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STABLE INTERACTIONS BETWEEN THE EXTENDED CHERN-
SIMONS THEORY AND A CHARGED SCALAR FIELD WITH
HIGHER DERIVATIVES: HAMILTONIAN FORMALISM

V. A. Abakumova, D. S. Kaparulin, and S. L. Lyakhovich UDC 530.145

The constrained Hamiltonian formalism for the extended higher derivative Chern—Simons theory of an
arbitrary finite order is considered. It is shown that the n-th order theory admits an (n—1)-parametric series of
conserved tensors. It is clarified that this theory admits a series of canonically non-equivalent Hamiltonian
formulations, where a zero-zero component of any conserved tensor can be chosen as a Hamiltonian. The
canonical Ostrogradski Hamiltonian is included into this series. An example of interactions with a charged
scalar field is also given, which preserve the selected representative of the series of Hamiltonian formulations.
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INTRODUCTION

The issue of constructing a Hamiltonian formalism in higher-derivative theories has been in the focus of
investigations over a number of years, starting from the study by Ostrogradski [1]. For the first time a procedure for
constructing the Hamiltonian formalism with interactions for degenerate higher-derivative theories was proposed in [2].
Based on this procedure and its numerous modifications, a number of different gauge theories, gravity models among
them, have been investigated [3, 4]. The major feature of the Hamiltonian theory, constructed via the Ostrogradski
method and its generalizations, is the unboundedness of the Hamiltonian, which gives rise to well-known troubles
associated with the dynamics stability and a subsequent construction of the quantum theory [5-7].

The alternative procedures of a transition into the Hamiltonian formalism, not relying on the Ostrogradski
construction, were first introduced in the Pais-Uhlenbeck oscillator theory [8, 9]. In a more recent work [10], it has been
shown that every free higher-derivative theory admits a series of canonically non-equivalent Hamiltonians and Poisson
brackets, which includes a canonical representative. An explicit construction of a series of non-canonical Hamiltonian
formulations in the gauge field theory was for the first time performed in [11, 12], where we dealt with the extended
3-rd and 4-th order Chern—Simons theory (CS-theory) [13].

In the present paper a Hamiltonian formulation is considered for an arbitrary-order extended CS theory. It is
shown that a free extended CS-theory admits an (n—1)-parametric series of Hamiltonian formulations such that a zero-
zero component of an arbitrary representative of the series of conserved tensors [14] could be taken as a Hamiltonian. It
is also demonstrated that the earlier constructed [15] non-Lagrangian interaction vertices of the extended CS-theory
with the charged scalar field retain the selected representative in the series of Hamiltonians.

This work is organized as follows. Some basic facts on the CS-theory are presented in Section 1, where among
other things the equation of motion and the conserved tensors are derived in explicit forms. A Hamiltonian formulation
of the extended CS-theory is constructed in Section 2, where the calculations largely implement the techniques of using
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Hankel and Bezout matrices that are available, e.g., in [16]. In Section 3, a Hamiltonian formulation is discussed for the
case of interactions with a charged scalar field.

1. EXTENDED n-TH ORDER CHERN-SIMONS THEORY

The extended Chern-Simons theory of the #n-th order is a class of models of vector field 4 = A,(x)dx", =0, 1,
2 in the three-dimensional Minkowski space with the following action functional:

1 ” N
S[A(x)] = EJ*A A (Elakmz (*d) AJ, *dd =g, MAdx", €y, =1, (1)
where m is the constant with the dimension of mass, the real numbers ay, ..., o, are the model parameters, such that a,

differs from zero, the symbols * and d indicate the Hodge operator and de Rham differential. The Minkowski metric
signature is mostly negative. The Lagrange equation, following from the action functional (1), is given by

8 (& -
gz(kz_lakw k(*d)kJA:O. @

The action (1) and the equations of motion (2) are invariant with respect to the standard gradient gauge transformation
for field 4.

The series of the second-rank conserved tensors in the theory (1) was constructed in [14]. The most common
representative of this series is written as follows:

1 ) n—1 ‘
To@B=2m’ X C, (@B (FEY + FDES —n e FOEY), 3)
r,s=l1
where numbers o = (a, ..., a,,) are the parameters in the Lagrangian and quantities B = (B, ..., B,) are the parameters of

the series; the following notation is used:
FO =(mxd) 4, r=0,..n-1, @)

where F“”u = A,. The quadratic matrix C,(a, B), 7, s =1, ..., n, is determined by the generating relation

T, (@pz et = AN = MWNE)

(&)
r,s=1 Z—u
where the polynomials of a single variable M(z), N(z) of degree n—1 are given by
n-1 B n—1 P
M(Z) = Z A1z 5 N(Z) = Z Br+lz : (6)
r=0 r=0

Quantity C, (0, B) (5) is known as the Bezout matrix of the polynomials M(z), N(u) [16]. Also note that the polynomial

M'(z)=zM(z) = i oz, (7

r=1
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derived by a formal substitution of variable z for the CS-operator *J in the Lagrange equations, is termed as
a characteristic polynomial of the theory (1) [14].

The conserved tensors in the model (1) are determined as the coefficients at the parameters By, ..., B, in the
series (3)
o7, (o, B)
T () =—""=, r=1,..,n. ®)
B,

By construction, Z“)HV(OL) coincides with the canonical energy-momentum tensor of the theory (1), while T")Hv(a),
r=2,...,n—1, are new independent conserved quantities. Quantity f”)w(a) (7) is a linear combination of other
conserved tensors due to the identity

n
Yo, 50 (0)=0. ©)
r=1
We keep f")w(a) for the sake of a convenient inclusion of interactions. The expansion of an arbitrary representative of
the series (3) in terms of the basis of independent operators T’)Hv(a), r=1,...,n—1(7)is given by
1 n=l )
Ty (o, B) =a—2(l3r0tn —Bao, )T () (10)
n r=1

The canonical energy-momentum tensor is always included into the series (3); it corresponds to the parameter values
Bi=1 By=B3=..=B,=0, (11)

while other values of the parameters By, ..., B, in the series (3) determine non-canonical conserved quantities.
The zero-zero component Tyo(a, B) of the conserved tensor (3) is given by

n—1
To(@p)= T C, (o.B)(FFY + RV, (12)

r,s=1

where i = 1, 2, and summation over the recurrent index is assumed. This quantity is a quadratic form of the variables
(4); it is positive definite if the matrix C,. (o, B) (5) is positive definite. A possibile existence of a bounded
representative in the series (12) is determined by the structure of the roots of the characteristic polynomial (7): there is
a bounded conserved tensor, if all non-zero roots of the characteristic polynomial are real and different, and the non-
zero root is a multiple of one or two [14]. In terms of the polynomial M(z) (6) it is sufficient to require all its roots to be
real and different. The canonical energy of the theory (1) is included into the series (12) at the parameter values (11); it
is an inevitably unbounded quantity, if n > 2.

2. HAMILTONIAN FORMULATION OF AN EXTENDED CHERN-SIMONS THEORY

Let us show that the theory (1) admits an n—1-parametric series of canonical non-equivalent Hamiltonian
formulations such that almost any representative of the series of conserved quantities (12) can be chosen as
a Hamiltonian. In order to achieve the desired result, first we are going to reduce the order of equations (2) to the first
order in the derivative by time ¢ = x°, then we are going to find a Poisson bracket and a Hamiltonian reducing these
equations to a Hamiltonian form.
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Let us introduce new variables absorbing the time derivatives of the initial vector field A4,, using spatial
components of one-form FO i=1,2,r=1, .., n—1 (4). Then the first-order formulation in time for the theory (2)
would be written as

0F" = 0,4y —me;F(V (13)
8, F") = %si]ak (0uF ™" =0, D)= meyFO0, r=2,.,n-2, (14)
dyF" Y —;s Ok (0xF (" =0 B2 )+ al msljnzloc F, (15)
0= mz ae;0,F Y =0, (16)

r=1

The equivalence of equations (2) and (13)-(16) can be observed as follows. Formulas (13) and (14) express the
auxiliary derivatives F*,, i=1,2, =1, ..., n—1 in terms of the derivatives of A. As soon as all auxiliary derivatives are
excluded, (15) and (16) reproduce the spatial and temporal members of the equations of motion (2). Note also that
within the first-order formalism quantity ® (16) does not involve any time derivatives and can be treated as a constraint.

The system of first-order equations (13)—(15) is a Hamiltonian one, provided that there is a Hamiltonian H(a, B)
and a Poisson bracket { , },, such that

0oF") ~ {F", [ H (oL P)dx}y g, 7=0,..n—1. (17

The sign «=~» denotes an equality of the left- and right-hand sides of the relation modulo constraint ® (16).
An introduction of the B parameters includes into consideration a possible existence of several different Hamiltonian
formulations for the same equations. We choose a Hamiltonian of the theory in the form

H(ow,B) = Ty (ot B) + (kvo +1"2 k&0, F (™ ”J@ (18)
m =

where Tyo(a, B) is the zero-zero component (11) of the general conserved tensor (13), expressed in terms of the phase-
space variables as follows:

n—1
(@B =2m* 3 C, (@B EOFS + 0,70V (0 ~0,707)). (19)

r,s=l1
and O is the constraint (16). Constants ko, ki, ..., k,_; are introduced into the Hamiltonian (18) for the sake of
convenience; they will be determined in what follows.
The Poisson bracket is determined from the condition that equations (13)—(15) are written as (17) with the

Hamiltonian (18), which is equivalent to a system of equations with respect to an unknown Poisson bracket and
parameters ko, ky, ..., k,_1,

{(F, H(a,B)} o g = 0,40 — meyF (. (20)

(FD, H (o)} o p = s ak(ak FID - Fi~ 1>) me FOD, r=2, 002, 1)
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. 1 ) _ =N
{E(n l)aH(a, B)}a,ﬁ = ;gijak (aij(n ) 81Fk(" 2 ) + a—mal] z O{’rF‘j( ) . (22)
r=1

n

Relations (20)—(22) represent a system of linear equations for the unknown matrix elements of the Poisson brackets of
the phase-space variables F9. i=1,2,r=0, .. n-1. In the class of field-independent Poincare-invariant Poisson
brackets a solution to this system is written as follows:

1 n—1
FU D (x), FD = [ SYa M Ya,p) |e.d(x—y), 23
{ i ( ) j (y)}a,[} (xnmdetC(OL,B) ;le r ( B) i ( y) ( )
(FO(x), FO(p)), o = ——MF’HI(Q’B) g0(x—y), rs+l=1,..,n-1 (24)
i oL y o,B mdetC(a,B) ij Y), 5 DIRRES) >
Y
A(x), 4, =——¢.0(x—y). 25
{ l( ) j(y)}a,ﬁ mdetC(Q,B) ij ( y) ( )
Parameters k, ki, ..., k, | are determined by the formulas
= det C(a,B)
(| n 5
oy + X oM (a,B)
s=2
- L (26)
vCoa(a,B) + 2 C, (0, B)YM ™ (a1, B)
k, = =2 , r=1.,n-1.
ay+ Y oMM (o)
s=2

In (23)—(26), quantity vy is a free parameter, M "*(a, B) denotes a matrix coupled with the Bezout matrix C,(a, B) (5):
n-1
Y. G (p)M ™ (0,B) = det C(a, )3} @7
k=1

The solution (23)—(26) of equations (20)—(22) is well-defined if

det C(a,B) =0, oy + > a M (a,p)=0. (28)
s=2

The compatibility conditions (28) for equations (20)-(22) have a straightforward physical interpretation. The first
relation is equivalent to the non-degeneracy of the quadratic form of the Hamiltonian (18). The second relation

guarantees that the constraint ® (16) generates gauge symmetries for the vector potential A.
The solution check (23)—(26) of equations (20)—(22) uses the following relations:

M"(o,B)-M* (a,B)=0, s+r=k+I, (29)
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n—1
> oM™ (0,B) + o, M (0, B) =0, r=1,..,n-2. (30)
k=1

These conditions are satisfied, since the matrix added to the Bezout matrix C,,(a, B) (5) is a Hankel matrix constructed
using the polynomials (6). The proofs of these statements can be found in [16].

Formulas (17), (18), (23)—(26) determine the series of Hamiltonian formulations for the extended CS-theory
(1). An arbitrary representative of this series is determined by the 2n+1 parameters oy, ..., 0, Bi, ..., Bs, 7. Quantities
oy, ..., o, determine the model parameters (1), numbers By, ..., B, select a representative in the series of conservation
laws (3), which will be prescribed by a Hamiltonian. Quantities ,, y are auxilliary: B, can always be absorbed by
redefinition of the parameters B, ..., B, 1, and constant y determines a specific representative in the class of equivalence
of Poisson brackets (23)—(25). The Poisson brackets of the physical observables are independent of the value of y. The
total number of the parameters resulting in non-equivalent Hamiltonian formulations in the model (1) is equal to n—1,
thus an extended CS-theory admits an (n#—1)-parametric series of Hamiltonian formulations.

For all admissible parameter values in the Hamiltonian the Poisson bracket represents a non-degenerate tensor

det{E.(’) (x), F( y)} REDY och’_l’lj =0 31)

1
ap a,, det? C(a,B)( r=2

In this case, the Hamilton eqiations (13)—(16) result from the least-action principle for the functional

S(a,B) = J[m b3 Q, ,(oB)e; "8, F —H(a,mjd%. (32)

r,s=0

The symplectic form Q, ((a, B) is determined by the generating relation

S o (o o CE@B  MEONW@-MWNE) .
r,s=0 oY + Z (XSMS_M((X,B) Z—U
s=2

where M'(z) is the characteristic polynomial (7) of the theory (1) n, while N’ (z) is prescribed by the formula

o = B 1 L k-1,1 S
N'(z) =B, + rZ:]LBr+1 Tt Clal) Cap) (Bﬂ + k§2 BiM (%B)j G, (Q,B)j . (34)

In order to derive relations (33), (34), it is necessary to use the formula of inversion of the Hankel matrix of the Poisson
brackets from [16]. The sum total of formulas (32)—(34) makes it possible to systematically reconstruct the symplectic
structure, provided that the Hamiltonian of the theory has been prescribed.

The Ostrogradski canonical Hamiltonian formulation [1] is reproduced by the formulas (18), (32)—(34) for the
following parameter values in the Hamiltonian:

B;=1, PB,=PB3=..=B,=0, y=0. 35)

The first-order action in this case is given by

o (VA () _ 7(0) 3
S(ouB)=[|m X gy 06 —Tog () — 40 |d°x, (36)

r,s=0
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where T”\y(a) is the zero-zero component of the canonical energy-momentum tensor, and by construction it is assumed
that o,=0 for all »>n. Obviously, the canonical Hamiltonian action (36) is not equivalent to the common
representative of the series (32), since the canonical Hamiltonian is always unbounded from below, while in the general
case bounded representatives are admissible.

3. INTERACTIONS WITH A CHARGED SCALAR FIELD

In [16], we proposed the following interaction vertices between the extended CS-theory (1) and the scalar field
¢ =Re ¢(x) + i Im ¢(x) with higher derivatives

n N N
[ZawfkwmﬂA—szWWMw®=a (Hu%ﬂwm%ﬂﬂ¢=o (37)
k=1 a=1 a=1
Here By, ..., B, €1, ..., ey are the coupling constants and the following notation is used:
D,D* +p’m’®

SO0, 4) =i (D0 ) * ¢! * (Do), o =[] (38)

bra (p*—p")ym’

The parameters p“, a=1, ..., N, of the complex scalar field theory are non-negative and pairwise different. The
covariant derivative is determined in a non-minimal way

D= (au —imY BrFH(’_I)j(p . (39)

r=1

Its action on the complex-conjugate scalar field is given by the complex conjugation of this expression. The gauge
symmetry of the theory (37) is written as

0:A4,(x) =0,&(x), 6.0(x)=—if¢*(x). (40)

The conserved tensor in the theory (37) is determined by the relation
N a2
0,y (0,B) =T, (o, B) + 2 e, (D, (D @) * +p“m”9p*), (41)
a=1

where 7,,(0, B) is determined by (3).
The first-order formulation for the theory (37) is given by

00" = 0,4y —me,FY, (42)
1
0, F") = &0 (0nF " =0,V ) =mey U0, r=2, . n=2, 43)
n— 1 n— n— 1 ’171 r 1 N . .
0" =0 (0F)" D =0, 4 —mey 3, O ——— 3 ie, () (B0 ), (44
n r=1 o, m g=1
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RO —n(”)*H(BlA +— ZB g;0,F\"" ”J @ a=1,..,N +cc., (45)
n

o =(D,D; = pm’ )9 +i[Ble N 2>j n, a=1..N +ec., (46)
m =)

@Em(iarsyalp(r 1) Ziea( @@ _ (@) * (g(@) )j: ) (47
r=1 =1

Here the quantities F, i=1,2,r=1, .., n—1 4), 9, a =1, .., N (38), and n'”, a = 1, ..., N, are new auxiliary
variables absorbing the derivatives of original vector and scalar fields. All the auxiliary variables are expressed from the
equations (42)—(47), after which the resulting system coincides with the initial higher-derivative equations. Also note
that in the first-order formalism, quantity ® (47) does not involve any time derivatives and can be treated as
a constraint.

Equations (42)—(46) are Hamiltonian in the sense of (17) with respect to the Hamiltonian

n—1

N
H(aB) = Tyg(o,B) + 2 e, () (') *+D,0(D,0) * +p“ 00 *) + (Ble+ 2 By ”j& (48)
a=1

where To(0, B) was determined in (18). The Poisson bracket of the phase-space variables is determined by the relation

_ n 1 n-l e

oy A L) L S
o, n 5 r=1
: s M" (a,
{Fi( )(x),Fj( )(y)}(x 5 = _W((Z%))gﬁ(x -y), r,s—1=1..,n-1, (50)
1
{A[(x),Aj(y)}a’B = m[z BriM " (a, ﬁ)stS(x »), (51
1
{0000 ()} =88 y). (52)
Expressions (49)—(52) are well defined if

detC(a,B)#0, e, #0, B, =0. (53)

The first pair of relations guarantees a non-degeneracy of the Hamiltonian, while the third condition ensures the
presence of a gauging U(1)-transformation for the scalar field. A possibility where B; = 0 is considered as a special case
and is not studied in what follows. Thus, it has been shown that almost all interactions constructed in [15] admit
a Hamiltonian formulation. These Hamiltonian formulations are not canonically equivalent to the Ostrogradski one,
since the original equations are non-Lagrangian.

Let us illustrate the overall structure of the Hamiltonian formulation using an extended third-order CS-theory as
an example, which interacts with a charged massless scalar field. In this case, the equations of motion (37) are written
as
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[%%(*df + 0, (xd)* + ma (*d)jA +ie(¢*(D,p) - (D) *)dx" =0, D,D'¢=0,

where e = e, is the coupling constant and the covariant derivative is determined by the relation
. 1 1 2
D= (au ~i(Byd, +B,F, + [33GH))(p, Fy=—(dd),, G, = 7((>x<d) A)H .

The first-order formulation (42)—(47) for equations (54) can be written as

004, = 0,4, — mg,

U/’

1
8,F, :;gyak(akAj 0,4, )-me,G,

y=je

1

1 1
00, =—&,0, (0,F; -0 J.Fk)+a—[msij (o F; + 0,2Gj)+;ie((p* (D,9) - p(D,) *)j,

n

0pp=m +1(B1A0+ ([328,/, /+B38U81Fj)j +c.c.,

Oyn=D,D,p* —i(BlAO + i(B €;0,4; + P10, F; )j +c.c.,
m

O =me; (oclﬁiAj +0,0,F; + 030, F; ) +ie(pn—@**)=0.

Then the Hamiltonian (48) takes the following form:

2
H(a,p)= —[(Bz% B30, (G,G; + 0,F;(0,F; — 0 ;1)) + 2(Byoty — B30y )G F; + O, F;

X(0;4; —0,;4)) + (B0, — B0y EF; +0,4,(0,4; — 81141))} + e(Tm *+Dp(D;9) *)

(BIA(H- (ﬁ28U8A + B30 ])jG).

The Poisson brackets (49)—(52) of the phase-space variables are determined by the relations

, , _ B3°‘12 —Byo,04 + 51((1% —0304)
(Gi(0.G,»f

mdet C(oB) £ 00X = 7).

{Gi(x),Fj(y)}&,B = %sﬁu _—
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(56)

(57

(58)

(39

(60)

(61)

(62)

(63)

(64)



Biots — Byt

R F 0], = 1G04, = e (ié) £,5(x— ), (65)
_ Bso, —Broy _

B e T Th SIS (66)

_ Bgal —B3Byo, —BsBia; + B%%

Ai(x), A, O(x—y), 67
A4, B AiCGB) £,8(x - ) (67)
1
(o)1), =—8(x = ). (68)
Here we used the notation
det C(0,B) = B30} = B3Br0,0t; + B3y (205 — 20150,) + Brosary — BoBrotsany + Bl (69)

The Hamiltonian (62) and the Poisson brackets (63)—(66) are well defined whenever

detC(oLB) =0, P, #0, e=0. (70)

At ¢ =1 = e = 0, the vector field dynamics is separated and the formulas (56)—(58), (62)—(67) reproduce one of the
admissible representatives of the series of Hamiltonian formulations for the free extended third-order CS-theory [11].
Thus a correspondence is set with the results obtained earlier.

SUMMARY

In the present study it has been shown that the free extended n-th order Chern-Simons theory is a multi-
Hamiltonian theory admitting an (n—1)-parametric series of canonically non-equivalent Hamiltonian formulations, in
which case a zero-zero component of any representative of the series of conserved tensors could be selected as
a Hamiltonian. For certain model parameters there are bounded Hamiltonians among the admissible ones, while in other
cases the Hamiltonian is always unbounded. In a compact form, the Hamiltonian boundedness condition is equivalent to
the requirement of a positive definiteness of the matrix C, (o, B) (5). The canonical Hamiltonian formulation is included
into the constructed series and its Hamiltonian is always unbounded. It has been shown at the interacting level that
aclass of non-Lagrangian vertices of interaction with the scalar field obtained in [15] preserves the unique
representative of the series of symplectic structures, whose parameters are fixed by the values of the coupling constants.
This allows preserving the dynamics stability and the possibility of a subsequent quantization of the theory at the
interacting level.

The work has been carried out within the terms of reference of the Ministry of Education and Science of the
Russian Federation, Project No. Ne 3.9594.2017/8.9.
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