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QUANTUM ELECTRONICS

REGARDING NONSTATIONARY QUADRATIC QUANTUM
SYSTEMS

Sh. M. Nagiyev,' A. I. Ahmadov,? V. A. Tarverdiyeva,' and Sh. A. Amirova' UDC 530.145

With the help of the evolution operator method, we have established unitary connection between quadratic
systems, namely between a free particle with variable mass M (t), a particle with variable mass M (t) in

a variable homogeneous field, and a harmonic oscillator with variable mass M (t) and frequency ®(t), on
which a variable force F(t) acts. Knowledge of the unitary connection allowed us to express easily in general

form the propagators, invariants, wave functions, and other functions of a linear potential and a harmonic
oscillator in terms of the corresponding quantities for a free particle. We have analyzed the linear and
quadratic invariants in detail. Results known in the literature follow as particular cases from the general
results obtained here.

Keywords: nonstationary quadratic systems, evolution operator, invariants, wave functions, unitary
connection.

INTRODUCTION

Nonstationary quadratic quantum systems — a free particle with variable mass [1-3], a particle with variable
mass in a variable homogeneous field [2—7], a nonstationary harmonic oscillator (with a driving force and without
a driving force) [8—16] — like their stationary analogs, play an important role in many branches of physics. They find
wide application in statistical physics, the theory of superconductivity, atomic and nuclear physics, molecular
spectroscopy, quantum field theory, etc. (see the References to [14]).

Quadratic quantum systems are among exactly solvable quantum-mechanical problems. Other exactly solvable
nonstationary systems include a singular oscillator with variable frequency [17] and a relativistic particle in a variable
homogeneous field [18, 19]. Many examples of exact nonstationary solutions of the Klein—Gordon and Dirac relativistic
wave equations are contained in [20, 21]. Questions of the generation of exactly solvable potentials (stationary and
nonstationary) by the method of dressing the differential operators are expounded in [22, 23].

Exact solutions of the equation of motion are always of interest from a physical as well as a mathematical point
of view since they can model real physical phenomena and allow the most complete tracking of changes in physical
quantities or lead to the establishment of new mathematical relations between special functions. Exact analytical
solutions can also be useful in grounding approximate solution methods, in particular when verifying numerical
methods for solving the equation of motion. Examples: 1) the time-dependent harmonic oscillator models the behavior
of a charged particle in a variable magnetic field whereas a time-dependent linear potential models the motion of
a charged particle in a variable homogeneous electric field (for example, see [11, 24]); 2) an ion in a Pauli trap is
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described by a parametric oscillator model [25]. The Hamiltonian of a parametric oscillator with arbitrary time

dependence of its frequency has the form H = p* /2m+mw*()%* /2 . For an ion in a trap, the time dependence of

the frequency has the form o’ =1+ k* sin® Q¢ ; 3) induced Raman scattering can also be described with the help of

a quadratic Hamiltonian (for example, see [26]).

To investigate nonstationary quantum systems, the following methods are commonly used: the method of
invariants [11, 12], the path integral method [9], the method of spacetime transformations (for example, see [6]), the
method of generating functions [17, 27], and the evolution operator method [2, 7, 28, 29].

The aim of the present work is to construct first- and second-order invariants and various wave functions for
a free particle with variable mass, a particle with variable mass in a variable homogeneous field, and a harmonic
oscillator with variable mass and frequency under the action of a variable force. In this paper, we use the evolution
operator method. As is well known, for a quantum system described by the Hamiltonian H (¢), the evolution operator is

defined by the formula

.t
U(t,ty) =T exp —é [H(@"dr' (1)

ly

where T is the time-ordering operator. Since the Hamiltonian of the system is a Hermitian operator, the evolution
operator is unitary: U U =UU " =1. The variation of the states of a quantum system in time is described by the time-
dependent Schrddinger equation S(#) y(#) =0 or the evolution operator U (?,t,) if the wave function of the system at

the initial time, y(¢,) is known, i.e.,
() =U(t,8)w(Z) - 2)

Here the Schrédinger operator has the form S (t)=1ho, — H(t) . The evolution operator also satisfies the Schrodinger

equation
SEU(t,t)=0 3)

with the obvious initial condition U(#,,f,) =1. The kernel of the evolution operator is called the Green’s function or

the propagator of the quantum system and contains all the information about the system.

This paper is organized as follows: Section 1 presents in general, chronologically disentangled form
expressions for the evolution operators, and also the limiting and unitary connections between them; Section 2 considers
construction of linear and quadratic invariants in general form for quadratic quantum systems, and also these same
invariants in general form for the given quantum systems, as well as particular cases of linear and quadratic invariants;
Section 3 establishes unitary connections between the considered systems. The main results are summed up in the
Conclusions.

1. EVOLUTION OPERATORS

In what follows, evolution operators of the considered systems will play an important role. Therefore, we
present the explicit form of each of them. We will work in coordinate space.
1.1. 4 free quantum particle with variable mass M (t) . In this case, the Schrodinger equation and the evolution

operator have the form
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N N i 5
Se(x,t x,0)=0, S, =iho, + oL +Vy(1), 1.1
F (DY E(x,1) F AEYION 0o(®) (1.1)
Up(x,0)= oo (D)4 1S, (1)8* ’ (12)
t t ’
where A (#) = B! _[ Vo(hdt', S,(t)= I W, and V,(¢) is a potential well (or barrier), whose depth (height)
i i

varies with time.
1.2. A quantum particle with variable mass M (t) in a variable homogeneous field. In this case, we have

S, (x,0)y, (x,0)=0, S, =iho, + : Azz(t) 2+ F(t)x+V,(1) (1.3)
Up(x,t) =V, (x,0)Up(x,t), (1.4)
where we have introduced the following notation:
V,(x,0) = P50 = p7! [x8(1) = So(1)]. (1.5)
20 N
8(1) = jo F(£)dr', Sy(t) = jo 253\4(2 :) dt',  S(t)= jo 61\(;();1; . (1.6)
The operator V; (Egs. (1.5)) can be rewritten in the form
V, (x,) = €51 0% o MO (O340, (0] 1.7
where the function G, is the classical action for a particle in a variable homogeneous field, i.e.,
o, ()= ]BM@')S& () + F(1)S, (t’)}dt' . (1.8)
fy
For M (¢t)=m = const we have
$0=20, 50=21, 5,00 (19

t t

where 8,(f) = JB(t')dt' , 0,(1) = JSz (#')dt’", and t1=t—1,. Formulas (1.2) and (1.4) set up a unitary connection
lo lo

between a free quantum particle and a quantum particle with variable mass in a variable homogeneous field [2], i.e.,

1.3. A harmonic oscillator with variable mass M (t) and variable frequency «(t), on which a variable force
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F () acts. Such an oscillator is described by the Schrédinger equation
Su(0) vy (x,0)=0,

2
f o2 —lM(t)coz(t)x2 +F()x+V,(t), (1.11)

S, (x,t) = iho, +
1 (x,1) = iho, 2M (1) >

and the corresponding evolution operator is given by the expression
Uy (x,0) =Uy(x.) U (x,0) (1.12)

in which we have introduced the following notation:

1
—b()+iAy(t) 2 . 2
Ug)) (x,0) = 2 0 ezot(t)x (D0 iS(1H3;

>

U (,1) = e 8021 [MOHOw0, (0] (1.13)
1 B

Here U}?) (x,t) is the evolution operator of a harmonic oscillator when a force is not acting on it, and U, (x,¢) is the
operator generating the action of the force on the oscillator. The function o (¢) is the solution of the Ricatti equation

. 2n 5.0 1 2
a(r)+ MO a’(t)= o M(Hw™ (1), (1.14)
the function &(¢) satisfies the equation
d .
| M©&0 |+ M@’ 050 = F@) (1.15)

with natural initial conditions &(f,) =0, é,(to) =0, and the function o, (¢) is the classical action for a harmonic
oscillator in the presence of an external force:
1 Ne2 (4 1 ’ 2 (N2 (4 ’ ’ '
oy (t)=] EM(t)a (t)—EM(t)m (e () +F (1) (1) |dt' . (1.16)

fo

It is well known that the Ricatti equation (Eq. (1.14)) can be reduced to a second-order linear homogeneous differential
equation

%[M(t)ﬁ(f)]+M(t)®2(f)n(f)=0 (1.17)

by introducing the new function 1(¢) using the formula

_M@®n©)
a(t) = ETA (1.18)
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The functions b(¢) and S (¢) in formula (1.13) are defined as follows:

b(t) = —2713. Lt’,)dt' = ln(MJ i
M) n()

)

t_2b(t")

() = hI 2eM(t') dt

MW ()

t
dt' = n’(ty) [ (1.19)

ty

We emphasize that the following initial conditions for the functions o0 and m: a(f,)=0, n()=const, and

n(ty) =0 follow from the requirement Ug)) (x,25) =1 on the evolution operator (see formula (1.13)). Note that the
operator ¥, generates the action of the force F'(¢) on a free particle, and that the operator U, generates the action of
the force F'(¢#) on an oscillator.

Let us consider three particular cases of oscillator model (1.11) and find an explicit form of the functions 7,
a, S,and & for them (see formulas (1.14)—(1.19)).

1) Stationary oscillator with a driving force. This model is described by the Hamiltonian

) 2
o= 2 pe)i (1.20)
2m
and the functions
Nn(t) = 0, cosm,T, af) =~ % tan o7,
2h
h 1 ! ’ b ! ’
S(t)= tanwyt, &(1)=——[ F(t')sinoy(r —t")dt". (1.21)
2m030 mo)o 0

Hence, in the limit @, — 0 we have n() >0, a(f) >0, S¢) — hS,(¢), and &(t) > S,(?), i.c., we obtain the
functions S;(¢) and S, (#) corresponding to linear potential (1.3).
2) Parametric oscillator for F'(¢) = 0. This model is described by the Hamiltonian [14]

A2 2
=L, ®§+$ 2. (1.22)
2 cosh” (A1)

For this model we have
Nn(t) = ©, cos(®,t) — Asin(m,t) tanh(A1),

() = m[ o sin(o, ) + A, cos(myt) tanh(At) + A sin(wyt) cosh > (A1)]
2h[ o, cos(w,T) — Asin(m,T) tanh(A1)] ’

hog[oy sin(m,t) + A cos(m,t) tanh(A7)]
2m((0% +22 )@y cos(m,T) — Asin(w,t) tanh(A1)] .

S(t)= (1.23)
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If A =0, these formulas coincide with formulas (1.21) for the stationary oscillator for F' =0 . In order to take the limit

A

®, — 0 in expressions (1.23), we take 1(¢) in the form M(#) = cos(®,t) ———sin(®,t)tanh(At). This is possible
®o

since the function m(¢) is defined to within a constant factor. Thus, in the limit ®, — 0 from expressions (1.23) we

202
cosh? (A7)

obtain expressions for an oscillator with frequency o’ (t)= , namely

_ AMftanh(A1) + Atcosh (A1)]
1 —Attanh(A7)

n(t) =1-Attanh(At), a(f) =

S(1) = htanh(\1)
 2mA[1 - Attanh(A1)]

(1.24)

From a comparison of integral representation (1.19) with expression (1.24) for S(¢), we obtain the integral formula

dx _ tanhx
(1-xtanhx)* 1-xtanhx

(1.25)

It is easy to convince oneself of its validity by checking it directly.
3) The Caldirola—Kanai oscillator with a driving force. The Hamiltonian of this model has the form [14]

~2 2
H=L g2 (%0 2. gz (1.26)
2m 2

The functions M, o, S, and & in the given case are assigned by the formulas

2 .
gy __ mwy Sin(®T) 55, _ Iisin(wt) -2,
T](t) =e Q(t) > (X,(t) - 2hQ(f) € ’ S(t) 2mQ(t) ¢ ’
E(1) =—— j e M () sino(t —1)dt (1.27)
mo ;.

where Q(t) = wcos(®wt)+ Asin(®t) and ©= \/co(z) —A%>0.For L=0 functions (1.27) transform to the functions
assigned by formulas (1.21) for a stationary oscillator with the driving force F'(¢) (see Eq. (1.20)), whereas for ®, =0

they reproduce the corresponding formulas for a linear potential when the mass M (¢) = me*™ , 1.e.,
. L ong  —om
=ik, a(t)=0, S@)=——r|e " —¢e =5,(),
n(®) (=0, 5= )=5,(0)
14 o ,
E(t)=—[eM8(t)dt' = S,(1). (1.28)
m

fo
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Formulas (1.12) and (1.13) set up a unitary connection, on the one hand, between nonstationary harmonic oscillators for
F=0and F#0,i.e.,

S, =USWut, SV =u's,U; . (1.29)

and, on the other, between a nonstationary harmonic oscillator and a free particle under the condition that the mass
M(t) of the free particle has been renormalized, i.e., it has been replaced by Mpy.,(t)=M (t)e_Zb(t). The

Schrodinger operator and the evolution operator for a free quantum particle with renormalized mass are obtained from
Egs. (1.1) and (1.2) by replacing M (¢) in them by M., (¢),and 1 S, () by S(¢), respectively, i.e., they are equal to

hz

n . . ~2
SRen —io, + 02+, (), URS" (x,1) = Mo O50% (1.30)
Ren

Thus, we have

§H=VFH§FRen VEI , 51]}“: };IIJ*§H Ve » (1.31)
where

Loy o2
Ve UV Vi) =2 ¥ h0sx, (132)

In what follows, we will find invariants and wave functions for the considered quadratic functions with the help of the
operators considered here.
2. INVARIANTS

An invariant is defined as a time-dependent operator /(¢), whose mean value does not depend on time, i.e.,
dl (t)/dt=0. In other words, an invariant [ (¢) is an operator that commutes with the Schrédinger operator:

[SA' (1),1(£)]=0. As is well known (for example, see [24]), if there exists in the quantum system an evolution operator

U(¢), then it is possible to construct 2 N independent (basis) invariants X,(¢) and p,(¢) according to the formulas

X O=UW®IU(t), py(t)=U)pU (), @.1)

where N is the number of degrees of freedom of the system. They correspond to the initial points in the phase space of
a classical system. Generally, operators (2.1) are linear combinations of the operators X and p with time-dependent

coefficients, i.e.,
Xo()=e()x+ey()p+es(t), po(t)=d ()X +dy(t)p+ds(t). (2.2)

If the Hamiltonian of the system has the form H =, (?) ]52 +B, (1)%* — F()% , then these coefficients satisfy the

equations

é] = 23262 . éz 2_2(1231 5 63 = _Fez 5 dl :262d2, d2 =—20L2d . d :_Fd2 5 dzel —d162 =1 (23)
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with initial conditions ¢, (#,) =d,(t)) =1 and e,(¢;) = e5(ty) = d,(t,) = d5(t,) = 0. Equations (2.3) follow from the
commutation relations [S ,X9]1=0, [S, Po]=0, and [ f)o,fco] =—ih . All remaining invariants can be expressed in
terms of the basis invariants. For example, invariants that are linear and quadratic in powers of X, and p, can be

expressed, generally, as

1,(t) = Ao po + BioXo + Cip » 24
2 <2 Ao A s - <
1, (1) = Ay py + By Xy + Ca9 PoXo + CagXo Do + Dag Do + EnoXo +Fa 2.5

where the coefficients AlO,BIO’ ,... are arbitrary constants, in general complex.

We write out the explicit form of invariants (2.2), (2.4), and (2.5) for the quadratic quantum systems considered
in Section 1.
1) For a free quantum particle with variable mass they are equal to

Xpo(t)=%-28,()p, Pro()=D., (2.6)
Ip() = Ap ()P + BjpX + Cyy (2.7)

where
4y = Ay = 2B,,S, »
Ay = Ayy +4ByS3 = 2(Cog +C0)Sy, Cpry = Cag = 2By,
Cpy = Cay—2B3S,, Dypy = Dag = 2ExS, (1)

iy M
\/E’ 10 \/E’

If in expression (2.7) we choose 4, = and C;, =0, then we obtain the invariant (annihilation

operator) of [2]

where A, and A, are complex numbers satisfying the condition Re(AjA,)=1.

2) For a particle with variable mass in a variable homogeneous field we have

Xp0(1)=X=28,(0)p, pro(®)=p—5(), (2.10)
I ()= A ()p+Bgx+Cpy(0), (2.11)
15(t)= ALy ()P + Byyk + Cy () PR+ Cppy (D3P + Dy (0P + Efp (DR + Fy (2.12)

where
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Ay = A9 —2B(S;, Cpy=Cip— 48+ Byyv
Apy = Ay +4B2S3 —2(Cog+Cyg)Ss, Cpy = Cog = 2By, S, ,
éLz = 620 —2B5)Sy . Dy = Dyy = 24508 = 4By S,V +(Cy + CNﬁzo Y2V +8))—2ES,,
E;y =2Bygv—(Coy +Cog)8+ Eng, Fpy = Ayy8” + Bygv® —(Cog + Co)V — Dy + Engv + By, (2.13)

8 A
and v =28(1)S,(t)—S,(¢). If we set 4, = "2 B =—L_ and Cjp =0 in expressions (2.11), we obtain the

NN

invariant (annihilation operator) of [2]
1
A () =——==| M (x-S, ) +iep(t)(p-9)]|. 2.14
1= M (3-8) +ier ()5 -3) (2.14)

3) For a harmonic oscillator with variable mass and frequency, acted on by a variable force, we have

Xpo(t) = =M (t)ay ()X + ay (1) p + M (£)A5(2),

2.15
Pro®) ==M@)a (D) +a (1) p+ M)A (2), o
Iy () = Ay (D p+ By (DX + Cpyy (1) (2.16)
Ly (t) = Ay (0P + By (052 + Cppy (0) pR+ Cryy (03P + Dy (0P + Epyy (DF+ Fiy (1) (2.17)
Ay = Aoy + Bygay, By =—M (44, + Byyay) = ~MAy, .
Cir =Co + M (4A + BypA,),
Appy = Aot + Brgas +(Cog + Cog)ayay,

Byyy = M?[ Ay} + Byydis +(Cog + Cog)yéy ],

Crry = =M (Ayg@,d) + Byt + Cogiay + Cogtrdy), (2.18)

Crrz = =M (Aog@,d) + Byt + Cogary + Coptydsy)
Dypy = Dagay + Exgay + M[2(Ayg@ Ay + BygarAy) +(Cop + Cop @Ay +ar )],
Ejry = =M Dty + Exty) = M?[2(Ayg@y Ay + Bagds Ay) +(Cog + Cop @Ay +rA))].
Fyyy = MP[AyAT + BygA3 +(Cog + Cog)A A, 1+ M(DygA, + ExgA,) + Fy,

where
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a =" =n(t)/n(0), a, =-2h"'S(t)a, (1),

Ai EAi(t) = di(t)é(t)_ai(t)é(t) > 1=

The functions a;, a,, and A;, satisfy the following initial conditions @ (t,)=1, a(¢)=0, a,(t)=0,
M(ty)a,(ty)=—1,and A;(t))=A,(t,)=0.
1) Let 4, =il/\2h, B =1/~+/21, and Cyp =0, where m =M (0) and ®, =®(0), and l=(h/m0)0)1/2

is the amplitude of the zero oscillations of the oscillator. In this case, the linear invariant (2.16) is written in the form

l' t
I, ()=at)—— | F(' t"dt', 2.19
Hl() a() \/E;[ ()SH() ( )
where the operator
a(t)=—\/;_h[8H(t)}3—M(t)éH(t))%] (2.20)

and its Hermitian conjugate @' (¢) are annihilation and creation operators for the nonstationary oscillator given by

Eq. (1.11) for F(¢)=0,i.., [a,a"]=1. Here the function &, has the form
g4 (1) = (moy) " 2[1+ 20 mey S ()] a, (1) = (mwy) "2 (@, —imwya, ) . .21)

It satisfies Eq. (1.17) and the condition M (&,€5 —&y€y)=2i. For M(t)=m =const and o(f) = ®, = const,

Eq. (2.16) yields the linear invariant for the stationary oscillator with a driving force obtained in [12]:

&0 (t=t)

A(z)_T(fﬂl ) fth(t) o0 (=t0) gy (2.22)

If we set M(¢) =T and F O=f (t)ezr(t) in Eq. (2.19), we obtain a linear invariant for the Caldirola—Kanai
oscillator with the driving force that was obtained in [12]. Following [11, 15, 24], we set €;; = p(¢) exp[iy(¢)] , where

p(t) =|ey ()] = (mey) "' +m*wga3 and (1) = J

M(t) ()

Here the function p(¢) will be the solution of the nonlinear equation

. M, 1
p+ﬁp+0)2(t)p=M2 - (2.23)
p

Let us express the invariants a(f) and a (¢) in terms of p:
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a(t) = ﬁ[? i(pp —Mp)e)}e”, a*(t) =ﬁE—i(p D —Mp)%)}e_” . (2.24)

Operators analogous to the two represented in Eqgs. (2.24) were obtained in [13, 15, 24] by another technique, but they,
in contrast to operators (2.24), are not linear invariants of a nonstationary oscillator. With the help of operator (2.19)
and its Hermitian conjugate, we can construct the quadratic invariant

1 .22 A o A )% ! ! | ’ ’
[Hz(t)zllt,llm+1/2=%{?+(pp—Mpx)2}—h—fF(t)p sin(y —y")dt

fo

t t o
—%(pf? — MpR) [ F(t')p' cos(y —y')dr + % [FFp'p'e " dtdt” (2.25)

0} fo

where p=p(t), p'=p(t'), etc. This invariant is a generalization of the Lewis—Riesenfeld invariant [11] to the case of
a variable mass and a variable force. Its particular case when F(¢)=0 was obtained in [15] by another technique.

Invariant (2.25) is a particular case of quadratic invariant (2.17), corresponding to the following values of the
coefficients assigned in Egs. (2.18):

A20 =(2m0)0h)_1 N Czo = C~'20 = 0 N D20 = 0, E20 = O and on = 0 .

2) Let M(¢)= me*™ and o(¢) =, =const, which corresponds to the Caldirola—Kanai oscillator
(Egs. (2.26)). Note that in this case we have

_n@ _0@) _ SINOT gy
=—2=2e g =—"——c¢ .

(O] (O] m ®

a (2.26)

For the choice of coefficients (expressions (2.18)) in the form Ayy=1/2m, Byy=mag/2, Cyy=Chy=1/2,
D,y =E,; =F,, =0, and #, =0, the quadratic invariant obtained in [14], namely

E=H+%(ﬁfc+fcﬁ), 2.27)

follows from expression (2.17).
3) If we choose the coefficients in expressions (2.18) in the following way: 4y, =g /m?*, By, = (0f +A?)?,
Cy = 620 =0, D,; =0, E;; =0, and F,, =0, we obtain the linear invariant for a parametric oscillator (Eq. (1.22)),

which coincides with the result from [14]:

P . AdsinhAs .. ASsinh? At + wj (A* + o3 )? cosh® A 2

X+ Xp) +
2 (px+3p) cosh® Ar(wp +A? tanh? A7)

E = (o +\* tanh? At
(@ )m mcosh’ At

(2.28)
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3. UNITARY CONNECTION

As has already been stated, a quantum particle with variable mass in a variable homogeneous field is unitarily
equivalent to a free quantum particle with variable mass, and a nonstationary harmonic oscillator with a driving force is
unitarily equivalent to a free quantum particle with a variable, in-some-way renormalized mass. According to formulas
(1.10) and (1.31), the indicated unitary connections between systems in the first case are realized by the operator V;

(Egs. (1.5)), and in the second case, by the operator V;; assigned in the first of Eqs. (1.32). Note also that the operator

Vé[(){) assigned in the second of Egs. (1.32) realizes the unitary connection between nonstationary harmonic oscillators
for F(t)=0 and for F(¢)# 0. In order to write out explicitly these connections between these invariants and between

the wave functions of the indicated systems, let us first consider the operators

A Arr—1 A A A —1 A

x @O =V, xV, =x-=5,(t) and p,(t)=V,pV; =p-9(1), 3.1
and also the operators

x—-&0)

a

3y (1) =V 3V iy = and (1) =V PV = (0~ M©Oa )+ MOAD).  (.2)

Recall that £(#) is the solution of Eq. (1.15). Moreover, we introduce the notation 7, (¢) =1, (p,x,t) for

an nth order invariant of a free particle. Then the unknown unitary connections between the invariants can be written in
the form

Ly O =V, L (D.E3OV, =15 (P ip0) s (3.3)

— R« A n -1 R« A A
and the unitary connections between the wave functions, in the form

W (60 =y (x0) = ey 1 (0,0, (3.5)

. 1, 2
vy (X,Z‘) — VFH\V%en (x,t) — et¢0+2 bel(v1x2 +V,oxy )\V%en (xz ,l) , (3.6)

where expressions of the form [ ,5?"( p,x,t) and w?e"(x,t), etc. are obtained from the corresponding expressions

I-(p,%,1) and ;. (x,1), etc. for a free particle by replacing M (r) by M "(¢) and S,(r) by A 'S(¢), and the

equalities:
x =x=8(), p=p-9(),
Xy =[x =01/ ay(1), py =ay(t)p—M(t)a,(t)x + M (1)A(1)
bo =h o, + Ay, v =B M (O)ay(DE®E), v, =o(D)a (1). (3.7)

Formulas (3.5) and (3.6) allow us to obtain, in turn, relations between the Wigner functions of the considered
systems. To obtain these relations, we base ourselves on the fact that the Wigner function is a functional that depends
on the wave function
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1 % . x' x' n
W(p,x,t)=—— x——,t x+=—,tle dx'. 3.8
(p.x,1) 2nh{0\"( > jw[ 5 j (3.8)
As aresult, we find
— _581’ _Sla\' —
WL(an,t)—e e (WF(p’xat)_WF(plaxlat)a (39)
Wy (pox,t)=e 70 M 000 o800 g b0upyRen y x 1) =W (py2y.0). (3.10)

Note that relations (3.5) and (3.9) were obtained in [2].
We present one example of the application of formulas (3.6) and (3.10). Toward this end, let us consider the
plane wave [2]

1 i
\V;) (x,0)= \/mexp{g[pox—pgSz(t)}} (3.11)
and the Wigner function
W g (e,t) =27 (h) ™ di(h(p.x.1)). (3.12)

describing the motion of a free quantum particle with variable mass, where Ai(x) is the Airy function, and
h(p,x,t) :%/Z(Bx+b0 —-2pBS, (t)+p2 /thz). Thus, the corresponding wave function of plane wave type and

the corresponding Wigner function for a nonstationary harmonic oscillator with a driving force (Eq. (2.11)) will be
given by the expressions

1 N i )
v (x,0) :mexp{z% +27 b +i(vyx, +v2x§)+g[ Doy —h7! p§S(z)]}, (3.13)
Wil (px,t) =27 ()™ i (B (g, %,,0)) (3.14)

Naturally, Wigner function (3.12) satisfies the evolution equation for a free particle

W, pW_, (3.15)
ot M(t) ox

and Wigner function (3.14) satisfies the evolution equation for a harmonic oscillator with a driving force

W, p W

ow 20y Fn 12 =
o o [M(t)oo (t)x F(t)] - 0. (3.16)

CONCLUSIONS

In this paper we have applied the evolution operator method to describe the properties of such simple
nonstationary quadratic quantum systems as a free particle with variable mass, a particle with variable mass in
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a variable homogeneous field, and a nonstationary harmonic oscillator with variable driving force. Here, basing
ourselves on the explicit, chronologically disentangled form of the evolution operators for these systems, we first
constructed basis invariants, and then, with their help, constructed linear and quadratic invariants for an arbitrary time-
variation law of the external parameters of the Hamiltonians.

Knowledge of the evolution operators allowed us to easily set up a unitary connection between the considered
quadratic quantum systems. The given connection enabled us to obtain invariants, wave functions, and other functions,
both for the particle in a homogeneous field and for a harmonic oscillator with a driving force from the corresponding
expressions for a free particle with variable mass. By way of an example, using the evolution operator method we found
the propagator in the p-representation for a nonstationary harmonic oscillator, acted on by a variable force. The
evolution operator in the given case is equal to

Uy (p,0)=U,(p.t U (p.1),

where Ug)) (p,t) is the evolution operator of a nonstationary oscillator (F(¢) = 0)

1
Uty = & 20 A 00 o,
and the operator U, is given by the formula

i

oy (D-pEMD)] _ :
Uy(pry = et 0500,

Thus, we obtain

Ky (past; pyr,ty) = 0(t — 1) exp{i[al(t)pg +B (O pyp + 11 (O] ]}

4mpy (1)

_ [iexplb()] lo-z0p) ; [ o
= —4nh2a(t) el exp{—Fa(t)[p2 _pleb( ) _M(t)i(f)] —FS(t)plz},

This expression contains within itself the propagators of a free quantum particle with variable mass and a quantum
particle with variable mass in a variable homogeneous field.
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