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ABSTRACT

Most common parameterization of anisotropic media is by twenty one independent
elements a;y of the density-normalized stiffness tensor or by twenty one independent

elements A o of the density-normalized matrix of elastic parameters in the Voigt notation.

These parameters are commonly of significantly different sizes, are dimensional, in (km/s)?,
often appear in combinations. We are offering an alternative parameterization by twenty
one A-parameters (anisotropic parameters), which removes the mentioned disadvantages
and possesses some additional useful properties. For example, axes or planes of coordinate
systems, in which A-parameters are defined, need not be related to symmetry axes or planes
of the considered anisotropy symmetry as required in other similar parameterizations. In
combination with the first-order weak-anisotropy approximation, in which anisotropy is
considered as the first-order perturbation of reference isotropy, parameterization by
A-parameters yields insight into the role of individual A-parameters in the wave
propagation problems. For example, it turns out that in the first-order weak-anisotropy
approximation, P- and S-wave velocities are each controlled by fifteen A-parameters. A set
of six of them appears only in the expression for P-wave velocity, a set of other six
A-parameters appears only in S-waves velocity expressions. Remaining set of nine
A-parameters is common for both waves. We present transformation of A-parameters,
analogue to Bond transformation, and useful formulae for the weak-anisotropy
approximation for anisotropy of any symmetry and arbitrary tilt.
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1. INTRODUCTION

The set of twenty one A-parameters represents an alternative to twenty one independent
elements a;j; of the density-normalized stiffness tensor or twenty one independent density-
normalized elastic parameters 4,5 in the Voigt notation, see, for example, Fedorov (1968),
Cerveny (2001), Chapman (2004), Tsvankin and Grechka (2011), Carcione (2014). In
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media of higher-anisotropy symmetry, the number of independent A-parameters reduces
similarly as the number of independent ajjk1 O Agp elements. A-parameters can be used for
the specification of anisotropy of any type and strength. The parameterization by
A-parameters is a generalization of Thomsen (1986) parameterization proposed for
transversely isotropic media with vertical axis of symmetry (VTI symmetry). A-parameters
are closely related to weak-anisotropy (WA) parameters, whose detailed description can be
found in Farra et al. (2016). WA parameters are, in turn, slightly modified parameters
introduced for P waves by Sayers (1994), Tsvankin (1997) and Psencik and Gajewski
(1998), and generalized for all waves by Mensch and Rasolofosaon (1997) or Farra and
Psencik (2003).

A-parameters have a series of useful properties. A-parameters are related linearly to
density-normalized elastic parameters 4 ;5. This makes the transformation of A-parameters
to elastic parameters and back an elementary task. Note that this is difficult if not impossible
with Thomsen-style (Thomsen, 1986) parameters, in which relations of some of Thomsen’s
parameters to elastic parameters are non-linear. In contrast to elements of the stiffness
tensor, to elastic parameters or to some of Thomsen’s parameters, A-parameters are non-
dimensional. Their size can be controlled by the choice of P- and S-wave velocities
a and f of the reference isotropic medium. By an appropriate choice of the reference
velocities, it is possible to make all A-parameters of a comparable size. This property is
especially useful in solving inverse problems, in which A-parameters are the sought
unknowns. In contrast to Thomsen-style (Thomsen, 1986) or Tsvankin-style (Tsvankin,
1997) parameters, which are defined in coordinate systems whose coordinate axes or planes
coincide with symmetry axes or planes of the corresponding anisotropy symmetry, for
A-parameters such a coincidence is not required. A-parameters are especially useful when
used in combination with the weak-anisotropy approximation, the approximation, in which
anisotropy is considered to be a perturbation of isotropy. Use of A-parameters within the
weak-anisotropy approximation leads to simple, easily manageable and transparent
formulae for phase (or ray) velocities and polarization vectors in any type of anisotropy
symmetry. In the first-order (in terms of deviations of anisotropy from isotropy)
approximation, Farra and Psencik (2003) found that velocities and polarization vectors can
be simply expressed in terms of elements of the Christoffel matrix specified in the
coordinate system related to a specific direction (direction of wave propagation). Below we
show that in these elements, A-parameters represent coefficients of directional cosines
specifying this specific direction. Use of A-parameters in studies of tilted higher-symmetry
anisotropies is easy because of the simplicity of the transformation of A-parameters from
one coordinate system to another. Note that this transformation is an analogue to Bond
transformation (Bond, 1943; Chapman, 2004).

We mostly use two right-handed Cartesian coordinate systems. One is the global
coordinate system z;. Its z3 axis is vertical, positive down, axes z| and z, are situated in
a horizontal plane. The other coordinate system, the crystal coordinate system, is the
system, in which A-parameters are specified, and from which they are to be transformed to
A-parameters specified in the global coordinate system. For higher-anisotropy symmetry,
such as transverse isotropy (TI) or orthorhombic (OR) symmetry, the crystal coordinate
system is chosen so that its coordinate axes and planes coincide with symmetry axes and
planes of the considered anisotropic medium.
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The structure of the paper is as follows. A short Section 2 introducing A-parameters is
followed by Section 3, in which expressions for the elements of rotated Christoffel matrix,
which plays a basic role in the first-order weak-anisotropy approximation, are expressed in
terms of A-parameters and directional cosines. Section 4 contains formulae for the
transformation of A-parameters of three important anisotropy symmetries, triclinic,
orthorhombic and transversely isotropic, from the crystal to the global coordinate system.
It also contains transformation formulae for the case that P- and S-wave velocities « and S
of the reference isotropic medium are changed. Short discussion and conclusions can be
found in Section 5. The paper ends with Appendix presenting the rotation matrix used for
the transformation of A-parameters from the crystal to global coordinate system. The matrix
is expressed in terms of Euler angles.

2. DEFINITION OF A-PARAMETERS

All twenty one A-parameters can be expressed in terms of the twenty one independent
density-normalized elastic parameters 4,4 and the velocities « and S of the reference
isotropic medium in the following way:
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Because the relations between A-parameters and density-normalized elastic parameters
A gpare linear, it is easy to express the parameters 4,4 in terms of A-parameters:

Ay =a? (1426, ), Ay =a’ (146, +8,+n. ) =287 (1+27. ),
Ay = (v +e, +n, ) =287 (1427, ), Ay =’y -2/ ¢sq,
Alszaz(}(y—fls), Ag=a” (1. —&s6), A22:a2(1+2gy)’

Ap3 2“2(1+5y +é, +77x)_2ﬂ2(1+27/x)’ Ay =a” (1 —&a),
(2)
dos =y, —2P645, Ao = (2:-&x), A3 =a’(1+2s.),

My =0’ (1 —S4), As=a’ (Zy —535), Mg =0’y -2 55,
_ 2 ) 2
A =B~ (1420, ), Aus =P eus, Ase =B ess
Ass =B (1427,), 456 =PBes6, Age =B (1+27,).

3. FIRST-ORDER WEAK-ANISOTROPY APPROXIMATION

Weak-anisotropy approximation is a perturbation technique allowing a simple and
sufficiently accurate approximation of various attributes of waves propagating in
anisotropic media. These attributes may be, for example, phase velocities or polarizations.
Basic role in the weak-anisotropy approximation is played by elements B;; of the Christoffel
matrix B specified in the Cartesian coordinate system defined by three unit mutually
perpendicular vectors e, e; and n. The vector n is oriented along a direction, along which
we wish to make an approximate estimate of the wave characteristics, remaining two
vectors are perpendicular to it. Farra and Psencik (2003) showed that elements B3 and B;3
of the matrix B play mostly a role in the construction of the first-order approximations of
polarization vectors, and the elements B, Bja, By and B33 appear in the expressions for
phase velocities.

The first-order approximation of the square of P-wave phase velocity, 111% (n) (tilde

indicates approximation), in the direction # is given by the equation:

vp(n)=Bs3(n), 3)

see Farra and Psencik (2016).
If we use the unit vector n to specify the direction, in which we seek approximate
expressions for S;- and S,-wave phase velocities, we get slightly more complicated

expressions for the first-order approximations of their squares:
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73 0)=5] 81 () s ) B2y () s () 48 ().
03 ) = o ) B () (B ()= ) 4458 ().

see Farra and PSencik (2008).

Very important concept in the coupling ray theory is the concept of the common S wave
(Bakker, 2002; Klimes, 2006). The first-order approximation of the square of the phase
velocity of the common S wave is given as an average of squares of S;- and Sy-wave phase
velocities. It means that the first-order approximation of the square of the common S-wave
phase velocity is given by the equation:

(4)

03 ()= (Byy () + B33 (n)). ©

see Farra and Psencik (2008).
First-order expressions for the polarization vectors can be found in Farra and PSencik

(2003). The first-order polarization vector gp(n) of the P wave propagating in the

direction specified by the vector n has the form:

gp(n):n+(a2—ﬂz)il(Bn(n)el+Bz3 (n)ez). (6)

Here « and f are the reference velocities in the reference isotropic medium, the same as
used in Eqs (1) and (2). Vectors e; and e, are the above-introduced two unit, mutually
perpendicular vectors, arbitrarily chosen in the plane perpendicular to the vector n.

The determination of the first-order polarization vectors of separate S waves is more
involved, see Farra and PSencik (2003). As in Eq. (6), principal role in the expressions for
polarization vectors of separate S waves is played again by the elements B3 and B,z of the
matrix B. But these elements must belong to the matrix B rotated so that Bj =0 and
B> By, see Farra and Psencik (2003).

In case of the common S wave, its first-order polarization plane is specified by vectors

fi(n) and f, (n) (Farra and PSencik, 2008):

1
fx(m)=ex ~(a* =) Bys(m)n, ()
where K =1, 2.

Expressions for the elements of the matrix B can be found in many publications. Mostly
they are expressed in terms of the above-mentioned weak-anisotropy (WA) parameters (see
detailed description of WA parameters in Farra et al., 2016). Selected elements of the
matrix B expressed in terms of A-parameters can be found in Farra and PSencik (2023).
Here we present the complete set of elements of the matrix B expressed in terms of
A-parameters:
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By (n) = p? {1+2D_2 (7):”% +}/yn12 + 451y )—2r2 [nxngng +77yn12n32
—772D_2n12n%n32 +§15D_2 (1—2D2 )n13n3 - &5 (1—2D2 )n1n3
464072 (1-2D7 s ~ &4 (1-2D7 Jmys
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In Eq. (8),
(24
r=—, and D’ =n? +n3. (9)

We can see that A-parameters represent coefficients of directional cosines in the
expressions for individual elements of the matrix B. This makes them an ideal
parameterization for various types of inversions, for example traveltime inversions (Psencik
et al., 2018, 2020) or local determination of anisotropy from the polarization information
(Zheng and Psencik, 2002; Gomes at al., 2004).

Let us concentrate first on the elements of the matrix B related to phase velocities, i.e.,
on elements By, Byy, By and B33. We can see that the element B33 related to P-wave phase
velocity is controlled by the set of fifteen A-parameters. Elements B, By, and By, related
to S-waves phase velocities are also controlled by the set of fifteen A-parameters. Each set,
however, contains different parameters. Some A-parameters appear only in B33 controlling
P-wave phase velocity. Therefore,we call them P-wave A-parameters. They are six,
specifically, &, &, &, 2 %, and y,. Other A-parameters appear only in the elements related
to S-waves phase velocities. Those we call S-wave A-parameters. They are again six,
specifically, 7, %, %, €5, &6 and &s6. Remaining nine A-parameters, which we call

common A-parameters, appear in all mentioned elements of the matrix B. They are: 7, 7,

M2 S155 S16> $24» 526, 634 and &3s.

As can be seen from Eqs (6) and (7), the first-order approximations of P-wave
polarization vector and common S-wave polarization plane are controlled by the elements
Bi3 and B3 of the matrix B. These elements depend on only P-wave and common
A-parameters, not on S-wave A-parameters. Because of the involvement of elements By,
B and By, in their specification, polarization vectors of separate S1 and S2 waves depend
on all twenty one A-parameters.

4. TRANSFORMATION RULES FOR A-PARAMETERS

Let us consider the above-introduced global and crystal coordinate systems. We are
going to specify A-parameters in the crystal coordinate system and seek their expressions
in the global coordinate system, with respect to which the crystal coordinate system is
rotated. This transformation is equivalent to the Bond transformation (Bond, 1943,
Chapman, 2004), which transforms elastic parameters from one coordinate system to
another. The transformation from a crystal coordinate system to the global coordinate
system is performed with the use of an orthogonal rotation matrix R. For an example of
such a matrix expressed in terms of Euler angles, see Appendix A.

In the following, we present three sets of equations for the transformation of
A-parameters from the crystal coordinate system to the global one. Specifically, we
transform A-parameters specifying triclinic, orthorhombic and transversely isotropic
symmetries in the crystal coordinate systems arbitrarily rotated with respect to the global
coordinate system to the A-parameters specified in the global coordinate system. We use
upper indices TR, OR or TI for A-parameters specified in the crystal coordinate system to
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indicate that they specify triclinic (TR), orthorhombic (OR) or transverse isotropy (TI)
symmetries. Resulting A-parameters in the global coordinate system are left without
indices. In the case of orthorhombic symmetry, we consider the symmetry planes to be
parallel with coordinate planes of the crystal coordinate system. In the case of transverse
isotropy, we assume that the axis of symmetry is parallel to the third axis of the crystal
coordinate system.

In the end of the section, we present transformation rules for A-parameters for the case
when the reference velocities  and £ are changed.

4.1. Triclinic symmetry

Twenty one A-parameters of a triclinic symmetry specified in the crystal coordinate
system transform into twenty one A-parameters in the global coordinate system through the
equations given below:

&, = el R +5yTRR122 +el®RE +2 718 Ry Ry +27(yTRR11R13 +2 77 R Ry
+7 * RG R +77yTRR121R123 +n R RY R (10a)

2SR Rys — 25 R Ry — 285 RS Ry

2EE RS Ry — 2838 Ris Ry 285 RS Ry

TR p2 . TR p2 . TR p2 TR TR TR
&y, =& Ryy+e, Ry +&; " Rys+21, RopRoz +2 ), Ry Roz +2 ;" Ry Ry

TR p2 p2 . .TRp2 p2 . TR p2 p2
+11, Ry Ryy +17y, Ry Ryz +11.7 Ry Ry, (10b)
TR 3 TR 13 TR 13
—28i5 Ry Ry3 =281 Ry1Ryy —2854 Ry Rys

TR 13 TR 13 TR p3
2856 Rp Ry —2834 Ry3Ryy —2835 Rz Ry
TR 2 . TR p2 . TR p2 R TR R
g, =6 Ry +é&, Ry +é&; Rz +2 RypRy3 +27, Ry Rz +2 ;" Ry 1Ry
TR p2 p2 . TRp2 p2 . TR p2 p2
+17, Ry Ry +17,7 R31R33 + 1127 Ry R (100)
TR 13 TR 13 TR 13
—28is R31R33 — 2816 R31R3p 2854 R3H Ry
288 R Ry — 288 Ry Ryy — 285 Ry Ry,
R TR R TR TR TR
Xx =& RoiRy1+6, Ry Rap +&;7 RozRyz + " Dy + ), Dy + 127 D3
R TR
+1y" (D1 D3y + R Ri3Dyy )+, (D3aDyp + Ry Ry3 Dy, )
TR R
+17; (D33Da3 + Ry Ry Dy )= 3&s Ryy (R31 D3y + Ry Dy ) (10d)
R R
~3&i6 Ri1 (R31D33 + Ry1Da3 ) =384 Riy (R3p D3y + Ryp Dy )
TR TR
-3 Riy (Ryp D33 + Ry Dy3 ) —3&34 Ri3 (Ry3 Dy + Ry Dy )
TR
—3&35 Rz (Ry3 D3y + Ry3 Dy ),
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TR
Zy—g R11R31+«9 RRiyRyy + el Rz Ry + 17 D21+Zy Dy + 7% Dy
+17} (D11D31+R22R23D21)+77y (Di2D3; + Ry Ry Dy )

(D13D33 + Ry Ryp Dr3 )—3515 Ry (Ry1Dyy + Ry D3y (10¢)

""77
TR TR
~3&i6 Ro1 (Ry1Dy3 + Ry D33 ) =3804 Ryp (Rio Dyy + Ry Dy

)
)
—3&36 Ry (RiaDy3 + Ryp D33 ) =334 Ry (Ri3Dyy + Rz Dy )
—3&5 Rz (Ri3 Dz + R33 D3y )
2 =& Ry Ryy +8) RipRyy + 62" RisRoy + 74" D3y + 73 Dy + 22" D3
175" (Dyy Dy + Ry Ry3 D3y )+, (Dia Dy + Ry Rz Dsy )
+12% (Dy3Dy3 + Ry Ryy D3z ) =35 Ry (R Dy + Ry Dy )
=3¢ Ry (Ri1 Dy3 + Ryy D3 ) =334 Ray (Riy Dy +Ryy Dy )
—383¢ Ryy (Rip Dy3 + Ryy Dyy ) =3 Rz (Ri3 Dy + Ry Dy )
-3&5 a3 (Ri3Dig + Ry3 D ).

77x=77§R[(1 R12)(1 R123) 2(R32R33—R22R23)2]

+77§R[(1-R123)(1 R}
+772TR[(1 Rll)(l R

TR
+245 (R21R23 +R3\ Ry3 —3Ry Ry Dy

(10f)

(R3iR3; —R21R22) }
(10g)

J-2(
)-2
)+2§16 (R21R22 + R3j Ry, —3R21R31D13)
+288 (R22R23 + Ry Ry3 —3Ryy Ryy Dy )+ &6 (R22R21 + Ry Ry — 3R22R32D13)
+2&08 (R23R22 + R33Ryy — 3Ry Ry3 Dy )+2§35 (R23R21 + R Ry _3R23R33D12)
n, =m0 [(1—R222 )(1—R223 )—2(R32R33 ~RipR;3 )’ }

+ [(1—R223 )(1—R221 )—2(R33R31 —R3Ry )2}

+nl" [(1_R221 )(1—R222 )—2(R31R32 —Ri1Rpp )2} (10b)
245 (R131R13 +R3;Ry3 —3R; Ry Dy )+2§1T6R (R131R12 +R3| Ryy — 3Ry Ry Dy3
+2E1 (R132R13 +R3Ry3 = 3Riy Ry Dy )+2§2T§ (R132R11 + R Ry, —3R12R32023)

TR ( 3 3 TR ( p3 3
+2§ (R13R12 +R33R3p —3Ri3R33Dy )+2§35 (R13R11 +R33R3 —3R13R33D22)
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TR 2 2 2
n; =1 [(1—R32)(1—R33)—2(R22R23 ~RppRi3) }
TR 2 2 2
+17y, [(1—R33)(1—R31)—2(R23R21—R13R11) ]
TR 2
+17; [(1 R31)( 2) (Ro1Ryy =Ry 1Ry) } (100)
1
TR ( 13 3 3 3
+24i5 (R11R13 + Ry Ry =3 Ry Ry D3y )+2§16 (R11R12 + Ry Ry —3R11R21D33)
TR ( 13 3 TR ( 13 3
+2834 (R12R13 +Ryp Ry3 =3Ryp Ryp Dy )+2§26 (R12R11 + R Ry —3R12R22D33)
TR ( p3 3 TR ( 13 3
+2834 (R13R12 +Ry3Ry; —3R;3Ry3 D5 )+2§35 (R13R11 +Ry3Ry ) —3R13Ry3 D5 )
TR
&s =m [ Di1Ds1 + Dy (RyaRos = RipRy3 ) |
TR TR
+77, [ D12 Ds + Dy (Ro3 Ryy = RizRyy ) [+, [ Dy3Dsy + Doy (Ryy Ryy = Ry Ry ) |
TR ( p2 2
+&is (Rn —3Ry; )Dzz +2R Ry (Ri3Ry —3Ry3Ry )]

(R ~3R3) | Dy3 +2R; Ry (Ry 1Ry, —3RyRy))
(105)
( )

| (
)D21 +2Ri5 Ry (R Ri3 =3 Ry Ros
| (
)

Ry =3R3) | Dy3 + 2Ry Ryy (Ry Ryy —3Ry Ry

I I T By T I |

)
Dyy +2Ry3Ry3 (RipRi3 —3Ryp Ry3 )
(

I_I

R
+835 [(RIB ~3R33 )Dzz +2R;3Ry3 (Ri3 Ry —3Ry3 Ry ) |

&6 =m" [ D1 Dy + Dy (Ryp Ry = Rip Ry |
+77yTR [ D1y Dy + Dy (Ry3 Ry — Rys Ry )]+772 [ Di3Dy3 + D33 (R3 Ryy =Ry Ry ) |

TR 2
+8is [( 1—3R31)D32 +2R) 1 Ry (Ri3Ry; —3R33R31)}

| I—

2
Rfy —3R3, )033 + 2R Ry (R Ry —3R3 Ry
(10k)

D31 +2RpRyy (Rip Ri3 —3R3p Ry

)
)

2
R3 =3R33 | D3y +2Ry3Ry3 (R Ry3 —3R3y Ry

)
)
)
)

TR [( p2

+526 [(Rlz ~3R$ | D33 + 2Ry Ry (Ri1 Ry —3Ry Ry
TR

+834 [( (

2
+&3 [(RB ~3R% )032 +2R;3Ry3 (Ri3Ry —3R33Rs) |,

|_l
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&a =n" [ Dy Dy +Dyy (RiaRis — Ry Ry |
TR TR
+17, [DzzDaz +Dyy (Ri3Ryy — RyzRyy ) |+ 72" [ Dys Dy + Dy (Ry Ry = Ry Ry ) |
[(Rzz1 3R )D12 +2Ry Ry (Ry3 Ry —3Ri3R) )}

[(R 31 -3RE ) Dy3 +2Ry Ry (R Ryy 3Ry Ryp

(101)

)

R3y =3R% | Dy + 2Ry Ry (Ryp Rys —3Rip Ry3)
)

)

)
wefi (s -n )
[(Rz2 ~3R | Dis + 2Roy Ry (Ryy Ry = 3Ri Ry
51F | (% -36%)

)

| I Ry T B T S

(
(
R33 =3R{3 | Dyj + 2R3 Ry (Ryp Roy —3Rip Ry
[(R 73 —3R% | Diy +2Ry3 Ry (Rys Ryy —3Ry Rys )]
&a6 =13 [ Dy1Day + D3y (RapRs3 — Ry Ros) |
+77y |:D12D22 + D3, (R31 Ry — Ry Rps )}fﬂzTR [ D13Ds3 + D33 Ry  Ryy — Ry Ry )|
+&l§ [(R221 —3R321)D32 +2Ry Ry (Ry3 Ry —3R31R33)J
+&4 [(R 21— 3R31)D33 +2R 1Ry (Ry Rop —3R31R32)]
)

TR (10m)
+&4 |(R3, —3R3, | D31 + 2Ry Ry (Ryy Ryz —3Rsy R

(
(

(R 2)D33 + 2Ry Ryy (Ry1 Ryy 3R R3;)

)
)

| S—

R3y —3R33 | D3y +2Ry3Ry3 (Ryy Ryy —3R3; Ry )}

2
[(Rza —3R33 ) D3y +2Ri3Ry3 (Ryy Ryz —3 Ry Ry ]
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&g =n" [ Dy D3y + Dy (RipRy3 —R3pRs3 ) |
+77yTR [ D22 D3y + Dy (Ryy Ryz =Ry Ry )]+772TR [ Dy3 D33 +Dy3 (R Riy — Ry  Ryy) |
+&5 [(R321 -3Ry )Dlz +2Ry 1 Ry; (R33R31 —3Ry Ri3 )]

+&g [(R 1- 3R11)D13 +2Ry Ry (R3 1 R3y —3R11R12)J
)

(10n)
+& [(R 3R12)D11+2R22R3 (RypR33 —3RpRy3 }
+E8 [(R )D13 +2Ry Ry (Ry 1 R3p —3Ry Ry, )]
[(R33 3R13)D11 +2Ry3Ry3 (Ryp Ryz —3R12R13)}

+&4 [(R33 3R13)D12 +2Ry3R33 Ry R33 —3 Ry Ri3 }
&s =" [ D31Dyy + Dy (Ryg Ry —Ryp Ry |
+77yTR [D32D12 + Dy (Ry 1 Ry3 — Ry  Ra H“izTR [ D33Dy3+Do3 (Ryg Ryy =Ry Ry )|

2
[(R 1 3R21)D22 +2Ry Ry (Ry3 Ry —3Ry  Ryy )}

2
[ R3 —3R21)D23 +2R Ry (Ry1 Ry —3Ry Ry )]
(100)
[(R 3R22)D21+2R12R3 (R32R33—3R22R23)]
2
+Eag [(R3 -3R 2)D23+2R32R12(R 1832 —3R21R22)}
2
[(R —3Ry; )D21 +2R33Ry3 (Rsp Ryz 3Ry Ros )]
2
+&3 [(RB —3R23)D22 +2Ry3Ri3 (Ry 1 Ry3 =3 Ry  Ros }
TR TR TR
Yx =7x R11+7y Ry +y R R —£lf Ry Ryy —4g Ry Ry — e3¢ Rz Ry,
r (ﬂx Rys R3p Ry3 Rs3 +77y Ry Ry  Ry3 Ryy +12 " Ryy Ry Ry Ry (10p)
P

R R R
=G5 Ro1R31 Dy =S Ro1 Ry 1 Dy3 — o4 Rya Ryp Dy
TR TR TR
—&6 R R3n Dy3 — &34 Ro3Ry3 Dy — &35 Ros Rz Dy )
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R

T R
Yy =Vx

2 | .T. R
Ry +7y,

2> . TRp2 TR TR TR
Ry +727 Ry3 — €45 Ryp Ryy — 646 Ry Ro3 — €56 Ry3 Ry

2( TR TR TR
+r (ﬂx Ry R3p RizR3z +17y" RyjRi3 Ry Raz +17;7 Ry Ry Rip Ry (109)
q
R TR TR
=815 Ri1R31Dy) =S Ri1R31Dp3 — o4 Rip R3p Dy
TR TR TR
—&6 Ria Ry Dy3 — &34 RizR33Dy1 — &35 Ri3Ry3 Dy )

R

T R
Yz =7x

2 T R
Ry +7y

2 TRp2 TR R TR
Ry +72" Ry3 — €45 Ryp Ryy — €46 Ry 1 Raz — €56 R33Rsp

2(. TR TR TR
+r (77x RipRyp Ri3Roz +17)," Ry Ry Ri3Roz +17,7 Ry Ry Rip Ry (10
T
TR TR TR
—S&i5 Ri1Ry D3y — &g Ry Ry D33 =S4 RioRyp D3y

R R R
=826 Rip Ry D33 — &34 RizRyp3 D3y — &35 RizRy3 D3y )

£45 =271 Ry Ry —27yTRR12R22 —2y® Ri3Rys + £48 Dys + e4g Dyy + &3¢ Dy
+r? [UﬁRR32R33D31 +77yTRR31R33D32 +77 % Ry Ry Dy
—E[ Ry (2Ry ) Ryy Rys + Ry D3y ) — &l Ry (2Ry1 Ry Ry + Ry D) (10s)
~&34 Ry (2R Ry Ray + Ray D3y ) = 636 Ry (2Ry2 Rop Ry + Ry Ds3)

TR TR
~&34 Ry3 (2Ri3Ry3R3y + Ry3 D3y ) = &35 Rys (2Ri3Ro3 Ry + Ryz Dsp )} ;

£46 =271 Ry R3) —27yTRR12R32 —2yIR Ry3 Ry + 645 D3 + 44 Dy + &34 Dy
+r? [U){RRzszsz +77yTRR21R23D22 +17% Ry  Ryy D
—EE Ry (2Ry Ry Ry + Ry Dy ) = £l Ry (2Ry 1 Ry Ry + Ry Do) (10t)
~&34 Ry (2Rip Roz Ryy + Ryy Dy ) = £36 Ry (2Ria oy Rsy + Ryp D3 )
—&f Rz (2R3 Ryp Ry + Roz Dy ) = €33 Ry (2Ri3 Ry Ry + Roz Doy )}
£s = =271 Ry Ry =271 Ry Ryy =271 Ry Ry + 843 D3 + 44 Dy + &34 Dy
+r? |:77§RR12R13D11 +77yTRR11R13D12 +17 %Ry Ry Dy
—E Ry (2R3 Ry 1 Ryy + Ry Dyy ) = E[¢ Ryy (2R Ry Ry + Ry Dy3) (10u)
~&3 Ry (2R3 Ryp Ryy + RipDyy ) —E3¢ Ry (2R Ry Ry + Rip D3 )

TR TR
—&34 Ri3 (2R Ry3 Rz + Rz Dyy ) = &35 Rys (2R Roz Ras +R13D12)]-
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The symbols R;; represent elements of the rotation matrix R, see Appendix A. The symbol
r is the ratio of reference P- and S-wave velocities, r = /S, see Eq. (9). The symbols Dj;

used in Eqs (10a—u) have the following meaning:
Dy = RypRy3 + Ry3Rsy , Dip = Ry Ryz + Ry Ry, Diz = Ryp Ry + Ry Ry
Dy =RipRs3 +Ri3R3y . Dyy = RyjRsz +Ri3Ry, Doz =Rpp Ry + Ry Ry, (1)
D3y =RipRy3 + Ri3Ry , D3y =Ri3Ry + R 1Rz, Dz =Ry Ry +Rp Ry -

4.2. Orthorhombic symmetry

Here we specify the above transformation equations for nine A-parameters, 5)?R

OR OR OR OR OR OR OR OR
gy 382 s X 377y 9772 37x 37}; and}/z

in the crystal coordinate system, whose coordinate planes coincide with the symmetry
planes. The above nine orthorhombic A-parameters transform into 21 A-parameters in the
global coordinate system through the equations:

E}

, describing orthorhombic symmetry

&

ORp2 . .ORp2 . .ORp2 . ORp2 p2 . . ORp2 p2 . . OR p2 p2
v =& Rii+ée, Ry +& Riz+ny RipRi3 +n," Ri1Ri3 +1;. Ri1Riz, (12a)

ORp2 . ORp2 . .ORp2 ., ORp2 p2 . ORp2 p2 .. ORp2 p2
&, =6 Ryy+é&, Ry +é& Ryy+1 RpRyz+ny, RyRy +1n; Ry Ry, (12b)

ORp2 , .ORp2 . ORp2 . ORp2 p2 .. ORp2 p2 . ORp2 p2
&, =& Ry +é&) Ry +& Rz +n, RpRyz+ny Ry Ry +1; Ry Ry, (12¢)

OR OR OR OR
Xy =65 RoyRay+6)" RypRyy &7 RysRyz +17 (Dyy D3y + Ry RisDyy )

OR OR (12d)
+1y " (D3 Doy + Ry Ri3Dyp )+ 1z (D33Doz + Ry Ry Dy3) s
OR OR OR OR
Xy =&x RiRsi+ey RpRyy +e RisRsy +770 (D1 D31+ Ryp Rz Dy ) (120)
OR OR
+1y" (D1p D3y + Ry Ry Doy ) +11; (Dy3 D33 + Ry Ryy Da3 )
OR OR OR OR
X =65 RiRyy +&) RiyRoy +&. RizRoz +110 (Dy 1Dy + Ryp Ry Dy ) (120

OR OR
+17y " (D1pDyy + Ry R33D3p )+ 117 (Dy3Do3 + Ry  Ryp D33 )
OR 2 2 2
My =1y [(1—R12)(1—R13)—2(R32R33 ~ Ry Ry3) }
OR 2 2 2
+17), [(1—R13)(1—R11)—2(R33R31—R23R21) } (12g)

+n " [(I—Rﬁ (1= R%)-2(Rs1 Ry — Roy Ry )2}
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2
n, =" [(1—R222)(1—R223)—2(R32R33 ~R;pRy3) }
+77y0R [(1—R223 )(1‘R221 )‘2(R33R31 _R13R11)2

OR 2 2 2
E [(1_R21)(1_R22 )‘2(R31R32 ~Ri|Rp) }

n. =" [(I—Rszz J(1- B )~ 2(Roa Ras = RiaRis )2}
+n 0% |:(1—R3%3)(1_R321 )—2(R23R21 —Ri3Ry )2}

OR 2 2 2
+172 [(1—R31)(1—R32)—2(R21R22—R11R12) }

&s =1 [Di1Dsy + Dy (R Roz = Ria Ry3) |
+77y0R [D12032 + Dy (Ry3 Ry —R13R11)]

72" [ Di3Ds3 + D3 (Ry Roy = Ry Rz ) |.

&6 =1 " [DiiDay + Dy (R Ry — RipRi3 )]
+10% [ Dia Dy + D3y (Ry3 Ry = RysRyy) |

+10R [ Dy3Dys + Dyy (Ry Ry = Ry Ry )

&4 =1 " [Da1Dsy +Dyy (Ria Ris — Ry Ra3 )|
+77y0R [022032 +Dyy (Ri3Ryy = Ry3 Ry )]

128 [ Dy3 D33+ Di3 (R Riy — Ry Ryy )]
&6 =1 [ D11 Dy + Dyy (Ryp Ryz = Ry Ra3) |
17,8 [ D1y Dy + D3 (Rsy Ry = Ry Ra3 ) |
+n K [D13D23 + D33 (Ry  Ryy = Ryy Ry )} ,
&4 =" [Da1 D31 + Dy (Rip Rz — Rap Rs )|

+nOR [ Dy3 D3y +Dy3 (R Riy = Ry Ry )
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(12i)

(12j)

(12k)

(121)

(12m)

(12n)
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OR
&35 =1y [D31D11 + Dy (Ryy Ryz — Ryp Ryz )}
OR
+177" [ D3y Dyy + Dy (Ryy Rz — Ry Rs3) |
OR
+72" | D33 D3+ Da3 (Rog Ryy =Ry Ry ) |,
ORp2 | _ORp2 .  ORp2
7y =75 Rii+ry, Rip+77 Ri3

2(. OR OR OR
+r (77x RyyRyp RyzRyz +17) " Ry Ry Ry Ry +17; R21R31R22R32)=

ORp2 .. ORp2 . . ORp2
7y =V Ry +yy Ry +y Ry

2(..OR OR OR
+r (77x RipR3p Ri3Ryz +17) " Ry Ri3 Ry Ry +77; R11R31R12R32)’

ORp2 . ORp2 , .ORp2
Vo =r5 Ry +yy Ry . Ris

2(..OR OR OR
+r (77x Rip Ry RizRy3 +17, Ry Ry Rz Ry +17; R11R21R12R22),

£45 =27y Ry1Ry =27y RiyRyp =277 Ri3Rys

2(..OR OR OR
+r (77x R3p Ry3 D31 +17y7" Ry Ry3 D3y +17; R31R32D33):

OR OR OR
£46 =27y Ry1R3y =27y RiaRyy =277 Ri3Rsy

2(..OR OR OR
+r (77x Ryy Ry3 Dy +11y" Ry1 Ry3 Doy +17; R21R22D23),

es6 =27 " Ry Ry, —27;)RR22R32 — 2y 9% Ry3 Ry
+r? (77XORR12R13D11 +77y0RR11R13D12 +7PR R Ry Dy3 )
Symbol r is given in Eq. (9), symbols D;; in Eq. (11).
4.3. Transverse isotropy

Five A-parameters, «9){1

(120)

(12p)

(12q)

(12r)

(12s)

(12t)

(12v)

, gZT[ , 77){1 , }/){1 and }/ZTI , specifying transverse isotropy in the

crystal coordinate system, in which the axis of symmetry coincides with the third axis of
the crystal coordinate system, transform into twenty one A-parameters in the global

coordinate system through the equations:

Ex

71 2 T 2 | T p2 2
&x (1—R13)+5z Riz +1; R13(1—R13),

&y

11 2 TI 2 | T p2 2
&y (1—R23)+€z Ry +1y Ry3 (1—R23)»

TI 2 TI 2 TI 2 2
& gx (l—R33)+EZ R33 +77x R33 (1—R33),

z

(13a)
(13b)

(13c)
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TI TI I
Xx =—&x Ry3Ray +&2" RysRyy +11x Ry Ryz|1-6R 3),

TI TI TI
Xy ==& RyzRi3 +&; Ry3Ry3 +17, RyzRy3 (1 6R23)

7 7 71
Xz =—&x Ri3Ry3 + & Ri3Ryz +17, RizRoz |1- 6R33)
I 2 2 \? 2
My =Mx 2(R23 —R33) —(1—R13
71 2 2
ny =1 2(R33 —R13)

2
11 2 0 2
n. =1y 2(R13 —st) —(1—R33

11
&s =200 RiyRyy (R - 3R23)

71 2
&6 =207 Ri3Ry3 (R —3R%

E)

>

11 2
$o4 =21y Rp3R33 (R 23 —3Ri3 ),
11

$26 =21y RizRy3 (R 73 —3R33

)
&q =201 RysRyz (R —3R13)
TI 2 2
&35 =21, Ri3Rs3 (R33 —3R23),
Ve =rr (1 R13)+7z R —r*nl Ry R3,

11 2
7y =7x (I—Rz )+7z Ry —rnl' R R,

211
V. =70 (1 R33)+7z Ry —r’nl R R3;

71 7 271 2

£45 =27y Ri3Ry3 —2y;" Ri3Ro3 — 2171, RizRp3R33,
71 I 2 71 2

E46 =27y Ri3Ry3 —2y2 RizRa3 —2r7°n, Ri3Ry; Rz,

71 TI 27T p2
&56 =27y Rp3Rs3 =2y Ry3Ry3 —2r7ny" R3Ry3Rs3.
Symbol 7 is again given in Eq. (9).

(13d)

(13¢)

(131)

(13g)

(13h)

(13i)

(13j)
(13k)
(131)
(13m)
(13n)
(130)
(13p)
(139)
(13r)

(13s)
(13t)
(13u)

Note that the transformation Eqs (13a—u) contain only the third column of the rotation
matrix R specifying the orientation of the axis of symmetry in the global coordinate system.
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4.4. Transformation of A-parameters
due to change of reference velocities

Let us introduce new reference velocities «” and f” instead of original reference
velocities « and S. Let us mark A-parameters related to primed reference velocities by
primes. Using factors k, and kg defined as ratios of original and new reference velocities,

k, =ala’, kg = B/, one can express primed A-parameters (related to @”and B’) in

terms of non-primed A-parameters (related to « and f) in the following way:

2 2 2
k, -1 k, -1 k, —1
el =& k2 + az , g;:gyk§+ o gl =g ko,

' 2 ' 2 ' 2
Xx = Xuke s Xy =Xykas X2=Xx:ky,

' 2 ' 2 ' 2
Ny =Mk, ny =n,ke, n.=mnky,

2 2 2 2 2 , (9
&ls =S&isky s Sle = S16ka » $3a = Saaky s $16 = ek > S3a4 = S3aky s &35 = Ersky
k% -1 k3 -1 k% -1
%=m%ﬁ%—,w=w%+%ruﬁ=n%+@ :

gis = &askjy, Eig =Eackp> 56 = sk -
5. DISCUSSION AND CONCLUSIONS

We present a set of twenty one A-parameters, which represent a useful alternative of
twenty one independent elements of the density-normalized stiffness tensor or twenty one
independent density-normalized elastic parameters in the Voigt notation. A-parameters are
non-dimensional; for a proper choice of reference velocities, they can all have a similar size.
When used with the weak-anisotropy approximation, specifically in the first-order
approximation, one can clearly distinguish a set of six A-parameters, which control only
P-wave velocities, and another set of six A-parameters, which control only S-wave
velocities. Remaining nine common A-parameters control velocities of both P and S waves.
The described separation of A-parameters can be also observed in transformation equations
of A-parameters from one coordinate system to another. The presented transformation
equations are applicable to anisotropy of any symmetry. Specifications to orthorhombic
symmetry and transverse isotropy are also presented. P-wave A-parameters in the new
coordinate system depend only on P-wave and common A-parameters from the original
coordinate system. S-wave A-parameters in the new coordinate system depend only on
S-wave and common A-parameters in the original coordinate system. Common
A-parameters in the new coordinate system depend on all nine common A-parameters in
the original coordinate system. They depend on neither P- nor S-wave A-parameters in the
original coordinate system.

Behaviour of polarization vectors in the first-order weak-anisotropy approximation is
slightly different from behaviour of velocities. P-wave polarization vector and common
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S-wave polarization plane depend on only P-wave and common A-parameters, it is on
fifteen A-parameters. S-wave polarization vectors of separate S waves depend on all twenty
one A-parameters.

A-parameters were successfully used in several applications. PSencik et al. (2018) used
the complete set of A-parameters for the inversion of anisotropy of a laboratory rock
sample. PSencik et al. (2020) used only P-wave A-parameters for the inversion of P-wave
traveltimes from synthetic VSP data sets. Farra and PSencik (2023) used the complete set
of A-parameters in the weak-anisotropy approximation of reflection moveout of converted
PS waves and specified it for the TTI case.

APPENDIX A
ROTATION MATRIX R IN TERMS OF EULER ANGLES

The transformation of A-parameters from the crystal to the global coordinate system is
performed with the use of the rotation matrix R. We present here such a matrix, expressed
in terms of three Euler angles ¢, @and v. The Euler angles @ and 6 represent the azimuth
and polar angles of the third coordinate axis of the crystal coordinate system in the global
coordinate system. The angle v represents a rotation around this axis. The rotation matrix
R has then the form:

cos@pcos@cosv —sin@siny —cos@cosdsiny —sin@cosy  cos @sinf
R =| sinpcosfcosv+cos@siny —singcosfsiny+cos@cosy singsing |. (A1)
—siné@cosv sin@sinv cosd

If the TI symmetry is considered, and its symmetry axis is oriented along the third
coordinate axis of the crystal coordinate system, the angle v representing the rotation
around the axis of symmetry looses its meaning and can be set to 0. Equation (A.1) then
reduces to:

cos@pcosf —sing cos@sinf
R =| sinpcosf cosep singsing |. (A.2)
—sin @ 0 cosé
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