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NONCOMMUTATIVE REDUCTION OF THE BLOCH EQUATION
IN THE HEISENBERG-WEYL GROUP

D. A. Ivanov and A. 1. Breev UDC 536.77, 517.986.66

The Bloch equation in the Heisenberg—Weyl group is considered. A A-representation of the Lie algebra of
a Heisenberg—Weyl group of arbitrary dimensionality is constructed, and an expression for the statistical sum
in the Heisenberg—Weyl group is obtained. Expressions for the statistical sum of the Heisenberg—Weyl group
and other thermodynamic quantities are analyzed.

Keywords: noncommutative integration method, thermodynamics of homogeneous spaces, Heisenberg—Weyl
group, statistical sum.

INTRODUCTION

In quantum field theory in an arbitrary gravitational background the heat kernel (density matrix) of the wave
equation operator of the given theory is an important means. Knowledge of the heat kernel allows one, for example, to
investigate single-loop divergences, which contribute to the statistical sum (trace of the density matrix). The heat kernel
also carries information about the propagator and anomalies of the given quantum theory [1]. Problems that arise in the
construction of the heat kernel for a number of field theories are considered in [2—4]. In these works, the heat kernel is
constructed with the help of the eigenfunctions of the wave equation operator. However, there is another way to
construct this object — namely by solving the Bloch equation, which contains within itself the wave equation operator of
the given quantum theory.

On the other hand, the heat kernel is useful in a study of the geometry of manifolds. In this case, it is defined by
the eigenfunctions of the Laplace—Beltrami operator of the given manifold. As is well known, there exists a connection
between the invariants of a compact manifold and the statistical sum, which is defined by the heat kernel [5, 6]. In the
case of noncompact manifolds, the connection with the geometry is more complex, but nevertheless exists (see, for
example, [7]).

In this paper, we consider applying the noncommutative integration technique to reduce the Bloch equation and
search for a statistical sum in the instance of a Heisenberg—Weyl group of arbitrary dimensionality. In [8] Micheev and
Shirokov showed that in the case of noncompact manifolds it is easily possible with the help of noncommutative
integration to separate the integration over the infinite volume of the manifold and transform to the statistical sum per
unit volume. Note that Micheev and Shirokov [9] and Calin ef al. [10] consider a particular case of the given problem
for the 3-dimensional Heisenberg—Weyl group.

1. HARMONIC ANALYSIS IN THE HEISENBERG-WEYL GROUP

Let G, be a (2n+1)-dimensional Heisenberg—Weyl group, and let W, be its Lie algebra. The commutation

relations of W, in the basis {e,} = {e;,?,,E} have the form
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[e' t ]:6[,(a—n)Ea [el.,E]=0, [t(pE]:O,

7o

where A=1, ..., 2ntl, i=1, ., n, a=n+l, .., 2n, and 8,5 is the Kronecker delta symbol. We choose canonical

coordinates of the second kind in this group:

2n n .
g(x,y,z) =exp(zE) [] exp(y™t,)[ [exp(x'e;) .

a=n+1 i=1

The left-invariant fields & and the Maurer—Cartan one-forms dual to them, @, and also the right-invariant fields

and the Maurer—Cartan one-forms dual to them, ¢, can be found with the help of a procedure described in [11]:

. . 2n
E,=0,, £, =0 o +x47"0,, Eypy=0.; 0 =dx', 0" =dy*, 0" == 3 x"dy* +dz,
* Y a=n+l
(1
. . . n . .
n; = _axi - yl+naza Ne = _aya > Mop+1 = _az; ¢ = _dxla c% = _dyav 02n+1 = zyanXI —dz.
i=1

Let Wn* be the space that is dual to W, (its coalgebra). The group G, acts in the coalgebra via the co-adjoint

representation, which is defined by the rule <Ad*g X > = < f ,Adg_lX > , where < R > is the action of the covector on

the vector, f € Wn*, X eW,, and Ad < is the adjoint representation of the group. The co-adjoint action of the group

exfoliates the coalgebra into orbits of the co-adjoint representation (K-orbits).
Let C,g be the structure constants of the Lie algebra W, , where /, J, K=1, ..., 2n+1. The rank of the matrix

Cy(f)= Cg f¥ » where fi are the coordinates of the covector relative to the dual basis {e*}, is constant on a K-orbit

[12] and defines subspaces in W,;k which are invariant with respect to co-adjoint action. In what follows, we will retain

the notation introduced in [12].
Below, we will have need of a description of K-orbits of the Heisenberg—Weyl group. Each nondegenerate K-
orbit (orbit of maximum dimensionality) passes through a parameterized covector A(j)=(0, ..., 0,+), where j >0,

and is defined by the value of the Casimir function K(i)( f)=%f5,.- All nondegenerate K-orbits can be
distinguished by the conditions

Ot ={f €My [IKD() =2} Moy = €W [ £ fonr >0, dimO[T) =2n,

where M, (+) are subspaces that are invariant with respect to the co-adjoint action of the group and consist of orbits of

dimensionality 2n. Each orbit represents a 2n-dimensional Euclidean space.
In turn, the degenerate K-orbits pass through the covector A(j) = (ji,..., j»,,0) and are defined by the value of

the Casimir functions Kg')( f)=fp,where P=1, ..., 2n. Any degenerate K-orbit can be assigned by the condition

OOy ={f €My | K (f) = jiaen KSD(F) = Jonts My =4S €Wy | o =0}, dimOL) =0,

where M (n) 18 @ subspace that is invariant with respect to the co-adjoint action of the group and consists of orbits of

dimensionality 0. We will not consider degenerate orbits further.
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Each orbit is a symplectic manifold [12]. On nondegenerate K-orbits, let us consider a canonical transformation
to Darbu coordinates of the following form: f,(p,q,A(})) = p,0.%(q) + % 4(¢,M(j)) , where a = 1, ..., n. For such
a transformation to exist, it is necessary and sufficient that a polarization exist for the covector A(j) = (0,...,0,£/).

The subalgebra H W, is called a polarization of the covector A if <k,[H ,H ]>=O. The subalgebra
H =span{t

n+lo o

t,,,E} is a polarization of the covector A(j)=(0, ..., 0,1), the supplementary subalgebra has
the form spanf{e,, ..., e,} . Here span{e,, ..., e,} is a vector space spanning the vectors ¢, ..., e, . The corresponding

transformation to canonical variables, linear in the parameters p, is given by the relations
fl(Paan])) = Pi> f(x(p’q’}‘(f)) = ijqa_n’ f2n+1(p’q’>‘(j)) =%j; q= (qla cees qn) € Q =R". 2

The special representation of the Lie algebra in the space L,(Q,d(q)), whose action is defined by the
operators /,(q,Mj)) = % S4(=ihd,,q,M(j)), is called the A-representation. The explicit form of the operators of the A-

representation follows from relations (2):

(@M =0, 1.(q:M())) = h s bpa(g,M))) =% ©)

i_.
h
Let wus consider the space L,(Q,d"q), where d"q=dq'-..-dg", with scalar product
o,v) = | o(qw(g)d"q, ¢,y € L,(Q,d"q). The operators defined by Eqs. (4) are symmetric with respect to the
0 2

given scalar product.
We now introduce the raising (boost) of the A-representation of the Lie algebra to the A-representation of the
Lie group by the operators T*:

%(T*(exsz)cp)m) =1y (3. )0(9).(T*(2)9)q) = | D}..(g)o(g")d"q", )
t=0 0

where ¢ € L,(Q,d"q). The family of generalized functions D /(&) , defined in Eqgs. (4), obey the system of

equations
[M4(g) +14(q: 1D}, () =0, [£,4(2)~L}(q" M]ID},(g) =0, (5)

with initial conditions D .(€)=0(q,q"), where 8(q,q") is the delta function in Q. Solution of Egs. (5), using Egs. (1)
and (3), gives

Dy ’(g)—exp[ h{” > g "Dé(x+q'—q), D)= DjY (). (©)

a=n+1

n . o
where we have introduced the notation d(x+q'—¢q)=][]8(x' +¢"—¢'). Since D;;._)(g) changes over to
i=1

D;”q(fr)(g) as a result of replacing j by —j, it is possible to alter the domain of definition

j€(0,00) > j € (-,0)U(0,0) and set D (g) D)‘(+)(g) for all j except for j = 0, and set D ,(g)=0 for
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j=0. The functions D (&), as can be seen from Egs. (6), are globally defined for z € (O 271:) and jeZ\{0},
which corresponds to the case of the compact subgroup exp(zE). Moreover, D (&) are globally defined for z€ R
and j e R\ {0}. The last case corresponds to the case of the noncompact subgroup exp(zE).

The family of functions D;”q.( g) satisfies the orthogonality and completeness conditions

I (g) ,()dn(g) =8(¢,9)8(¢,3)3(A) , @)

[ DLu(8)Dk(g)d"qd"q'dn(0) =5(g.8), ®)
OxOxJ

where J is a set of values of the parameters j, 8(7»,71) is the generalized delta-function in J, du(A) is a measure on J,
and du(g) = dx’' ...d)c"dy"+1 . .dyzndz is the two-sided invariant Haar measure on G,. Relation (7) can be taken as

the definition of the delta function 3(A, 71) . Thus we obtain in the case of the noncompact subgroup exp(zE)

(Znh)n+l

8(hA) =~———13(j - J), I(‘)duO»)— f(’)

(2 h)n+1 ’

where 8(j — /) is the delta function in R” , and the integration over J is taken from —o from -+co. This is possible due

to the fact that the point 0 is the measure of the null set and its inclusion in the integration interval does not change the
value of the integral.
In the case of the compact subgroup exp(zE) the parameter j € Z\{0} and the integration over j is replaced

by the sum

n+l n
G5 [Odt)= > @

d(A, A = ,
1= JeZ\ (0} (270‘1)”+l

where 61.7 is the Kronecker delta symbol. By virtue of properties (7) and (8) for functions from L,(G,du(g)) with

scalar product (@, y) = I G o(2)y(g)dn(g) , the generalized Fourier transform is defined as follows:

¢ (g.9") = I <p(g) A(@du(g).o(@) = [ $q.9)D),(g)d"qd"q'du(}). ©9)
OxOxJ

We write equality (9) explicitly as

2n
# (9,9 = I Icp(q q y,Z)eXP(;iH Z g ”D [T av"dz,

—o - o=n+l a=n+l1

.o 2n
o(x,y,2)= | @”(q,q—x)eXP(—%{H > y“(q“”—xa”)Dd”qdu(k),

OxJ oa=n+1
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where @(x,y,z) is the coordinate notation for the function @(g). Note that the usual Fourier transform is realized

over the variables z and j. Transformation (9) converts the action of the operators & ,(g) and n,(g) into the action of

the operators /,(g,A) and /,(q',A), respectively.

As was shown in [13], the functions D;‘q,( g) can be represented in the form

1 no
D)Lv = €X i l'_Sk 'Y ]d )
(&) @) p(gpq (g.9,p) |dp

where dp =dp, -...-dp, and P=R".In our case, we write S(g,q, p) as

n

gt NS i i, R . ana, )
(.24, p)=2(¢" +xDp"+ X jg" Ty  + =z,
i=1 a=n+l h (10)

dSk(x, v,z;q,p") = nidxi +n,dy® +my,,,dz — p; (x,m)dg’ —q" (x,m)dp '+ 1(x,m)dj.
The given function defines a special canonical transformation preserving the symplectic form

Q=dn, ndg? =dn, ndx' +dn, ndy* +dn,,., Adz=dp, ndq' +dq" Adp',+dj ndt in the space T G, . The

canonical transformation is defined implicitly by the relations

bi (x,n) =T - 7'17211-¢—1yl+na p'i (x: TE) =T, j(x,n) =Tp+1s

i Titn W Titn i & Ty o
q (X,TE)Z »q ()C,TE)Z— _x,T(x,TE)Z_ z y -z
Ton+1 Ton+1 o=n+1T2p+1

2. THERMODYNAMICS IN THE HEISENBERG-WEYL GROUP

Let us now turn to the solution of the fundamental problem of the thermodynamics of homogeneous spaces on
the Heisenberg—Weyl group. As is well known [5], the statistical sum is the trace of the density matrix

ZPB) =[py(g.2)du(g), (11)

where pg(g,g") is the density matrix, which is defined by the Bloch equation

opp(g.2")

» + Hpy(g,8") =0, p(g,2") lp=o=95(2.2", (12)

where H is the Hamiltonian and 8(g,g") is the delta function on the group G. By virtue of the non-compactness of

the Heisenberg—Weyl group, the integral in Eq. (11) will diverge, but in [8] Mikheev and Shirokov showed that with the
help of the noncommutative integration method it is possible to separate the volume of the group and find the statistical
sum per unit volume.

Let us consider the operator A, which is a quadratic function of left-invariant vector fields:

H(=ilm) =-h*G"n m, .

560



Here A, B=1, .., 2n+1, G*® =diag(4?, ..., 42,B?, .., B2,C, +..+C,), and A4,B.,C;>0. The matrix G is

VAt ]
chosen in this form since any matrix in the Heisenberg—Weyl algebra can be reduced to the given matrix by internal

automorphisms. Taking the explicit form of G into account, it is possible to calculate the scalar curvature in the

Heisenberg—Weyl group, which has the form R = (AlzBl2 +.ot Asz) / (2C1 +.ot 2Cn) . Integration of Eq. (12), as

n-—n

was shown in [8], reduces with the help of the method of orbits to integration of the equation

aRB (Q7 q 'a )\‘)

8[3 + H(_lhl(q ’a }"))Rﬁ (q:q’: 7") = 07 Rﬁ (q:q’7 )\‘) |B:0: S(Q,Q') . (13)

Thus, the statistical sum per unit volume of the group is defined as follows:

zB)= | Ry(q.q.M)d"qdu(1). (14)
oxJ

We write Eq. (14) in explicit form:

aR (qsqva)\‘) 1 62 . i .
ﬁa—B + | -h’47 PAER B} j2q"+C,j* Ry(g.9'. 1) =0, Rﬁ(q,q',k)\ﬁzo =8(q.9").
i=1

We shall seek the solution of the given equation in the form Rs(g,¢',A) = [T~ exp(-C; jZB)rBi (q',q",)\), where each

of the functions depends only on the ith variable. Thus, the variables in the equation are separated, and for the function
ré (¢',q",)), after the substitutions ¢" = hA4; V2x" and g = hA; J2x', we have an equation for the heat kernel of

a one-dimensional harmonic oscillator:

arﬁi(xi’x’i,k)_i_ _1 82 +l .nyiZ
2ox"™ 2

o a Jré(xi,x'i,k)zo, (15)

where al-2 = 2]”12Al-2Bi2 J 2. Note that the dynamical symmetry group of the harmonic oscillator is a Heisenberg—Weyl
group. For the heat kernel (Eq. (15)) the solution is well known [10]:

ioioi a; a; i2 i2 i
i) = i _ i ! h(a.B)-2 ! . 16
r(x',x",0) {—Zn sh(@p) exp[ 2sinh(af) [(x +x"")cosh(a;B) —2x'x ﬂ (16)

Thus, taking the introduced notation into account, the expression for the statistical sum of the heat kernel (given by
Eq. (16)) takes the form

exp(—C;j°B)

1 _
%o P) =5 o B.p)

a7

Taking Eq. (17) and the expressions for the spectral measure into account, we obtain an expression for the statistical
sum in the Heisenberg—Weyl group. In the case of the noncompact subgroup exp(zE) we have
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1

L Tex p[ (ZCJBD ”[Hsmh(whﬁ)j d. (1)

z,(B) = 2 oy )

where o, = 4,5; .

The integral entering into the expression for the statistical sum converges. Indeed, for arbitrary values of the

parameters ;" (H sinh(a; j ﬁﬁ)]
i=1

-1

n n

< (H a; th] the function eXp(—Z G ]ZBJ is integrable on the given interval
i=1 i=1

over j; consequently, the integral converges according to Abel’s test. Moreover, for n = 1 it is possible to obtain the
dependence of the statistical sum on the scalar curvature. Indeed, after making the substitution j=y/~2C in
Eq. (18), for n =1 we have

ZI(B)_mJ. exp(~(°)/2) v (sinh(x/ﬁyhﬁ))—l

Similarly, for the case of the compact subgroup exp(zE) we have

1
z,(B) = WZ P( (ZCJ BB [Hsmh(a;hﬁ)) :

i=1

Applying Abel’s test for the convergence of series, it is possible to shown that the given series converges. For n =1
expression (18) takes the form

71(B) =

o h)ZI Xp( (@] ﬁ)) /(sinh(ajB)) " d (19)

In this case, it is possible in a simple way to find the high-temperature expansion of the statistical sum (f —0);

specifically, we make the substitution j 2B = x in the integral in Eq. (19). Then the integral in Eq. (19) transforms to

zl(B)—(2 ;B) { exp( X (C/B)) (sinh(afx)) " dbx . (20)

Since the expansion

1 0 2(1 _ 2211—1 )an (ah)ZU—l xzn] (21)

. -1_|
x(sinh(afx))™ = (ah Z‘l o)t

is valid, where B, are the Bernoulli numbers, and the integral in Eq. (20) converges, Watson’s lemma is applicable to

Eq. (20) [14]. Using the given lemma, we obtain the high-temperature expansion

1 ( V2 aaa-2 1>82n<ah>2”‘ﬁ}

(2 Bh)3/2 4 h\/_ ol 2 4 !CIH-I/Z

z1(B) =

562



, A
24 3

1 10|
03} '.‘ [
02} -\ 1 |
3 [
0.1F \ '
v \2 [

0.0 ST e \ ~ of —— '

0.5 1.0 15 B,erg” 05 1.0 15 B,erg™
Fig. 1 Fig. 2

Fig. 1. Dependence of the statistical sum z, on the parameter 3 for identical values of the
parameters A;, B;, and C;: curve / corresponds to n =1, curve 2 corresponds to n =2, and curve 3
corresponds to n = 3.

Fig. 2. Dependence of the statistical sum z, on the parameter § for different values of the
parameter B,: curve / corresponds to B% =1, curve 2 corresponds to B>, =125, and
curve 3 corresponds to B% = 2.

The statistical sum, as can be seen from Eq. (18), is a monotonic function of the variable [ for all admissible values of
the parameters. As f—o, z,(B)—0; as f—0, z,(B)—, and only the velocity depends on the values of the parameters,
and in such a way that z,() falls off at infinity.

Let us consider particular cases. Figure 1 plots graphs of the statistical sum for different values of »n and
identical values of the parameters A4,, B;, and C;. It can be seen that with growth of n the function z,(f)—0 as B—oo faster
than the preceding function. Figure 2 displays the behavior of z, as a function of the parameter B, for n =2, C; =0.5,
C,=0.5,4% =025, B* = 0.5,and 4% = 0.25.

Besides the statistical sum, there are other characteristics of the given manifold, for example, the average
kinetic energy per particle and the specific heat, which are given by the formulas

_ ou, (T)

un(T):kB oT

Olnz (T)
7P (T
T W (T)
where ky is the Boltzmann constant and 7' =1/(kgf) . These two quantities can be calculated explicitly in the case of
the compact subgroup:

2 2
F F
u,(T) =“1—2k§T2, ¢, (T) Z“TkgT.

n
Here we have introduced the notation F' = Z— By virtue of the fact that the parameters 4; and B; are positive, the
i=1 Q;

average kinetic energy per particle and the specific heat are always increasing functions of the variable 7" and tend to

infinity as 7—o0, and the choice of parameters affects only their rate of growth.
Let us consider differences arising as a function of our choice of the subgroup exp(zE). Figure 3 plots graphs

of the statistical sum for the case of the compact and the noncompact subgroup exp(zE) for identical values of the
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Fig. 3. Behavior of the statistical sum z;: curve / corresponds to the compact case, and curve 2
corresponds to the noncompact case.

Fig. 4. The statistical sum plotted as a function of the scalar curvature: curve / corresponds to
B =0.1, curve 2 corresponds to f = 0.2, and curve 3 corresponds to = 0.3.

parameters. It can be seen that in the case of the compact subgroup, the statistical sum tends to zero faster with growth
of B. Figure 4 plots graphs of the dependence of the statistical sum for » =1 on the scalar curvature for different values
of B with the parameter C fixed.

CONCLUSIONS

In this work, we have classified the orbits of the co-adjoint representation of the Heisenberg—Weyl group and
obtained expressions for the operators of A-representation of the Heisenberg—Weyl algebra and the kernel of the A-
representation of the Heisenberg—Weyl group. Knowledge of the operators of the A-representation has allowed us to
carry out a noncommutative reduction of linear differential equations with Heisenberg—Weyl symmetry groups of
arbitrary dimensionality. We have shown that in the case of an arbitrary right-invariant metric on the (2n+1)-
dimensional Heisenberg—Weyl group, the Bloch equation reduces to the Bloch equation of an n-dimensional harmonic
oscillator. We obtained an expression for the statistical sum on the Heisenberg—Weyl group, and also the high-
temperature expansion for the case n = 1. Analysis of these expressions for the statistical sum shows that z,..(B) tends to
zero faster than z,(B) with growth of B (see Fig. 1). In addition, we considered some particular cases of the dependence
of the statistical sum on the parameters of the metric (see Fig. 2). It can be seen that the larger the parameter B, the
faster the statistical sum tends to zero. A similar dependence also obtains for the parameters 4.

We also considered the connection between the statistical sum and the topology of the Heisenberg—Weyl group.
It can be seen (Fig. 3) that in the case of the compact subgroup exp(zE), the statistical sum tends to zero faster than in
the opposite case. It can be seen from Fig. 4 that the statistical sum is a monotonically decreasing function of the scalar
curvature of the Heisenberg—Weyl group. It is correspondingly not hard to observe that with growth of B, the statistical
sum as a function of the scalar curvature falls to zero faster. We have obtained statistical quantities on the Heisenberg—
Weyl group (the average kinetic energy per particle and the specific heat). The given quantities differ from the
corresponding quantities for an ideal gas. This is due to the nontrivial nature of the topology of the considered group
manifold.
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