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Abstract�The model of separation of suspensions with a non-Newtonian dispersion medium in a cylindro-
conical hydrocyclone, which takes into account the effect of the Coriolis force on solid particles, was
constructed and applied to analysis of the rheological properties of the dispersion medium on separation of
suspensions in hydrocyclones with various working space configurations.

Hydrocyclones are one of multi-purpose types of
apparatus for separation of heterogeneous systems in
chemical, microbiological, food, and other industries.
Use of hydrocyclones yields a pronounced economic
effect through intensification of technological proc-
esses. The economic feasibility and efficiency of sep-
aration processes are determined by the degree of
thickening of the dispersed phase and by its loss. In
this context, optimizing the design parameters of
hydrocyclones and determining the optimal modes of
their operation are important problems, which can
lead, when solved, to intensification and accelerated
development of numerous branches of industry.

Until now, there has been no rigorous theory of
motion of two-phase systems in a swirling vortex
flow. The overwhelming majority of modern studies
[1�6] are based on the equation of a unidimensional
motion of a small spherical particle suspended in
a viscous incompressible turbulent flow.

In [1], methods for calculation of predictable sep-
aration parameters and other important performance
characteristics of cylindroconical hydrocyclones were
developed in the framework of a unified stochastic
approach. As noted by the authors, an exact analytical
description of particle motion in a centrifugal field,
based on Navier�Stokes and flow continuity equa-
tions, requires that a number of not quite correct as-
sumptions should be made, because of the complexity
of the hydrodynamic situation in hydrocyclones,
which impairs the adequacy of the suggested analyt-
ical descriptions of the real hydrodynamic pattern.

In [2, 3], fundamental aspects of a calculation of
turbulent particle transport in a hydrocyclone, based
on the continuity equation for the solid phase flow,
were considered. Such an approach makes it possible
to calculate both the amount of the solid phase re-
covered in a hydrocyclone and its parameters (concen-
tration, granulometric composition) at any point of
the apparatus. In [4], a numerical study of the flow
structure and separation processes in a hydrocyclone
was carried out using the Navier�Stokes equations.
The momentum transfer by the dispersed phase was
described in terms of the theory of multispeed con-
tinuum. By now, the equation of radial motion of
particles in hydrocyclones of various designs has been
solved with account of the action of inertia and Co-
riolis forces on a particle [5�7]. This made it possi-
ble to calculate the size distribution of particles of
the dispersed phase and to determine their content in
target separation products.

The difficulty encountered in solving equations that
characterize sedimentation of solid particles in a hy-
drocyclone consists in that, in order to satisfy the re-
quirement that the system of equations should be
closed, it is necessary to use those solutions to equa-
tions of hydrocyclone hydrodynamics, which rigor-
ously relate the circumferential, radial, and axial com-
ponents of the fluid velocity over the entire working
space of the apparatus. In addition, suspensions sep-
arated in chemical industry are, in most cases, non-
Newtonian media whose effective viscosity decreases
as the intensity of deformation rates becomes higher,
which affects the hydrodynamics of apparatus.
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It was concluded in [8, 9] that the rheological equa-
tion of state of a non-Newtonian liquid, which is
commonly written in the form of the Ostwald�de Weyl
power law, is applicable to multiphase heterogeneous
systems.

A numerical study of the flow of a film of a non-
Newtonian fluid in a cylindroconical hydrocyclone,
based on solution of complete equations of rheody-
namics, was carried out in [10]. Description of separa-
tion processes in a hydrocyclone with a freely forming
surface of a non-Newtonian fluid phase by solving
complete equations of rheodynamics has not been
provided until now, but it is of considerable theoret-
ical and practical interest.

The hydrocyclone comprises a cylindrical chamber,
into which a suspension to be separated is fed tan-
gentially through the inlet pipe mounted in its upper
part, and a conical section. The height of the cylin-
drical chamber of the hydrocyclone is equal to its
diameter. The suspension delivered into the hydro-
cyclone flows down, swirling, along its walls, hav-
ing a radial (Vr), circumferential (V�), and axial (Vz)
velocity components. Solid particles are thrown by
the centrifugal force to apparatus walls and are then
removed via an unloading device at the bottom dis-
charge. The clarified suspension is also removed via
the bottom discharge.

The efficiency of suspension separation in a hy-
drocyclone is determined by hydrodynamic param-
eters of a preliminarily swirled suspension film flow-
ing down along the case walls under the action of
the gravity force and pressure created by centrifugal
forces.

The problem was mathematically formulated under
the following assumptions: particles of the substance
being recovered are uniformly distributed in the in-
let pipe of the hydrocyclone; their concentration at
the hydrocyclone inlet is c0; for a film-type flow of
a suspension with a non-Newtonian dispersion me-
dium with a high effective viscosity, the flow mode is
laminar and the sedimentation mode of solid particles
is laminar [11].

The mathematical modeling of the concentration
field in a flow of a suspension with a non-Newtonian
dispersion medium in a cylindroconical hydrocyclone
is performed by using the differential equation of
convective diffusion in cylindrical coordinates, which

can be written at a molecular diffusion coefficient
equal to zero as follows [12]:

div (Vhc) = 0, (1)

where Vh is the vector of velocity of solid particles,
and c is the concentration of these particles (kg m�3).

Equation (1) can be brought to the form

Vh gradc + cdiv Vh = 0. (2)

As the velocity of solid particles differs from
the velocity of a continuous flow of the dispersion
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the following form:
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where Vrh (r, z) and Vzh (r, z) are the radial and ax-
ial velocity components of solid particles (m s�1);
Vrl (r, z), radial velocity component of the dispersion
medium (m s�1); r, z, radial and axial coordinates (m);
h, solid particle; and l, dispersion medium.

This equation is solved together with the equation
of motion of a solid particle.

It is assumed that the solid phase of a suspension
being separated is monodisperse, which makes it pos-
sible to achieve a required degree of thickening of
solid particles in modeling the separation process for
the finest fraction. The inertia force acting on a solid
particles in the axial direction, gravity force, and Ar-
chimedes buoyancy force are neglected by assuming
that the axial component of the velocity of a solid par-
ticle, Vzh (r, z) is equal to the axial component of the
velocity of the dispersion medium, Vzl (r, z). This as-
sumption is well justified in practice because separa-
tion in hydrocyclones with a non-Newtonian disper-
sion medium having high effective viscosity occurs
at larger Froude numbers Fr (separation factors).

Taking into account that suspensions with a non-
Newtonian dispersion medium are separated in hy-
drocyclones under the conditions in which the Rey-
nolds number, which characterizes the sedimentation
mode of a solid particle, is not large, the Magnus force
can be neglected. If a centrifugal Archimedes force,
resistance force, and a Coriolis force act upon a solid
particle, the equation of motion of a solid particle can
be written, in projections onto the r and � axes, as

(4)
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where Kfr, Kf� are the coefficients of resistance to
particle motion in the radial and circumferential direc-
tions; V�h (r, z), circumferential velocity component
of solid particles (m s�1); dh, diameter of solid par-
ticles (m); �h, �l, densities of solid particles and dis-
persion medium, respectively (kg m�3); and �, circum-
ferential coordinate (deg).

The resistance coefficients for radial motion of
a particle in a non-Newtonian fluid, Kfr , can be calcu-
lated using the empirical formula [13]

Kfr = ����� + ������� ,
24f1(n)

(Renr)
f3(n)Renr

f2(n) (5)

where

f1(n) = 31.5(n � 1)
����������� ,
n(n + 2)(2n + 1)
2 + 29n � 22n2

f1(n) = 31.5(n � 1)
����������� ,
n(n + 2)(2n + 1)
2 + 29n � 22n2

f2(n) = 10.5n � 3.5, f3(n) = 0.32n + 0.13.

Renr = [�l(dh)
n(Vrh � Vrl)

2 � n]/k, local Reynolds
number characterizing the sedimentation mode of so-
lid particles; k, consistency index (Pa sn � 1); and
n, nonlinearly index of the flow curve.

The resistance coefficient for circumferential mo-
tion of a particle, Kf�, is calculated using similar de-
pendences, but with the corresponding difference of
particle and fluid velocities in the circumferential
direction taken as a characteristic velocity difference.

The coefficient �(B), which accounts for the
hindered conditions of particle sedimentation, is cal-
culated using the formula suggested by Sokolov [14]:

�(B) = 10�1.82(1 �B), (6)

where B = 1 � c0 /�h, is a part of a unit volume of
the suspension that is occupied by the dispersion me-
dium, and c0 is the concentration of solid particles in
the inlet pipe of the hydrocyclone (kg m�3).

The initial fraction of the suspension volume oc-
cupied by solid particles, equal to 1 � B, was taken to
be 0.05.

In accordance with the method of characteristics
[15], the system of differential equations in partial
derivatives, (3) and (4), is reduced to an equivalent
system of ordinary differential equations, which can
be represented in dimensionless form as
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where Gh (R, Z ) = [Vrh (r, z)]/U0, Hh (R, Z ) =
[Vzh (r, z)]/U0, �h (R, Z ) = [V�h (r, z)]/U0, are the di-
mensionless radial, axial, and circumferential velocity
components of particles of the solid phase; �l (R, Z ) =
[V�l (r, z)]/U0, Gl (R, Z ) = [Vrl (r, z)]/U0, dimensionless
circumferential and radial velocity components of
the dispersion medium; C = c/c0, dimensionless con-
centration of solid particles; P = �l /�h, density param-
eter; Dh = dh /rk , dimensionless diameter of solid
particles; R = r/rk , Z = z /rk , dimensionless radial
and axial coordinates; U0 average suspension velocity
in the inlet pipe of the hydrocyclone (m s�1); and
rk , radius of the cylindrical chamber of the hydro-
cyclone (m).

The boundary conditions for the system of ordinary
differential equations (7) has the form

Z = 0, 1 � F � R � 1, C0 = 1, (8)

where C0 is the dimensionless concentration of solid
particles in the inlet pipe of the hydrocyclone; F =
f /rk , dimensionless width of the inlet pipe of the hy-
drocyclone; and f, width of the initial pipe of the hy-
drocyclone (m).

The approximating dependences for the radial
[Hl(r, z)] and axial [�l(r, z)] velocity components
of the dispersion medium can be represented as
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where Hl (R, Z ) = Vzl(r, z)/U0 is the dimensionless
axial velocity component of the dispersion medium;
Hls (Z ), �ls (Z ), dimensionless axial and circumferen-
tial velocity components of the dispersion medium at
the film surface; �(Z ) = �(z) /rk , dimensionless thick-
ness of the suspension film; L (Z ), M (Z ), complete-
ness coefficients of the radial distributions of the cir-
cumferential and axial velocity components; �(z) sus-
pension film thickness (m).

The values of Hls (Z ), �ls (Z ), M (Z ), L (Z ), and
�(Z ) were approximated with fourth-order poly-
nomials.

The first equation of the system (7) determines
the motion trajectory of a solid particle, which de-
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pends on the place of particle entry into the apparatus,
i.e., sets the direction of the characteristic. The sec-
ond equation yields the value of the function, i.e.,
the dimensionless concentration of solid particles,
which indicates the degree of concentration of solid
particles, on the characteristic. The remaining equa-
tions make it possible to find the radial (Gh ) and cir-
cumferential (�h) velocity components of the particle.

The system of differential equations (7) was solved
by the fourth-order Runge�Kutta method with a fixed
step. The rate of variation of the axial coordinate for
a trajectory approaching the wall is many times that of
the radial coordinate in the case of a small Renr num-
ber. Therefore, the given system of equations is a stiff
set [16] and its solution requires a very large number
of steps. the integration interval from the lower
boundary of the inlet pipe of the hydrocyclone to
the outlet orifice of the conical part of the case was
divided into M = 3 	 105 steps along the Z axis and
the system of differential equations (7) was integrated
using a software composed in Compaq Visual Fortran
language. The error in solving the system, evaluated
by doubling the number of steps, did not exceed
1 	 10�5.

The separation of suspensions with a non-New-
tonian dispersion medium in a hydrocyclone was
simulated by modeling the velocity and pressure com-
ponent fields in a flow of a non-Newtonian fluid in
a cylindroconical hydrocyclone [10] and then approx-
imating the results obtained. This was done by solving
the system of differential equations (7) at a boundary
condition (8) for widely varied defining similarity
numbers and rheological constants of the dispersion
medium. The flow of a non-Newtonian fluid in the hy-
drocyclone is characterized by a centrifugal Froude
number Fr (separation factor), modified Reynolds
number Ren , dimensionless flow rate parameter Q,
and nonlinearity index n of the flow curve. Sedimen-
tation of solid particles in the field of centrifugal
forces in a non-Newtonian dispersion medium is
characterized by a local Reynolds number Renr , which
varies along the trajectory of a particle.

The defining similarity numbers [10] were calcu-
lated as follows:

Fr = ��� , Ren = ������� , Q = ���� = �� ,grk
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2
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where q is the suspension flow rate (m3 s�1); e, height
of the inlet pipe of the hydrocyclone (m); and g, ac-
celeration of gravity (m s�2).

The width F of the inlet pipe of the hydrocyclone
was divided in the radial direction into 20 equal
intervals and, for each point at boundaries between
the intervals, a calculation of the corresponding tra-
jectory and concentrations of solid particles along this
trajectory was commenced. This was done so because
the trajectory of a particle at prescribed hydrodynamic
parameters of a suspension film is uniquely deter-
mined by the place of its entry into the apparatus.
The arrival of a solid particle to the wall was deter-
mined from the condition 1 � R 
 Dh with account of
the accumulation of a deposit layer on the wall. As
a solid particle arrived to the wall, the calculation for
the given trajectory was terminated and a calculation
of the next trajectory was commenced. The results
obtained in the numerical simulation are shown in
Figs. 1, 2.

Fig. 1a (I ) shows the trajectories of solid particles,
and Fig. 1b (I ), the distributions of the concentrations
of solid particles along the respective trajectories at
Fr = 85, Ren = 4 	 103, Q = 3.98 	 10�2, n = 0.6,
and � = 5�. Analysis of Fig. 1a (I ) demonstrates that
the most intense sedimentation of solid particles in
a centrifugal field occurs in the cylindrical chamber
of the hydrocyclone, in which solid particles are in
the zone of high values of the circumferential velocity
component of the dispersion medium, �l, near the sur-
face of the suspension film. In the bottom zone of
the conical part of the case, the film becomes con-
siderably thicker and the radial velocity component
of the dispersion medium, Gl, directed toward the ap-
paratus axis, grows, with the result that particles move
away from the case wall.

The concentrations of solid particles grow along
the trajectories because of the thickening of the solid
phase, and this increase is the most pronounced in
regions close to the boundary between the thickened
and clarified suspension.

Fig. 1 (II, III ) shows the trajectories and concen-
tration distributions for Fr, Ren, Q, and n corre-
sponding to Fig. 1 (I) at � = 10 and 15�, respectively.
Analysis of Fig. 1 (I�III ) demonstrates that the max-
imum dimensionless concentration of solid particles,
characterizing the degree of its thickening, is ob-
served for n = 0.6 at � = 5�. This is due to the low
rate of decay of the circumferential velocity com-
ponent of the dispersion medium, �l, in the direction
of the Z axis and to the high value of the complete-
ness coefficient L of the radial distribution of �l at
a more pronounced anomaly of the non-Newtonian
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Fig. 1. (a) Trajectories of solid particles and (b) distribution of the concentrations C along the trajectories at Fr = 85,
Ren = 4 � 103, Q = 3.98 � 10�2, n = 0.6, Dh = 1.75 � 10�3, and P = 0.5. (R) Dimensionless radial coordinate and (Z ) dimension-
less axial coordinate; the same for Fig. 2. � (deg): (I ) 5, (II ) 10, and (III ) 15; the same for Fig. 2. (1) Trajectory corresponding
to the boundary between the zones of clarified and thickened suspension, (2�5) trajectories of solid particles, (6) boundary
of the suspension film, (7) wall of the hydrocyclone case; the same for Fig. 2.

Fig. 2. (a) Trajectories of solid particles and (b) distribution of the concentrations C along the trajectories at Fr = 85,
Ren = 4 � 103, Q = 3.98 � 10�2, n = 0.8, Dh = 1.75 � 10�3, and P = 0.5.
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properties of the dispersion medium (n = 0.6). This
yields a high degree of thickening of solid particles,
because the length of the conical part of the hydro-
cyclone case is larger in the direction of the Z axis
at � = 5�, which makes longer the residence time of
the suspension in the separation zone.

Fig. 2 (I�III ) shows the trajectories and concen-
tration distributions for Fr, Ren , and Q correspond-
ing to Fig. 1 (I�III ) at n = 0.8 and � = 5�, 10�, and
15�, respectively. Comparison of the concentration
distributions at n = 0.8 [Fig. 2 (I�III )] and n = 0.6
[Fig. 1 (I�III )] shows that the degree of thickening
of solid particles is lower at n = 0.8, which can be
attributed to a faster decay of the circumferential
velocity component �l in the direction of the Z axis
and to a lower completeness coefficient L of the radial
distribution of �l at a less pronounced anomaly of
the non-Newtonian properties of the dispersion me-
dium. Comparison of the data in Fig. 2 (I�III ) sug-
gests that the highest degree of thickening of solid
particles at n = 0.8 is observed at � = 15�, because
this angle of conicity provides the minimum decay of
the circumferential velocity component �l in the di-
rection of the Z axis. At � = 5�, the degree of thicken-
ing of solid particles exceeds that at � = 10�, because
the strong decay of the �l component along the Z axis
at 5� is compensated for by the large length of the
conical part of the hydrocyclone case in the direction
of the apparatus axis.

As follows from the analysis of the calculated data
for Fr, Ren, and Q corresponding to Fig. 1 (I�III ),
even lower degrees of thickening of solid particles
are obtained at n = 1.0 (Newtonian fluid), compared
with the case of n = 0.8, because the rate of decay
of the circumferential velocity component �l in the di-
rection of the Z axis increases as the anomaly of
the non-Newtonian properties of the dispersion me-
dium becomes less pronounced. The lowest degree of
thickening of solid particles is observed at � = 5� be-
cause of the strong decay of the �l component along
the Z axis. At � = 10 and 15�, the degrees of thicken-
ing of solid particles are approximately the same
because of the opposite kinds of influence exerted on
the degree of thickening by such factors as the rate of
decay of the circumferential velocity component �l
of the dispersion medium along the Z axis and the
length of the conical part of the hydrocyclone case in
the direction of the apparatus axis.

CONCLUSIONS

(1) The degree of thickening of solid particles of
the suspension in a cylindroconical hydrocyclone

grows as the anomaly of the non-Newtonian properties
of the dispersion medium becomes more pronounced
because of the decrease in the rate of decay of the cir-
cumferential velocity component of the dispersion
medium along the hydrocyclone axis and increase in
the completeness coefficient of its radial distribu-
tion.

(2) The influence exerted by the angle of conicity
of the hydrocyclone case on the degree of thickening
of solid particles depends on the rheological properties
of the dispersion medium, which determine the rate of
decay of the circumferential velocity component of
the dispersion medium along the hydrocyclone axis,
because the rate of decay decreases and, simultaneous-
ly, so does the length of the conical part of the case
along the apparatus axis, which makes shorter the re-
sidence time of the suspension in the separation
zone.

(3) The mathematical model of separation of sus-
pensions with a non-Newtonian dispersion medium
in a cylindroconical hydrocyclone, constructed in
the study, makes it possible to calculate the degree of
thickening of solid particles as a function of the de-
fining similarity numbers and rheological properties
of the dispersion medium and can be used as a basis
for developing a procedure for engineering calcula-
tions of hydrocyclones for separation of rheologically
complex media.
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