DOI 10.1007/s11182-015-0440-x

Russian Physics Journal, Vol. 57, No. 12, April, 2015 (Russian Original No. 12, December, 2014)

INTERACTION OF SOUND VIBRATIONS WITH A DISLOCATION
CHAIN IN A PIEZOELECTRIC CRYSTAL

S. G. Gestrin'? and E. V. Shchukina' UDC 538.911; 530.145

Sound waves in a piezoelectric medium containing a chain of dislocations parallel to each other are
investigated. It is demonstrated that interaction between vibrations localized on individual dislocations
engenders waves propagating along the chain in the direction perpendicular to dislocations. The spectrum of
allowable vibration frequencies consists of bands separated from each other and from the spectrum of volume
vibrations. The total number of different independent wave vectors corresponding to frequencies forming
a band is equal to the number of independent states of the vibrating dislocation chain and coincides with the
number of dislocations contained in it.
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Various aspects of ultrasound interaction with defects of the crystal structure have been investigated in
a number of works (for example, see [1-4]). Thus, peculiarities of elastic wave propagation in actual crystals were
studied in [1], where mathematical modeling was performed of the dynamic behavior of dislocations under the effect of
ultrasound on a crystal. Possible changes in the dislocation structures under the effect of ultrasound were described, and
detailed analysis of the influence of these changes on the structure-sensitive properties of crystals was performed. In [2]
the joint influence of ultrasound and electric field on the dynamics of dislocations in alkaline halide crystals was
analyzed.

In [3] a system consisting of two parallel dislocations with sound waves [4] localized on these dislocations in
a piezoelectric crystal was investigated for the first time. It was demonstrated that a general solution of the differential
equation describing wave perturbations in this system can be represented as the sum of two solutions. The first solution
corresponds to inphase vibrations, and the second solution corresponds to antiphase vibrations with frequencies @y and
®, . In this regard, it seems natural to consider a more realistic case of the medium containing a significant number of
dislocations. Wave perturbations in a piezoelectric material with structural defects in the form of a chain of N
dislocations are investigated below. It is demonstrated that the interaction between sound waves localized on individual
dislocations [4] leads to the appearance of wave perturbations of new type propagating along the chain (perpendicular to
dislocation lines) and the law of their dispersion is found. In this case, frequency bands of localized sound vibrations
arise, separated by a finite gap from frequencies of volume vibrations.

We note that waves localized on dislocations exist in crystals having different physical nature. Thus, in [5-9]
the possibility of localization of plasma waves, polaritons, Frenkel’s excitons, and spin waves on dislocations was
pointed out. Because of the similarity between the differential equations describing localized waves in various media,
the results obtained below can also be generalized to them.

Let us consider longitudinal waves in a piezoelectric crystal which belongs to the class C,, (tetragonal system)
localized on dislocations oriented along the C, axis. We choose the coordinate system with the z axis coinciding with
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the C, axis and x and y axes perpendicular to two of the vertical symmetry planes. The equation for small vibrations

u, (x, ¥, 2z, t) =u_q (x,y,k)expi(kz —mt) in the crystal containing a dislocation chain has the form

9% 9? (7»0 2_Po )
— |u,—u, k S(x—x, U, (xg,0,k). (1)
(ax asz 0~ Hz0 % % 1SZ1 ( $)8(»)uzo ( )

The terms of the sum in the right-hand side of Eq. (1), comprising the delta-functions ¥8(x—x,)8(y), describe
perturbations in the crystal formed by N dislocations spaced at identical distances d|, from each other along the x
axis parallel to the z axis, u; is the deformation vector, p, is the density of the medium, a, is the lattice constant,

- 2n 4n
A=A+ B Ao =g+ BO 2
€ €
Mo=MA.. and Aj =LA, are the components of the stress tensor Ay, € =€, =€,, and &, =g, are the

components of the dielectric permittivity tensor €, and By =B, ., and B, =P, ,. =B, . are the components of the

2,22

tensor [, ;, characterizing the piezoelectric effect [10]:
D; = Dy; +&; By =41, yuy- (3)

Here D; and E; are the components of the electric induction vector and of the electric field strength, respectively. The
dislocation spacing d,, is much greater than the distance 7, from the dislocation at which the amplitude of localized

vibrations decreases e times.

Furthermore, we assume for simplicity that vibrations localized on dislocation number s interact only with
vibrations localized on dislocations with numbers s—1 and s+1 neighboring to it. In this case, Eq. (1) assumes the
form

2%  9? [7&0 2_Po ] 2,2 Y
_t— u, u, k =—ayk ~—6 6 X=X Xg_ 90 k
[ax By ] 0~ Uz % 7“1 0 A (»)[8( s-1) 0 (X )

+8(x — X )“zo (xs’o’k) + 8(x_ Xs+1 )MZO (xs+1’0’k):|' (4)
The edge dislocations are in special positions, since they have neighbors only on one side. It is clear that for greater
number N of dislocations, the influence of the edge effects should be insignificant. To simplify the problem, we
limited ourselves to the cyclic boundary conditions:

Uz01 =UzoN- 5)

All dislocations are in equivalent conditions now. We seek for a solution of Eq. (4) in the form u, (x,,0,k) o< expigx,,
where ¢ is the projection of the perturbation wave vector onto the x axis. Then the vibration amplitudes near the

neighboring dislocations are related by the expressions
—igd, iqd,
( Xg— 190 k) O(xs’o’k)e lqo! uzO(xSH’O’k)ZMZO(xs’O’k)elq0' (6)

Substituting Egs. (6) into Eq. (4), we obtain

1698



2 2 5 _
[BB?JF%J“M ~Uz0s [%kz ZO ® j_ aOk2 XY 8( ) (x 0, k)[ﬁ(x xs—l)eilqdo
1 1

#8(x—x,)+8(x = x,) €4 | )

We further take advantage of the delta-function representation:

8(x=x-1)8(y) =

(2n)2fepl(( Xg )+ K, y)d K. (®)

A solution of Eq. (7) we seek in the form

g (%, 7,k) = LTk exp[i(x, (x-x,) +,7) ] d%. ©

7 (x, k) exp(ikp, ) d’k =
5 [ % (s, k) exp (inp ) d )

(2m)

where p, =(x—x,,y)and k= (Kx, Ky) Substituting Egs. (8) and (9) into Eq. (7), we obtain

[K i“sz g jx(x K)exp(=it,x,)

1 1

= aOk2 ;\(Y Uz (xs ,0, k) (exp(_inxs—l ) e_iqdo +exp (_inxs ) +exp (_inxSH ) eiqdo ) . (10)
1

The coordinates of the neighboring dislocations are related by the expressions
Xs—1 :xs_dO’ Xs+1 :xs+d0' (11)
From Egs. (9), (10), and (11) it follows that

272
aokzluzo
(2n)° M

1+2 -q)d
g, (x, k) = (1,00 22D 0 i . (12)
K2+~—0k2—8—0032

1 1

Let us represent Eq. (12) in the form of the sum of two components:

Uzos = ﬁzOs +ﬁzOs ’ (13)
where
2,2 .
_ agk exp (ikp
uzOs(x’y’k)z ! 2%”20()65’0’](),'. 7\’ ( S) de' (14)
(2m)” M 2oy _Po o

1 1

Integral (14) is an integral representation of the McDonald function of zero order K (x), and i,, is the amplitude of

A
vibrations localized on the isolated dislocation number s . For large values of the argument x>>1, the function

K (x)=+/m/2x -exp(—x). Thus, far from the dislocation, the vibration amplitude exponentially decreases, which
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confirms its localization on the dislocation. Near the dislocation (x <<1), the vibration amplitude K (x)=—In(x/2)
has a logarithmic singularity, which is connected with model assumption (1) about the 3-shaped perturbation created by
the dislocation in the crystal. Replacing in Eq. (14) the upper infinite integration limits by finite ones i, ~ 1/a, , which

allows us to exclude from consideration short-wavelength perturbations having no physical sense and thereby to
eliminate the logarithmic singularity, we obtain

agk®yu,g (x,,0,k) 1270 cos(0p, cos@/ay )

dedo . 15
N g e "

azOs (ps7k) =

In Eq. (15) we have used the dimensionless variable 8 = ka,, p, =(x—x,)* +y° , and ) = \/(Xokz —po®° )/711 . The

plot of the function p(p,) = .o, (py,k)/ti.o (x,,0,k) for xay =0.1, agk =0.74, and /A, =5, drawn in MATHCAD,
is shown in Fig. 1. Here p is given in units of the lattice constant. The term

2
2 _
= ak luzo(x O,k)j cos (K, ~q)dy
K +7f0 K’ - 8—00)2
A A

exp(ikp, )d*x (16)

describes the influence on the dislocation with number s of vibrations localized on two neighboring dislocations with
numbers s—1 and s+1.
From cyclic boundary condition (5) we obtain that 1= exp(igNd,, ) ; whence

cos(gNdy)=1= q;Nd, =21j = q; =21/ Nd,, j=0,+1,%2,... (17)

As an example, Fig. 2 shows h(p,) =il o,(ps.k) /i1 (x,,0,k) for N=100, j=50, ak=0.74, xa=0.1, and
dy =10a . In this case, the wavelength of the perturbation propagating along the dislocation chain is A j =2dy =20q .
Figure 3 shows the plot of u(p) = p(p)+/4(p) near the dislocation with number s.

Setting p, =0 in Eq.(12), we obtain the dispersion equation for the sound waves interacting with the

dislocation chain:

_ a&k2 e d’x
@r) M| 2 R 2 Po
T3 X

o (j)
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12| cosqdy | XCOSK’C 0 d*k+sing;do | XS“‘K" 0 d || (18)
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Taking advantage of the method of stationary phase [3] to calculate the second and third integrals in Eq. (18), we obtain

cos(K,dy)d*x B 2nsin(ﬁodo)ex ( 21k, J (19)

g ) e
1 1

In calculations of integral (19), the infinite limits of integration over x, have been replaced by finite ones, where
Ko ~1/dy .

Analogous integral containing sin(x,d;) in Eq. (18) is equal to 0. Thus, we have suggested that vibrations
localized on dislocations interact mainly by means of long-wavelength perturbations with |Kx| <Xy ~1/d,. We also
have replaced ®(j) in Eq. (19) by the frequency ®, of localized vibrations observed in the crystal in the presence of

only one dislocation:

wgzﬁkz—ﬁxgexp —42“—7;1 , (20)
Po Po agk”y

and assumed that the condition Ké exp(—41‘c7~ul / agkzy) >> K% was satisfied. From the given inequality for the typical

values of the crystal parameters: p, =5 g/em’, 7:0 =6-10"2 dynes/cm’, 711 =10"2 dynes/m’, y=5-1012 dynes/cm’,

apg=5- 107 cm, and k = 1.26-10" cm ™' we obtained dy > 24ay, and from Eq. (20), we obtained o, = 1.38-10" Hz.
Let us further substitute Eq.(19) into Eq.(18). Taking the remaining integrals assuming that
(iokz - poa)2 (j )) / A << K(z) , we find the expression for the possible vibration frequencies:

LA A 47h sin (Ko d, 2mA
coz(])z—ok2 ——H(%exp(— 5 zlyjeXP(4COS(deo) é; O)exp( ID, 21

Po Po agk 0% agsz

where ¢; is given by Eq. (17). By virtue of the periodicity of dependence (21), values | j| > N/2 do not cause new
states of the vibrating chain. Each of the states represents a wave running along the chain, where ®(j) is the wave
frequency and ¢; is the wave vector. However, unlike a continuous medium, the possible independent ¢ values are
limited by the condition |q| <7/d, . Therefore, the total number of different independent ¢ values is equal to the
number of independent states of the vibrating chain being equal to N .

If the crystal represents a plate bounded by the planes z=0 and z =L, the modulus of the wave vector k
takes values k, =mn/L,n=1,2,3..., and the vibrations localized on dislocations represent standing waves. Then from

Eq. (21) we obtain

~ 2 ~ . . — N
(:)(n,j):Q(n)—l M Eexp[— 4mhy Jexp{4cos(2ﬂ) Sm(KOdO)exp{ 2y B, (22)

2 Poxo ky a(%kr%’y N Kod aékiv

1701



1_377.1013 1.377-1013

o () I R Y A w(n, j) .
1.376.10° | - 1.3765.10
(n, 25) w(n, 25)

13 13
p=2  1.375.10 h=o  1.376.10

13 l 13
1.374-10 1.3755.10
=50 0 .50 =50 0 .50

Fig. 4. Results of calculation for dy = 50ay. Fig. 5. Results of calculations for dy = 100ay.

where Q(n)=+/A, / Po -k, is the frequency of volume vibrations. We note that for j = N/4, the frequency ®(n, )
coincides with the frequency ®, (7) of vibrations localized on a single dislocation.

Formula (22) determines the possible values of frequencies of sound vibrations in a piezoelectric crystal
containing a dislocation chain. As can be seen from Eq. (22), the interaction between vibrations localized on individual
dislocations leads to splitting of each frequency in the discrete spectrum depending on the number » into a series of
side frequencies characterized by different values of the number j given by Eq. (17) and to the formation of dislocation

zones.
To estimate the width of the range occupied by allowable frequencies, we used the following values of the

parameters  of  piezoelectric =~ material: Py =5 glem’, 7»0 =6-10" dynes/cm’, 7»1 =10" dynes/cm’,

y=5~1012 dynes/cmz, and q, =5-10" cm. Let us consider a film with the thickness L =10qy ; for this film, the
possible values of the number n will lie in the limits from n_; =1 to n_, =10. Wavelengths smaller than 2a,

correspond to n>n and their consideration has no physical sense. We assume that the chain contains N =100

max ?

dislocations. From Eq. (22), for example, for n=2 we obtain A, =10-a,, k, = 1.257-107 cm ', and the frequency of
volume vibrations Q(n) = 1.377-10" Hz. The frequency of vibrations localized on a non-interacting dislocation is

(Jo(n,25)z1.3765-1013 Hz. Results of calculations using MATHCAD for the indicated distances d,, between

dislocations are shown in Figs. 4 and 5.

It can be seen that the width of the dislocation zone increases with decreasing distance between dislocations
and, hence, strengthening the interaction between the vibrations localized on them. We now estimate the width of the
range occupied by the allowable frequencies. From Eq. (22) we obtain

2 = &
Aa(n) = 4k Ko Sm(KOdO)exp _2270;1 ' (23)
Po Q(n)  Kyd, agk,y

The plot of the dependence Aw(n) is shown in Fig. 6. With increasing number 7 , the width of the frequency range first
increases, reaches a maximum at 7 =25, and then slightly decreases. For a crystal plate we obtain

N2 N agky y I% xokz Po
u,(x,,2,6) =3, Z 22 7 tonRo co0 (x—x,)" +y7
n j=—N/2s=1 1

><cos(knz)-expi(z—;js—m(n,j)tj. (24)
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The wave perturbation propagates along the chain with the group velocity v(j)=dw/dg . The dependence
v(j) is shown in Figs. 7 and 8 for dj =50a, and d;, =100q,. The maximum group velocity of waves propagating

along the chain is ~ 5-10* cm/s for dy =50a, (Fig.7), which is much less than the velocity of volume vibrations
N 710 / Py = 10® cm/s. With increasing distance between dislocations and hence, weakening of the interaction between

them, the group velocity decreases down to 1.5 -10* cmy/s for dy =100q, (Fig. 8).
The same frequency o corresponds to ;j values that differ only by their signs for fixed » value (see Figs. 4 and

5); therefore, the standing wave ~ cos(q jsdo) can exist in the chain along with perturbations ~ expi (q jsdo) running

in the direction perpendicular to dislocations.

Thus, sound vibrations in the piezoelectric crystal containing a dislocation chain have been investigated in this
work. It was demonstrated that the interaction between the vibrations localized on individual dislocations caused the
occurrence of waves propagating along the chain with the group velocity much smaller than the velocity of volume
vibrations. In this case, the number of different independent values of the wave vector was equal to the number of
independent states of the vibrating dislocation chain and coincided with the number of dislocations contained in it. The
width of the frequency range occupied by the allowable frequencies of localized vibrations was estimated for different
values of the parameters characterizing the piezoelectric medium and the dislocation chain. The ranges of allowable
frequencies were separated both from each other and from the spectrum of volume vibrations.

REFERENCES

1. N. A. Tyapunina, E. K. Naimi, and G. M. Zinenkova, Influence of Ultrasound on Crystals with Defects [in
Russian], Publishing House of Moscow State University, Moscow (1999).

2. N. A. Tyapunina and E. P. Belozerov, Usp. Fiz. Nauk, 156, No. 4, 683-717 (1988).

3. S. G. Gestrin and E. B. Shchukina, Russ. Phys. J., 56, No. 12, 1326-1332 (2013).

1703



A. M. Kosevich, Principles of Mechanics of a Crystal Lattice [in Russian], Nauka, Moscow (1972).

S. G. Gestrin, Russ. Phys. J., 39, No. 10, 938-943 (1996).

S. G. Gestrin, Russ. Phys. J., 41, No. 2, 174-177 (1998).

S. G. Gestrin, A. N. Sal’nikov, and E. B. Shchukina, Russ. Phys. J., 49, No. 10, 1112-1116 (2006).

S. G. Gestrin and A. N. Sal’nikov, Russ. Phys. J., 48, No. 7, 690-693 (2005).

S. G. Gestrin and E. A. Sal’nikova, Russ. Phys. J., 54, No. 11, 1177-1184 (2011).

10. L. D. Landau and E. M. Lifshits, Electrodynamics of Continuous Media. Theoretical Physics, Vol. VIII [in
Russian], Nauka, Moscow (1982).

e

1704



	REFERENCES

