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ABSTRACT 

Earth’s surface velocities are routinely extracted from Global Navigation Satellite 
System (GNSS) position time series. In addition to velocity estimates, acceleration may be 
a crucial parameter for modeling non-linear motion. Typically, a statistical hypothesis test 
is employed to evaluate the significance of the involved parameters and guide the selection 
of the appropriate model. In this contribution, we formulate a statistical test procedure from 
the generalized likelihood ratio test to analyze the significance of the acceleration in the 
model. The proposed procedure is compared with results obtained using the Akaike 
Information Criterion and Bayesian Information Criterion. Additionally, Minimal 
Detectable Horizontal Acceleration is provided as an indicator of the sensitivity of the 
acceleration detection. The GNSS time series of position estimates from the Nevada 
Geodetic Laboratory were used for this study. The experiments demonstrated a good 
agreement between the statistical test proposed and the information criteria approach. 
Therefore, the proposed statistical test may be another criterion to help the user in the 
important task of model selection. 

 
Ke y wo rd s :  Global Navigation Satellite System, statistical test, acceleration, AIC, BIC, 
MDHA, time series 

1. INTRODUCTION 

Geodesy has made significant contributions to geodynamic studies, mainly due to the 
maturation and development of Global Navigation Satellite System (GNSS). The rise of 
GNSS systems and long-term accumulated GNSS observations from global reference 
stations have provided valuable data for geodesy and geodynamics studies since the 1990s. 
The GNSS Continuously Operating Reference Station (CORS) serves as a static geodetic 
reference, and its long-term observation series provide (geo)kinematical information 
(Kenyeres and Bruyninx, 2004). Thus, GNSS CORS spread worldwide are important for 
determining Earth’s deformation processes, such as the tectonic plate movements and 
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vertical deformation of the crust (Ren et al., 2021). The so-called lithospheric plates are 
constantly moving in different directions and with varying magnitudes of displacement. 
Therefore, the position of a point located on a lithospheric plate, such as a GNSS CORS, 
also varies over time. 

Geodetic coordinates on the Earth’s surface are determined by a specific geodetic 
reference system, which is defined and realized by spatial geodetic techniques such as 
GNSS and others. Conventionally, the reference used is the International Terrestrial 
Reference System (ITRS), with its realization being the International Terrestrial Reference 
Frame (ITRF). The ITRF essentially consists of a set of positions for ITRF stations, such as 
GNSS CORS, associated with a specific reference epoch and their respective velocities. 
The station coordinates used in the realization of the reference system, located on the 
Earth’s surface, require periodic updates. As a result, several realizations of the ITRF are 
available. For instance, ITRF2020 accurately models the nonlinear station motions for 
seasonal signals (annual and semi-annual) found in the GNSS CORS time series. These 
updates are crucial for maintaining accurate and up-to-date reference systems (Altamimi et 
al. 2016, 2023). 

In recent years, the use of GNSS CORS time series has become more frequent in several 
research fields, such as geophysics, geodynamics and geodesy (Kreemer et al., 2014; 
Bogusz et al., 2016a,b; Klos et al., 2018; Montillet and Bos, 2020; Ren et al., 2021). 
Obtaining daily solutions for the coordinate time series of GNSS CORS, encompassing over 
10 years of data, provides a substantial dataset for analyzing station components. Such 
solutions are valuable for the assessment of spatial and temporal evolution. 

When we analyze the GNSS CORS time series, it is usually assumed that each 
horizontal component is described by the sum of the linear rate and various periodic terms 
such as the annual and semi-annual seasonal signals (Van Dam et al., 2001; Dong et al., 
2002; Bevis and Brown, 2014). These effects represent variations that may be associated 
with events or cycles occurring on an annual timescale, as well as variations taking place at 
six-month intervals and are influenced by factors such as seasonal changes, the Earth’s tilt, 
and climatic phenomena. Jumps or offsets can also occur, due, e.g., to replacement in the 
antenna or receiver of the GNSS CORS (Montillet and Bos, 2020). 

Furthermore, frequently, the parameters of interest in the time series of GNSS 
coordinates are the velocities and their associated uncertainties, which must be determined 
with higher reliability. However, it is well-known that not all GNSS CORS time series 
follow a simple linear behavior. According to Bogusz et al. (2016a), since the time series 
do not always follow a linear behavior, an acceleration term in the form of a quadratic 
polynomial function is added to the model to better describe the non-linear movement. This 
non-linear motion may be a response to purely geophysical processes. Moreover, other 
models can be included, such as post-seismic relaxation functions (Langbein et al., 2006). 
As demonstrated by Bos et al. (2020), it can be said that coordinate time series can be 
interpreted as trajectories. Therefore, the kinematic models that geodesists and 
geophysicists use to describe these time series are trajectory models. Figure 1 illustrates an 
integration of all these effects into a unified trajectory model. Here, we will restrict to the 
horizontal (east and north) components, being the vertical component outside the scope of 
this paper (see, e.g., Van Dam et al., 2001). 
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We assume that the horizontal displacement is the combination of a deterministic model 
and stochastic noise. The observed motion of each site in each horizontal component can 
be given as follows (Bos et al., 2020): 
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where 0 k  is the displacement from the reference epoch t0 to epoch tk (in m), 0 kt   is 
the time difference from the reference epoch t0 to the considered epoch tk (in years ), vi is 
the velocity of the horizontal component (in m year1), i  is the acceleration of the 
horizontal component (in m year2), the subscript i distinguishes between the east and north 
components, H is the Heaviside or unit step function, cj describes the direction and 
magnitude of the jump which occurs at the time tj (in m), mj is the number of jumps, ap and 
bp are the amplitude coefficients for the sine and cosine terms of the periodic signal (in m), 
and p is the angular velocity (in rads). Two pairs of periodic signals were considered for 
the annual and semiannual components, as is standard in the literature (Bevis and Brown, 
2014; Klos et al., 2018). 

In recent decades, numerous studies in the literature have focused on estimating the 
horizontal movement of GNSS CORS (see, e.g., Bevis and Brown, 2014; Kreemer et al., 
2014; Bogusz et al., 2016b). The improved modeling of non-linear long-term trends has 
recently been incorporated into the ITRF2014 and ITRF2020 realizations. However, this is 
restricted to post-seismic deformation for GNSS CORS located at sites impacted by major 
earthquakes (Altamimi et al., 2016, 2023). 

Therefore, the question of whether the non-linear long-term trend must be considered in 
the horizontal components of GNSS CORS time series remains open. This study aims to 
contribute to this research field by introducing the application of the generalized likelihood 
ratio test (GLRT), as presented by Teunissen (2006), to assess the statistical significance of 
the estimated acceleration in Eq. (1). Additionally, the reliability theory proposed by 

 
Fig. 1. Sketch of a trajectory model containing common phenomena (Bos et al., 2020, © 2020 
Springer Nature Switzerland AG). 
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Baarda (1968) will be applied here in a novel context, aiming to determine the Minimal 
Detectable Horizontal Acceleration (MDHA). 

Statistical tests and reliability measures are routinely applied in other research fields, 
such as quality control and deformation analysis of geodetic networks (Rofatto et al., 2017, 
2020; Prószyński and Lapiński, 2021). It should be noted that acceleration estimation has 
already been investigated in GNSS networks for structural monitoring (Durdag et al., 
2018). The GLRT has also been previously applied in the deformation analysis of geodetic 
networks (see, e.g., Zaminpardaz et al., 2020). However, to the best of our knowledge, there 
are no similar studies in the literature related to the horizontal components of GNSS CORS 
time series. 

2. STATISTICAL PROCEDURE FOR ACCELERATION DETECTION 

Here we briefly describe the GLRT proposed for the significance test of acceleration in 
the horizontal components of the GNSS CORS time series. Details are found, e.g., in 
Teunissen (2006) or Rofatto et al. (2020). The sample space, which is the set of all possible 
outcomes for the experiment, is divided into two parts: 1) the rejection region, also known 
as the critical region and 2) the acceptance region, also known as the non-rejection region, 
of the null test hypothesis 𝐻0 (Teunissen, 2006). In our case, the null hypothesis 𝐻0 is 
expressed assuming null acceleration ( 0i  ) in Eq. (1). Therefore, the null hypothesis 𝐻0 
is given as follows: 
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Here y is the vector of n observations, A is the design or jacobian matrix, 0k is the vector 
of u unknown model parameters (in this case vi, cj, ap, bp and p), C is the covariance matrix 
of y, D is the dispersion operator. In contrast to H0, the acceleration is significant ( 0i  ) 
on the alternative hypothesis HA given as follows: 
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In other words, we intend to test if the q = 1 additional parameter ( i ) in the model of HA 
is statistically significant or not according to the GLRT. 

Regarding the decision about the hypotheses, two types of errors can be made. Type I 
error is about rejecting H0 when it is true, that is, the occurrence of a “false positive”, with 
a probability of occurrence designated by  (the significance level of the test). On the other 
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hand, Type II error is about accepting H0 when H0 is false, that is, when HA is true, whose 
probability of occurrence is designated by . In other words,  corresponds to the 
probability of a “false negative” (Teunissen, 2006; Rofato et al., 2017, 2020). 

The test statistic (Tq) is given by the difference between the weighted sum of squared 

residuals (w.s.s.r) under the null hypothesis ( Tˆ ˆv vW ), where v̂  is the residual vector, and 
the w.s.s.r under the alternative hypothesis ( Tˆ ˆA Av vW ), as demonstrated in Teunissen (2006), 

where W is the weight matrix, W = C1. With an unknown variance factor ( 2
0 ), the test 

statistic Tq in H0 follows the F distribution with q = 1 degrees of freedom in the numerator 
and n  k degrees of freedom in the denominator, with k = u + 1 (u is the number of 
parameters of the model, but it also estimates the posterior variance factor). Otherwise, the 
test statistic Tq in H0 follows the 2 distribution with q = 1 degrees of freedom. Thus, the 
test decision is given by: 
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In the case of modeling time series by Hector software (HS), it does not provide the 
w.s.s.r in each model H0 and HA (see, e.g., Bos, 2022). Therefore, considering the relation 

between the estimated (a posteriori) variance factor 2̂  and the w.s.s.r (see, e.g., Lehmann 

and Lösler, 2016), we can calculate  Tˆ ˆ
iH

v vW  for cases with acceleration (Hi = HA) and 

without acceleration (Hi = H0), based on the respective 
iH  (standard deviation of the 

driving noise) obtained in the HS output report, as follows: 

    T 2ˆ ˆ
iii

HHH
n k v vW . (5) 

Here n is the number of observations and 
iHk  is the number of model parameters in Hi for 

H0 or HA: 
0

1
AH Hk k  . In the alternative hypothesis, there is one additional parameter, 

which is the acceleration. See Bos (2022) for details about the HS output report. 
It should be noted that other model parameters in Eq. (1), such as jumps and periodic 

signals, can also be tested for significance. However, our analysis focuses on the long-
period trend of time series, and thus the significance test of other model parameters rather 
than acceleration is beyond the scope of this study. The non-linear modeling of the long-
period trend was included only in the last two ITRF realizations (Altamimi et al., 2016, 
2023) and only for stations with post-seismic events. Therefore, it remains a current 
research topic with many possibilities for further investigation. 
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3. MINIMAL DETECTABLE HORIZONTAL ACCELERATION 

The conventional reliability theory proposed by Baarda (1968) is related to the detection 
and identification of bias (non-random errors) in observations through statistical tests. Its 
reliability theory employs appropriate measures to quantify the MDB (Minimal Detectable 
Bias) of each observation. The Baarda’s (1968) reliability theory seeks to test the 
significance of the additional parameter i  of HA. In that case, the possible bias in the i-th 
observation, and determine the threshold value at which this additional parameter becomes 
significant or detected by the statistical test. 

Here, we present a novel application for the original reliability theory proposed by 
Baarda (1968). In this sense, our additional parameter i  in HA is not a bias in observation, 
but the acceleration of a horizontal component of a GNSS CORS. Thus, our objective will 
be to determine MDHA. 

The separation between the mean vector of H0 and HA is driven by the so-called non-
centrality parameter of the model () as illustrated in Fig. 2 and given as follows: 

 T T
ˆq q v q q   C WΣ WC , (6) 

where q qC  is the model error with q additional parameters q  in HA, Cq is a known 

(pre-stipulated) coefficient matrix and v̂Σ  is the covariance matrix of estimated residuals 
in H0. If the variance factor is unknown, then the non-centrality parameter is expressed as 
(Prószyński and Lapiński, 2021): 

 
Fig. 2. The central and non-central density functions (after Kuusniemi and Lachapelle, 2004, 
© 2004 The Institute of Navigation). 
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In our case, we have q = 1 (acceleration term) in HA, and thus the non-centrality parameter 
is given by 
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The reader is referred to Teunissen (2006) for details. 
Isolating the term i  results in 
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However, the value of  is unknown. Therefore, considering a pre-stipulated value for 
 = 0 (see Baarda, 1968; Teunissen, 2006), we have the MDHA absolute value as follows: 

 00
T

ˆ
i

i v i
MDHA


  

c WΣ Wc
. (10) 

Note that Eq. (10) is identical to that used for the MDB of an observation. However, 
Baarda’s (1968) reliability theory predates the advent of GNSS CORS time series. Thus, 
the reliability measure MDHA is a new application of the original contribution by Baarda 
(1968), extending beyond the scope of quality control and deformation analysis of geodetic 
networks. 

The reference non-centrality parameter of the model 0 is obtained as a function of the 
stipulated probability levels in F distribution:  0 0 01, , ,f q n k      or 2 

distribution:  0 0 01, ,f q    , see, e.g., Prószyński and Łapiński (2021) for details. 
For example, if q = 1, 0 = 0.05 (5%), 0 = 0.2 (20%), n  k = 18, the non-centrality 
parameter of the model in 𝐹 distribution is given by 0 = 8.7774. 

4. DESIGN OF EXPERIMENTS 

The GNSS data was provided by the Nevada Geodetic Laboratory (NGL) at the 
University of Nevada, which conducts research in the field of space geodesy to study 
scientific problems that have both regional and global significance (Blewitt et al., 2018). 
Such data consists of files containing calculated coordinates and their respective 
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uncertainties. The NGL routinely processes the observations by using GipsyX version 1.0 
software (Bertiger et al., 2020). The processing method used by NGL is Precise Point 
Positioning (PPP) and the data is tied to the IGS14 (ITRF2014). This results in the provision 
of daily GNSS solutions called NGL14. 

The products used in the processing include (Blewitt et al., 2018): 

 GPS satellite orbit position/velocity estimates; 
 GPS satellite clock estimates; 
 GPS satellite attitude parameters; 
 WLPB estimates (wide lane and phase biases); 
 Daily transformation parameters from NNR to IGS14; 
 Time-pole parameter estimates; 
 GPS satellite eclipse shadow times;; 
 Name of IGS antenna calibration files 

Locations of the GNSS CORS, used in this study, are shown in Fig. 3. 
Figure 4a presents the displacement of the east component of station CLL1, while 

Fig. 4b presents the same for the north component. The east and north components of the 
QLAP station are shown in Fig. 5a,b, respectively. 

The MIZU station exhibits different behavior due to the high incidence of seismic 
events. Therefore, data from 2012 onwards are used (Fig. 6), after the Tohoku earthquake 
with a magnitude of 9.1 in 2011. If the complete time series were to be employed, it would 
require post-seismic deformation modeling, which is out of scope of this study. 

 
Fig. 3. Locations of the GNSS Continuously Operating Reference Stations (CORS) used in this 
study. Mercator projection, WGS84 datum. The thick grey curve depicts tectonic plate boundaries. 
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4 . 1 .  A n a l y s i s  o f  t i m e  s e r i e s  b y  H e c t o r  s o f t w a r e  

Hector software is an open-source software developed in C++ and serves as a powerful 
tool for analyzing time series data obtained from GNSS stations (Bos et al., 2013). Based 
on the Maximum Likelihood Estimation (MLE), HS utilizes a robust framework that jointly 
estimates deterministic and stochastic models. This approach enhances the accuracy and 
reliability of the obtained results. Moreover, the methodology employed by HS was 
previously used by other software packages such as CATS (Create and Analyze Time 
Series) and east_noise, further attesting to its effectiveness. The obtained parameters that 
describe the position, seasonal signals, velocity, acceleration, and the combination of GGM 
(Generalised Gauss Markov) and white noise model were estimated using MLE (Bos et al., 
2013; Bos, 2022). 

 
Fig. 4. Original data of a) east, and b) north component of displacement from the CLL1 station. 

 
Fig. 5. The same as in Fig. 4, but for the QLAP station. 

 
Fig. 6. The same as in Fig. 4, but for the MIZU station. 
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In general, the HS incorporates robust noise analysis methods to treat the characteristics 
of the noise signals. The total variance of the noise (a posteriori variance factor) is set by 

2̂ , which is usually called the ‘driving’ noise (Bos et al., 2013; He et al., 2018; Bos, 2022). 
For the model selection (e.g. with or without acceleration), the definition of the log-

likelihood is expressed as follows: 

       T 11 ˆ ˆln ln 2 ln det
2

L n      v vC C , (11) 

where n is the actual number of observations (gaps do not count), v̂  is the vector of 
residuals and 2C C  is the covariance matrix, which is a function of the sum of various 
noise models and the estimated (a posteriori) variance factor 2̂ , C  is the cofactor matrix. 
Details can be found in Bos (2022). The number of parameters is denoted by k, which is the 
sum of the parameters present in the design matrix and the noise models and also the 
variance 2̂  of the driving white noise process. 

The HS employs two analysis models: 1) MLE supplemented with model selection using 
Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC), and 
2) spectral analysis. In this research, our focus will be on the first approach, which utilizes 
MLE in conjunction with the AIC and the BIC. The AIC and BIC are employed to select 
the most suitable model from a set of competing models. The AIC was initially proposed 
by Akaike (1974) and the BIC was introduced by Schwarz (1978). The methodology begins 
with MLE and subsequently incorporates penalties to the model to prevent overfitting. 

The rule for selecting a model based on the AIC is that a smaller AIC value indicates 
a better-fitting model. Similarly, for the BIC, a smaller BIC value indicates a better model 
fit. In addition to AIC and BIC, HS offers BICtp and BICc as options for model selection. 

The formulas for model selection using AIC and BIC are as follows (Bos, 2022; Ventura 
et al., 2019): 

  2 2lnAIC k L  , (12) 

    ln 2 lnBIC k n L  , (13) 

  ln 2 ln
2tp
n

BIC k L 
  

 
, (14) 

    ln 2ln
2c

k
BIC k n L

n k
 

 
. (15) 

The model selection process in HS involves choosing the model with the minimum 
value of either the AIC or the BIC. It is important to understand that these criteria are relative 
measures for comparing different model choices rather than absolute criteria. For details, 
see Lehmann and Lösler (2016), He et al. (2018) and Ventura et al. (2019). 
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5. RESULTS AND DISCUSSION 

The results obtained by HS and the proposed approach by GLRT are presented and 
discussed in this section. 

5 . 1 .  H S  i n f o r m a t i o n  c r i t e r i a  a n d  p r o p o s e d  s t a t i s t i c a l  t e s t  

Table 1 presents the results of the proposed GLRT (with a significance value of  = 5%) 
and the HS model selection by information criteria. 

It can be seen that the model with acceleration is selected by AIC, BIC, and BICtp in all 
cases, but not for the north component of the CLL1 station in the BICc criterion. Our 
proposed GLRT also reveals an insignificant acceleration for the north component of the 
CLL1 station. Thus, these experiments showed that different criteria for model selection 
can lead to different results with the same dataset. In this sense, the proposed GLRT can be 
another criterion to be added in the HS to help the user in the important task of model 
selection choice. 

However, which criterion is the most suitable deserves future research and thus is 
outside the scope of this paper. Our goal here is just to propose a new way of model selection 
using a statistical test rather than AIC or BIC. The proposed GLRT was also conducted at 
the 1% significance level, with the same test decision in all cases. The role of the 
significance level on the test result will be further investigated in later experiments. 

5 . 2 .  M D H A  a n a l y s i s  

Since HS does not provide the required matrices in Eq. (10), experiments about the 
MDHA are conducted in Scilab which is also a free and open-source software. Therefore, 
data were considered every 6 months for 10 years, since it is not feasible to carry out 
Hector’s entire processing strategy in Scilab due to computational limitations. The BRAZ 

Table 1. Statistical test and information criteria for the selection of HS model for the analyzed GNSS 
CORS stations. 

Station Component Test Result AIC BIC BICtp BICc 

CLL1 
East 

HA (with 
acceleration) 

With 
acceleration 

With 
acceleration 

With 
acceleration 

With 
acceleration 

North H0 (without 
acceleration) 

With 
acceleration 

With 
acceleration 

With 
acceleration 

Without 
acceleration 

QLAP 
East 

HA (with 
acceleration) 

With 
acceleration 

With 
acceleration 

With 
acceleration 

With 
acceleration 

North HA (with 
acceleration) 

With 
acceleration 

With 
acceleration 

With 
acceleration 

With 
acceleration 

MIZU 
East 

HA (with 
acceleration) 

With 
acceleration 

With 
acceleration 

With 
acceleration 

With 
acceleration 

North HA (with 
acceleration) 

With 
acceleration 

With 
acceleration 

With 
acceleration 

With 
acceleration 
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and BELE stations located in Brazil and the CLL1 station located in Chile were selected. 
The choice of these stations is due to their locations at two extremes, with a station located 
on the edge of a tectonic plate, subject to constant seismic events, and other stations located 
in the middle of the plate. The data from CLL1, BRAZ, and BELE were obtained from the 
same database of the NGL. 

The displacement of the east and north components of the BRAZ station is shown in 
Fig. 7. The displacement of the east and north components of the BELE station are 
presented in Fig. 8. 

Table 2 shows the values for acceleration and its standard deviation, the MDHA (with 
0 = 5% and 0 = 20%), and the test result for each GNSS CORS horizontal component, 
considering a known variance factor. 

When analyzing the MDHA and the test results, we can observe that in horizontal 
components where the absolute value of the estimated acceleration is higher than the 
MDHA, the GLRT indicated that the acceleration is statistically significant. This was the 
case for the east and north components of CLL1 station, as well as the east component of 
BRAZ station and the north component of BELE station. Therefore, these results indicate 
that acceleration is present even in the middle of the plate. 
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On the other hand, when the estimated acceleration was smaller than the MDHA, the 
GLRT indicated insignificance for the acceleration. Importantly, this underscores a key 
advantage of the proposed statistical test over model selection criteria: the ability to derive 
reliability measures such as MDHA. It is also worth noting that when the uncertainty of 
acceleration approaches or exceeds its value, the test result appropriately considers it as 
insignificant, as expected. Additionally, note that the value of MDHA is independent of the 
observations, similar to the MDB values in Baarda’s (1968) original reliability theory. In 
other words, the MDHA can serve as an important tool in the a priori analysis of GNSS 
CORS time series, just as Baarda’s (1968) reliability theory is applied in the design of 
geodetic networks (see, e.g., Rofatto et al. 2018). 

 
Fig. 7. Original data of a) east, and b) north component of horizontal displacement at the BRAZ 
GNSS CORS station. 

 
Fig. 8. The same as in Fig. 7, but for the BELE station. 

Table 2. Acceleration, Minimal Detectable Horizontal Acceleration (MDHA), and acceleration test 
results for the analyzed GNSS CORS stations. 

Station Component Acceleration [mm year2] MDHA [mm year2] Acceleration Test Result 

CLL1 East 8.46 ± 0.03 0.10 Significant 
North 1.02 ± 0.04 0.11 Significant 

BRAZ East 0.37 ± 0.03 0.09 Significant 
North 0.08 ± 0.10 0.40 Insignificant 

BELE 
East 0.04 ± 0.03 0.10 Insignificant 

North 0.25 ± 0.03 0.09 Significant 
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Although there is the possibility of considering the resultant for horizontal displacement 
2 2E N    (E and N stand for the east and north component, respectively), the test result 

would be the same using the horizontal components individually as in this research. In the 
case of utilizing the resultant horizontal displacements, the distribution associated with the 
horizontal acceleration would follow a Rayleigh distribution. 

5 . 3 .  S i m u l a t i o n  s e r i e s  

To further investigate issues such as the influence of data latency and the time span size 
on the uncertainty of the estimated acceleration, the validation of the proposed MDHA 
reliability measure, and the role of the significance level on the test results, experiments 
with simulated data were conducted in the Scilab software. Figure 9 presents an example of 
a simulated GNSS CORS time series in the east component for a time span of 10 years with 
a data latency of 0.01 years ( 3.65 days). The simulated parameters are: v = 0.01 m year1, 
i = 0.002 m year2, ap = 0.003 m, bp = 0.001 m and p = 4 rad. Thus, we have no jumps 
and only a semi-annual periodic signal. The stochastic model assumes a white noise with 

2 2
0 1 mm   for all datasets. 

First, we analyze the influence of the data latency and the time spansize on the 
uncertainty (standard deviation) of the estimated acceleration. For this, we considered six 
scenarios: a 2-year time span with weekly solutions (n = 105), 3-day solutions (n = 244) 
and daily solutions (n = 731); and a 10-year time span with monthly solutions (n = 122), 
14-day solutions (n = 261) and weekly solutions (n = 522). The standard deviations of the 
estimated acceleration are presented in Table 3. 

It is noted that the time span is much more influential than the data latency on the 
uncertainty of the estimated acceleration: all scenarios with a time span of 10 years provide 
better results than all scenarios with a time span of 2 years, even when the total number of 
data (n) is smaller. For a time span of 10-year with 14-day solutions (n = 261), the 
acceleration uncertainty is 0.04 mm year2, while for a time span of 2-year with 3-days 
solutions (n = 244), the acceleration uncertainty is 0.22 mm year2. For a time span of 

 
Fig. 9. Simulated time series of the east component of displacement at a GNSS CORS station. 
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10-year with monthly solutions (n = 122), the acceleration uncertainty is 0.06 mm year2, 
while for a time span of 2-year with weekly solutions (n = 105), the acceleration uncertainty 
is 0.34 mm year2. It is noteworthy that data latency is crucial for modeling cyclical effects 
and detecting jumps. 

In a second experiment, Monte-Carlo simulations were performed to verify the 
empirical success rate for a given reference value for MDHA (see, e.g., Rofatto et al., 2017, 
2020). Considering a known variance factor, MDHA = 0.02 mm year2 was obtained for 
a time span of 10 years with a data latency of 0.01 years ( 3.65 days) by Eq. (10). In this 
case we have  0 0 01, 0.1%, 20% 17.075f q       . Thus, random errors are 
generated under the alternative hypothesis with i = 0.02 mm year2 and the GLRT was 
carried out at the significance level of 0 = 0.1%. The MC was performed 200 000 times, 
and in 80.05% of the cases, the test result rejected the null hypothesis. Therefore, the 
empirical success rate was very close to the theoretical power of the test 
( = 100  20 = 80%), as expected. 

This experiment confirms the validity of the MDHA and ensures that the simulated 
experiment was conducted correctly. Although the significance level adopted is somewhat 
arbitrary, the MDHA is a valuable metric for analyzing the sensitivity of the model to the 
test results. To the best of our knowledge, no similar metric exists for model selection by 
information criteria such as AIC or BIC, as applied in HS. 

Finally, about the significance level adopted, Table 4 presents some critical values for 
both cases with known (

0

2
1,q   ) and unknown (

01, ,q n qF   ) variance factor. 

The critical value for 0 = 10% is about four times lower than the critical value for 
0 = 0.1% in all cases presented. The test statistics of Eq. (4) is equivalent to 

Table 3. Standard deviations of acceleration (in mm year2) for a different time span and data 
latency. 

Time Span 
Data Latency 

Time Span 
Data Latency 

Weekly 3 Days Daily Weekly 3 Days Daily 
2 years 0.34 0.22 0.13 10 years 0.06 0.04 0.03 

Table 4. Critical values for different significance levels and model redundancy. See text for the 
meaning of the variables. 

0 [%] 
0

2
1,q    

01,100,qF   
01,500,qF   

01,1000,qF   
01,5000,qF   

0.1 10.83 11.50 10.96 10.89 10.84 
1.0 6.63 6.90 6.69 6.66 6.64 
5.0 3.84 3.94 3.86 3.85 3.84 

10.0 2.71 2.76 2.72 2.71 2.71 
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where ˆ i  is the estimated acceleration and ˆ
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2006). Given the high redundancy of GNSS CORS time series (in general n – k >100), we 
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This yields 

 
0

2
ˆ 1.

ˆ
ii q      or 

0ˆ 1, ,ˆ
ii q n kF     . 

Considering the values for ˆ
i

  in Table 3 and the critical values in Table 4, we present 

the values of 
0

2
ˆ 1.

ˆ
ii i q        or 

0ˆ 1, ,ˆ
ii i q n kF        that lead to an 

expected rejection of H0 in Table 5. In this case, we approximate the critical values 

0

2
1.q    and 

01, ,q n kF    for 0 = 0.1% as  11, for 0 = 1% as  6.7, for 0 = 5% as 

 3.86 and for 0 = 10% as  2.72 without loss of generality in our conclusions. 
It is noted that in general acceleration values lower than 1 mm year2 are sufficient to 

reject H0. The only exception was for a time span of 2 years with weekly solutions and 
a significance level of 0 = 0.1%, a case that rarely occurs in practice. Blewitt and Lavallée 
(2002) do not recommend time spans of less than 2.5 years in this kind of analysis. For 
a time span of 10 years, in general, an acceleration of the order of just 0.1 mm year2 would 
be enough to reject H0. Considering that usually, the GNSS CORS data latency is daily, we 
can state that acceleration values lower than 0.1 mm year2 can lead to the rejection of H0, 
even for a low significance level such as 0 = 0.1%. 

Finally, Table 6 presents the estimated acceleration values in HS for some GNSS CORS 
stations with daily data latency and in regions subject to different geodynamic activities. 

Table 5. Expected values of acceleration in mm year2 that lead to a rejection of H0. 

Time Span 0 [%] 
Data Latency 

Time Span 0 [%] 
Data Latency 

Weekly 3 Days Daily Weekly 3 Days Daily 

2 years 

0.1 1.12 0.73 0.43 

10 years 

0.1 0.20 0.13 0.10 
1.0 0.88 0.57 0.34 1.0 0.16 0.10 0.78 
5.0 0.67 0.43 0.25 5.0 0.12 0.08 0.06 

10.0 0.56 0.36 0.21 10.0 0.10 0.07 0.05 
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It is evident from Tables 5 and 6 that the choice of the significance level should affect 
only GNSS CORS in regions with low geodynamic activities and/or short time span. 
However, even in these cases, the proposed MDHA reliability measure remains a very 
useful tool for analyzing the estimated acceleration and verifying whether the GNSS CORS 
time series has the desired sensitivity to the phenomenon under observation, considering 
a pre-stipulated false negative rate. In this case, the MDHA value can be compared with 
a certain reference value, according to the geophysical phenomenon investigated. This 
presents an interesting open issue for future work. 

6. CONCLUSIONS 

This study follows current analyses involving the inclusion of nonlinear trends in the 
horizontal components of GNSS CORS time series. We presented a statistical test (GLRT) 
to the model selection problem: with or without acceleration. The proposed GLRT is 
relevant because the nonlinear long-term trend may be significant even for GNSS CORS 
stations located in the middle of the tectonic plate, as demonstrated by the results. 

Furthermore, we proposed a new application for Baarda’s (1968) reliability theory to 
estimate the Minimal Detectable Horizontal Acceleration (MDHA), which cannot be 
derived from model selection by information criteria such as AIC or BIC. The experiments 
demonstrated a good agreement between the test results and the MDHA, as expected. 

Model selection by using information criteria such as AIC or BIC involves a subjective 
choice for the penalty function related to the number of parameters (see Eqs (12)(15)). The 
proposed statistical test has a subjective choice for the significance level. However, the 
proposed MDHA is a valuable metric to analyze the sensitivity of the model to the test result. 
To the best of our knowledge, no similar metric exists for model selection by information 
criterion such as AIC or BIC, as applied in HS. Besides that, the MDHA value can be 

Table 6. Time span and estimated acceleration in HS for analyzed GNSS CORS stations. 

Station Time Span 
[days] Component 

Acceleration 
[mm year2] 

Incidence of Seismic Events 

CLL1 4736 East 10.34 ± 20644 High North 0.167 ± 0.053 

QLAP 4750 East 20.36 ± 0.046 High North 0.025 ± 0.024 

MIZU 4123 East 6.770 ± 0.569 High North 2.469 ± 0.235 

BELE 7017 East 0.035 ± 0.013 Low North 0.012 ± 0.012 

BRAZ 10262 East 0.042 ± 0.023 Low North 0.005 ± 0.009 

UFPR 9591 East 0.008 ± 0.019 Low North 2.096 ± 2.875 
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compared with a certain reference value corresponding to the geophysical phenomenon 
under investigation. 

Additionally, the MDHA value is independent of the vector of observations, such as the 
MDB values of Baarda (1968). Therefore, the MDHA value is a very useful tool to analyze 
whether the GNSS CORS time series has the desired sensitivity to the geophysical 
phenomenon under investigation. This is an interesting open issue for future works. 

We also suggest implementing the proposed statistical test and MDHA in software 
packages such as HS. We recommend an investigation aimed at developing a unified 
approach that can be tested for all model parameters. Furthermore, this unified approach 
could address the multivariate distribution while considering the correlation between 
horizontal components. 
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