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ABSTRACT 

Seismic interpolation can provide complete data for some multichannel processing 
techniques such as time lapse imaging and wave equation migration. However, field 
seismic data often contains random noise and noisy data interpolation is a challenging 
task. A traditional method applies interpolation and denoising separately, but this needs 
two workflows. Simultaneous interpolation and denoising combines interpolation and 
denoising in one workflow and can also get acceptable results. Most existing interpolation 
methods can only recover missing traces but fail to attenuate noise in sampled traces. In 
this study, a novel thresholding strategy is proposed to remove the noise in the sampled 
traces and meanwhile recover missing traces during interpolation. For each iteration, the 
residual is multiplied by a weighting factor and then added to the iterative solution, after 
which the sum in the transformed domain is calculated using the thresholding operation 
to update the iterative solution. To ensure that the interpolation and denoising results are 
robust, the exponential method was chosen to reduce the threshold values in small 
quantities. The curvelet transform was used as sparse representation and three 
interpolation methods were chosen as benchmarks. Three numerical tests results proved 
the effectiveness of the proposed method on removing noise in the sampled traces when 
the minimum threshold values are correctly chosen. 

 
Ke y wo rd s :  interpolation, sparsity, seismic inversion, noise, thresholding method 

1. INTRODUCTION 

Field seismic signals have always been under-sampled across spatial areas due to 
limitations of high costs, topography, feathering, and so on. Seismic data violating the 
Nyquist/Shannon sampling theory may affect the quality of some crucial multichannel 
techniques such as wave-equation migration (Yao et al., 2016, 2018), time-lapse seismic 
imaging (Smith et al., 2012), seismic inversion (Ma et al., 2018) and seismic interpretation 
(Yuan et al., 2019a). 
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Therefore, seismic data interpolation which can recover un-sampled data is an 
essential step in seismic data processing (Yao and Jakubowicz, 2016). In addition, seismic 
interpolation is the main method for verifying the quality of compressed sensing 
(CS)-based acquisition designs (Mosher et al., 2017; Herrmann and Hennenfent, 2008). 

There exist four types of method for seismic interpolation:  

1. The prediction filtering method that capable of interpolating regularly sampled 
aliased data (Spitz, 1991; Parsani, 1999).  

2. The wave equation method that requires prior information of subsurface velocity 
models (Ronen, 1987; Fomel, 2003).  

3. The sparsity-promoting method that can be further divided into fixed-basis based 
method (Herrmann et al., 2000; Xu et al., 2005; Herrmann and Hennenfent, 2008; 
Cao and Zhao, 2017) and learning-based method (Liang et al., 2014; Zhou et al., 
2014, 2015). Some fixed-basis transforms have been proposed for interpolation of 
seismic data including the Fourier transform (Abma and Kabir, 2006; Wang et al., 
2016), the Radon transform (Herrmann et al., 2000; Gong et al., 2016), the 
curvelet transform (Candes et al., 2006; Herrmann and Hennenfent, 2008; Yang et 
al., 2013; Zhang and Chen, 2013), the seislet transform (Fomel and Liu, 2010), and 
the dreamlet transform (Wang et al., 2015). The learning-based method takes 
advantage of machine learning to update tight-frame (Liang et al., 2014) or sparse 
dictionary (Zhou et al., 2014, 2015) which are data adaptive for seismic data 
expression. The learning-based method is computationally costly compared with 
the fixed-basis based method.  

4. The rank reduction method which is based on the assumption that missing traces 
and random noise may increase the rank of a matrix or a tensor. This kind of 
method includes singular value decomposition (SVD) based method (Oropeza and 
Sacchi, 2011; Kreimer and Sacchi, 2012; Gao et al., 2013; Sternfels et al., 2015; 
Chen et al., 2016; Zhang et al., 2017) and SVD-free method (Gao et al., 2015). 

Field seismic data always contain random noise during the process of seismic 
acquisition. The existence of random noise can seriously affect the performance of many 
interpolation methods, thus removing the noise in the sampled traces during interpolation 
is a challenging task. One method to treat noisy data interpolation is interpolation at first 
and denosing the interpolation result at second, but we have to do two treatments to get 
a noise-free complete seismic data. However, simultaneous interpolation and denoising 
which can realize interpolation and denoising in a unified framework can avoid the 
denoising processing. Cao and Wang (2015) proved that simultaneous interpolation and 
denoising can get comparable results to the interpolation-denoising process, thus 
simultaneous interpolation and denoising is more convenient and time-saving. There exist 
comprehensive studies on this research (Oropeza and Sacchi, 2011; Gao et al., 2013; Cao 
and Wang, 2015; Chen et al., 2015; Wang et al., 2015, 2016; Zhang et al., 2017). These 
methods are mainly the sparsity-promoting methods and the rank reduction methods. 
Oropeza and Sacchi (2011) proposed a multichannel singular spectrum analysis (MSSA) 
method to implement simultaneous seismic data denoising and interpolation. Kreimer and 
Sacchi (2012) described a tensor higher-order singular value decomposition (HOSVD) 
method for simultaneous noise-reduction and interpolation. Contrary to many 
multidimensional methods, the HOSVD method operates quite well in the presence of 



Simultaneous interpolation and denoising based on a modified thresholding method 

Stud. Geophys. Geod., 63 (2019) 571 
 

curved events. Gao et al. (2015) developed a parallel matrix factorization (PMF) based 
method to solve 5D seismic data simultaneous reconstruction and denoising. Zhang et al. 
(2016) applied damped MSSA to simultaneous interpolation and denoising, and proposed 
a multi-step damped MSSA to improve its performance. Chen et al. (2016) developed 
a damped rank-reduction method for simultaneous denoising and reconstruction of 5D 
seismic data. 

The projection onto convex sets (POCS) method is well-known for seismic 
interpolation because of its merits on computational efficiency and interpolation quality 
(Abma and Kabir, 2006). However, random noise in the sampled traces cannot be 
removed when using the POCS method (Zhang and Chen, 2013). Based on the idea of the 
POCS method, a weighted projection onto convex sets (WPOCS) method (Gao et al., 
2103) was developed to overcome deficiencies of the POCS method by using a weighting 
factor. Cao and Wang (2015) proposed an improved projection onto convex sets (IPOCS) 
method which can remove random noise in the sampled traces when the minimum 
threshold values are chosen properly. Wang et al. (2015) derived a new weighted POCS 
method based on the dreamlet transform to achieve simultaneous seismic data 
interpolation and denoising. Recently, some researchers have developed joint low-rank 
and sparse inverse methods. Sternfels et al. (2015) developed a joint low-rank and sparse 
inversion strategy enabling the simultaneous attenuation of random and erratic noise with 
interpolation in pre-stack seismic data. Zhang et al. (2017) investigate multiple constraints 
for simultaneous seismic data reconstruction and denoising based on a novel hybrid rank-
sparsity constraint (HRSC) model, which aims at combining the benefits of both sparsity-
promoting transforms and rank reduction methods. 

The POCS method cannot remove noise in the sampled traces and interpolation of the 
WPOCS method still contains noise in the sampled traces. We develop a modified 
thresholding method to overcome these deficiencies. The paper is organized as follows: 
we first present sparsity-promoting based noisy data interpolation models and methods. 
The mathematical model that the POCS method treat for is also given, and why the POCS 
method cannot solve noisy data interpolation is analyzed. We then proposed the modified 
thresholding method for noisy data interpolation. Based on the curvelet transform, two 
synthetic examples are presented to demonstrate the performance of the proposed method. 
In addition, one 2D filed data is used to compare the performances of the POCS method, 
the WPOCS method, the IPOCS method and the proposed method. The comparisons 
proved that the proposed thresholding method can obtain well performance for noisy 
seismic data interpolation. 

2. METHODOLOGY 

Assuming M NR Φ  as the acquisition matrix, NRd  as the noise-free seismic 
data, MRn  as the additive noise, and M

obs Rd  as the sampled seismic data, their 
relationship can be denoted as follows: 

 obs d n dΦ . (1) 
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The interpolation problem which involves obtaining d from dobs and Φ  is ill-posed 
since the sampled seismic data are incomplete, i.e, M < N. Here M is the dimension of the 
sampled data dobs, and N is the dimension of the complete data d when they are arranged 
into vectors. Furthermore, the presence of noise may aggravate the ill-posedness of this 
problem. If Ψ  denotes a transform such as the curvelet transform (Candes et al., 2006), 
and x dΨ  is sparse or compressible, Eq. (1) can be changed to 

 obs x n dA , (2) 

where HA ΦΨ , and HΨ  is the inverse of Ψ . In view of the sparsity of x, a sparse 
optimization model can be established as follows: 

 1min x    subject to 2obs  x dA , (3) 

where 1x  is the L1 norm of x and  is the energy of the additive noise. Generally, the 
unconstrained form of problem (3) is more commonly used: 

 2
12

1
min

2 obs  x d xA , (4) 

where  is the regularization parameter. 
The thresholding method (Daubechies et al., 2004) is widely used to solve the L1 

norm regularized problems. As a thresholding method, the POCS method is 
computationally efficient (Abma and Kabir, 2006). However, it cannot remove random 
noise presented in the sampled traces (Zhang and Chen, 2013). The POCS method 
actually solves the following problem: 

 1min dΨ    subject to obsd dΦ . (5) 

In POCS, irregularly sampled data is taken to Fourier domain, then large amplitudes 
are kept using a thresholding operation, taking inverse FFT and coming back to (t, x) 
domain the initial recorded data are replaced, and this procedure is repeated for a few 
iterations, each time reducing the thresholding value. 

The iterative formula of the POCS method (Cao and Wang, 2015) at the k-th iteration 
can be expressed as: 

        1 H H
k kobs

k k k
obs d d dT P T 


 

       
d d d dI Φ Ψ Ψ Ψ Ψ , (6) 

where  H
k

kT dΨ Ψ  is a predictive solution of kd , and  
k

T   denotes the soft 

thresholding operation, i.e.,     sgn
k kT s s s 


   for a scalar s, k  is the k-th 

threshold value, and L is the maximum iteration number. In Eq. (6), 

   H
kobs

k
d d dP T 

 
  

dΨ Ψ  denotes the projection of  H
k

kT dΨ Ψ  onto 
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 obsd d dΦ , which is a convex set. The projection is a reinsert or imputation process 

for the interpolation problem. Therefore, random noise in the observed traces cannot be 
removed using the POCS method. The iterative step of the WPOCS method (Gao et al., 
2103) is as follows: 

    1 H
k

k k
obs T    d d dI Φ Ψ Ψ ,    k = 1, 2, …, L , (7) 

where  0, 1   is the weighting factor. The difference between Eq. (6) and Eq. (7) is 
that the latter contains a weighting factor which should be chosen based on the energy of 
the noise. The WPOCS method is identical to the POCS method when  = 1. 

The iterative format of the IPOCS method (Cao and Wang, 2015) can be expressed as 
follows: 

   1 H
k

k k
obsT

     d d dΨ Ψ I Φ ,   k = 1, 2, …, L , (8) 

where the thresholding operation is implemented after the projection operation in each 
iteration. Actually, this method is not a projection method since the projection is just 
an intermediate step in each iteration. 

In order to improve performances of simultaneous interpolation and denoising, we 
proposed a modified thresholding method with the iterative frame as follows: 

   1 H
k

k k
obs obsT       

d d d dΨ Ψ Φ ,   k = 1, 2, …, L . (9) 

Here the initial solution 1 0d , the initial threshold value is 1 max obs  dΨ , the 

minimum threshold value min L   should be given according to the energy of noise, and

      1 1exp ln 1 1k L k L         is reduced exponentially;  is a parameter 

between 0 and 1. Different from Eq. (8), the parameter  is introduced to improve 
performances of simultaneous interpolation and denoising. In this equation, only one 
threshold value is needed to achieve simultaneous interpolation and denoising. Ψ  is the 
curvelet transform (Candes et al., 2006), which has been used in seismic signal processing 
extensively. The curvelet transform is a local and directional decomposition of the data. 
The functions known as curvelets are used to decompose the original data in local 
components of various scales and dips. The discrete curvelet transform is an efficient 
implementation of the continuous curvelet transform. The directional properties of the 
curvelets are of great importance for seismic data sparse expression. The discrete curvelet 
transform is a tight frame, and synthesis operator is obtained using the adjoint transform. 
For more details about the curvelet transform, please refer to Herrmann and Hennenfent 
(2008) and Cao et al. (2012). Based on the curvelet transform, the thresholding operator 
applies thresholding in all scales and directions with an unified parameter at each 
iteration. 

To analyse the error of the interpolation quantitatively, the signal-to-noise ratio (SNR) 
is defined as 
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2
10 2
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10log
orig

orig int

SNR 


d

d d
, 

where origd  is the complete data and intd  is the interpolated data. 

3. NUMERICAL EXAMPLES 

In this section, the POCS, WPOCS, and IPOCS methods are used as benchmarks and 
all of these methods chosen the curvelet transform to represent seismic data sparsely 
(Candes et al., 2006). Figure 1a shows a simulated data containing 120 traces and 1000 
time samples with sampling interval 4 ms. Simulated data from Fig. 1a with added noise 
are shown in Fig. 1b (SNR = 4.6278 dB). Figure 2a includes 50% of the traces shown in 
Fig. 1b based on the piece-wise sampling method (Cao et al., 2012). Figure 2b presents 
the interpolation result using the POCS method with an SNR of 7.2612 dB. Figure 3a 
presents the results of the WPOCS ( = 0.6) interpolation with an SNR of 11.7386 dB. 
Figure 3b presents the interpolation using the proposed thresholding method ( = 0.9) 
with an SNR of 15.8647 dB. The maximum number of iterations L for these methods is 
60. The exponential reduction method for the threshold value is used for these methods 
because it is suitable for curvelet transform-based interpolation methods. The minimum 
threshold value 1  is very important for thresholding-based noisy data interpolation; thus, 
 

 
Fig. 1. a) Simulated 2D data; b) simulated 2D data with added noise (signal-to-noise ratio of 
4.6278 dB). 
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Fig. 2. a) Randomly sampled data from Fig. 1b with half of the traces missing; b) interpolation 
using the projection onto convex sets method with signal-to-noise ratio of 7.2612 dB. 

 
Fig. 3. a) Interpolation using the weighted projection onto convex sets (WPOCS) method 
(weighting factor  = 0.6) with signal-to-noise ratio (SNR) of 11.7386 dB; b) interpolation using the 
proposed method (weighting factor  = 0.9) with SNR = 15.6291 dB. 
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it should be chosen carefully. For this numerical test, the minimum threshold values of the 
POCS and WPOCS methods are both set as 0.031, and the minimum threshold value of 
the proposed method is 0.035. It should be emphasized that all the above parameters were 
chosen carefully. 

Figure 4 shows comparison of these methods for two traces, trace 23 which was 
missing in the randomly sampled data, and trace 24 which was present in the randomly 
sampled data. The shown traces are from the initial data (true value), the noisy data, the 
POCS interpolated data, the WPOCS interpolated data, and the proposed method, 
respectively. For the missing trace (the 23-rd trace) interpolation, all three methods can 
generate acceptable results. For the sampled trace (the 24-th trace) interpolation, the 
POCS method is invalid and interpolation using the WPOCS method still contain noise; 
therefore, the interpolation results of the proposed method are the best among them. 

Figure 5a shows a shot gather including 96 traces and 726 time samples. The time 
sampling rate is 4 ms. This data was obtained based on the Marmousi model (Yao et al., 
2016), which has been widely used to test the efficiency of interpolation methods (Yuan et 
al., 2019b). Figure 5a with noise added is shown in Fig. 5b (SNR = 4.9731 dB). A sub-
sampled version of Fig. 5b is shown in Fig. 6a with 58 randomly sampled traces. The 
POCS interpolation results are shown in Fig. 6b, with an SNR of 6.4250 dB. Figure 7a 
shows the WPOCS ( = 0.6 ) interpolation results, with an SNR of 10.8388 dB. Figure 7b 
shows the interpolation results of the proposed method ( = 0.8 ), with an SNR of 
12.0173 dB. The minimum threshold values for the POCS, WPOCS, and the proposed 
method are 100, 60, and 90, respectively. The maximum number of iterations for these 
methods is 60. 

Figure 8 shows comparison of these methods for two traces, trace 20 which was 
missing in the randomly sampled data, and trace 23 which was sampled in the randomly 
sampled data. The shown traces are from the initial data (true value), the noisy data, the 

 
Fig. 4. a) Trace 23 and b) trace 24 of the simulated data. POCS: projection onto convex sets 
method, WPOCS: weighted POCS method. 
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POCS interpolated data, the WPOCS interpolated data, and the proposed method, 
respectively. It can be seen that the POCS method can realized missing trace interpolation 
but failed for sampled trace interpolation. Similar to the above example, the WPOCS  
 
  

 
Fig. 5. a) The original Marmousi shot data; b) data with added noise with signal-to-noise ratio of 
4.9731 dB. 

 
Fig. 6. a) Randomly sampled data from Fig. 5b; b) interpolation using the projection onto convex 
sets method (signal-to-noise ratio of 6.4250 dB). 
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method is better than the POCS method on noisy trace interpolation. Finally, interpolation 
using the proposed thresholding method can get better results than the POCS method and 
similar results to the WPOCS method after 60 iterations. 

 
  

 
Fig. 7. a) Interpolation using weighted projection onto convex sets method (weighting factor 
 = 0.6) with signal-to-noise ratio (SNR) of 10.8388 dB; b) interpolation using the proposed method 
(weighting factor  = 0.9) with SNR = 12.0173 dB. 

 
Fig. 8. a) Trace 20 and b) trace 23 of the Mrmousi data. POCS: projection onto convex sets 
method, WPOCS: weighted POCS method. 
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Figure 9a shows a field data set containing 128 traces and 700 time samples, gathered 
at a sampling rate of 4 ms. Figure 9b is a sub-sampled result of Fig. 9a, with 64 traces 
excluded. Figure 10a shows interpolation results of the WPOCS method ( = 0.6) with 

 
Fig. 9. a) Noisy field data; b) randomly sampled data with 64 traces excluded. 

 
Fig. 10. a) Interpolation using weighted projection onto convex sets method (weighting factor 
 = 0.6) with the maximum iteration number L = 20; b) interpolation using the proposed method 
(weighting factor  = 0.8) with L = 20. 
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L = 20. Figure 10b is the interpolation results of the proposed method ( = 0.8) with 
L = 20. The interpolation results of the WPOCS method ( = 0.6) with L = 40 is shown in 
Fig. 11a. Figure 11b shows the interpolation results using the proposed method ( = 0.8) 
with L = 40. For all these methods, the minimum threshold value is 0.05. Figure 12 shows 
comparison of their frequency-wavenumber (f-k) spectrum. It can be conclude that the 
proposed method can get better result than the WPOCS method on SNR when using the 
same iteration number. The proposed method after 20 iteration and 40 iteration get similar 
results. 

4. CONCLUSIONS 

This study proposes a thresholding based method for noisy data interpolation and 
analysed why the POCS method cannot be used to solve the problem of noisy data 
interpolation. Numerical experiments proved that acceptable results can be obtained using 
the POCS method for missing trace interpolation, but not for sampled noisy traces. The 
WPOCS method can reduce the energy of noise in the sampled traces and realize missing 
trace interpolation. The proposed thresholding method is valid not only for missing trace 
interpolation but also for sampled noisy trace interpolation. The proposed method can get 
better results than the WPOCS method when using the same iteration if the iteration 
number L is not large enough. The best results using the proposed method can be obtained 
when  = 0.8 or 0.9. Finally, it should be noted that the quality of the results obtained 
using the WPOCS method and the proposed method depends on proper selection of the 
minimum threshold values L , big L  should be chosen when the energy of the additive 
noise is large, and small L  corresponding to slight noise. The proposed method can also 

 
Fig. 11. The same as in Fig. 10, but with the maximum iteration number L = 40. 
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solve 3D data interpolation and denoising when 3D transforms are chosen to express 
seismic data sparsely. The minimum threshold values for simultaneous interpolation and 
denoising are presently manually determined which may cost lots of time. Future work 
will include finding adaptive methods to determine proper minimum threshold values. 
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