Assessment of the accuracy
of local quasigeoid modelling using the GGI method:
case study for the area of Poland

MAREK TROJANOWICZ

Institute of Geodesy and Geoinformatics, Wroclaw University of Environmental and Life Sciences,
Grunwaldzka 53, 50-357 Wroctaw, Poland (marek.trojanowicz@igig.up.wroc.pl)

Received: May 9, 2014, Revised: September 30, 2014, Accepted: May 7, 2015

ABSTRACT

We present results of analyses of the evaluation of the method for local quasigeoid
modelling based on the geophysical inversion of gravity data (the GGI method). Relying
on precise (with an accuracy level of + 1 cm) GNSS/levelling height anomalies and
surface gravity data, we analysed the method accuracy by a) assessing the accuracy of the
model which is based on selected available global geopotential model; b) evaluating the
influence of the accuracy of the input data (GNSS/levelling and gravity) on the output
model accuracy; and c) analysing the influence of the global model resolution on the
quasigeoid model accuracy. Analyses were performed for the area of Poland. As the basic
accuracy parameter the standard deviation (oas ) of the differences between measured

(GNSS/levelling) height anomalies and those established from the model were selected.
The results indicate that the accuracy of the quasigeoid output model (in terms of o)

was evaluated at cca + 1.2 cm irrespective of the global geopotential model used. Such
accuracy was also achieved using the global model coefficients only up to the degree
Nyax = 90. To achieve the above-mentioned accuracy of the output model, the accuracy of
input data should not be lower than cca = 2.0 cm for GNSS/levelling height anomalies and
+ 1.3 mGal for gravity data.

Keywords: local quasigeoid modelling; gravity inversion; geodetic application of
geophysical techniques; disturbing potential model

1. INTRODUCTION

The local quasigeoid modelling method based on the geophysical inversion of gravity
data (the GGI method) was proposed in Trojanowicz (2007). In the subsequent publication
on this method, certain aspects of the proposed solution were clarified and the possibilities
of using this approach for areas of different sizes were presented (Trojanowicz, 2012a).
The optimal values of quantitative parameters of basic input data, like extents of a digital
elevation model and the Moho depth model, the extent of the area covered with gravity
data and density of gravity data were also estimated (Trojanowicz, 2015). The next step in
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studying the properties of the discussed approach was to try to evaluate its accuracy, using
precise GNSS/levelling data. Due to the availability of relevant data, the area of Poland
was selected as the research area. A very large database of gravity data was compiled for
this area. In recent years, as part of work related to the integration of the ASG-EUPOS
network with the Polish basic horizontal and vertical networks, a network of points with
precisely measured GNSS/levelling height anomalies covering the entire country has been
determined. The differences calculated at these points, between height anomalies
measured and those established from the model, became the basis for assessing the model
accuracy. As the basic accuracy parameter, the standard deviation of the differences was
selected.

It is worth recalling that for the area of Poland, geoid and quasigeoid models have
been regularly developed since the 1960s. Models with an accuracy of a few centimetres
have been developed since the 1990s. The first model with such an accuracy was the
gravimetric quasigeoid model “quasi95”, based on the global geopotential model (GGM)
OSU91A (360, 360) and gravity anomalies in a 1’ x 1" grid (Lyszkowicz and Forsberg,
1995). The model, whose accuracy is estimated at + 8.7 cm (£yszkowicz, 2012), was fitted
to the vertical reference system Kronsztadt 86. In 1996 the Head Office of Geodesy and
Cartography made the model available for practical use (£yszkowicz, 2012). The next
gravimetric quasigeoid model “quasi97b” (Lyszkowicz, 2012) was developed using the
FFT technique, based on free-air gravity anomalies in a 1’ x 1’ grid and the global
geopotential model EGM96. The accuracy of the model is estimated at +3.6cm
(Lyszkowicz, 2000). The “quasi97b” model was used to develop later quasigeoid models -
(unpublished) “GEOIDPOL 2001 and (published) “GUGIK 2001” (Pazus et al., 2002),
with an accuracy estimated at + 1.8 cm (Krynski, 2007). Both models were designed by
fitting the “quasi97b” model to the points with measured GNSS/levelling height
anomalies. The beginning of the twenty-first century was also a period of intensive
research to develop a quasigeoid model with an accuracy of £ 1 cm. This research
involved qualitative and quantitative analyses of the data needed to estimate a precise
quasigeoid model as well as the quasigeoid modelling methods (Krynski, 2007). The result
of this work was the development of a series of models described in Kryrnski (2007). In the
following years, new models based on global geopotential model EGMOS (Pavlis et al.,
2012) were also developed. The most accurate models were the quasigeoid model
“GDQO08”, developed using gravity data and deflections of the vertical by the least-
squares collocation (LSC) method, which was estimated to have an accuracy of £ 1.7 cm
(Krynski and Kloch-Glowka, 2009), and the “quasi09¢” model computed from gravity
data by the LSC method (Zyszkowicz, 2010). The accuracy of the latter model was
estimated at £ 1.8 cm (£yszkowicz, 2010) and after fitting the model to the vertical
reference system Kronsztadt 86 using LSC, its accuracy increased to +1.4cm
(Lyszkowicz, 2012). In the study by Godah et al. (2014), a gravimetric quasigeoid model
developed by LSC using the GOCE-based GGM TIM-R4 truncated to degree and order
200 was presented. The assessed accuracy of the model ranged from +201 cm to
+ 3.3 cm, depending on the set of GNSS/levelling test points. On the basis of the same
data and using the same method, another quasigeoid model was developed using the
EGMOS, up to degree 2190. The achieved accuracy ranged from = 1.9 cm to £ 3.1 cm
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(Godah et al., 2014) and was comparable to the accuracies of the model using TIM-R4
GGM.

The above-mentioned diversity of geoid and quasigeoid models developed for the area
of Poland provides a good background for the analysis contained in this paper.

In this paper the following aspects will be presented: 1) a brief description of the GGI
method; 2) the research area and test data; and 3) the results of the calculations.

2. GENERAL DESCRIPTION OF THE GGI METHOD

This paragraph discusses the essence of the GGI method and presents the quantitative
requirements for the input data, which need to be satisfied in order to interpret the results
of the conducted research correctly. A detailed description of the method may be found in
publications by Trojanowicz (2007, 2012a,b).

The GGI method relies on building a local model of disturbing potential which
consists of three components (Fig. 1). The first one, denoted as T, is generated by

topographic masses included in volume Q.

The second component (7,.) is generated by disturbing masses included in volume x
between the geoid and the compensation surface. Both of the mentioned volumes are
limited and go slightly beyond the area covered by the used data. Because the measured
input data are also influenced by masses lying outside the volumes Q and x; the potential
T, is introduced. This component represents the influence of topographic masses and
disturbing masses located outside the volumes Q and «. Its role is also to cover systematic
and long wavelength errors of the input data. So, for the point P located on the terrain
surface, the disturbing potential can be recorded as:

Tp =T, +Tq +T,. . (1

Fig.1. Components 7q , T and 7, of the disturbing potential model.
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Components T, and T, are calculated using Newton’s integrals:

To =GJ[f ?dVQ : 2)
Q
s
. =G|[[ 7dVK , A3)

where G is Newton’s gravitational constant, p and 6 are density distribution functions for
volumes Q and x, respectively, dVn and dV,. are elements of volume and / is the

distance between the attracting masses and the attracted point P.
Component 7, describes changes that are of the trend type. It has been represented in

all calculations done so far by the following harmonic polynomial:
T, =F(Xp,Yp,Hp)=ay+ayXp+a3Yp +ay XpYp +asHp , 4)

where Xp, Yp are local coordinates of point P and Hp is the normal height of the point.
The model of the disturbing potential defined in Eq. (1) enables us to formulate the

following inversion task: to determine such functions of density distribution o and & and
polynomial coefficients ay, ay, as, as, as that will satisfy Eq. (1) for the survey data.

The task defined in this way is solved by the discretisation of 3D functions p and &
(Blakely, 1995). Volumes Q) and x are thus divided into blocks to which constant density
is assigned. The volume Q is always defined as a regular DEM grid, so it is normal to use
such a division to calculate density distribution. Because the determination of density for
each DEM block would require finding a large number of unknowns, DEM blocks are
connected into zones of constant, searched densities. Volume « is defined as a plate whose
thickness is approximately the same as the depth of the compensation level and consists of
one or a few block layers of constant density. In calculations that have been done so far,
volumes Q and « had the same reach in the horizon plane and the volume x was
presupposed to be a single layer.

Because the solutions of Newton’s integrals given by Eqs (2) and (3) are used in
calculations, a local Cartesian coordinate system was introduced. The Z axis of the
coordinate system is directed towards the geodetic Zenith at the origin point and the X and
Y axes lie on the horizon plane and are directed to the north and east, respectively. The
origin point of the coordinate system can be set in the middle of the elaboration area.

Given the above, Eqgs (2) and (3) can be written as follows:

n mk Zi2 Ji2 X2

NGy [T ] sy | )
k=1 =z oy oxy d;
s Zj2 Yj2 Xj2

=>166[ | j —dx; dy; dz; |, (6)
J=1 Zj1 Y1 X5 j
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where

d; :\/(xi ~Xp) (3 -Yp) (2 - Zp )

d; :\/(xj ‘XP)2+(yj _YP)2+(ZJ' _ZP)Z '

Py 1s the searched constant density of zone k, n is the number of DTM zones, my is the

number of rectangular prisms of DTM in zone &, x;1, X5, V1> Vi2» Zi1» Zip are the
coordinates defining the rectangular prism i of DTM, s is the number of rectangular
prisms of the volume x, & i is the searched density of rectangular prism j, x J1s Xj2s Vjls

Yj2. Zj1, Zjo are the coordinates defining rectangular prism ;.

The solutions of the integrals occurring in Eqgs (5) and (6) as well as the solutions of its
derivatives are presented by Nagy (1966) and Nagy et al. (2001).
Unknown model parameters (polynomial coefficients ay, ay, a3, a4, as and densities

py and &) are determined by the least squares method on the basis of the input data,

usually in the form of GNSS/levelling height anomalies (converted to the values of
disturbing potential in survey points) and gravity data (gravity disturbances or gravity
anomalies in survey points). For each measured value, the observation equation is built
using Eqgs (4)—(6). In matrix notation the system of observation equations becomes:

v=Ax—-L, @)
where:  x' =[a;,ay,a3,a4, a5, py...py, 8 ...8;] is the vector of unknowns,
vl = |:VTP, cees VSgP s ++es VAP > ] is the vector of adjustment errors,

L' = [TP s OGP, ..., AgP, ] is a known observation vector and A is the design matrix

of known coefficients.
Solution of Eq.(7), using the least square objective function in the form

min (vTPv +xT Wxx) , is given by the equation:

x:(ATPA+Wx)71 ATPL , (8)

W, 0
W, = :
0 W,

where P is the given weight matrix of observations and, W, is the zero model weighting

with

matrix assigned to the vector of polynomial coefficients in Eq. (4), W, is the weighting

matrix of unknown densities whose structure is presented in detail in Trojanowicz
(2012a,b). The matrix is formed based on the deep weighting function proposed by Li and

Stud. Geophys. Geod., 59 (2015) 509



M. Trojanowicz

Oldenburg (1998). The additional condition min(xTWxx) was introduced to the

calculations to overcome the non-uniqueness of the gravity inversion (Li and Oldenburg,
1998), and it allows control the inversion process to some extent. Global geopotential
models and preliminary information on the density distribution in volumes QQ and x can
also be used in calculations. These data are used through the remove-compute-restore
(RCR) technique.

Once the model parameters are determined, disturbing potential is calculated using
Eqgs (4)—(6) in the new points, which in turn is converted to a height anomaly. A more
detailed description of the solution is presented in papers by Trojanowicz (2007, 2012a,b).

As was mentioned earlier, there are two kinds of data usually used in the calculations:
GNSS/levelling height anomalies and gravity disturbances or gravity anomalies in survey
points. The data should cover the entire study area. Our experience suggests that the area
covered with gravity data should be larger than the area covered with GNSS/levelling data
and volumes Q and x should be greater than the area covered with gravity data. Fig. 2
shows the relative location of individual data collection areas. This figure also presents
minimal distances between borders of individual groups of data, estimated on the basis of
a different research project (Trojanowicz, 2015).

The whole area covered with different data may be divided into two parts. The first
part constitutes the inner zone whose border is simultaneously the border of the area
covered with GNSS/levelling data (shaded area in Fig. 2). This zone defines the area in
which we obtain correct modelling results, i.e. where the quasigeoid model is of the
highest accuracy. The second part constitutes the outer zone for which the modelling
outcomes are considered incorrect.

Points with known GNSS/levelling height anomalies should cover the whole inner
zone evenly and the distance between them influences the modelling accuracy - the denser
the network, the better the results of the modelling. In research projects conducted so far,

i gravity points

GNSS/levelling

A jata point

horizontal border
of Q and k volumes

Fig.2. Relative locations of individual groups of data in a horizontal plane.
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high accuracies were achieved when the average distance between points was at a level of
50-70 km. The mean, required density of gravity points was estimated at ca. 1 point per
18 km? (Trojanowicz, 2015). Since GNSS/levelling height anomalies are used in the
calculations, the determined quasigeoid model will always be fitted to the GNSS/levelling
data.

3. RESEARCH AREA AND DATA USED IN THE PROJECT

Evaluation of accuracy of the GGI method was based on GNSS/levelling points, the
coordinates of which were determined in successive stages of realisation of ITRS and
ETRSS89 in the area of Poland. Polish part of the EUREF network (EUREF-POL) was
formed in 1992. Coordinates of EUREF-POL points were determined in ITRF91 for the
epoch of 1992.5 and transformed to EUREF-89 which is an extension of the European
reference frame ETRF89 on Polish territory (Bosy, 2014; Zielinski et al., 1993). This
consisted of 11 points network, was densified by POLREF (POLish REference Frame)
network (eventually consisting of 348 points). The POLREF network was divided into
three sub-networks, which were observed in three campaigns in 1994-1995. Each sub-
network was adjusted separately (Zielinski et al., 1998). Two of them were solved in
ITRF92, each for different epochs: 1994.5 and 1994.8. The third sub-network was solved
in ITRF93 for the epoch 1995.5. The results of these calculations were then transformed
to EUREF-89. Due to the transformation method of both mentioned networks, which
considers only the horizontal rigid plate motion, it should be reasoned that the vertical
component of EUREF-POL network and each sub-network of POLREF network are still
for different epochs (1992-1995). The EUREF-POL and POLREF networks points have
also determined normal heights in Kronstadt86 system by connecting these networks to
the Polish precise levelling network. The normal heights of the Polish levelling network
points used in this works, were determined in the third levelling campaign (1974—-1982),
which was the basis for defining the Kronstadt86 system (Wyrzykowski, 1988). This works
allowed for determining height anomalies at these points with accuracy initially estimated
at cca £ 1.5 cm. However, later analyses indicated a much lower accuracy at the level of
+ (3—4) cm (Krynski, 2007).

From the early 1990s Polish GPS permanent stations have been included in the EPN
network. The number of these stations gradually increased up to the 17 stations that
currently operate in the EPN network since 2008 (Bosy, 2014). Densification of this
network led to the new national permanent GNSS network ASG-EUPOS launched in
2008. Including foreign stations, the ASG-EUPOS network consists of about 120 (about
100 in Poland) GNSS reference stations (Bosy, 2014).

In May 1997 the EUVN97 campaign was conducted to integrate the EUREF network
with the regional European Mareographic Stations and levelling networks. From these
observations 11 points of EUVN network were established at the area of Poland. In 1999
the Polish part of EUVN network was densified by 52 points located at benchmarks of the
precise levelling network (£yszkowicz et al., 2014). This network has been developed in
ITRF96 for the epoch 1997.4 and transformed to EUREF-89. Since points of the network
were also benchmarks of the precise levelling network, their normal heights in the
Kronstadt86 system were known.
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In the years 20102011 a project titled “Integration of the basic geodetic network in
the area of Poland with reference stations of the ASG-EUPOS system” was conducted by
the Head Office of Geodesy and Cartography in Poland. In this project, eccentric points of
ASG-EUPOS points were established and connected to the Polish precise levelling
network. A new GNSS observation campaign was also carried out wherein selected points
of EUREF-POL, POLREF, EUVN, ASG-EUPOS and its eccentric points were regarded
as one network. This allowed for determination of a set of points with precisely
designated coordinates in one reference system and epoch covering the entire country. By
connecting the eccentric points of ASG-EUPOS network points to the Polish precise
levelling network, the normal heights of these points in the Kronstadt86 system were also
determined. Thus a large group of points with measured precise GNSS/levelling height
anomalies was formed. Selected points from this group (241 points in total) are the basic
set of GNSS/levelling test data used in the analyses. Height anomalies determined in these
points have an accuracy estimated at ca. £ 1 cm (the author’s estimate was made based on
the technical report of the project). The coordinates of these points were determined in
ITRF2005 for the epoch of 2011.0. The location of these points is presented in Fig. 3a.
This set will be later labelled as “ASG2011”. Selected points of EUREF-POL and
POLREF networks measured in the years 1992-1995 (in total 256 points) form an
auxiliary GNSS/levelling set of points that were taken for analyses. These points are
shown in Fig. 3b and will be later labelled in short as “POLREF1995”. These are the
points showing lower (indicated above) accuracy.

33330 gravity points made available by PGI-NRI (The Polish Geological Institute -
National Research Institute) were also used in the calculations. These points have gravity
accelerations determined in the IGSN71 system and come from a gravity database of more
than 800000 points (Krolikowski, 2006). Gravity measurements were carried out in
1957-1989. Heights of gravity points were determined by spirit levelling with accuracy
estimated at cca + 4 cm. Horizontal coordinates were taken from topographical maps with
accuracy at cca = 50 m (Krolikowski, 2006). The accuracy of this gravity data is estimated
at the level of +£0.075 mGal (Krynski, 2007). These data served to determine gravity
disturbances utilised in calculations that refer to the terrain surface. These points cover the
whole area of Poland and their mean density is ca. 1 point per 9.3 km? (Fig. 3a,b).

To define the volume QO we used DEM with a resolution of 1000 x 1000 m built on the
basis of the GTOPO30 model available on the EROS Center website (basic statistics of

DEM: max(H)=2318m, min(H)=-0.3m, stdev.(H)=193m). The volume x was

defined on the basis of the Moho depth model for the European plate (Grad et al., 2009).
The volume Q2 was divided into 5250 zones of constant density. A particular zone was
a rectangle of the size of 10 x 10 km. Horizontal size and position of single cell of the x
volume corresponded to the appropriate zone of the Q volume so, in total 10500 constant
densities were determined. The horizontal borders of the volumes (2 and « are the borders
of Fig. 3a,b.

In the conducted analyses the results of which are presented later in this work, we
adopted either ASG2011 network points or POLREF1995 network points as the known
GNSS/levelling data points in various options. We used only ASG2011 points as the test
points, which were the basis used to determine accuracy parameters. The accuracy
parameters were determined based on the points situated inside “the inner zone”.
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Fig. 3. Location of a) ASG2011 and b) POLREF1995 points. The border of the area covered with

gravity data is the same as the border of Poland.

Considering the two criteria indicated above (location inside the area defined by known
GNSS/levelling points and minimum distance from the border of the area covered with
gravity data), the border of the inner zone was roughly defined (Fig.4). This zone
includes 199 points of the ASG2011 set. The remaining 42 points lie in the outer zone.

All calculations were done in the local Cartesian coordinate system X, Y, Z, whose

origin is in the point ¢ =52°, 1 =19°.

4. RESULTS OF CALCULATIONS

Calculations were carried out for three research tasks that referred to the estimation of
the accuracy of the GGI method. The first task was to estimate the method accuracy
parameters using various sets of GNSS/levelling points and various global geopotential
models. The second task was to analyse the influence of GNSS/levelling data and gravity
data accuracy on the accuracy of the output quasigeoid model. The third task was to assess
the influence of the resolution of the global geopotential model on the modelling

accuracy.

Accuracy characteristics in all of the calculations were determined in three stages:

1. Building a local quasigeoid model using the GGI method based on gravity data,
a set of GNSS/levelling points treated as known points and a selected, global

geopotential model.

2. Determination in the test points the differences AJ = {Gnss/lev. —$MoOD between

height anomalies that were measured (¢ Gnss/lev.) and established from the model

(&mop )-
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Fig. 4. Inner zone - shaded area. Accuracy parameters were determined based on ASG2011
points located in this zone.

3. Calculation of the basic accuracy characteristics of the model on the basis of
differences A¢ . The extreme values of differences A (minimum and maximum)

and a standard deviation of these differences were selected as the accuracy
characteristics.

4.1. Estimation of the accuracy parameters
of the GGI method

In calculations we used four global geopotential models: EGM96 (Lemoine et al.,
1998), EGMO08, EIGEN-6C2 (Forste et al., 2012) and TUMGOCEOQ2S (Yi, 2012; Yi et al.,
2012). Calculation results are presented in Table 1.

The results presented in Table 1 were divided into two parts due to the use of different
sets of known GNSS/levelling points. The first part (first four rows in Table 1) constitutes
scenarios where both known and test points come from the same ASG2011 set, which
features the high accuracy of the measured height anomalies. In order to determine the
accuracy parameters, the LOO (Leave One Out) technique, which is a type of cross
validation technique, was used. A series of 199 calculations were carried out for each
calculation scenario that used a different global geopotential model. In each series, one
point from the ASG2011 set, located in the inner zone, was treated as the test point while
the remaining 240 points comprised the set of known points (42 points located in the outer
zone were always treated as known points). In this way, differences A for all 199 points

located in the inner zone were obtained. They were later used to calculate the statistics
presented in Table 1.
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Table 1. Basic accuracy parameters of the GGI method determined on the basis of differences
AL = CGNsS/lev. —$mop  of the height anomalies measured ({GNss/jev. ) and determined from

the model ({\jop ) in test points. AL Y= Ag —t are differences after removing the linear trend in

the form t(X Y ) =ay +a; X +ayY . o: standard deviation. GGM: global geopotential model.

GNSS/levelling Points GGM AL A;*
Max. min | max o min | max o
Data Test Name Degree/
oder | feml | [em] | [em] | [em] | [em] | [om]
360
ASG2011 [ASG2011 EGM96 360 -2.9 4.0 1.2 - -—- -—-
2190
ASG2011 [ASG2011 EGMO08 2159 -3.4 3.4 1.2 - -—- -
ASG2011 |[ASG2011] EIGEN-6¢2 }gig -2.9 3.5 1.2 - -—- -—-
ASG2011 [ASG2011| TUMGOCEO02S ;gg -2.8 4.0 1.2 - -—- -—-
POLREF1995 |ASG2011 EGMO08 ;}Zg 1.6 | 13.0 2.1 | 44 34 1.2

In the second part (Row 5 in Table 1), an additional calculation was done, where
POLREF1995 points were used as known points. These are the points that feature a lower
accuracy of measured height anomalies. 199 ASG2011 points located in the inner zone

were adopted as test points. Because the geodetic coordinates (¢, A, /) of both sets used
in the calculations refer to different systems and epochs, the values AJ also include
differences of height anomalies caused by different systems and epochs. Therefore, in

Table 1 we may also find accuracy parameters determined on the basis of AZ™. These
values were established assuming that the influence of various systems and epochs of
known and test GNSS/levelling points, on the determined height anomalies can be
expressed as a linear trend: ¢(X,Y)=ag+a X +ayY. Trend parameters were

determined using the least squares method and the values AC™ in test points were

calculated from the equation A¢ Y= AG—t.

Based on the outcomes of the calculations presented above, a very high accuracy of
the derived quasigeoid models needs to be emphasised. Irrespective of the global
geopotential model used in the calculations, this accuracy was estimated to be at a level of
+ 1.2 cm (i.e. the standard deviation of differences A ) and is close to the declared
accuracy of the measured GNSS/levelling height anomalies in the test points. It is
important to note that the global geopotential models that were used have various
accuracies and resolutions and the TUMGOCEO02S model was developed only on the
basis of satellite data.
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The use of lower accuracy points (POLREF1995) as the known GNSS/levelling points
did not significantly decrease the accuracy of the model being determined. However, it
should be noted that accuracy at a level of £ 1.2 cm was achieved after removing the
linear trend.

4.2. Analysis of the influence of GNSS/levelling
and gravity data accuracy on the accuracy
of the GGI method

Test calculations were conducted using ASG2011 points. The set of these points was
divided into two groups (Fig. 5). The first group consisted of 131 points located in the
inner zone. These points were considered as the test points. The remaining points
constituted the set of known points (110 points in total). In calculations we used volumes
Q and x defined in the same way as before and the same set of gravity data.

In order to analyse the influence of GNSS/levelling and gravity data accuracy on the
quasigeoid model accuracy, the measured height anomalies of the known points and
gravity disturbances used in the calculations were disturbed with normal distribution
noise, with an expected value approaching zero and the projected standard deviation o4

for height anomalies and o., for gravity disturbances. Based on standard deviations
Ogq and os4, and the initial errors of GNSS/levelling data (mgNss/ley, ) and gravity
data (myg ), the errors of height anomalies m, and gravity disturbances mgs, adopted for

analyses may be estimated. According to the covariance propagation law we can write:
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Fig.5. Location of known and test GNSS/levelling points used in the analyses. Grey area
represents the area covered with gravity points.
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Table 2. Standard deviation of disturbing noise of height anomalies and gravity disturbances (ng

and o054y, respectively) and the corresponding estimated errors mg and mgg used in

calculations.
ogq [em] 0.0 0.5 1.0 1.5 2.0 2.5 3.0
my [em] 1.0 1.1 1.4 1.8 2.2 2.7 3.2
O5gq [MGal] 0.0 0.5 1.0 1.5 2.0 2.5 3.0
msg [mGal] 0.1 0.5 1.0 1.5 2.0 2.5 3.0

2 . 2 2 2
My =\|07q *MGNssflev.  and - Mse =43[O50q + g

The errors my and mgs, estimated this way and the standard deviations o,y and 54
adopted for analyses are presented in Table 2. In order to calculate the errors mg and
msq , we assumed that the initial error of GNSS/levelling data was mgngs/ey =+ 1cm
and the initial error of gravity was m, =+ 0.075 mGal (Kryriski, 2007).

By disturbing the input data, seven sets of known GNSS/levelling points and seven
sets of gravity data were derived. For each set of the known GNSS/levelling points,
a series of seven test calculations were done, using a different set of gravity data each
time. In each calculation series, a standard deviation o, of differences

A = GNss/lev. —6oMop Was determined based on the set of 131 test points. These
standard deviations were used to draw a map of isolines of standard deviations oy, ,

which is presented in Fig. 6. In calculations we used the EGMOS global geopotential
model using the RCR technique.

The lightest area in Fig. 6 is the area that corresponds to the quasigeoid model of the
highest accuracy at the level of maximum accuracies achieved in previous analyses
(approx. £ 1.2 cm). Taking the border of this area into account, one may indicate
maximum errors of height anomalies m, and gravity disturbances mgs, , which do not

significantly decrease the accuracy of the quasigeoid model. These maximum quantities
may be given in two pairs: mgy <*f2cm while keeping Mmse <* 1.3 mGal and

my <% 1.2 cm while keeping Mg <+2.0mGal. It is important to note that the
indicated limits of the errors are approximate.

4.3. Analysis of relations
between the resolution of the global geopotential model
used in calculations and the accuracy of the GGI method

Analysis of relations between the resolution of the global geopotential model and the
accuracy of the GGI method were performed using the same sets of GNSS/levelling and
gravity data as those used in Section4.2., as well as the EGMO08. Calculations were
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Fig. 6. Values of the standard deviation opp. of differences A¢ ={GNss/lev. ~$MOD 38

functions of errors of height anomalies my and of gravity disturbances mgs, .

carried out using the expansion of the global model for 16 different values of the degree
N .. » Which changes in the range from 10 to 2190. Hence, calculations were done for 16
scenarios using a different number of EGMO8 coefficients. In each scenario, the
differences Ad ={gnssiev. —Smop  Were determined for GNSS/levelling test points.
These differences were used to estimate the model accuracy in the same way as was done
before. Fig. 6 presents the relationship between values N,,,. and the standard deviations
of differences AS .

While analysing Fig. 7 we must note a very high accuracy of the quasigeoid model,
which was determined using very low N, . Only for N, =90 did the standard

deviation o, come to + 1.25 cm, and it did not exceed + 1.4 cm for the lower values

N0 - Similar modelling results were obtained in Section 4.1., where the TUMGOCEO02S

model was used in the calculations. This suggests that in order to achieve very high
accuracies of the quasigeoid model with the GGI method, calculations can be done using
low-resolution global geopotential models, built only from satellite observations.

The part of the graph in Fig. 7 for 1600 <N, <2190 has an unexpected and

surprising course. One can notice a distinct increase of the value o, (decrease of the

model accuracy), which reaches its maximum at N,,,, = 2000, and a rapid decrease of
these values to the level of ca. £ 1.2 cm for N,,,, = 2190. To explain the appearance of the
graph, the accuracy of the EGMO08 model was evaluated for the values N,,,, , which had

been used before. Based on 131 GNSS/levelling test points and 33330 gravity points, the
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Fig.7.  Values of the standard deviation oo of differences AL =({GNss/lev. ~¢MOD 38

function of the degree N,,,, of coefficients of the EGMO08 used in calculations.

differences of height anomalies Ay ={GNss/ev. ~¢w,, and gravity disturbances
Adgy =0g-0og N, s well as the standard deviation of these differences (o Ey and
OpSgy » respectively) were determined. In the above equations the value dg stands for

the gravity disturbance in the survey point (value determined on the basis of
measurements), while £ N and og N, are height anomalies and gravity disturbances

determined from the EGMOS truncated to the degree N,,,, -
The graphs of standard deviations o, and o5, as functions of the N, degree

are presented in Fig. 8.
In addition, for a small part of central Poland (51.5° < ¢ < 52.5°, 18° < 1 <20°), dense
grid  (Ap=0.01°, AA1=0.02°) of the Iy and 5gNmax values

max

(N pax €{1000,1600, 2000, 2100, 2190} ) were determined. Because the changes in

height anomalies (¢ me) were very small in relation to their values, a linear trend:

4.0t 8.0t
3.8t 7.5t
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_ 3.4: %‘ 6.5t
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S, 1 S 1
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Fig. 8. Values of the standard deviations o5z, and opsg, as functions of the degree N,y

of coefficients of the EGMOS used in calculations.
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tn, (@, A)=ag+ayp+ayA for each set of ¢y  was estimated by least square

method. Subsequently residual height anomalies o N =¢ny  —Iy were

max max

determined. Contour maps of the values dg Ny and of N,, are presented in Fig. 9.

Let us trace the course of contour lines on the maps presented in Fig. 9. Of course, we
do not know the proper course of the lines. Note, however, that the higher resolution of
the global model (bigger N,,,,) means a more detailed representation of the actual gravity

field. Therefore, we can expect that the least complicated course of contour lines will be
visible on the maps for N,,,, = 1000 and the most complicated for N, = 2190. In Fig. 9

this desired effect is not seen. Relying only on visual assessment, it can be seen that the
complexity of the course of contour lines significantly increases from N,,,, = 1600 to
Nyax = 2100 and clearly decreases for N, =2190. This is particularly noticeable for
gravity disturbances. This unexpected course of contour lines corresponds to the graphs of
standard deviations o, ~and o,s,  presented in Fig. 8. There is no expected decrease

in the values of o5, and 0,5, ~ starting from N, = 1600. It can also be distinctly

seen an increase in its values near N, =2100. The highest determined value
OAso. = 5.8 mGal in this area corresponds to the value N,,,, =2000, and the highest
Adgy max

value o, = 2.9 cm corresponds to the value N, = 2100. In both cases the values of

these statistics decrease rapidly and reach the minimum for N, =2190. Presented,
unexpected behaviour of the EGMOS also explains the course of the graph presented in
Fig. 7.

The above analyses indicate that this global geopotential model, the best so far, should
be used with all coefficients up to the degree N, =2190 (certainly in the area of
Poland), which obviously is a common practice.

5. CONCLUSIONS

Summarising the analyses presented above, we must indicate in particular a very high
accuracy of the obtained quasigeoid models. For the global geopotential models used in
the calculations, the standard deviation of differences A{ = {gnss/iev. —SMop 18 at the

level of £1.2cm. It must be emphasised that one of the utilised GMs was the
TUMGOCEO02S model developed on the basis of satellite data only. Such high accuracies
were also achieved using the coefficients of the EGMOS to the degree N,,,, =90 only.
This suggests that this modelling method may be effectively used in the areas where the
surface gravity data were not used to build global geopotential models. Although the
achieved accuracy of the models developed using the GGI method are higher than the
accuracy of the previous geoid and quasigeoid models developed for the area of Poland,
this does not explicitly prove the higher accuracy of this method. This is due to the use of
more accurate, previously unavailable GNSS/levelling data.
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As a result of the analyses we also established accuracy requirements with respect to
GNSS/levelling and gravity data. The determined errors of these data should not exceed
+ 2 cm for GNSS/levelling height anomalies and £ 1.3 mGal for gravity data. Gravity data
accuracies should be even slightly lower (mlgg <+ 2.0 mGal). However, this requires

slightly more accurate GNSS/levelling height anomalies (m, <+ 1.2 cm).

Analyses referring to the EGMO08 demonstrated that for geoid/quasigeoid modelling
that is based on this model, all of its coefficients up to the degree N, = 2190 should be

used.
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