (0.4)

where o > 0, which differ from (0.1) and (0.2) by the presence of respective high-frequency summands
proportional to some positive powers of the frequency w and possessing the zero means in 7: (fi(x,7)) =0
and (g1(z,7)) = 0. The problems with such large summands include some well-known problems: the
problem on stability of the upper position of a mathematical pendulum under high-frequency vibrations
of the pivot point [6,7]; the problem on stabilization of the rectilinear rod under high-frequency con-
tractions and dilatations [8]; the problem on the influence of high-frequency vibrations on appearance
of convection [9]; the problem on motion of a material point under the action of vibration forces and
connections; and the problem on motion of an ideal fluid in high-frequency vibration fields [10-13]. The
important physical phenomena in these problems are connected with the presence of large high-frequency
summands. This is one of the stimuli for construction of a systematic averaging theory for broad classes
of equations with large high-frequency terms.

The author’s interest in the averaging theory for equations of the form (0.3) and (0.4) was inspired
by V. I. Yudovich’s lectures on the averaging method (1991). In particular, he observed at these lectures
that the averaging theory for equations (0.3) and (0.4) is interesting in the case of exponents a > 1/2,
since for oo < 1/2 the averaged equations for (0.3) and (0.4) are the same as for (0.1) and (0.2); therefore,
this situation is of little interest from the viewpoint of applications and its mathematical study is plain.
V. I. Yudovich named the exponent oo = 1/2 the first bifurcation exponent [12]. In this article we consider
the parabolic problem (2.1), (2.2) of the form (0.4) with exponent o = 1/2.

We should note that the averaging theory for (0.4) with o = 1/2 is naturally constructed under
essentially more stringent requirements on the nonlinear summands of the equations as compared with
the averaging theory for equations (0.2). Since this article is devoted to questions of the averaging method
theory for the semilinear parabolic problem (2.1), (2.2) of type (0.4), we will give explanations by example
of these problems. In this case the indicated strengthening of the requirements consists in reduction of
the maximal order of the derivatives of the unknown in the nonlinear part of the equation. For example,
in the article [4] on construction of the complete asymptotic expansion for a semilinear parabolic problem
of order 2k of type (0.2) we supposed that its nonlinear part may depend on the spatial derivatives of
the solution up to the order 2k — 1. In this article, where we consider the parabolic problem (2.1), (2.2)
of order 2k of type (0.4), we can only consider nonlinearities depending on the derivatives up to the
order k — 1. The point is that, in [4], the principal boundary layer term of the asymptotic expansion
of a solution (in the norm of C) is of order O(w™'), while here it is of order O(w™/?) as w — oco. In
the latter case the derivatives of the order k have the asymptotic order O(1). Therefore, in the case of
dependence of the nonlinear part of a semilinear parabolic problem of type (0.4) on the derivatives of
order higher than k& — 1 the usual arguments lead to a problem for the principal boundary layer term of
the asymptotic expansion which is unsolvable in general.

In §2 we construct the averaged problem for (2.1), (2.2) and the complete formal asymptotic ex-
pansion of a time periodic solution. However, we failed with justification of the averaging principle and
the asymptotic expansion for the whole class of such problems (the obstacle is the dependence of the
large summand /wy on the derivatives of the solution). In § 1 we justify the averaging method and the
complete asymptotic expansion of a periodic solution constructed in § 2 for a class of problems narrower
than (2.1), (2.2). Namely, we do this for problems (1.1), (1.2) in which the large summand can depend
only on the unknown rather than its derivatives. Apparently, the last requirement is not necessary in
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general and dictated only by the methods for justification of asymptotic expansions available here. By
the way, observe that in the case of functions fs(x,e) and @s(x,e) compactly-supported in = we can
justify the complete asymptotic expansion of a solution to problem (2.1), (2.2).

In conclusion, note that the terms of the equations considered in this article are represented by finite
sums of harmonics (in the time variable) with multiple frequencies sw, s € Z, and we study time periodic
solutions. However, replacing sw in these equations with the expressions As;w, where \g is an arbitrary
real, we can similarly consider the problem on almost periodic (in time) solutions.

The author expresses his gratitude to V. I. Yudovich for his interest in this research and useful
discussion.

§ 1. Construction of the Complete Asymptotic Expansion, and
Justification for One Class of Semilinear Parabolic Problems

1°. Let k, m, and n be natural numbers and let 2 be a bounded domain of the space R" with
a C*°-smooth boundary 9€). We consider the problem of finding real 2mw~!-periodic solutions (in time ¢)
to the following semilinear parabolic equation depending on a large parameter w:

0
g ao(x) D — Z fs(x, 6% ) exp(iswt)
|| <2k 0<[s|<m
—Vw Z os(z,u) exp(iswt) =0, (x,t) € QxR =Q, (1.1)
0<|s|<m
with the Dirichlet boundary conditions
ou oF 1y
-2 —...=Z_ | —o. 1.2
ulr o | ovk—1 L (1.2)
Here z = (z1,...,2,) € R", a@ = (a1,09,...,a,) is a multi-index of length |a| = >, o, D* =
%, I' = 90 x R, v is the inward normal to 99, and 6* 1 is the vector-function constituted by
R

the function u(xz,t) and all its derivatives with respect to x up to the order k — 1. Denote the number of
components of such vector-function by p. Suppose that the real-valued functions a,(z) have derivatives
of arbitrary order, are continuous in the closure Q of 2, and (1.1) enjoys the parabolicity condition; i.e.,
the following inequality is valid for all vectors £ = (£1,...,&,) € R" and x € O

(D> aal@)ét . gom > 0.
|a|=2k
We also suppose that the complex-valued functions fs(z,e), where e = (eg,e1,...,ep—1) € RP, and
@s(x, e0) are defined and continuous on) Q x R and Q x R! and have there continuous derivatives with
respect to all arguments of arbitrary order. We assume that the values fs(z,e) and f_s(z,e) as well
as gs(x,e9) and ¢_4(x,ep) are complex conjugate. Alongside the perturbed problem (1.1), (1.2), we
consider the so-called averaged problem:

%Y aal@) D% o, 5
la|<2k
.1 8805
- Y i @ n)es(a) =0, (2 €Q, (1.3)
0<|s|<m
ov o+l

DWe can assume that f, are defined only on © x U, and ¢, are defined on Q x Uy, where U, and Uj are
balls in R? and R? containing {6*~tug(z), x € Q} and {ug(x), * € Q}, where uo(z) is a solution to the averaged
problem (1.3), (1.4).
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Suppose that this problem has a nondegenerate stationary solution ug(z). Nondegeneracy of ug
means that the problem

Lv = Z x)D% + Z Gfo o 6k Uo(z)] (5k_1v)j

|a| <2k
5 st
+ Z -1 4'0 [z, uo(x)]o—sz,up(z)jlv =0, z€Q, (1.5)
0<|s \<m
vloga = vl o 78’?*11} =0
T P P

has only the zero solution. Here (6*~1v); is the jth component of the vector-function §*~1v.

Below (see Items 1 and 2 of the theorem) we establish existence of a solution u,, to (1.1), (1.2) which
is unique in some neighborhood of ug and is 27w~ !-periodic in ¢. In the next subsection we construct
asymptotic expansion for this solution.

2°. Since we construct the asymptotic expansion of w,,, using the boundary layer method [14]; as
a preliminary we introduce local curvilinear coordinates in some boundary strip of 2.

Let ¢ = (¢1,92,-.-,¢n-1) be curvilinear orthogonal coordinates on 9. For every point z €
lying in a neighborhood of the boundary 92 small enough for the normals to 92 to be disjoint in this
neighborhood, denote by r(x) the distance from x to 92 measured along the normal. Now, for such x’s
define the orthogonal curvilinear coordinates (¢, r) = (¢(z),r(x)), where ¢(x) is the point of 0 lying
on the same normal with z. Given a sufficiently small number 7o > 0, put Qo = {x € Q : r(z) < ro}. For
brevity, we consider the boundary layer terms of the asymptotic expansion of the solution u,(x,t) only
for x € Qp. Recall that, according to the boundary layer method [14], having constructed these terms
in the boundary strip €y, we have to extend them by zero to Q \ €y and then multiply by a smooth
truncator p(z) in  such that p(x) = 1 for r(x) < ro/2 and p(x) = 0 for z € O\ Qo. Observe also that for
application of the boundary layer method to (1.1), (1.2) we have to pass to the curvilinear coordinates

(p,p), p= rwl/?k in it. Moreover, we will use the representation
o 0%k Nt
Y (@)D = w|b(p )a o +Zw M (g, p)ut w3 Mygi(p,p,7)ul. (1.6)
|| <2k J=1

Here b € C®(0Q), (—1)¥*1b > 0, N is an arbitrary natural number, M;, 1 < j < N, is a differential
expression in ¢ and p whose coefficients are polynomials in p with coefficients infinitely differentiable
with respect to ¢, My is a differential expression in ¢ and p with coeflicients infinitely differentiable
with respect to ¢ and 7.

We construct the asymptotic expansion of u,, in the form

u(,1) = ug(x) + w2 [ug(z) + vi(,7) + 210, . 7))

OO .
+ Z W [uj(2) + z(op )]+ Y W s, ) +wj(o, )], (1.7)
j=k+1 j=2k

where p = w'/ ¥y 7 = wt. Here u;(x) and v;(x, 7) are the so-called regular functions, while z;(¢, p, 7)
and w;(p, p) are the boundary layer functions® such that lim, .o 2i(¢, p, 7) = 0 and lim, o w; (¢, p) = 0.

2)Taking some liberty, we use (¢, p) rather than z as the spatial arguments of the boundary layer functions,
thereby emphasizing that these functions are only interesting for x € g, vanishing at z € Q \ Q.
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Moreover, the functions v;(x,7) and z;(¢, p, 7) are 2m-periodic in 7 with the zero mean:

21
(vi(z, 7)) = (2m) 1 /Ui(l‘ﬂ‘) dr =0, (zi(¢,p,7)) =0.
0

To find the coefficients of (1.7), substitute the series for w in (1.1), (1.2), expand formally f,; and s
in the Taylor series about the respective points (x,6*~1ug) and (x,up) and, in the so-obtained equalities,
using (1.6), collect and equate the coefficients of the same powers of w separately for the regular and
boundary layer functions. Now, divide the resulting equations into the equations for stationary coefficients
and those for oscillating (in 7) coefficients with the zero mean (we can interpret this procedure as
a consequence of the solvability condition for the equations). Eventually, we arrive at a recurrent sequence
of problems which, as demonstrated below, determines uniquely the coefficients of (1.7).

We thus obtain the following problem for the coefficient v (x, ) of (1.7):

ov .
ik Z sz, uo(x)] exp(ist), (vk(z, 7)) =0,
0<|s|<m
where x plays the role of a parameter. Hence, we find
vp(z,7) = — Z is Lpg[x, uo(x)] exp(isT). (1.8)
0<|s|<m

For the coefficient ug we obtain problem (1.3), (1.4) which is solvable by the assumption of 1°.
The coefficient vy, satisfies the conditions

81}% = Z fo(x, 0 ug) exp(isT)

0<|s|<m
_10¢s, |z, u ,
- X zzlW%[wo@)}exmx(sl+52>r1
0<|s1[,|s9|<m
51+s527#0
+ Z —— [z, up(x)|ug(x) exp(isT), (vax) = 0.
0<|s|<m
Hence,
. .40 .
)= Y @ epitr) + Y is O o uo(a)] explis (1.9)
0<|¢|<2m 0<|s|<m
where () is a known function.
The coefficient ug(x) is a solution to the problem
Ouy, ak_luk
Uk T/Jk(il?), uk‘ag ) ov 00 P Huk—1 00 ) ( )

where 1)y, is a known function. Determining uy from (1.10) and inserting it in (1.9), we find vo.
By (1.6), the coefficient zx(¢,p,7) of (1.7) is a solution to the problem

0z, 82kzk 0z, 8’“—1zk
oo —0P) 355 Rklp=0 = ~Uklr=0, S =0,..., 59— =0. 1.11
aT ( ) aka |,0 | 8p 8pk,]_ =0 ( )
By (1.8), a solution to (1.11) has the form
alp.pm)= > cslp,p)exp(ist), (1.12)

0<|s|<m
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where the coefficients ¢s in turn are solutions to the problems

82k65
iscs — b(p) =0,
s 8p2k
Oc ok1e (1.13)
- _ ] S .
Cslp=0 = 18 QO[I‘,U()(LU)”:():CL(QO), =0,..., — =0,
slp s r s ap o 8,0k 1 o

Cslp=co =0, s=F£1,£2,...,£m.

Denoting by Ajs(¢), j = 1,2,...,k, the roots of the equation b(¢)A\?* = is satisfying the conditions
Re Ajs < 0, we find the unique solution to (1.13) in the form

Zdﬂs ©) exp(Ajsp). (1.14)

From (1.12) and (1.14) we find a solution to (1.11).
The coefficient wqy, of (1.7) is a solution to the problem

82kw2k a‘:ps
b(p) 97k = < 5 [$7U0($)]‘T:02k> = Z ejs(@) exp(Ajsp),  Wak|p=co = 0.
o
Hence,
ejs(p)

wak (e, p Z f]s ) exp )‘jsp)v ij(SO) =
0<|s|<m b(%"))‘gzg(SD)
1<j<k

It is easy to show that, using the procedure described above, we can find all coefficients of (1.7). We
do not dwell upon the matter now, since this fact will be established in § 2 for a broader class of problems.
Introduce the function

U (2, 1) = ug(x) + w0 uy(x) +vk<x wt) + 24 (p, py )]

+ Z W [ () + 25(p, p, wh)] + Zw % [u; (2, wt) + w; (g, p)), (1.15)

where we assume N > 2k for simplicity of notation. If N < 2k then (1.15) is understood in the natural

N
sense: for N < kit is uy(z,t) = up(x) and for £ < N < 2k we have to delete the last summand Ejvzzk e
from (1.15).
We now state the theorem on the estimate for the difference of a 27w~ !-periodic (in t) solution

o (1.1), (1.2) and the approximation % in the Holder norm of the space CLH2k(Q) = Cb2k 1 > 0.
Recall [15, p. 81] that the space C“*/?#(Q) is constituted by the functions u(z,t), (x,t) € Q, satisfying
the condition

4]
o =Y 3 su

J=02kp+|v|= ](:ct)EQ

1
+dy <|x — T Z sup

(2:8),(y,1)€Q
2kptlvl=le] Ly
+ E sup

0<t—2kp—|v|<2k T ETE?

S u(e.1)

otH otH

ﬁD”u(;zc,t) a—D”( )‘

o+ o+

{— Zk,u |v|
t—T1|” < 00,

where [/] is the integral part of ¢ and §; = 0 for an integer ¢ and §; = 1 for a noninteger ¢.
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Similarly, we define the Banach space C1%2(Q) = C’ﬁffjb (Q), ¢1 >0, ¢y > 0.
Denote by C,,(R, E), where E is a Banach space and p € (0, 1], the Banach space of vector-functions
u : R — F satisfying the condition

lulle, (rpy =sup [u@)llg+  sup  u(tz) —u(t1)]]/(t2 — t2)" < oo.
teR —oo<t]1<ta<o0

We also use the similar space C,, ([T, 5], E), —oo < T} < T» < o0, and the space C(R, E) of continuous
bounded vector-functions.

Theorem. There is a number wg > 0 such that the following assertions are valid for w > wq:
1. Problem (1.1), (1.2) has an infinitely differentiable 2nw~!-periodic (in time t) solution u,(x,t)
satisfying the inequality
|uw — ol peesor < C(0,£)w —3t Lk, C(0,¢) = const .
2. The solution w,, is unique in the ball |ju — uO”Ck'fl,o < rg for some ry > 0.

3. The leading approximations % defined by (1.15) satisfy the following estimates for all £ > 0:

14

|y — 'LLHCM/% < C(0,0)w —3+ 2k, N <k

N+1—-¢

N —
||Uw — UHcé,Z/Qk é C(N, E)w_ 2k, N Z k‘,

N
where C (N, {) = const. Construction of the approximations u reduces to solution of N uniquely solvable
linear elliptic Dirichlet problems in the domain 2 with the same differential expression L of order 2k (see
(1.5)) and infinitely differentiable right-hand sides and boundary conditions.

The proof is given in the following two subsections.
3°. Carry out the following change of variables in (1.1), (1.2):
U=w+ Yy, (1.16)
where

Yo = U + w71/2[uk($) + vk (113, Wt) + Zk(% P Wt)]

M+2k+1 2k—1
+ Z w Qkuj Z w QkZJ(SOJ pth)
j=k+1 j=k+1
M+3k
+ > w (e, wt) + 2(p, p,wt) + w; (9, p)]
j=2k
M-+3k .
+(1-46;) Z w‘?ikﬁj(x) = U + Y-
J=M+2k+2

Here uj, vj, zj, and w; are the same as in 2° (see (1.7) and (1.15)) and the functions u; are found from the
same differential equations as the corresponding coefficients u; of (1.7) but with the boundary conditions
guaranteeing validity of (1.2) for y,,. As a result of the change, we obtain the problem

%ltu — Lw = ®,(z,t,w) + Bu(z,t) + Vw Z (x,up) exp(iswt)w, (1.17)
0<|s \<m
ow oFlw
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Here

where P, (u) is the left-hand side of (1.1) and ®, = ®,, 1 + P, 2, with

CI)wlfl'

x (6F " w) ; exp(iswt) Jrz

+ ¥ 7

t,w) ZZ

0<|s|<m j=0

7=0

O<|s|<m

0<|s1],ls2|<m
s1+s97#0

2
+ Z [ xu0+91yw)—a('02
0<|s|<m
MA2k+1 M+3k
(z,up + 619)
j=k+1 =2k
2k—1 M43k

Bu(z,t) = —Po(yw),

{

3fs

aej

z, 8" (y, + Ow)] db — 0a (, 5’“1&0)}

dfo _
de—a—( gkt )}(5k Lw);

€5

(z, uo)] up, expliswt)w

Z wow uj + Z w j2_kk (vj + z; + wj)

_izk _izk
E w 2k 2z + E w2k U+ 2

j=2k+2

j=k+1

exp(iswt)w

. D% ps 020, .
i85 { 85 = (, uo + 019)w) — 6521 (x,uo)] ©s, (T, u) expli(sy + s2)wt]w

IS

0<|s|<m

= 0) Gu

ZZ

0<|s|<m j= 0

+ Z 1Sy

0<s1;[s2|<m
s1+s9#0

62
+ Z 7¢S(x’u0>ukexp(iswt)w

1 0? Ps
ou?

0<|s|<m

0%,

afs

1

Ou?

(z, Yo + Ow) df w?,

Carry out the following change of variables in (1.17), (1.18):

where

Xw(z,t) = exp{w

Eventually, we arrive at the problem

644

ov

— — Lv = F,(x,t,v) + b,(x

ot

w = vxw(z,t),

0<|s|<m

o1y
=
r ov r

1),

=0.

0§91§17

z, 6" ug) (68 1w) j exp(iswt)

(2, up)@s, (x, ug) expli(s1 + s2)wt]w

-1/2 Z (is)~? Ez;’;s(x, up) exp(iswt) }

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)



Here

Fo(x,t,0) = {@ui (2, t, ox)x5 " + [L(vxw)xs, " — Lol }
+0,, ($ 2 UXUJ)Xw = w,l(’ratvv) —I—ng(x,t,v), (125)
bo(z,t) = Bu(z, x5 (1.26)

Denote by A the linear operator in the Banach space B = L,(Q2), r > 1, with domain D(A) = {v €
W2k(Q) : v satisfies (1.18)} acting by the rule Av = Lv. As is well known, the spectrum o(A) of A is
discrete and there exist numbers ¢g and A\ (for example, see the reference in [16, p. 349]) such that the
inequality

1A = XoD) M| < co(1+ A~
is valid for every A with Re A > 0. By this inequality, the operator A generates the analytic semigroup
exp(tA) in B (for example, see [17]). This enables us to consider (1.23), (1.24) as an abstract parabolic
equation in the Banach space B. Let ty > 0 be a number such that exp(Atg) # 1 for all A € o(A), and
let T, = 2mw ™! [to(27) ~'w], where [a] is the integral part of a. Then exp(AT,) # 1, A € o(A), for w large
and hence, as is well known, the problem on T;,-periodic (in time t) solutions to system (1.23), (1.24) for
the indicated w is equivalent to the integral equation

t

/e [(t — T)A{F,[-,7,v(7)] + by(-,7)}dr + [I — exp(T,,L)]*

0

exp[(Tw +t—T1)ANFL[-, 7 0(1)] +b(-,7) T = [M,(v)](2), (1.27)

v € C([0,t], C*71(Q)).) Denote by B, « > 0, the Banach space constituted by the functions v €
D((—A1)?), where (—A;)® is the fractional power of the operator —A; = —A + A\gI, with the norm
lvl|ge = [|[(—A1)*||p. As is well known [17,3], for ¢ > n, there is 5 € (0,1), for which we have the
continuous embedding

b c O (@), (1.28)

where C?*~1(Q) is the subspace of C?*~1(Q) spanned by v € C?*71(Q) satisfying (1.18).
Lemma 1. Let p € (0,1 — 3). Then there exist numbers r and wy such that, for w > wg, the

operator M, acting in the space C,([0,to], C**71(Q)) and defined by the right-hand side of (1.27) is

a contraction in the ball S, ,:
ol <reTES
rw .
Cou([0,40],CF1 (@)

PRrROOF. Here we do not present the complete proof of the lemma, outlining only the basic moments.
First of all we write down the two well-known inequalities [17, 3]:

H(_Al)’y exp(tA)HHom(B,B) <eat?, te (07T0]a (129)

I(~A1)exp(t24) — exp(ts )] tom(,) < €t — 12)t77, (1.30)

0<ty <te<my. Here vy > 0,n € (0,1}, 0 > 0, c1 = ci1(7y,70) and c2 = ca(y,n,70) are constants,
and Hom(B, B) is the Banach space of bounded linear operators in B with the usual operator norm.

3)Speaking of equivalence, here we mean the corresponding connection between T}, -periodic solutions to (1.23),
(1.24) and T,-periodic (in t) extensions of solutions to (1.28) to the whole axis ¢t € R.
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Using (1.28)—(1.30), we establish that M, acts in C,([0,%o], C**~1(Q)) for w sufficiently large. Now,
observe two simple properties of x,(z,t) to be used essentially up to the end of this section:

HDaX:I:

1 ~1/2
” HC(RC@)):O(w /) as w — 00

if |af # 0;
HXfl(ﬂfatz) — x5zt Hc < cslty — 11|12

for arbitrary values ¢;,t2 € R, ¢5 = const. From (1.19), (1.26), and (1.25) and the results of 2° we obtain

the relations
M+1+k

||bw||0([0,t0}73) < cgw™ 2 , cg=const, F,(x,t,0)=0,

where B = Ly(£2), ¢ > n. Hence, by (1.28)-(1.30), we derive the estimate

M+1+k

M, (0 ° < L 1.31
1341 )HCM([OJ()],CQ’“*@)) = (131)
From (1.20), (1.21), and (1.25) we find that, for each pair r;, wy of positive numbers, there is a value
¢(r1,wi) such that the following estimate is valid for w > wy and |||v1] + valll e o,t0),020—1 @) < w2
[ Fw1 (2, t,v2) — Foa(z,t,v1)|leqo,),B) < c(r1,w1) (v — ”1HC([0,t0],C2k—1(§))9 (1.32)
moreover,
lim  ¢(r,w1) =0. (1.33)

r1—0,w; —00

Denote by M, 1(v) the expression obtained from M,,(v) by replacing F,, in (1.27) with F,, ;(v) and put
M2 = M, — M, ;. Consider the ball S, , for r = 2¢4, where ¢4 is the same as in (1.31). Relations (1.32),
(1.33), and (1.28)—(1.30) imply existence of wy > 0 such that, for w > wy, all functions vy, vy € S, , satisfy
the estimate

1
||Mw,1(v2) - Mw,l(Ul)||CM([0¢0],(]21€—1(§)) < ZHW - U1||c([o,t0},c2k—1(§))- (1.34)
Following the method of [3, § 1], we can establish existence of ws > 0 such that, for w > w3, the functions
v1,v2 € S, satisfy the estimate
1
1Mo 2(v2) = Mus2(v1)llc,, ool c2x-1 ) < glv2 = ville, o021 @) (1.35)

From (1.32), (1.34), and (1.35) we obtain the conclusion of the lemma.

4°. 'We now prove Item 1 of the theorem. In 3° we carried out the change of variables (1.16) in

(1.1), (1.2): u = w + yu, where the function y,, = yw depends on M. In particular,

0 _
Yoo = o +w P og(x, wt) + 2k, p, wt)]

2%k+1 2%k—1
+Zw Qku] Z w 2kzj(907p’Wt)
Jj=k+1
3k _
+ Z wfgfk[vj(x,wt) + zj (¢, pswt) +wj(p, p)] + (1 — 6}) Z w u] (1.36)
j=2k j=2k+2

By Lemma 1 with M = 0, Remark 2, and the changes of variables (1.16) and (1.22), the following assertion
is valid. There are numbers ¢y and wq such that, for w > wp, (1.1), (1.2) has a unique T,,-periodic (in t)
solution w,(z,t) in the ball

0
— % . <cw 5 1.
|lu—y HCH(R,C%%(Q)) cow ™ 2F (1.37)
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Since, together with u,(,t), the function u, (z,t + 27w ™!) also lying in the ball (1.37) is a T,-periodic
solution to (1.1), (1.2), we have uy(z,t) = u,(x,t + 27w™!) and so u,(x,t) is a 27w~ -periodic (in t)
solution.

Infinite differentiability of u, follows from the containment u,, € C, (R, C?*~1(Q)) proven above and
the well-known a priori estimates [15] for solutions to linear initial-boundary value problems.

Item 1 of the theorem is proven.

Here we do not dwell upon the proof of Item 2 of the theorem on relative uniqueness of w,,. Observe
only that the corresponding result was obtained in a more general situation, namely for abstract parabolic
equations, by means of a change of variables like the Krylov—Bogolyubov substitution. From the argu-
ments of this article we can easily conclude that we have existence and uniqueness of the solution u,, for

a sufficiently large w in a ball of the form (1.37) with ﬂw replaced with

2%k—1 3k
-1/2 _ k41 _J _J
ay = U + w (up + vp + 2x) + W~ 2F upq + E w2z + E w2k (wj + zj).
j=k+1 j=2k

. . N . .
Prove Item 3. Using the structure of the approximations u (see (1.15)), we infer this from the
following assertion:

Lemma 2. For arbitrary nonnegative ¢ and d, there is a number My such that

M _
Ity — Yull g < C(M)w™@,  C(M) = const,
for M > M.

PrROOF. Put rpy = (uy — ]\gjw))\(t), where A(¢) is an infinitely differentiable compactly-supported
function on the real axis, t € R, supported in the interval ¢ € (0;3) and such that A(¢) =1 for ¢ € [1,2].

M :
Using the structure of y,, = Agjw and the fact that u,, — v, has a small period 27w ™!, we see that Lemma 2
will be proven, if we establish it with rj; instead of u, — y,. Lemma 1 implies existence of numbers
v € (0,1) and ¢g > 0 such that the following inequalities hold for w > wy and all multi-indices « with
la] <2k —1:
_ M+l+k
1D (e = yoo) lcvvrem s 1D raal| g mrem < cow™ 28 (1.38)

Consider the cylinder Qo = Q x [0, 3] with the lateral surface I'g = 92 x [0, 3]. It follows from (1.17)
and (1.18) that the function 7y, considered in the cylinder @ is a solution to the problem

0
gf — Ly = @y (0,1, uy — Yo )A(t) + Loz, )A(E)

o Y P g expliswtrar — (o — )X (1) = Yar(a, ), (1.3

0<|s|<m

ornr ak_lrM
0)=0 =—| ==———/ =0. 1.40
TM(x7 ) ) TM|F0 Ov I k-1 Iy ( )
From (1.35) we obtain the inequality

19 0l ovsony < dow™ 2, dy = const . (1.41)

It follows from the definition of rj; that the boundary and initial data of (1.39), (1.40) satisfy the
agreement conditions of arbitrarily high order [15]. By the well-known a priori estimates [15] and (1.41),

the following estimate holds:
M+l
7 as || c2rr vy < diw™ 26, dy = const.

Using the last inequality, estimate again the right-hand side ¥, of (1.36) and write down the a priori
estimate for rys, etc.; i.e., use the so-called “bootstrap method.” In finitely many steps (depending on /),

we obviously obtain the estimate of the form ||rar||qe/e/ar < 1 (ﬁ)w_%“?(z), where ¢;(£), ca(£) = const,
which implies Lemma 2 and so Item 2 of the theorem. The theorem is proven.
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§ 2. Formal Asymptotic Expansion for a Broader Class of Problems

In this section, the numbers k, m, and n and the domain €2 are the same as in § 1. We consider the
problem on real 2mw™!-periodic solutions to the semilinear parabolic equations

gu _ ao(x) D — Z fs(x, 6% u) exp(iswt)
loo| <2k 0<[s|<m

—vw Z os(z, 08 Lu) exp(iswt) =0, (z,t) € Q, (2.1)
0<|s|<m

with the Dirichlet boundary conditions

@
ov

1y

r vk

u‘r =

Here the functions a, and fs(x,e), the boundary I' of @, and the symbol §*~! are the same as in §1,
while the functions ¢s(z, e) are defined and continuous on 2 x RP and have there continuous derivatives
with respect to all its arguments of arbitrarily high order. The values ps(x,e) and p_4(x, e) are assumed
to be complex conjugate. Suppose that the averaged problem

g: — ao(x) D% — fo(m,csk*lv)
lal<2k
p—1 9
- Z is_l Z 8768($7 6k_lv)(5k_130*s(xa 5k_lv))j = Oa (l‘,t) € Q? (23)
0<s<m 7=0 J
ov o1y
U|F_$F_. ._7ayk_lr_0 (2.4)

has a stationary solution wug(x).
This solution is supposed to be nondegenerate; i.e., the problem

p—1 _
Lv = Z aq(x) D% + Z Ofol, 0" Lo ()] (6k_1v)j

|| <2k =0 Oe;
p—1 k—1
L Ops[x, " tup(z)] 1 0p_g _ _
1 k—1 k—1 k=11 .
+ E s E 7. J ae,, [z, 6" ug(x)] (6" v)j, 4
0<s<m J1,J2=0 J1
p—l 5o k—1
L 0% pslx, 0" ug(x -~ _
b Yt 3 Tl gty @) @, =0, e, @25)
0<s<m J1,42=0 2
| _ @ _ _ akflv 0
T Gy oo O e

has only the zero solution. Note that, in the case when ¢, depend only on x and wu, i.e., under the
conditions of § 1, the middle summand on the right-hand side of (2.5) vanishes.
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We construct the formal asymptotic expansion of a solution to (2.1), (2.3) by the boundary layer
method, following § 1 and using the notations introduced there. Moreover, in this section the asymptotic
expansion of u,, has the form

Uy (,t) = ug(z +Zw 2k’u,] ) + w2 [hur(x) + vp@, T) + 21(p, p, 7]
+ Z w_ﬁvj(xﬂ_) + Z u}_ﬁ[wj(@?p) +Zj(§0)pa T, T=uwt (2.6)
j=k+2 j=k+1

Show that, acting as in § 1, we can find all coefficients of (2.6).
For the coefficient v we obtain the problem

%: Z ooz, 8 Lug(x)] exp(ist), (vp(z, 7)) =0,

0<|s|<m

where = and 0¥ 1ug(x) play the role of parameters, and therefore

vg(z,7) = — Z is Ypglx, 6% tug(x)] exp(isT). (2.7)

0<|s|<m

For the coefficient ug(x) we obtain (2.1), (2.2) which is the only nonlinear problem in the process of finding
the coefficients of (2.6). By condition, it is solvable and we have already written down its nondegenerate
solution wugp(x) in (2.6). The function zj is a solution to the following parabolic problem in the half-space

(
(p,t) € [0,00) X R:

8Zk 82%
ol Z_k 2.8
TE = ble) Gt (238)
Oz, 8k_lzk
Zklp=0 = —Vk|r=0, —J— =0,...,=—— =0, 2klp=c0o =0. 2.9
P 3p apk 1 p=0 |P ( )
By (2.7),
2o, pm)= > ds(p, p)explisT),
0<|s|<m
where the coeflicients cs satisfy the relations
. 82kcs
iscs — b(p) 957 =0, (2.10)
dc o+ e
k—1 _ S ]
Cs|lp=0 = —@s|z, 0" “ug(x)]]r=0 = ds(v), =0,..., —— =0,
P [ ( )” ( ) 8[) =0 apk 1 =0

Cslp=co =0, s==£1,£2,...,£m.

Denoting by \js(¢) the same roots of the characteristic equation corresponding to (2.10) as in §1, we
find a solution to (2.8), (2.9) in the form

paSDa Z chs exp Jsp)exp(iST).

0<|s|<m j=1
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The coefficient wy1 of (2.8) satisfies the relations

anwk—Fl
b(‘P)W = Z 9js(<P) eXP()\jsP)a Wh41|p=c0 = 0.
0<|s|<m
1<5<k
Hence, we easily find it in the form
wk+1 24 Z h]s exp )\jsp)'
0<|s|<m

1<j<k

Suppose now that we know the coefficients u;(x), vi1x(z, 7), zi+x (@, p, 7), and w;4k+1(p, p) of (2.6) for
i < 19, i9p > 1. Moreover, assume that the functions v;(x, 7) and z;(y, p, 7) are trigonometric polynomials
in 7 and the coefficients of these polynomials representing z; as well as the functions w; in turn are
quasipolynomials in p (with coefficients depending on ¢) in which the exponents of the exponential
functions have negative real parts. Show that then the coefficients u;,, vij+k, Zig+k, and w;,4r4+1 having
similar structure are determined uniquely. The function v; 4 (2, 7) satisfies the relations

8%' 8 5 _ .
S @) + Y 2 2 [, 6o ()] (6w, ) explisT),
0<|s|<m j=0
<U'i()+k:> = Oa

with ®; 4r(z,7) a known function which is a finite sum of harmonics in 7 with amplitudes depending
on z. Considering x and u;, as parameters, we find the expressions v;,4+x. The coefficient u;, is a solution
to the problem

Luio = wioa
u | w ‘ 8ui0 6w,-0+1
inloQ = — Wi, |r=0 = — ...
i0 |0 10 17=0> 8V a’l" B ) 3
r=0
k—1
" gy | OV Wik
k-1 - k-1 ’
ov 99 or =0

where ;, is a known function. Determining w;, from here, we then find v;,4r. The coefficient z;,4x
satisfies the relations

0%; k 8 Z k
okt :b(W)¢+XZO+k(S0,P, )

or Op2k
B O0zig 1k OVig k-1
Zig+k|p=0 = —Vig+k|o0; 3 s |

P lp=0 vooloa

—1 1
O zipi = O Tig 1 Zio+k]| =0
51 ~ g k=1 | o Fiotklp=oo =0

dp p=0 ov Q

Here xi,+x(¢, p,7) is a known function depending in particular on z;1; and w;yk, i < iy, representable
by a finite sum of harmonics in 7 whose amplitudes in turn are finite sums of exponential functions of p
with exponents having negative real parts with coefficients of the exponential functions depend on ¢.
The problem for finding w;,4x+1 has the form

8% w; +k+1
be) st = A p).
where A(yp, p) is a known function (since the coefficient z; .y is found) which is a finite sum of exponential
functions of p with exponents having negative real parts and coefficients depending on ¢. Thus, w;,tx+1
is determined uniquely and has the sought structure.
The construction of the formal asymptotic expansion (2.6) is complete.

Wig+k+1 |p=oo =0,
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