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Abstract In this paper, we use three structural models to investigate a country’s credit risk
by applying it to a sovereign balance sheet. The transformed-data maximum likelihood
estimation method and the maximization—-maximization algorithm are adopted for model
calibration. The derived probability of default over time for four sample countries matched
well with the events and economic conditions that occurred during the sample period. Our
empirical analyses show that structural models can be used to determine with high accuracy
whether the credit of a sovereign country is in a precarious situation. We then illustrate how
the structural approach can be an effective tool to monitor the sovereign credit risk.
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1 Introduction

The ability of a sovereign country to repay its foreign debt has long been an important
issue." After the global financial crisis of 2008, concerns arose about countries defaulting
because of over-stretched bailout attempts and other aggressive fiscal policies. For

! For example, Park and Oh (2005) showed that Korea was hit by Asian financial crisis in 1997 because of
the high level of short-term external debt with respect to GDP and large inflows of foreign capital staying in
financial system instead of physical investment.
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instance, the International Monetary Fund (IMF) warned that the debts these countries
were accruing could put global financial stability at risk and prolong weakness in the credit
markets.” If a borrowing country does not have enough foreign exchange (FX) reserves to
make its payments on time, a financial crisis will occur. To survive the resulting turmoil,
the country’s government must obtain loans from other countries or from international
financial institutions such as the IMF.

For example, when Iceland encountered a bank default event, the government took over
three “too-big-to-fail” private investment banks; however, it did not have enough funds to
repay the banks’ debts. Furthermore, as foreign investors owned most of Iceland’s stocks,
stock prices, as well as FX rates, depreciated rapidly (Benediktsdottir et al. 2011). In late
2008, the Icelandic government raised the interest rate and secured a loan from the IMF to
rescue the country from default. Hungary, Mexico, and Poland also obtained funding
support from the IMF. Some European countries like Greece face credit problems that are
still evolving.

Sovereign credit risk has been studied extensively in the literature. Kalotychou and
Staikouras (2006), Fuertes and Kalotychou (2006), and Frankel and Saravelos (2012)
demonstrated that sovereign credit risk has a high correlation with external debt, gross
domestic product (GDP), inflation, and FX reserves. Chesney and Morisset (1992),
Claessens and Pennacchi (1996), Karmann and Maltritz (2003), Oshiro and Saruwatari
(2005), Huschens et al. (2007), and Gray et al. (2007) used a structural model to predict
default events. Duffie et al. (2003) applied a reduced-form approach to measure Russia’s
default risk during the Asian financial crisis of the 1990 s. Arnold (2012), Li and Zinna
(2013), and Acharya et al. (2014) investigated the relationship between the sovereign credit
risk and credit risk of banks.

Since the credit default swap (CDS) market is one of the best ways to study the credit
risk of an entity, we attempt to explore other useful market information and incorporate it
into the structural model to obtain a consistent sovereign default risk prediction of the CDS
price.® In this paper, we propose a modification of the sovereign balance sheet by Gray
et al. (2007) and compare three default triggering models, namely, the Merton (1974), the
exogenous default-boundary Brockman and Turtle (BT) (2003), and the endogenous
default-boundary Leland and Toft (LT) (1996) models, to estimate the value of a country’s
assets and construct the relationship between the sovereign balance sheet and the default
risk. The unknown variables and parameters in the Merton model and BT model are
estimated by the transformed-data maximum likelihood estimation (MLE) method pro-
posed by Duan (1994, 2000), Duan et al. (2003, 2004); the variables in the LT model are
estimated by the mixed maximization—-maximization (MM) algorithm proposed by Forte
(2011) and Forte and Lovreta (2012). Finally, we apply the Spearman’s rank correlation
coefficient (Spearman’s p) and the receiver operating characteristic (ROC) test adopted by
Engelmann et al. (2003) and Jessen and Lando (2015) to examine the model performance.

The rest of the paper is organized as follows. In Sect. 2, the relevant literature is
reviewed. The sovereign balance sheet, the BT model and LT model, and the quantitative

2 Global Financial Stability Report, IMF, April 13, 2010.

3 Although some studies such as Jenkins et al. (2014) found evidence of both underreaction and overre-
action to previously accounting information during financial crisis period (from July, 2007 to June, 2009 in
their study), suggesting that the CDS market is less efficient during crisis periods and is more efficient
during periods of relative economic stability, we follow prevailing literature, such as Pan and Singleton
(2008) and Hui and Fong (2015), to use CDS price to represent the credit risk of a sovereign in our study.
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methods are described in Sect. 3. Section 4 presents our data. The empirical results are
reported in Sect. 5, and in Sect. 6 we offer concluding remarks.

2 Literature review

Black and Scholes (1973) pioneered use of the option pricing model to assess the rela-
tionship between a bond price and the associated credit risk. Merton (1974) applied the
basic accounting equation (Asset = Liability 4+ Equity) to define bankruptcy as occurring
when a firm’s asset value is lower than its liability. The probability of default (PD) of a
corporate bond can be calculated using the Black—Scholes-Merton framework (BSM),
which is referred to as the structural model in the literature. In contrast, other researchers,
including Brenann and Schwartz (1980), Jarrow and Turnbull (1995), Duffee (1998), and
Duffie and Singleton (1999), have developed the reduced-form model, which measures
default by tracking the stochastic process of the corporate bond price or its yield.

Later researchers have tried to modify and relax the assumptions of the structural model
in the BSM framework. For example, Black and Cox (1976) presented an explicit equi-
librium model which assumes that a bond may default at any time before maturity if the
asset price reaches an exogenous threshold. Considering the same asset process as Merton
(1974) and Black and Cox (1976), Leland and Toft (1996) formulated the price of debt
with maturity at a future time. Under their framework, a company’s optimal default barrier
is determined by its optimal capital structure, which is an endogenous variable. Longstaff
and Schwartz (1995) imported the stochastic riskless interest rate, shown in Vasicek
(1977), and its correlation with asset price. Briys and de Varenne (1997) considered
specific bankruptcy thresholds. Zhou (2001) further proposed that the asset value follows
the normal jump diffusion process. Hui et al. (2003) extended the results of Longstaff and
Schwartz (1995) and Briys and de Varenne (1997) by taking into account economic
deterioration. Brockman and Turtle (2003) proposed a barrier-option framework for val-
uating corporate securities.

Focusing on credit risk at the national level, Chesney and Morisset (1992) considered a
country’s willingness to pay for its external debt to be a random variable following a
stochastic process. The default event occurs if the willingness to pay is less than the face
value of the external debt at maturity. Claessens and Pennacchi (1996) assumed that a
country’s default risk indicator follows a stochastic process. A default is defined as the
value of its indicator falling below zero. Their empirical study demonstrated that the model
can predict a credit event in a sovereign country with high accuracy.

In recent years, the issue of sovereign credit risk has gained increasing attention from
financial economists. Duffie et al. (2003) studied the yield spread of Russia’s dollar-
denominated debt during the Asian financial crisis using a reduced-form model. They
found that the yield spread varied significantly over time. In addition, it was negatively
correlated with Russia’s foreign currency reserves and oil prices. Karmann and Maltritz
(2003) characterized the stochastic process of ability to pay, defined as the country’s FX
reserves plus its potential capital imports. A default event is defined as occurring if the
ability to pay is less than the total amount of the (net) repayment obligations at the maturity
date. Oshiro and Saruwatari (2005) developed a model based on the BSM framework to
quantify a country’s credit risk and deduced the sovereign asset value by sovereign bond
price and the Morgan Stanley Capital International (MSCI) equity index.
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Fuertes and Kalotychou (2006) used an early warning indicator to predict a sovereign
default, which occurs when the jump-in arrears exceed a specific portion of the total
external debt or when the rescheduled debt exceeds the decrease in total arrears. In their
empirical study, they found that while complex models are better at describing the data,
simple models outperform complex models in terms of forecasting accuracy. Huschens
et al. (2007) constructed a model based on BSM to study the forecasting ability of a
sovereign default event. They selected 19 countries in emerging markets to validate their
model and obtained statistically significant results. Frankel and Saravelos (2012) investi-
gated whether leading indicators can explain the financial crisis in 2008 and 2009. They
found that FX reserves and past movements in the FX rate are the leading indicators to
predict a crisis.

Gray et al. (2007) proposed a framework for the sovereign balance sheet. The assets
include FX reserves, net fiscal assets, and other public assets; the liabilities consist of
guarantees, foreign-currency debt, local-currency debt, and base money. Foreign-currency
debt can be considered the senior claim and local-currency debt plus base money the junior
claim. The FX spot rate was used to translate the market value of the local-currency
liabilities. Plank (2010) studied CDS contagion effects among 16 countries in Europe
during the financial crisis. He also demonstrated a sovereign structural model driven by the
sovereign’s repayment capacity (includes international reserves exports and imports) and
total amount of external debt in six emerging countries. Galai and Wiener (2012) showed
that the government or company should issue the debt denominated in foreign currency
since the funding cost is cheaper if the statistical correlation of asset return and changes in
exchange rate is positive.

In addition to the bond price and the sovereign balance sheet, the CDS price is also
useful for estimating default risk. Blanco et al. (2004) and Hull et al. (2004) analyzed a
large panel of corporate issuers from the United States and Europe and found that CDS
prices can predict credit events. Chan-Lau and Kim (2004) tested the equilibrium rela-
tionships among CDS, bond, and equity prices in eight emerging countries. They found
that the CDS and bond spreads were highly correlated, whereas the equity prices were not
correlated with either variable. Carr and Wu (2007) constructed a joint valuation frame-
work consisting of the bivariate diffusion of the currency return variance and sovereign
default intensity. They showed that the sovereign CDS spread has a strong positive con-
temporaneous correlation with the implied volatility of currency options.

Many studies explored the relationship between the sovereign CDS prices and some
other key factors that influence credit risk of sovereigns. Using data in different countries,
Arnold (2012), Li and Zinna (2013), and Acharya et al. (2014) showed the sovereign risk
and credit risk of banks are related. Ang and Longstaff (2013) used CDS of U.S. Treasury,
some U.S. states, and major Euro countries to show the systemic sovereign credit risk is
more related to financial market variables than macroeconomic conditions. Chen (2013)
further used structural model to examine the results of Ang and Longstaff (2013). Hui and
Fong (2015) found the cointegration and time varying conditional correlation between the
prices of sovereign CDS and currency option markets in four developed countries.

An important issue in the BSM framework is how to estimate the asset value and its
volatility because it cannot be observed directly in the market. There are three approaches
(Duan et al. 2004). Jones et al. (1984) and Ronn and Verma (1986) applied Itd’s lemma to
form simultaneous equations and solved for these two variables. Eom et al. (2004) used the
market value of equity and total debt to imply the asset value. Duan (1994) and Duan
(2000) derived the transformed-data MLE to estimate the unknown variables and
parameters.
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Although all three approaches have been widely used, Duan (1994, 2000), and Bruche
(2007) argued that constant volatility in equity as assumed in the first approach is not
reasonable. Wang and Li (2004) showed that Eom et al.’s (2004) approach is theoretically
inconsistent with the boundary conditions of the option pricing model. Their Monte Carlo
simulations also showed that this approach may lead to biased predictions.

Bruche (2007), Wang and Li (2004, 2008), and Duan et al. (2004) demonstrated by
simulation methods that the transformed-data approach is best for estimating unknown
variables and parameters, especially when using the BT model framework. Duan et al.
(2004) showed that Vassalou and Xing’s (2004) method, which applied an iteration method
to estimate the unknown variables and parameters, is an expectation maximization (EM)
algorithm that provides a maximum likelihood estimator in an incomplete market. Duan
and Fulop (2009) also proved via the particle filter method that equity prices were con-
taminated by trading noise.

Forte (2011) and Forte and Lovreta (2012) tested several parameter calibration methods
under Leland and Toft’s (1996) framework. They showed that the mixed MM algorithm is
the best numerical method for estimating the CDS price; it obtains the fewest CDS pricing
errors when compared to other methods.

In the next section, we first describe the construction of an option model based on the
sovereign balance sheet. We then use the transformed-data MLE and MM approaches to
estimate all the unknown parameters.

3 Model setup and methodology

Many studies, including Kalotychou and Staikouras (2006), Fuertes and Kalotychou
(2006), and Frankel and Saravelos (2012), have applied the ratio of external debt to GDP or
FX reserves to measure a country’s financial condition. In contrast, we apply the structure
of the sovereign balance sheet as shown by Gray et al. (2007) to define a credit event in a
country. We further apply this framework to measure the sovereign credit risk of the
countries in our sample.

3.1 Sovereign balance sheet

We first discuss the items in the balance sheet of a sovereign country by applying an
argument similar to that of Gray et al. (2007). The assets include FX reserves, net fiscal
assets, and other public assets, whereas the liabilities include external debt, guarantees, and
money supply 1 (M1). The details are as follows:

e FX Reserves: The net international reserves from the public sector, including foreign
currency deposits, bonds, gold, special drawing rights (SDRs), and IMF reserve
positions held by the central bank or monetary authority.

e Net Fiscal Assets: Taxes and fiscal revenues with expenditures.

Other Public Assets: The equities and other assets of public enterprises.

e External Debt: The debt held by nonresidents of the country. According to the World
Bank, the gross external debt position includes the external debt from the general
government, central banks, deposit-taking corporations (except the central bank), other
sectors, and direct investment. In this study, we choose the first three items (i.e., general
government, central bank, and deposit-taking corporation) to obtain the whole external
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Table 1 Stylized balance sheet

N . Assets Liabilities

for a sovereign country
Foreign reserves External debt
Net fiscal assets Money supply 1
Other public assets Guarantees

debt of a sovereign. However, we also allow flexibility if the government provides the
collateral for the other two parts of external debt.

e Money Supply 1: M1 contains notes and coins in circulation, demand deposits, and
items defined by each central bank.

e Guarantees: The sovereign liability that protects the financial system.

The structure of the sovereign balance sheet is illustrated in Table 1. Note that the assets
and liabilities are expressed in foreign currencies.

External debt is senior to other liabilities because FX reserves are required to repay the
debt. If the FX reserves are insufficient, the country has no choice but to default. On the
other hand, M1 and guarantees are junior claims and behave like equity of a sovereign. If
foreign investors predict that the economy of a country is growing, they will buy its
currency at the spot rate, defined as the amount of its currency per one unit of foreign
currency, and invest in the stock market or high-yield bonds in that country. As a result, the
domestic currency will appreciate in value, thereby increasing the asset value of the
country. Meanwhile, if the government cannot redeem its external debt at the maturity
date, a default occurs.* Because it is difficult for debt holders to “own” a sovereign
country, the government should negotiate with a creditor (an international institution or the
government of another country) to find a way to meet its debt obligations. Therefore, we
can assume a critical barrier that exists in such a way that if the asset value is lower than
this barrier, the government must reschedule its payments or refinance its capital before the
debt reaches maturity.

We consider a country’s domestic currency to be “soft” currency. The total amount of
the external debt must be repaid by an acceptable foreign currency. From the foreign
creditor’s point of view, the total value of sovereign assets or liabilities is actually
determined by the FX rate. Therefore, the foreign currency is used as a numéraire for the
market price of all the items on the country’s balance sheet.

Similar to the structural credit risk model of a firm that applies the stock price to infer
the credit risk of the corporation, we use FX rate to measure the credit risk of a sovereign
under the sovereign balance sheet. Furthermore, our assumptions are also consistent with
the study in Hui and Fong (2015), which showed that the sovereign credit affects the FX
rate in the long run.

Although the structure of a country’s balance sheet resembles that of a corporation’s,
the payoff schedule for the contingent equity claim is different. Westphalen (2002) and
Chan-Lau and Kim (2004) claimed that a sovereign country cannot surrender all its assets
to its debt holders when a default occurs. Hence, to maintain its reputation and capital, the
borrowing country must refinance by issuing new bonds or borrowing money from the

4 We assume international investors will withdraw their capital and the FX rate will depreciate if the FX
reserves cannot repay the external debt at the maturity date. This assumption is consistent with Aizenman
et al. (2015) who showed that the FX rate will depreciate with respect to US dollar in emerging market if the
FX reserves are not enough to the level of its model prediction.
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World Bank, the IMF, or other lenders even though the interest rate will rise to a very high
level.

Below, we construct three default models (Merton model, BT model, and LT model) to
determine and compare whether funding is required. The Merton model is the original
structure from Merton (1974); the BT model is from Brockman and Turtle (2003) and
Duan et al. (2003). Finally, we follow the idea in Forte (2011) and Forte and Lovreta
(2012) to construct the LT model.

3.2 The Merton and BT model for sovereign credit risk

Let V(t) denote the value of the country’s total assets in the domestic currency at time ¢ and
Q(t) denote the exchange rate between the domestic currency and the foreign currency
under consideration. We assume that a representative country issues a single foreign-
currency zero-coupon bond with a promised payoff K at maturity date T if the value of
X(t) = V()/Q(t) is never less than the certain level H within 0 <t < T. We also set
Y(t) = E(t)/Q(t). Therefore, the payoff of the external debt at time T is

F(T) = min (%,K) = X(T) — max(X(T) — K, 0) (1)

and the value of the junior claim at time T is

E(T) = V(T) = F(T)Q(T) = max(X(T) — K, 0)Q(T) (2)

In other words, from a foreign creditor’s point of view, the payoff of the junior claim is
a vanilla call option on the value of the country’s assets. Furthermore, if there is a con-
tinuous barrier H that the asset value X(t) has to be higher than for all 0 < t < T to avoid
refinancing, the junior claim seems like a down-and-out barrier call option on the value of
the country’s assets. The payoffs of the senior and junior claims at time T are illustrated in
Fig. 1.

As shown in Fig. 1, if the value of the assets in foreign currency is higher than K at
maturity, i.e., X(T) > K, the senior claim holders receive K and the junior claim holders
receive X(T) — K. The value of the junior claim increases with X(T) if X(T) > K. The
appreciation of the domestic currency increases the value of the country’s assets.

In our setup, we do not constrain the barrier H to be lower than or equal to a promised
payoff K since we hope to detect the credit event as early as possible. Because the external
debt usually does not increase very sharply, or the government perhaps needs to enhance its
credit to protect all the external debt that is not recorded in the data, we hope the barrier H
can get close to the asset value X(¢) actively instead of waiting until X(t) is close to K,
which can help the model detect the credit event of the sovereign early. As mentioned
previously, the high barrier H can be seen as the government providing the collateral for
the other two parts of the external debt, including other sectors, and direct investment.

We then follow the framework of Merton (1974) and Shreve (2004) to construct the
model for measuring the sovereign risk. Let W(t) = (W(z), W»(¢)) be a two-dimensional
Brownian motion on a given space (Q, Z (), P), where the W (t) is the Brownian motions
of domestic currency and the W5(t) is the Brownian motions of foreign currency. They are
independent. We assume that the process V(t) the asset value, V(t) in the domestic cur-
rency satisfies

dV(t) = (o — $)V()dt + o V()dW, (3)
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Fig. 1 Payoffs of the senior Payoff
claim (external debt) and the

junior claim

Senior Claim

'

Kr

Junior Claim

K X(T)

where o and 6, < 0 are, respectively, the instantaneous expected return and the standard
deviation of the asset value, and O is the instantaneous payout to investors of the asset
value. The process of the exchange rate, Q(t), satisfies

dQ(t) = yQ(t)dt + 5,Q(t) [del (0 ++/1— pdeZ(t)}, 4)
where y € R, g, > 0, and p € [—1, 1] are constants. By the Lévy characterization theorem,
the term

t

/ pdW  (u) + O/ V1= p2dW,(u)

0

follows Brownian motion under the probability measure P. Hence, from the following
proposition, we can find the value (in a foreign currency) of the country’s junior claim at
time t for a sovereign and its default probability in the vanilla option framework.

Proposition 1 Assume that a representative country issues a single foreign-currency
zero-coupon bond with a promised payoff K at maturity date T. Let r and ¥ be the domestic
and foreign constant riskless interest rates, respectively, 0 and & be the instantaneous
domestic and foreign payout to investors of the asset value, respectively, and X(t) = x. The
value of the junior claim in foreign currency at time t, Y(t) =y, in the pure option
framework is

y = xe " TIN(d(t)) — Ke™ (T—f)N(d(t) — oV — t), (5)
where N(-) is the standard normal cumulative distribution function,

_In(x/K) + (¥ — & +0.563) (T — 1)
B a3vVT —t

d(r)

and \/a3 = a(63 — 2pa102 + 03).

Furthermore, according to the Girsanov theorem, there exists a constant parameter
u = fla, 7, 03) such that
V) _ V()

RS I _sf o f .
(3 =i (= 9a+ oxawi) ©
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under the empirical probability measure P. The default probability between time ¢ and
time T is

o N <_ In(x/K) + (# — & —0.562)(T — r)) -

a3vVT —t

Proof All procedures follow chapter 9 of Shreve (2004). The details are in “Appendix 1.

Applying a similar idea from Brockman and Turtle (2003) and Duan et al. (2003), we
have the following proposition to construct our BT model. The BT model combines the
structure of a Merton model and a barrier, which is not only the threshold of the default
point but also a measure of the country’s ability to survive before negotiating with its
creditors and rescheduling its repayments.

Proposition 2 Assume the same notation as in Proposition 1. Let H be a continuous
barrier, X(t) > H. The value of the junior claim in foreign currency at time t, Y(t) = y, in
the barrier option framework is

y = xe TN (a(t)) — Ke™ <T*f>zv(a(t) — o3V — z)

_ (8)
— xe T (H /) "'N(b(1)) + Ke ™" T (H /)" 2N (b(t) —o3VT — z) ,
where N(-) is the standard normal cumulative distribution function,
In(x/H f — & +0.563)(T -1
na/H) 4 (= H0SR)T =)

a(r) = oV —1

In(x/H) + (¥ — & +0.503)(T — 1) ’

, K<H
a3vVT —t
In(H?/(xK I — 6 +0563)(T -1
(2 K)) + (= H0SR)T =)
b(r) = Y T 0502
In(H/x)+ (¥ =& +0.503)(T — ¢ ’
n(H /) + (r ATy
o3VvVT —t
_ A=
and 1 = = +3.
The default probability between time ¢ and time T is
In max(xH,K) + ('u - 5f - %Gg) (T - t)
BT — N| —
a3VT —t
9)

2
+ (i) 7%(”7(5/7;‘%)1\] lnxmaf(H,K) + ('u - 5f - %Gg) (T - t)
H a3VT —t

Proof Consider the following two equations:

), % > H, \ﬁgng]

and
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mpr = 1 — mhavive = | —Pf<@ > K, Yis) >H, wgng),
Q(T) Q(s)
we can apply a procedure similar to that in Proposition 1 to obtain our results, which are
shown in “Appendix 2”.
Under the BT model structure and applying put-call parity, we know the value of the
external debt at time t is

F(t) = (x = y)Q(t) = Ke ™ ™Y + (Caoun-ana-in(t) = P(1))Q(1), (10)

where Cgown—and—in (t) and P(t) are, respectively, a down-and-in call option and a put option
under the same underlying asset X(t) and strike price K. A high value of the down-and-in
call option means that the bond holder may have the right to manage or sell the company if
the underlying asset X(t) touches the barrier H.

3.3 The LT model for sovereign credit risk

Applying the idea of Leland and Toft (1996) and Forte and Lovreta (2012), we assume a
country issues a total of N external bonds with promised principal p; at each maturity date
t; and constant coupon flow ¢;, i € {1,2,...,N}. The sum of all p; is the total nominal face
value of external debt K, and the default barrier H means the fraction of K, H = K, >0.
As mentioned earlier, we do not set any upper limit for . Assuming that the stochastic
process of asset value is the same with Eq. (6), the value of each bond d; at time t is

di(x.t) = S+ e py = G 1 = Fie )] + [(1 = 9)ppi = 5 Gulx,w), - (1)

where 7, = ; — 1, ¢ is bankruptcy costs, and Fy(x, 7;) and G,(x, t;) are given in “Appendix
4”. Also, if X(¢) = x and Y(¢) =y, the total of external debt value is

F(x) =) di(x,1), (12)

i=1
and the equity value is
y =x—F(x|¢ =0). (13)

We set ¢ = 0in Eq. (12) since the equity holder does not need to take any bankruptcy cost.

Because the idea of asset process and the barrier setup in both the BT model and the LT
model are the same, we know the default probability n;  between time t and T is the same
as gy in Eq. (9). Alternatively, under the definition of ¢ and 3, we know the recovery rate
of all external debt is (1 — ¢)f if the default event is announced.

3.4 Transformed-data MLE method

We follow the procedure of Duan et al. (2003, 2004), and Wang and Choi (2009) to
estimate all the unknown parameters and variables in our three models. We assume that no
trading noise exists between the unobservable asset value and its contingent claim.
Assume the values of the junior claims and FX rates observed at each time point of n
equal intervals during a year. In other words, the value of Y(t) is observable at time
t € {0,h,2h,...,nh}, with h = 1/n year. In this case, X(0) = x and Y(0) = y. Under the
Merton model framework, the log-likelihood functions of the asset and junior claims are
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Ly (1,03 X(0), X (1), X(2h), -+, X (nh))

ey 5 (s (= -5
_ 2
= —In(2n3h) — EZ - ; InX (kh),

2
— osh

and

~

LMertan (.u'v 03; X(0)7 X(h)v i(zh% T X(nh))

= a0 X000 K1) K, - o) = 3wl "

According to Duan et al. (2004) and Forte and Lovreta (2012), since they both use the
same stochastic process of asset value and barrier setup, the log-likelihood function of the
junior claims is

LBT,LT(,Ua g3, H, Y(O), Y(h), Y(Zh), ceey Y(Ilh))

Y jh)
axum‘

ln% +(n-6"- Ué)nh <)A((0)> 7%(%67%65) (15)
+

The derivation of Eq. (15) is provided in “Appendix 3”. The transformation term
|0Y/0X| for the BT model is also shown in “Appendix 37, and for the LT model it is
shown in “Appendix 4”. For the Merton model and the BT model, we use the following
iteration procedure to estimate all the unknown variables and parameters:

1. Assign the initial values to |, 63 and H in Eq. (5) or Eq. (8) to evaluate the implied

asset value )A((t) under Merton model or BT model consideration.
2. Toderive the MLE of |1, o3 (and H), apply the log-likelihood function of Egs. (14) or (15).
3. Calculate and compare the absolute errors between the initial values in the first step
and the results from MLE in the second step. If the error is less than the convergence
criterion, the procedure ends here. Otherwise, go back to Step 1 and replace the values
of the parameters with those derived in Step 2.

4. Use the converged &3 (and H) in Step 3 to calculate the implied asset value X (t) and
its default probability Tyeron (OF TgT).

5 We recognize that it is difficult to pin down the default barrier H when the barrier is low relative to the asset
value, that is, the default probability is low (Lee et al. 2009). This is because when the default probability is
low, the low barrier estimate can vary across a wide range since it does not affect the likelihood function and
equity pricing results. Fortunately, as Lee et al. (2009) indicated, the bias of low-barrier cases scarcely affects
the default probabilities of the sample countries, which is the main focus of our study.
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In the LT model, Forte and Lovreta (2012) created the MM algorithm, which sets the B
as fixed in Eq. (15) and estimates p and o3 only at the first and second step, and then
compared the error criterion at the third step. After that, since every equity holder aims to
own the maximum partition of asset value, 3 should satisfy

1<~ Y(ih)
max — —.
p n4 X(ih)

(16)

Therefore, we adjust the B such that Eq. (16) is satisfied at the fourth step. Finally, we
calculate the default probability my 1 at the fifth step. For details of the algorithm, refer to
Forte and Lovreta (2012).

3.5 The model CDS spread

The trading volume of the CDS is larger than that for any other credit derivatives market.
This instrument provides a way for investors to hedge or speculate on credit risk. Since the
CDS market price is the most important benchmark, we follow the method in Plank (2010)
to derive model-implied CDS prices under our three models and compare the correlation
with respect to the CDS market price.

Assume that the default occurs only at each coupon payment date, two times per year
(semiannual). We denote each payment date as #;, i € {0,1,...,N — 1}. t is the maturity
date of the CDS. Let s be the CDS spread, which is the percentage of the notional amount
to be paid per year. The risk-free rate is rf, and the recovery rate is (1 — ¢)f. Assume that
the notional principal is $1. The total expected payment then becomes

O.SSEN: (1= n(t))e™""), (17)

where 7(t;) means the default probability between time O and #; on any specific model.
Similarly, the expected present value of loss given default from the credit buyer is

1= (=) e [(1 - n(tir) — (1 — ()] (18)

i=1

Considering the no-arbitrage environment, Eqs. (17) and (18) should be equal; hence,
we have

(1= (1= @) e (1 = n(t1)) — (1 - n(t))]
0.5, (1 — n(t;))e'
Following Plank (2010), since the range of the emerging market recovery rate is

between 20 and 30 %, we assume (1 — ¢)f equals 25 %. Therefore, we set ¢ =
1 — 25 %/f when we estimate CDS spread s.

S =

4 Data

According to Bartram et al. (2007), important financial and economic events that occurred
after 1994 affected sovereign credit risk. Therefore, we apply several important economic
events in our sample period to support this point of view.
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We use US dollars as a numéraire in our empirical studies. Our sample comprises four
countries: Iceland, Korea (South Korea), Russia, and South Africa. The data we used
include long-term and short-term external debt, money supply 1, risk-free interest rates,
instantaneous paid-out rates of assets, FX rates, CDS prices, and coupon rate. Details are as
follows:

e External Debt: Information about external debt is taken primarily from the Joint
External Debt Hub (JEDH)® on the IMF website, then checked or supplemented with
data from the central bank website of each sampled country.” In the Merton model and
the BT model, we follow Vassalou and Xing (2004) and Bharath and Shumway (2008)
where the strike price of the sovereign debt equals the short-term debt plus one-half of
the long-term debt. In the LT model, we follow Forte (2011) and Forte and Lovreta
(2012), who set the debt structure of a sovereign as short-term debt, maturing in 1 year,
and nine parts of long-term debt with equal face value, maturing in 2-10 year,
respectively.

e MI1: Monthly data of this item are from Datastream. We use these data to represent the
amount of a sovereign’s junior claims.

e Risk-Free Interest Rates: We also follow the idea of Forte (2011) and Forte and Lovreta
(2012) and apply the swap rate as the risk-free interest rate. In the BT model, we use
the 1-year US dollar (USD) swap rate to represent the instantaneous short rate. In the
LT model, we use the 1-10 year swap rate to represent the risk-free rate in each tenor
so as to discount the coupon of the bond when we calculate the market value of external
debt. All the swap rate data are from Datastream.

e Instantaneous Paid-Out Rate: According to Eq. (19) in “Appendix 1”, under our
balance sheet structure, we apply the 1-year constant maturity treasury (CMT) rate,
obtained from the US Board of Governors of the Federal Reserve System (Fed), as the
USD instantaneous pay-out rate. The coupon of the treasury is the interest expense of
the US government.

e FX Rates: The daily data for FX rates are from Datastream.

e CDS Price: Since the 5-year CDS market is the more liquid than other tenors, we adopt
the 5-year CDS data from Bloomberg in our sample.

e Coupon: We assume the coupon rate is equal to the 10-year or longer tenor par bond
with the USD as the issue currency for each sovereign. The historical issuance
information is from Bloomberg.

The sample period of all data items is shown in Table 2. The linear interpolation method
is used to convert the quarterly external debt and monthly junior claim amounts to daily
amounts. We assume 252 trading days per year. We also follow Forte and Lovreta (2012)
to take the average on our 1l-year daily base coupon, paid-out rate, and external debt,
respectively, and then forecast the PD and CDS prices from the 1-5 year base on the three
models. We finally compare the 5-year model CDS and market CDS prices to validate our
model performance since the market CDS in this tenor is more liquid. Because the data for

© The database was constructed by the Bank for International Settlements (BIS), the International Monetary
Fund (IMF), the Organization for Economic Cooperation and Development (OECD), and the World Bank
(WB).

7 Since Icelandic government only took over the domestic deposit of three investment banks in 2008, the
other parts were go into receivership and liquidated. Most part of foreign deposit was moved from “Deposit-
taking Corporations” to “DMBs Undergoing Winding-up Proceedings”, which belongs to other sectors in
World Bank Database, since 2008Q4. Therefore, we do not contain this part into our sample when it was
moved.
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Table 2 Estimation periods of sample countries

Data item Data frequency Estimation period
External debt Quarterly 2005Q3-2014Q3
Money supply 1 Monthly 2005/12-2014/12
Risk-free interest rate Daily 2005/12/30-2014/12/31
Instantaneous paid-out rate Daily 2005/12/30-2014/12/31
FX rates Daily 2005/12/30-2014/12/31
CDS price Daily 2006/12/29-2014/12/31
Coupon Most recent issue of government bond 2005/12/30-2014/12/31

external debt are usually from a late-season announcement, we apply the previous quarter
of external debt data when we estimate.

5 Empirical results

We first study whether any critical events or key factors may have caused a country to have
a high market CDS price during a specific time period. We then compare the PD and CDS
for the four countries that are estimated by three structural models. Finally, we conduct
statistical tests to examine the performance of the structural models.

5.1 Financial and economic events during the sample period

Figure 2 shows the 5-year CDS price of the four sample countries and the hurdle price,
which we set at 300 basis points (bps). If the CDS price of a sovereign is higher than the
hurdle price, we expect the credit rating of the sovereign to be deteriorated. Comparing
CDS prices and the hurdle price, three important financial market events are included in
our sample period.

The first event began in 2007 and was the result of the sub-prime mortgage crisis.
During the recession, the stock markets worldwide began to fall, and the USD became the
strongest currency. International capital flowed from most of the countries to the US so as
to avoid exchange losses. From 2009, the Fed announced three successive quantitative
easings (QEs), which is also known as large-scale asset purchases, including mortgage-
backed securities (MBS), from private financial institutions. The aim of this action was to
provide liquidity in the market and stimulate bank lending. The global financial market
began to recover after the second half of 2009.

The next global credit event during our sample period was the European sovereign debt
crisis. This crisis event started in Greece at the end of 2009 and spread to other euro
countries, including Ireland, Portugal, Spain, and Italy, among others, between 2011 and
2012. After financial support from the European Financial Stability Facility (EFSF), the
European Central Bank (ECB), or the IMF, financial stability in all euro countries has
improved and interest rates have fallen. In May 2014, only Greece and Cyprus needed
financial help from third parties.

Before the end of the sample period, the European Union (EU) and United States
imposed economic sanctions against Russia in March 2014 because of the conflict between
Russia and Ukraine. Furthermore, collapsing oil prices and the decreased USD to RUB rate
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Fig. 2 CDS price for four countries. If the CDS price is higher than the hurdle price, the sovereign credit
rating may be downgraded to speculative grade a short time in the future

in the 2014Q4 also led to a drop in Russia’s FX reserves. Thus, in Fig. 2, we see that the
CDS price of Russia went higher than the hurdle price after December 2014. We believe
that this event also increased the credit risk of Russia.

The fluctuations of FX rates are illustrated in Fig. 3, and the equity value under our
sovereign balance sheet framework for four countries is shown in Fig. 4. The FX rates of
all countries are devalued and the equity values are also decreasing during the global
financial crisis from 2008Q4 to 2009Q1. However, the European sovereign debt crisis
seems not to have direct influence in our sample countries. The ZAR began to depreciate in
2011 because of the long-term strike, and the RUB seriously depreciated in 2014Q4 after
economic sanctions were imposed and the price of crude oil fell 40 %.

In Fig. 4, the increasing equity values doubled in structural models of both Iceland and
Russia from the end of 2005 to the end of 2007. However, the equity values also decreased
for around one-third in the second half of 2008. From the balance sheet setup and the
option theory, one should expect that both countries will have high model CDS prices
during the crisis.® Similar situation also appeared for Russia in the fourth quarter of 2014.°

8 According to Moody’s report, the credit rating of Iceland dropped from Aaa in Mar., 2008 to Baa3 in
2014.

® According to Moody’s report, the credit rating of Russia dropped from Baal in Oct., 2014 to Bal in Feb.,
2015.
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Fig. 3 The FX rates for various currencies versus the USD from 2005/12/30 to 2014/12/31. The currencies
are the Icelandic Kréna (ISK), Korean Won (KRW), Russian Ruble (RUB), and South African Rand (ZAR)

On the other hand, in the upper right panel of Fig. 4, the equity value of Korea is
steadily increasing after the end of 2008. It appears that the Korean economy did not suffer
from the global financial crisis. Park and Oh (2005) indicated that the government
implemented a number of financial reforms, including the creation of Financial Supervi-
sory Service and adoption of new inflation targeting after 1997 Asian financial crisis. As a
result, the credit rating of Korea continuous to improve and its sovereign CDS price is the
lowest among the four countries after December 2007.'°

In contrast, due to the lengthy labor strike and severe electricity shortfall in recent years,
the GDP growth of South Africa is slow and the budget deficit is increasing. Therefore,
some of rating companies downgraded the rating of South Africa during these years.ll In
Fig. 4, the equity value of South Africa does decrease after the second half of 2011.
However, the decreasing magnitude of equity value is not very huge, which implies the
model CDS will not soar substantially as well, and the market CDS is also relatively stable
from 2011 to 2014.

According to the hurdle price of market CDSs, we divide our sample period into two
groups by country. If the country’s market CDS at a sample day is equal to or higher than

10 According to Moody’s report, the credit rating of Korea improved from Bal in 1998 to Aa3 in 2014.

1" According to Moody’s report, the credit rating of South Africa dropped from A3 in July, 2009 to Baa2 in
Nov., 2014.
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Fig. 4 The equity value under the sovereign balance sheet framework from 2005/12/30 to 2014/12/31 for
four countries

Table 3 The number of default versus non-default days of each country

Default Non-default Total
Iceland 617 1387 2004
Korea 115 1889 2004
Russia 211 1793 2004
South Africa 125 1879 2004

Default means the market CDS of sample days is equal to or higher than the hurdle price, 300 bps.
Otherwise, the sample days are in the non-default group

300 bps, we define that day as a default day and as being in the default group. Otherwise,
the day is a non-default day and in the non-default group. We report the number of default
versus non-default days of each country in Table 3. The number of default days in Iceland
was greater than that in the other three countries since the Icelandic economy was more
vulnerable than the others during the global recession in 2008. Furthermore, Iceland was
also affected by the European sovereign debt crisis from 2011 to 2012 since international
trade between Iceland and euro countries was frequent. The main samples of the default
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group for other countries were from the global recession in 2008 and 2009. Russia also had
some days from 2014Q4 after the plunge of the crude oil price.

5.2 Estimates Using US Dollar as Numeraire

Figures 5, 6, 7, and 8 present the estimates of the L, g3, PD, and CDS for all models. It is
apparent that the trend of V is increasing if and only if x> 0. If the p is becoming
negative, g3 is becoming higher, or the asset price V is close to the model barrier, the
probability of default (PD) of the country is close to 1 and the model CDS is also becoming
higher, meaning that the country may need financial support from other countries or
institutions.

The bottom panel of Figs. 5, 6, 7, and 8 shows the comparisons of CDS prices from the
model versus the market CDS prices. The left axis is the measure of market CDS, and the
right axis is the measure of model CDS. All CDS prices by the BT model are highest since
the model is extremely sensitive when the asset value is close to the default barrier, and the
Merton model is the lowest in our sample period since the model does not contain any
barrier and the asset value is also much higher than the promised payoff K. Although the
absolute difference between market CDS and model CDS seems large for all models and
sample countries, we will demonstrate that our structural model can capture the trend and
peak times of market CDS, namely, the capability of identifying high sovereign credit risk
on the verge of the crisis.
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Fig. 5 Estimates of Icelandic drift, volatility, 5-Year Probability of Default (5Y PD), and 5Y model CDS
versus market CDS by three models
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Fig. 6 Estimates of Korean drift, volatility, 5-Year Probability of Default (5Y PD), and 5Y model CDS
versus market CDS by three models

As shown in Fig. 5, Iceland had negative p in all the models during 2008H2 to 2010H1
(sub-prime mortgage crisis) and 2011H2 to 2012H1 (European sovereign debt crisis)
because the equity value in Fig. 4 shows downside trends in these two periods. All models
for Iceland exhibit high PDs and high model CDSs during the global financial crisis period,
which is consistent with the collapse of equity value shown in Fig. 4. After 2010, since the
external debt is decreased, the model CDSs begin to flat. All model CDSs are relatively flat
in 2012 except for the BT model with its high implied default barrier.

As seen in Fig. 6, Korea also follows the trend of equity value in Fig. 4 in which the
drift term p is negative during the mortgage crisis and close to zero during the European
sovereign debt crisis. The BT model is also more sensitive than the other two models in
2012.

After economic sanctions and the oil price collapse, foreign investors fled and caused
large capital outflow from Russia and RUB depreciated sharply in 2014Q4. Figure 7 shows
that all three models have high PDs and model CDSs in the last several days of sample
period in 2014, especially when the Central Bank of Russia raised its interest rate from
10.5 to 17 % on 2014/12/16. In addition to 2014Q4, all models also have high PDs and
model CDSs during the global financial crisis period, and the BT model also has higher PD
in 2012.

Figure 8 is the estimation results for South Africa. Due to the slow economic growth
and depreciation of ZAR with respect to the USD after 2011H2, the p of all models are
negative, and PD and CDS derived by the BT model are also high after that time period.
The LT model also reacts to the market slightly.
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Fig. 7 Estimates of Russian drift, volatility, 5-Year Probability of Default (5Y PD), and 5Y model CDS
versus market CDS by three models

5.3 Model performance

To compare the performance of the three models based on our sovereign balance sheet, we
follow Jessen and Lando (2015) using ROC,"? the Mann—Whitney U-test, and Spearman’s
p to test whether our model CDS prices can reflect the information regarding sovereign
risk. Since Spearman’s p is a measure of rank correlation, a high Spearman’s p implies
high area under the curve (AUC).

We first use Spearman’s p rank correlation test to examine whether the rank of our
model CDS over time is consistent with the rank of market CDS for each country. Table 4
shows that the Merton model has the highest p for Korea, the BT model has the highest p
for Iceland, and the LT model has the highest p for Russia and South Africa, indicating that
our structural approach can assign similar rank of sovereign risk to that of the market CDS.
However, the Spearman’s p of LT model and BT model for Iceland and Korea are lower
than 50 %. Thus, we cannot find one single model that provides the most consistent rank
with market CDS than the other two models for the four countries in our study.

We further follow the result of Table 3 and test whether our model can assign distin-
guishable scores for two groups: the default group versus the non-default group. Following

12 Engelmann et al. (2003) showed that the concept of ROC, cumulative accuracy profile (CAP), area under
curve (AUC), and accuracy ratio (AR) are equivalent. Vassalou and Xing (2004) also used AR in model
performance tests.
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Fig. 8 Estimates of South African drift, volatility, 5-Year Probability of Default (5Y PD), and 5Y model

CDS versus market CDS by three models

Table 4 Correlation matrix

between market CDS and three Country Item Market Merton BT LT
models” implied CDS prices
measured by Spearman’s p Iceland Market 1.0000 0.5744 0.6072 0.3000
methods (P value of all cells is 0) Merton  0.5744 1.0000 0.6179  0.8007
BT 0.6072 0.6179 1.0000  0.4844
LT 0.3000 0.8007 0.4844 1.0000
Korea Market 1.0000 0.7904 0.4502 0.4267
Merton  0.7904 1.0000 0.4655  0.5164
BT 0.4502 0.4655 1.0000  0.8634
LT 0.4267 0.5164 0.8634 1.0000
Russia Market 1.0000 0.5996 0.6498  0.6517
Merton  0.5996 1.0000 0.8315  0.7513
BT 0.6498 0.8315 1.0000  0.8604
LT 0.6517 0.7513 0.8604 1.0000

South Africa Market 1.0000
Merton 0.6027
BT 0.6237
LT 0.7289

0.6027 0.6237  0.7289
1.0000 0.6365  0.8898
0.6365 1.0000  0.8289
0.8898 0.8289 1.0000
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Table 5 Decision result given the cutoff level C

Model CDS Default group Non-default group
Above C Correct (Hit) Wrong (False Alarm)
Below C Wrong Correct
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Fig. 9 ROC of Iceland, Korea, Russia, and South Africa under three models
Table 6 The AUC values of
Merton BT LT
four models under each sample
countr
Y Iceland 0.8520 0.8228 0.7868
Korea 0.9939 0.9936 0.9978
Russia 0.8306 0.8767 0.8967
South Africa 0.9976 0.9923 0.9999

Engelmann et al. (2003), we define the hit rate and false alarm rate, as shown in Table 5.
The hit rate of a certain cutoff level C, HR(C), is the percentage of total default days that the
model CDS is equal to or higher than C, and the false alarm rate of a certain cutoff level C,
FAR(C), is the percentage of total non-default days on which the model CDS is equal to or

@ Springer



Measuring sovereign credit risk using a structural model approach 1119

higher than C. Given a sequence of {Cy, -, Cy},, we will have (FAR(C;), HR(Gi));_;
based on different countries and models. We plot all points of FAR versus HR and connect
them to obtain different ROC curves in Fig. 9.

Since the curves in Fig. 9 are away from the diagonal line, all the models have the
significant ability to assign model CDS in the default and non-default day groups. We
further calculate AUC, shown in Table 6, to examine which model performs better for each
sample country. The results of AUC show that the LT model has the highest AUC for
Korea (0.9978), South Africa (0.8967), and Russia (0.9999), and the Merton model per-
forms best for Iceland (0.8520). Since all AUCs are higher than 78 %, all three models
have ability to predict sovereign risk. Furthermore, the results of AUC of all three models
for South Africa and Korea are higher than 0.99, showing that structural approach can
capture credit risk well in these two countries. In contrast, AUCs for Iceland are relatively
low and ranging from 0.7868 to 0.8520, because of the unusual balance sheet of Iceland.

We also apply the Mann—Whitney U-test to examine whether the AUCs differ for each
country, as shown in Table 7. From Engelmann et al. (2003) and Jessen and Lando (2015),
our hypothesis is Hy : AUC, = AUC, for any two of our three models. The test statistic is

(AUC, — AUG,)*
61 + 63 — 203,

)

where 67 and o3 are the variance of two AUCs, and 62, is the correlation between them. If
one model has the largest AUC value for a country and the differences for the other two
models in the U-test are significant, that model best suited to the given country.

Obviously, the model CDS prices among three models differ for Iceland and Russia
since the p-values of differences between any two model CDS prices are significant. For
Korea, the LT model is significantly better than the Merton model at 5 % level and with the
BT model at 1 % level, but there is no statistical difference between the Merton and BT
models. Finally, the only significant different AUCs for South Africa is between the
Merton and LT models at 5 % level, which means the AUC of the BT model does not
differ much from the AUCs of the Merton and the LT models.

In summary, based on the results of the Spearman’s p rank correlation test and the AUC
test, the LT model is the best model for Russia and South Africa since the LT model
performs best in both tests. For Korea, the Merton model has the highest correlation rank
with market CDS while the LT model has the best result under the AUC test. The result for
Iceland is mixed, since the BT model has the best rank correlation with the market CDS
while the AUC is a little lower than in the Merton model. Since Iceland has the very
unusually large banking sector to GDP, it may need very specific assumption in order to
model its credit risk. Therefore, the LT model with endogenous default boundary can be
considered as the best among the three structural models in explaining sovereign risk.

6 Conclusion

In this study, we applied the sovereign balance sheet structure and employed three
structural models (Merton, BT, and LT models) to measure the sovereign credit risk. The
transformed-data MLE approach and MM algorithm were used to calibrate the unknown
parameters and variables. The derived default probabilities over time for our sample
countries match most of the important financial or economic events that occurred during
the test periods. Although Spearman’s p test showed that there is no single model can have
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Table 7 Mann—Whitney U-test

BT-Merton LT-Merton LT-BT
between any two models where
P-values are shown in parenthe- " - s
ses (*** significant at the 1 % Iceland —0.0292%** —0.0655%** —0.0362%**
level, ** significant at the 5 % (0.0000) (0.0000) (0.0000)
level, and * significant at the Korea —0.00024 0.00391%** 0.00461*%**
10 % level) (0.9018) (0.0129) (0.0000)
Russia 0.03447#%%* 0.0630%*%* 0.0286***
(0.0000) (0.000) (0.0000)
South Africa —0.00521 0.00239%%* 0.00760
(0.2186) (0.0333) (0.1226)

the most consistent rank with market CDS in all four sample countries, the ROC and AUC
tests illustrate that our structural approach can differentiate whether the credit of a
sovereign country is in an precarious situation. The Mann—Whitney U-test also supports
the results of ROC and AUC that the LT model is the best model for Korea, Russia and
South Africa, and the Merton model is best for Iceland. Since Iceland has the very
unusually large banking sector to GDP and may need special assumptions in order to
model its credit risk, the LT model with endogenous default boundary can be a better
structural model among the three chosen models in explaining sovereign risk.

We provide a theoretical background to show why the CDS increases in most countries
simultaneously with exchange rate depreciation and decreases in foreign capital. Although
there is still room to improve sovereign CDS pricing using structural approach, the changes
of the equity value and the implied default probability can be an effective tool for mon-
itoring credit quality of a country. This in turn can help policy maker for deciding the
monetary policy such as the appropriate the level of external debt, money supply or
exchange rate. However, we shall note that countries in which the foreign exchange rate is
relatively fixed (e.g. China) or those cannot control monetary policy (e.g. Eurozone) may
not consistent with our model framework. Credit risk of countries like Greece needs to be
further explored in the future study.

Appendix 1: Proof of proposition 1
Following the assumption in Egs. (3) and (4), let r and ¥ be, respectively, the domestic and

foreign constant riskless interest rate. Under the domestic risk-neutral probability measure
13, we have

W] (t) = O1t+ Wq(t), Wz(t) = Ot + W, (t),
av(t) = V(1) ((r — §)dt+ ¢1dW, (t)>7
dQ(t) = Q(t)(((r —0) = (F = "))t + o [del (t) + /1 — pzd’vvz(t)}),

where @) and O, satisfy

010 =0 —r,

O'zp@1 +o2v/1 — p2@2 = (I‘f — 5t) — (1‘7 (S) +7,
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We now let
1

D(t)=e " = and Df(t)=e ™' =

M(t) Mi(1)’

The risk-neutral measure associated with the numéraire M'(t)Q(t) is given by

! / D(T)M!(T)Q(T)dP, forall A e F(t).

N
P Q)

Given
W) = —aapt + W (1), Wh(t) = —a21/1 — p2t + W, (t).

Under the foreign risk-neutral measure P/, we have

() =g (0 ~0) ~ @0y a2t oa[paWa(0 + VT W00

—~

@(((rf_af) 5))dt_‘72[lgdwfl(t)+*/l—p2dW£(t)D7

d % Zit ( (Sf)dt+0'1dw ()—0'2 (pdfw/g(t)+ mdwg(t)))
V(1) f c

=20 (f — 8" dt + 53dW )

(19)

which is Eq. (6) in the proposition, where

03 = \/0'%—2,00’162—1-0%,
— — —~ 1—p2 —.
WS = 2= 2w () - P W),

03 03
That is, Wg is a Brownian motion under the risk-neutral probability measure P’

Therefore, the payoff of the junior claim in foreign currency, y = E(t)/Q(t), in the vanilla
European option framework is

y —EBY {Df(T) (% - K> ’ f(t)}

= xe ' TIN(d(1)) — Ke”f(T’”N(d(t) —o3VT — t)

where x = V(t)/Q(t), N(-) is the standard normal cumulative distribution function, and

In(x/K) + (¥ = & +0.502)(T — 1)

o3VvVT —t

d(r) =

On the other hand, according to the Radon-Nikodym theorem, there also exists an

almost surely positive random variable Z, such that E [Z] = 1Z and
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P'(A) = [Z(w)dP/ (w), forall A e F(t),
A
where P' and P/ are the empirical probability measure and the risk-neutral probability
measure, respectively. According to the Girsanov theorem, there exists a constant
parameter u = f(o, y, g3), such that

where Wf( t), 0 <t<T,is a Brownian motion under the empirical probability measure pP'.
Hence, under P', the process of V(t)/Q(t) is

V) _ VO
d<®> =50 (pdt + 63dWH(1)).

The PD of the external debt becomes

TMerton = 1 — nSurvive =1 _Pf(@ > K) =1 _N(d(t) — 03 T—t)

Merton Q(T)
N ~In(x/K) + (- —0502)(T —1)
B o3vVT —t '

Appendix 2: Proof of proposition 2

Under the BT model structure, the payoff of the junior claim in foreign currency is

f(t),% >H, VISSST:|

y= xe7y<T7’>N(a(t)) - Kef'f(Tft)N(a(t) —oVT — t)
—xe~ T (8 [N (b(1)) + Ke T (1 /0N (b(1) = 03T — 1),

where x = V(t)/Q(t), N(-) is the standard normal cumulative distribution function,

In(x/K) + (rf — 6" +0.562)(T — t)
a(t) = o3V -1 e
In(e/H) + (= ' +05a})(T -0
a3VT —t ’
In(H?/(xK)) + (rf — 6" +0.502)(T — )
b(t) = a3v/'T —t - e
In(H/x) + (1 — &' + 0.503)(T — 1) Kl ’
a3VT —t ’
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and

The PD of the external debt becomes

i V(T) V(s) )
T :lfns‘“v“’ezlfPf(—>K7—>H,Vt<s<T
. BT Q(T) ~ Q) =0
In— 2+ (u—103)(T—t
1_N< i+ (1= 43) (T =

a3V T —t

(X) ~Z(pe) (I T (n—303)(T - t)>
+ : :

+ (X) 7%(“7%”%)1\1 <1nx ma]:EHﬁK) + ('u - %J%)(T B t)>

a3V —t

Appendix 3: Proof of log-likelihood function of the junior claim

Under the BT model framework, the process of X(s) will stop at barrier H when X(s) =
H, t <s <T. The density function of X(s) should be

_ o(InX(s) —Inx) - (3) 2 0(InX(s) + Inx — 21nH)

fer(X(s)[x; 0) X(s) 20
where
1 1
n :G_%+§7X(t) =X, 0= ('[,1,703,H),

o)=L (W= B2 0)°
03/2n(s — ) 262(s — 1) .

From Egs. (2) and (19), the density function of Y(s) = E(s)/Q(s) becomes

-1
} : (1)
Y(s)=Y(X(s)

where 0Y(s)/0X(s) is the delta of the down-out-call barrier option,

Y(s)
0X(s)

ger(Y()[Y(1); 0) = [fBT(X(S)X(t); 9)|
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o¥(s) . ON(a(s)) siry ON(a(s) — m)
()~ O Ke ™ x0)

(X (H/X(s) zn@N ()))_(X(S)%N(b(t)v

X(s)
(071608009 + ke xR G =)

¥ (Ke dr-s) QH/X () 2N<b<t)—m>),

+N(a(s)) -

0X(s)
where
m=o03VT —s,

ON(a(s)) 1 20 1

0X(s)  V2n mX(s)’
Nb(s) 1 va

X(s)  var mX(s)’

a(H/X(S))zn _ n —2n—1
X —H¥20X(s)" 2,

O(H/X(s))™""?

_ 2 —2n+1
X HE2 2+ 2)X(5) 1,

ON(a(s) —m) 1 Goom? 1
X)) vVam | mX(s)
ON(b(s) — m) 1 b-m? 1
X)) Vane mX(s)

Applying Eq. (21) and under the consideration of survivorship, the log-likelihood
function of the junior claims in the foreign currency is

LBT(:“a a3, H7 Y(O)a Y(h)7 (2h) (nh))
- Lx(u, 03 X(0), X(h), X (2h),..., (nh))
+ zn:ln (1 — exp (—ihln )/Z((J I; Dh) In Xgh)>>
Y (jh
Xl

a2 . o, 3 X 2
. ln%Jr(,uff)nh . (0) ag(” Z)N 71n$+(uf§>nh
J— n )
o3vnh H 3v/nh
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where

Lx (1,03, H: X(0), X (h), X (2h), -, K(nh) )

X(kh) 2\, \?
n 1< (1“ X(k—1) (” - T)h) 1
= —Eln(Zrcag ) — EZ o - ZlnX(kh).
k=1 o3 [

Appendix 4: Functions in the LT model

As shown in Forte (2011) and Forte and Lovreta (2012), the expressions for Fy(x, 7;) and
G(x,1;) are
x

—2K
Fi(x,7;) = N(hi,(1:)) + (ﬁ) N(ha (1)),

Glnm) = (2) " N+ (5) " Nax(m),

where

—b; — za%r,» g —b; + ZO‘%‘L’,‘

—_— %=
VT o/t

— _b[+KU%’L’l’
h =" h =V X ) =
1t O'\/’EZT 9 2t O'\/‘I'; ) () X,

R V/ (k62)* +2¢ 62
K:r727 b,:ln(i), Z:L.

2 2
03 H 03

Also, for any time s € {0,h,2h,...,nh}, the transformation term is given by

()™ o
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0X(s) H

_KH_Z(XIEI> “real N(gu(z ))+()251S))Iczf(q2s)£?(2;),

and f(-) is the standard normal pdf,

3G,(X(s), 1) |-k +z ( e

NI—I
2
S
_|_

Ve
Dt
T
N——
|
&
\
3
(@]
=&

ahls 6th _ 6‘]1: _ anS _ 1

OX(s) 0X(s) OX(s) OX(s)  X(s)a3\ /T
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