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Abstract

We compare the performance of cartel penalties that are proportional to a cartel’s
revenue and cartel penalties that are proportional to the difference between the cartel
price and the competitive price: the overcharge. Prior literature has shown that when
the probability of cartel detection does not depend on the cartel price, penalties
that are based on a cartel’s overcharge generate greater total surplus and consumer
surplus than do penalties that are based on a cartel’s revenue. In contrast, we find
that when the probability of detection depends on the cartel price, penalties that are
based on revenue can generate greater total surplus and consumer surplus.
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1 Introduction

The recent discovery of a number of large and harmful cartels demonstrates that
illegal price fixing remains a significant concern for antitrust authorities.! To deter
cartels, antitrust authorities penalize firms that are proven guilty of illegal collusion.
The structure of the penalties that are imposed by an antitrust authority affects both
cartel formation and pricing.’

Revenue-based and aggregate overcharge-based penalties are two often-proposed
types of cartel penalties. A revenue-based penalty is a multiple of cartel revenue.
An aggregate overcharge-based penalty is a multiple of the difference between
the collusive price and the competitive price (the overcharge) multiplied by some
base volume of sales. Revenue-based penalties are the current practice in all major
jurisdictions.?

Recent research (Bageri et al., 2013; Katsoulacos et al., 2015) suggests that cartel
penalties that are based on revenue generate a lower level of social surplus than do
penalties that are based on the cartel aggregate overcharge.* This is the case because
revenue-based penalties induce cartels to price above the monopoly level in order to
reduce revenue and thereby reduce the potential penalty. Intuitively, because a cartel
that is maximizing profits already prices on the elastic part of its demand curve, the
cartel increases its price so as to reduce revenue. Conversely, aggregate overcharge-
based penalties induce cartels to price below the monopoly level so as to reduce the
measured overcharge. These studies assume a constant and exogenous probability of
cartel detection.

In this study, we compare revenue-based and overcharge-based cartel penalties
while allowing the probability of detection to depend on the cartel price.> We con-
sider two specifications for the probability of detecting a cartel: In the first specifica-
tion, the probability of detection is increasing in the cartel (per-unit) overcharge.® In

! For example, Taro Pharmaceuticals U.S.A., Inc. and Sandoz, Inc. were fined $205.7 million and $195
million respectively for involvement in a price fixing conspiracy (U.S. vs. Taro Pharmaceuticals U.S.A,
Inc. (E.D. Pa., No. 2:20-CR-00214-RBS 7/23/20) and U.S. vs. Sandoz Inc. (E.D. Pa., No. 2:20-CR-
00111-RBS 3/02/20)). Starkist Co. admitted to conspiring with other major canned tuna suppliers to “fix,
raise, and maintain the prices of packaged seafood products” and agreed to a fine of $100 million (U.S.
vs. Starkist Co. (N.D. Ca., No. 3:18-CR-00513-EMC 11/14/18)).

2 See Block et al. (1981) and Bolotova et al. (2009) for empirical evidence that expected antitrust penal-
ties affect the cartel price.

% International Competition Network Cartels Working Group, “Setting Fines for Cartels in ICN Jurisdic-
tions”, Report to the 16th Annual Conference, Porto (2017).

4 See also: Bageri and Katsoulacos (2014), Katsoulacos et al. (2018), Katsoulacos et al. (2019a), Kat-
soulacos et al. (2019b), Houba et al. (2010), Garrod and Olczak (2018) and Dargaud et al. (2016).

5 A number of cartel cases suggest that the probability of cartel detection is endogenous and depends on
the cartel price. In the stainless steel cartel case, an investigation began as a result of buyers reporting a
suspiciously large increase in prices to the European Commission (Levenstein et al., 2004). Anomalous
pricing also created suspicions of collusion in the Nasdaq case (Christie and Schultz, 1995). In the auto
parts cartel, the cartel members specifically set prices in order to avoid detection by buyers (In re Auto-
motive Parts Antitrust Litigation (E.D. Mich,. No. 12-md-02311, 03/08/17)).

6 See Block et al. (1981), Houba et al. (2010, 2012, 2015), Katsoulacos and Ulph (2013) and Bos et al.
(2018).
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the second, the probability of detection is increasing in the rate at which the cartel
price increases, as in Harrington (2004, 2005). Intuitively, relatively high prices or
large price increases are more likely to attract the attention of an antitrust authority
and lead to the cartel’s detection. For each specification, we analyze and compare
cartel pricing, deterrence, total surplus and consumer surplus under revenue-based
and overcharge-based penalties.

We find that cartel penalties that are based on revenue generate a higher level
of total and consumer surplus when the probability of detection is sufficiently sen-
sitive to price under both specifications. Cartels do not charge prices above the
monopoly price because such a high price is likely to raise suspicions of collusion
and may cause the cartel’s detection. Thus, the pricing result of Katsoulacos et al.
(2015) does not occur. Instead, cartels set low prices to avoid detection. However,
a revenue-based penalty is larger than an aggregate overcharge-based penalty for
low cartel prices. As a result, collusion is more difficult to sustain under revenue-
based penalties. In addition, cartels that face revenue-based penalties have a stronger
incentive to reduce price further so as to avoid detection and the payment of larger
revenue-based penalties.

The rest of the article is organized as follows: Sect. 2 presents the model. Sec-
tion 3 compares the two types of penalties when the probability of detection depends
on the cartel overcharge. Section 4 compares the two types of penalties when the
probability of detection depends on the rate at which the cartel price increases. Sec-
tion 5 concludes. All proofs can be found in “Appendix 1.

2 Base Model

The model closely follows Katsoulacos et al. (2015, 2020a, 2020b).” N > 2 symmet-
ric firms compete in prices in each of infinitely many periods and have a common
discount factor 6 < 1. Firms produce an homogeneous product at a constant mar-
ginal cost ¢>0. Market demand when firm ¢ charges price p; is

D@p,,...py) =N [1 — p] where p is the lowest price that is charged by firms. Market

demand is split evenly among all firms that charge the lowest price. All other firms
receive zero demand. Let D(p) = 1 — p denote per-firm demand when all firms
charge a common price p. When all firms charge price p, the profit of each firm is
z(p) = D(p) [p - c]. Demand and cost conditions do not change over time.

Industry suppliers have the opportunity to form an illegal cartel at the beginning
of the initial period. If a cartel forms, the firms agree to set a common price. An
antitrust authority may detect and penalize a cartel. Cartels can be detected in a vari-
ety of ways. A cartel could be detected because of: a report from an internal whistle-
blower; a complaint from a buyer; or the discovery of evidence during a merger
review or separate antitrust investigation. Let ¢(p,_;, p,) denote the probability of

7 We analyze and build on the model of Katsoulacos et al. (2015) for comparability and analytical tracta-
bility. However, as the primary forces that underly our main results are more general, our conclusions are
expected to hold under other demand or cost assumptions.
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detection when the price in the current period is p, and the price in the preceding
period is p,_;. We consider two different specifications for ¢ in the following sec-
tions. If a cartel is detected, we assume that each firm is prosecuted, convicted and
penalized with probability 1.8

We compare two penalty structures: revenue-based penalties and overcharge-
based penalties. Revenue-based penalties are of the form x,(p) = ypxD(p)p where
yg 18 a positive constant and p is the cartel price during the period of detection.’
Overcharge-based cartel penalties are of the form x,(p) = y,D(p?F) [p - pBf ] where
pB is the but-for price and y,, is a positive constant. The but-for price is the price
that would prevail in the absence of collusion. Following Katsoulacos et al. (2015),
we assume that the but-for price is the Nash equilibrium price ¢ which implies
Xo(P) = 700N [p - c] where Q) = 1 — c. Following Motta and Polo (2003), Katsou-
lacos et al. (2015), Chen and Rey (2013) and Katsoulacos et al. (2020b), we assume
that a cartel has a renewed opportunity to form after detection.

A firm will defect from the cartel if the expected present discounted value of the
payoff from collusion is less than the payoff from defection. After defection, the market
reverts to Nash competition for all future periods. A defecting firm undercuts the cartel
price and serves all demand. Defection profit for a firm when all rivals charge price p is'°

b _ J ND@)|p—c| ifp<p"
= p) = { NDp™)[p" = ¢] ifp > p

where p™ is the monopoly price. We assume that cartels can be detected only when
all firms charge the collusive price: The cartel cannot be detected in a period where
any firm defects or after the breakdown of a cartel.!' Once a firm has defected, we
assume the cartel cannot be detected.'?

If a cartel forms, the firms set a common price to maximize the expected present
discounted value of per-firm profit less penalties, subject to the constraint that no
cartel member wishes to defect. Cartel prices satisfy the Bellman equation

8 We consider leniency programs, which allow firms to report the cartel in exchange for reduced pen-
alties, in the online appendix (see https://www.douglascturner.com/endogenous-detection-online-appen
dix/). Our results are qualitatively unchanged.

° We assume that penalties depend only on the price in the period of detection and do not depend on the
length of time that a cartel has operated. See Akyapi and Turner (2021) for an exploration of cartel pen-
alties that depend on duration.

10 We write the defection profit as a function of the cartel price p. If p < p™, the defecting firm infini-
tesimally undercuts the cartel price and the defecting firm’s price is p — €. If p > p™, the defecting firm
charges a price of p™.

' Motta and Polo (2003), Katsoulacos et al. (2015) and Dargaud et al. (2016) make a similar assump-
tion.

12 This reflects the fact that, once a cartel has dissolved, evidence of collusion is less likely to be uncov-
ered. Additionally, as the market is now competitive, buyers or other observers are less likely to form
or report suspicions of collusion. We explore the possibility of detection after cartel breakdown in the
online appendix (https://www.douglascturner.com/endogenous-detection-online-appendix/).
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Vilp,-1) = max w(p) = $(p_y.pxi(p) + [1=o@,_1.p)| Vi) + 66(p,_1.p)Vi(C)

st 2(p) = ¢, PXP) + 6[1 = dP,_1, )| Vip) + 66,1, P)Vi(©)
> 7°(p)

)
where V;(p,_,) denotes the expected present discounted value of the payoff from
collusion when the cartel price in the prior period was p,_; and the penalty type
is i € {R, O} where R denotes revenue-based penalties and O denotes overcharge-
based penalties. We assume that the market is competitive prior to cartel formation
so the initial price is the Nash equilibrium price c.'? We refer to the inequality in Eq.
(1) as an incentive compatibility constraint.

Consumers have discount factor 6 < 1. The expected present discounted value of
consumer surplus (total surplus) under penalty type i € {O, R} when a cartel forms
is denoted CS; (TS;). CS; and TS, are defined and derived in “Appendix 2”.

A cartel forms if and only if collusion is sustainable and profitable. Collusion is
profitable if V;(c) > 0. Collusion is sustainable if there exists a sequence of prices
that satisfy the constraint in (1) in every period. As é increases, the constraint in (1)
is more easily satisfied. The critical discount factor 6; is the discount factor such that
a cartel forms under penalty type i € {O, R} for all 6 > §; and does not form under
penalty type i € {O,R} if 6 < 6,'* If a cartel does not form, firms engage in Nash
competition in all future periods and earn zero profit.

3 Overcharge (Price-Level) Detection Specification

In this section, the probability of detection depends on the per-unit cartel overcharge:
[p, — cl. Since c is exogenous, the probability of detection effectively depends on the
price: p,. A large overcharge—a relatively high price—is more likely to attract the
attention of an antitrust authority—either directly, or through the complaints of buy-
ers or other industry observers — and cause the detection of the cartel.

Let

é(-p,) :min{a0+a1 [pt—c]z,l} )

where a; > 0 measures the sensitivity of the probability of detection to the cartel
overcharge.!> This specification is not a function of p, —the cartel price in the

13 When a cartel reforms after detection, we again consider the initial price to be c. This reflects the
expectation of competitive market conditions after detection. A large deviation from marginal cost pric-
ing, or a high value of ¢(c, p), indicates a cartel may have reformed. Alternatively, we could assume that
the market operates competitively for one period after detection and then a cartel reforms. Results are
robust to this alternative assumption.

14 1f a cartel does not form for any discount factor, we set §; = 1 as a convention.

15 The overcharge is squared in Eq. (2) for consistency with prior literature (Harrington, 2005) and ana-
lytical tractability: concavity of the maximization problem.
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prior period—and depends only on the level of the cartel price in the current period.
For example, in industries where a high overcharge (a relatively high price) is con-
sidered anomalous and indicative of collusion, a; is high. On the other hand, in
industries where a high overcharge is unlikely to attract the attention of an antitrust
authority and lead to detection, a; is low. a;, > O represents the probability of detec-
tion that does not depend on the cartel price.'®

Houba et al. (2010, 2012, 2015) also analyze a specification where the probability
of detection is increasing in the cartel price, but they do not compare revenue and
overcharge-based penalties.'” We assume y; > 1 and y,, > 1 to ensure penalties are
large enough that cartels do not choose a price that would cause immediate detec-
tion.'"® We also assume a,y; < 1 — ¢ and &y, < 1 to ensure expected penalties are
not so large as to preclude all collusion. '

3.1 Cartel Formation Under Price-Level Specification

In this section, we analyze the critical discount factor under revenue and aggregate
overcharge-based cartel penalties when the probability of detection is given by Eq.
(2). A cartel forms if collusion is sustainable—no cartel member wishes to defect in
any period — and profitable.

N-1 Yo
N + N °

Theorem 1 §, =

0o < 1because ayy, < 1by assumption. A cartel forms for any 6 > J,,. The criti-
cal discount factor under overcharge-based penalties does not depend on «;.

As a, increases, cartels must reduce the cartel price to avoid detection (i.e.,
p — c). However, a reduction in the cartel price does not make collusion unprofita-
ble. This is the case because while a reduction in the cartel price diminishes profit, it
also causes a commensurate drop in the aggregate overcharge-based penalty. Cartel
profit approaches 0 as p — ¢ but—as is illustrated in Fig. l—aggregate overcharge
based penalties also approach 0 as p — c. This is the case because both a cartel’s
profit and the aggregate overcharge-based penalty are tied to the same outcome—the
markup p — c. In essence, the benefit (cartel profit) and cost (the expected penalty)
of collusion decrease in tandem as the cartel price declines. Thus, although the pay-
off from collusion declines as a; — oo, it remains positive if the cartel charges a
sufficiently low price.

16 Certain mechanisms of cartel detection—such as internal whistleblowers, random auditing, or the
uncovering of evidence in a separate antitrust investigation—are likely unrelated to the cartel price. aj
captures the probability of detection due to these mechanisms.

17" See also: Block et al. (1981), Katsoulacos and Ulph (2013) and Bos et al. (2018).

18 1f yg < lory, < 1, cartels could profitably collude by ignoring the possibility of raising suspicions of
collusion and setting prices such that the cartel is detected with certainty in every period: a price greater

1—ay

than ¢ + - Immediate detection after one period of collusion is inconsistent with empirical evi-

1
dence (Levenstein and Suslow, 2006). In addition, the examples in footnote 5 suggest that cartels do not
ignore the possibility of raising suspicions of collusion.
19 The continued detection of illegal cartels suggests this is a reasonable assumption.
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When we turn to sustainability, a similar intuition holds: As a; — oo, the cartel
price falls which reduces profits. However, the payoff from defection is also reduced
proportionately. Thus, the incentives to defect are limited as a; — oo, and collu-
sion remains sustainable—provided firms are sufficiently patient: 6 > 6,. And from
Theorem 1, the critical discount factor above which a cartel forms—oé,—does not
depend on a;.

Theorem 2 6, — 1 monotonically as a; — c0.*°

Under revenue-based penalties, the critical discount factor increases as the sen-
sitivity of the probability of detection to the cartel price increases. When the prob-
ability of detection is highly sensitive to price, cartels must set low prices to avoid
detection (as was the case under overcharge-based penalties). However, in contrast
to the setting with overcharge-based penalties, collusion is unprofitable under reve-
nue-based penalties when the cartel price is low.

To understand why, observe that the per-period profit from collusion—z(p)
—approaches 0 as p — c¢. However, the penalty to be paid if detected—ypD(p)—
approaches ypcD(c) > 0 as p — c (see Fig. 1) because, even when the cartel price is
low, revenue is strictly positive. Thus, the expected penalty is greater than the per-
period profit from collusion when the cartel price is sufficiently low (which occurs
when q; is sufficiently large)—which implies that collusion is unprofitable and a car-
tel does not form.*!

Intuitively, revenue-based penalties more effectively penalize cartels that set low
prices because, as is shown in Fig. 1, revenue-based penalties are greater than over-
charge-based penalties for low cartel prices. However, overcharge-based penalties
are typically more effective at penalizing cartels that set high prices because, as is
shown in Fig. 1, overcharge-based penalties exceed revenue-based penalties for high
cartel prices. Crucially, when the probability of detection is highly sensitive to the
cartel price, cartels must set low prices to avoid detection. Therefore, revenue-based
penalties are superior and deter the formation of a greater number of cartels.

3.2 Cartel Pricing Under Price-Level Specification

In this section, we assume that a cartel forms under both penalty types, and we com-
pare cartel prices under revenue and overcharge-based penalties. Note that the car-
tel’s problem under the ¢ specification in Eq. (2) is identical in every period because
the probability of detection does not depend on the cartel price in the prior period
p;—;- Therefore, the cartel sets the same price in each period.

20 Recall that no cartel forms for any § when 6, = 1.

2! Theorem 2 can also be understood by analyzing the ratio of a cartel’s penalty to its per-period profit:
z‘((:)) = J&?gﬁi ;= ‘%. As @; = oo and p — c, this ratio approaches co which implies that the penalty
from collusion becomes infinitely larger then per-period profit.
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Penalty

/ —— Revenue
’ - - = Overcharge

Price

Fig.1 Revenue-based penalty (yzp(1 — p)) and aggregate overcharge-based penalty (y,Qy (@ — ¢))

Let p, denote the price under overcharge-based penalties and let p, denote
the price under revenue-based penalties.”’Katsoulacos et al. (2015) show that
Po <P" < prif a; = 0. Intuitively, cartels increase price above the monopoly price
in order to reduce revenue under revenue-based penalties and set a price below the
monopoly price in order to reduce the overcharge under overcharge-based penalties.
However, we show in this section that cartel prices may be lower under revenue-
based penalties when a; > 0.

Theorem 3 There exists an &IL such that pg < p, if a; > &IL and a cartel forms
under both penalty types.

Theorem 3 implies that prices are lower under revenue-based penalties than under
overcharge-based penalties when a cartel forms under both penalty types and the
probability of detection is sufficiently sensitive to the cartel overcharge.

As Katsoulacos et al. (2015) show, cartels set a high price under revenue-based
penalties—py > p"—when a; = 0. However, when «, is sufficiently large, such a
high price is likely to raise suspicions of collusion and increase the likelihood of
the cartel’s detection. Instead, cartels set low prices when «, is high so as to reduce
the likelihood of detection. When cartel prices are relatively low—close to marginal
cost—revenue-based penalties are strictly larger than overcharge-based penalties
(see Fig. 1). Faced with the possibility of a relatively large penalty if detected, car-
tels under revenue-based penalties further reduce price so as to reduce the likelihood
of detection and penalization.

Intuitively, the sensitivity of the probability of detection to the price level encour-
ages cartels to set prices in a region where prices are relatively close to marginal

22 Recall that the price is ¢ if a cartel does not form. Also, note that the cartel price must exceed mar-
ginal cost if a cartel forms because collusion must be profitable.
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cost—but this is also a region where revenue-based penalties are large. Recogniz-
ing this, cartels that face revenue-based penalties are more exposed to detection
and, as a result, reduce their price to a level that is below the price that is set under
overcharge-based penalties so as to disguise collusion and reduce the likelihood of
detection.

3.3 Surplus Under Price-Level Specification

In this section, we compare total surplus and consumer surplus under overcharge-
based penalties and revenue-based penalties. There are two cases to consider: 6 < 6,
and 6 > 6. First, we consider the case of 6 < 6,. Theorem 2 implies that 6, > §,, if
a, is sufficiently high. Therefore, no cartel forms under either penalty type and both
penalties generate the same level of total and consumer surplus when 6 < 6, and the
probability of detection is sufficiently sensitive to the cartel price.

Next, we consider the case of 6 > 6,. When 6 > 6, a cartel forms under over-
charge-based penalties. However, a cartel does not form under revenue-based penal-
ties when «, is sufficiently high, by Theorem 2. Therefore, both total and consumer
surplus are greater under revenue-based penalties than under overcharge-based pen-
alties when 6 > 6, and the probability of detection is sufficiently sensitive to the
cartel price.

Theorem 4 When 6 > 6, there exists an &]L such that CSg > CS, and TSy > TS,
if a; > &IL. When 6 < 6, there exists an &IL such that CSg = CS, and TS, = TS, if
a; > &IL.

In summary, the optimal penalty type depends on ;. As Katsoulacos et al. (2015)
show, overcharge-based penalties generate a greater level of surplus when the prob-
ability of detection does not depend on the cartel overcharge (a; = 0). Conversely,
surplus is greater under revenue-based penalties when the probability of detection is

sufficiently sensitive to the cartel overcharge.

4 Price-Change Detection Specification

In this section, the probability of detection depends on the difference between the
current period price and the price in the preceding period. We assume that large
price increases are more likely to lead to detection than is true for smaller increases.
As noted above, a large increase in price might create suspicions of collusion among
buyers or other industry observers which may be reported to a competition author-
ity.> Alternatively, a large and anomalous price increase could directly attract the
attention of competition authorities.

2 See Harrington (2004, 2005) for further discussion.
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Let

2
min < o, + a - p,_ ,1} ifp. >p,._
$Priop) = { o+ [P =pi] ip, > pi 3
a ifp, <p,_,

where a; > 0 represents the sensitivity of the probability of detection to the price
increase.’* a, represents the probability of detection when the cartel price is constant
or decreasing. Harrington (2004, 2005) first introduced and analyzed a similar speci-
fication, but those studies do not consider revenue-based penalties. As in the previ-
ous section, we assume y; > 1 and y, > 1 to ensure that a cartel does not choose
a price that would cause detection with probability 1. In addition, we assume that
ayYr < 1 —candayy, < 1so as to ensure that the expected penalties are not so large
as to preclude all collusion.

4.1 Cartel Formation Under Price-Change Specification

In this section, we analyze the critical discount factor under revenue and overcharge-
based cartel penalties when the probability of detection is given by Eq. (3). A cartel
forms if collusion is sustainable—no cartel member wishes to defect in any period
— and profitable.

Theorem 5 5, = % + e,

0o < 1 because ayy, < 1 by assumption. A cartel forms for any 6 > 6. As was
the case under the price-level specification, the critical discount factor under over-
charge-based penalties does not depend on a;.

As a, increases, cartels must increase the cartel price more gradually to avoid
detection: p, — p,_,. Raising the cartel price more gradually effectively reduces the
cartel price in each period. However, the more gradual price increase does not ren-
der collusion unprofitable. This is the case because while increasing the cartel price
more gradually diminishes profit, it also causes a commensurate drop in the over-
charge-based penalty that the cartel faces in each period: The benefit (cartel profit)
and cost (the expected penalty) of collusion decrease in tandem as the cartel price
rises more slowly. Thus, while the payoff from collusion declines as a; — oo, the
payoff from collusion remains positive if the cartel increases price at a sufficiently
slow rate.

When we turn to sustainability, a similar intuition holds: As a; — oo, the cartel
price falls in each period, which reduces profit. However, the payoff from defection
is also reduced proportionately. Thus, the incentives to defect are limited as a; — oo,
and collusion remains sustainable if firms are sufficiently patient: § > 6,,. The criti-
cal discount factor above which a cartel forms—o,—does not depend on «a;.

24 The change in price is squared in Eq. (3) for consistency with prior literature (Harrington, 2004, 2005)
and analytical tractability: concavity of the maximization problem.
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Theorem 6 &, — 1 monotonically as a; — 0.7

Under revenue-based penalties, the critical discount factor is increasing in the
sensitivity of the probability of detection to changes in the cartel price. When the
probability of detection is highly sensitive to changes in the cartel price, cartels
must increase price slowly in order to avoid detection (as was the case under over-
charge-based penalties). However, unlike under overcharge-based penalties, collu-
sion becomes unprofitable under revenue-based penalties when the cartel is forced
to increase price slowly.

To see this, first note that gradually increasing the cartel price effectively reduces
the price in each period. Next, recall that the per-period profit from collusion—=(p,)
—approaches 0 as p, — c. However the penalty—y,p,D(p,) — approaches
yreD(c) > 0 as p, = c (see Fig. 1) because, even when the cartel price is low, rev-
enue is strictly positive. Thus, the expected penalty is greater than the per-period
profit from collusion when the cartel price is sufficiently low.?

As a; = oo, the cartel is induced to price in a region (low prices) where the
expected penalty exceeds cartel profit in an increasingly large number of periods.
Rapidly increasing the price to a level where collusion is profitable would cause
detection. Thus, as a; increases, the cartel incurs a per-period loss in increasingly
more and more periods; and, for sufficiently large a,, collusion is altogether unprofit-
able, and a cartel does not form.

4.2 Cartel Pricing Under Price-Change Specification

In this section, we assume that a cartel forms under both penalty types and compare
cartel prices under revenue and overcharge-based penalties. Under the ¢ specifica-
tion in (3), the Bellman equation in (1) does not readily generate tractable closed-
form solutions or analytical results.

However, cartel prices under each penalty type can be determined through
numerical solutions. Specifically, we solve the Bellman equation in (1) with the use
of value function iteration.?” We first analyze this issue in an illustrative baseline set-
ting. Next, we consider modifications of the baseline setting to assess the robustness
of our findings.

Baseline Setting 6 = 0.9,c =0.1, N =2,y =5,y, = 3.05, o, = 0.05

The baseline setting represents a duopoly. y,, and y; are chosen to ensure that the
cartel penalty is the same under the two penalty types when each member of the
cartel charges the monopoly price.”® We consider a range of «, values. Let pf denote

25 Recall that no cartel forms for any § when 6, = 1.

26 Per-period profit in period ¢ is z(p,), and the expected penalty in period ¢ is ¢(p,_;, p,)xz(P,). As
PPt = €, ”(pz) - ”(C) =0and ¢(p1—17pt)xk(p1) - (XOXR((;) > 0.

27 See the online appendix (https://www.douglascturner.com/endogenous-detection-online-appendix/)
for details.

2 The monopoly price is 0.55. The overcharge-based cartel penalty when p=0.55 is
3.05(.55 - 0.1)D(0.1) = 1.24. The revenue-based cartel penalty when p = 0.55 is 5(0.55)D(0.55) ~ 1.24.
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the cartel price under penalty type i € {O, R} in period t. Figure 2 shows that the
cartel price is constant and higher under revenue-based penalties than for aggregate
overcharge-based penalties when a; = 0, as is shown in Katsoulacos et al. (2015).
However, Fig. 2 also shows that cartel prices are lower under revenue-based penal-
ties in early periods and lower under aggregate overcharge-based penalties in later
periods whena; =5,a; = 10ora; = 15.

To understand these results, first note that cartels increase their price gradually as
bigger price movements are likely to attract attention and lead to the cartel’s detec-
tion. As Fig. 1 shows, revenue-based penalties exceed aggregate overcharge-based
penalties when the cartel price is low. Thus, a cartel that is detected in one of the
first few periods of collusion pays a large penalty under revenue-based penalties and
a smaller penalty under overcharge-based penalties. Recognizing this, cartels that
face revenue-based penalties increase the cartel price more slowly so as to disguise
collusion and avoid the payment of relatively high penalties. Conversely, cartels that
face aggregate overcharge-based penalties are less wary of rapidly increasing their
price and raising suspicions of collusion because they face a smaller penalty. These
considerations cause the cartel price to be lower under revenue-based penalties dur-
ing the early periods of collusion.

In the later periods of collusion, pf > pto. This occurs because the cartel price
converges to the price that is derived in Katsoulacos et al. (2015)—the cartel price
when @) = 0—as t - 0.2 Increasing the cartel price any further would reduce the
payoff from collusion. Thus, pf > pto in later periods when the cartel price has con-
verged to its limiting value. We demonstrate the robustness of our results to alterna-
tive parameter configurations in the online appendix.*

In summary, the following conclusion arises in every numerical solution we
conducted:

Conclusion 1 If «, is sufficiently large and a cartel forms under both penalty types,
then p® < p? in early periods and pf > p? in later periods.

4.3 Surplus Under Price-Change Specification

In this section, we compare total and consumer surplus under overcharge-based
penalties and revenue-based penalties. There are two cases to consider: 6 < 6, and
6 > 8. First, consider the case of 6 < 6,. Theorem 6 implies that 6, > 6, when «,
is sufficiently high. Therefore, no cartel forms under either penalty type and both
penalties generate the same level of total and consumer surplus when 6 < 6, and the
probability of detection is sufficiently sensitive to the change in cartel price.

2 Harrington (2004) makes a similar observation with regard to the limiting (or steady-state) cartel
price (see Theorem 2 in Harrington (2004)). Recall that, as Katsoulacos et al. (2015) showed, the car-
tel price under revenue-based penalties is greater than the cartel price under overcharge-based penalties
when the probability of detection is constant.

30" See https://www.douglascturner.com/endogenous-detection-online-appendix/.
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Fig.2 Cartel prices in the baseline setting

If 6 > 6, a cartel forms under overcharge-based penalties. However, a cartel does
not form under revenue-based penalties when «; is sufficiently high, by Theorem 6.
Therefore, both total and consumer surplus are greater under revenue-based penal-
ties than under overcharge-based penalties when 6 > 6, and the probability of detec-
tion is sufficiently sensitive to the change in cartel price.’!

Theorem 7 When 6 > 6, there exists an &]C such that CSg > CS, and TSy > TS,
ifa; > &]C. When 6 < 6, there exists an &IC such that CSp = CSy and TSy = TS, if
a > dlc.

As under the price-level specification, the optimal penalty type depends on «;.
As Katsoulacos et al. (2015) show, overcharge-based penalties induce a greater level
of surplus when the probability of detection does not depend on the cartel price
(a; = 0). Conversely, surplus is greater under revenue-based penalties when the
probability of detection is sufficiently sensitive to price increases.

31 The proof of Theorem 7 does not depend on the numerical results of Sect. 4.2; see “Appendix 17
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5 Conclusion

We have examined revenue- and aggregate overcharge-based cartel penalties when
the probability of detection depends on the cartel price. We have compared the two
penalty structures on the basis of both consumer surplus and total surplus. First, we
consider a model in which the probability of detection depends on the cartel over-
charge. Next, we analyze a model in which the probability of detection depends on
the rate at which the cartel price increases. Under both models, we obtain a similar
result: When the probability of detection is sufficiently sensitive to the cartel price,
both consumer surplus and total surplus are higher under revenue-based penalties.

In summary, which penalty structure secures a higher level of surplus depends
crucially on the detection process. In industries where a large price increase or a
high cartel overcharge is considered anomalous, indicative of collusion, and likely to
lead to detection, revenue-based cartel penalties generate a higher level of surplus.
For example, in a stable industry which does not experience significant price vari-
ation when competitive, a large price increase is likely to attract the attention of an
antitrust authority and lead to detection. In this case, revenue-based penalties are
better.*

In industries where a large price increase or high overcharge is not likely to lead
to detection, overcharge-based penalties generate a higher level of surplus. For
instance, in a turbulent industry which experiences regular price variation even
when competitive, a large price increase is unlikely to raise suspicions of collusion.
In this case, aggregate overcharge-based penalties are better.

Appendix 1: Proofs
Price-Level Specification

Let Wg(p) denote the present discounted value of profit less expected penal-
ties under revenue-based penalties when the cartel price is p. Let W, (p) denote
the present discounted value of profit less expected penalties under overcharge-
based penalties when the cartel price is p. pg = argmax,e(.;;Wg(p) subject to
Wi(p) > zP(p) is the cartel price under revenue-based penalties, if a cartel forms.
Po = argmax (.11 Wo(p) subject to Wy (p) = #P(p) is the cartel price under over-
charge-based penalties, if a cartel forms.

Lemma 1 provides bounds on the cartel price, which necessarily hold if a cartel
forms.

Lemma1l p, € (c,c + 4 /%)and Pr € (c,c + 4/ 1:10 ) if a cartel forms.
1 1

32 Revenue-based penalties have an additional advantage. Revenue-based penalties are less costly to cal-
culate than alternative penalty types, because they require no information about a firm’s marginal cost or
but-for price. Information on firm revenue is often readily available to investigators.
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Proof If py = c, the payoff from collusion is

(1 =c)c—c)—agyre(l =) _ _aOyRc(l —-0)

We(c) = -
#() [ [

<0,

which implies that collusion is not profitable.

If prp>c+4/ "% then the probability of detection is 1. Therefore, the payoff

a

from collusion, when the cartel price is py, is

Wr(Pr) =(1 R _IC)_:S 7~ P < (I - pr)(Pr ;i)é_ pr(1 = pg)
_U=pe
T 1-5

which implies that collusion is not profitable (the first inequality follows from y, > 1
).

If p, = c, the payoff from collusion is

(1= —0) —aroQnlc =) _

Wole) = [

0,

which implies that collusion is not profitable.
If pp > c+ /=2
from collusion, when the cartel price is p,,, is

A =po)wo =) = 10QxWo — © < (I =po)po—0) = =)pp—0©)
1-9 1-0

, then the probability of detection is 1. Therefore, the payoft

a

Wo(l’o) =

_—(PO_C)2
To1-=5

<0,

which implies that collusion is not profitable (the first inequality follows from
70 > 1). O

Lemma 2 Wi(p) and Wy(p) are strictly concave on [c, c+ o J =R gf
2 Ll
@; > max { (i) (1 — ap), 4(1__—;2) } where H(c) = min {c(l —0), (%)(1 — % }

H(e) a
Proof First, we consider revenue-based penalties. Note that
1—
Wr(p) = ﬁ((l —p)p—0) — (@ +a,(p— )?)ygp(1 —p)) when pe [c,c + a_;“ﬂ]
The second derivative of Wy(p) when p € [c’ c+ 1;%] is

1
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a2WR(P) > 1
opr o l-
—%m(l—zpw o 7x((p = (1 = 20) + 2p(1 = p)(p — ©))
—ayygp(l — 2[7))
a

1
= gm(l—Zp-}-C—al}/R

((p = =2p(p = ) +2p(p — ©) = 2p*(p — ©)) — apyr(l = 2p))
= ﬁ(—z — a7p (20 = ) = 2(p — )
—4p(p— )+ 2(p — ) +2p — 4p(p — ©) — 2p*) + 2ay1y)

1

= m(—z(l —agrg) — 7R (4 — ) = 2(p — ©)* = 8p(p — ¢) + 2p — 2p*))

(( —p)p =) — (ag+ay,(p — )*) ygp(1 — p))

which is less than 0 if 4(p — ) —2(p — ¢)> — 8p(p — ¢) + 2p — 2p* > 0. Note that
p(1 —p)>H(c)becausec < p <c+4/— - a" < — l+‘ where the last inequality follows

-
from a; > ((1 0;‘;).3? Therefore,

A4p-c)=2(p—c)’ —8p(p—c)+2p - 2p*

—2(p—¢)’* = 8p(p — )+ 2p(1 — p)

—2(p — ¢’ = 8p(p — ) + 2H(c) by p(1 —p) > H(c)
—2(p—c)—8(p—c)+2H(c)

—10(p — ¢) + 2H(c)

1 —a
>-10 +2H(c)
a;

1 —a 5\
>-10 | ———— +2H(0) by o, > <%> (1 - ap)

5
(H(c)) (1= a)
10 29Y 4o
—10( == ) +2H(©)

>—2H(c)+2H(c) =

vV IV IV

Therefore, Wy(p) is strictly concave on [c, c+ l;ﬂ]
1

Next, we show Wo(p) is strictly concave. Note that
1
Wop) = — ((1 =p)p—0)— (ay+ a;(p — ©)?) 7o Qy(p — ©)) when
pE|c,c+ - . The second derivative is
1
Be<p< Lte implies p(l—p)>H(c) because p(l-p)>c(l—-c) if p< % and
p(—p) 2 251 - B9ifp > 5.
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0°wW 2
IWoW) _ & 1 (1 pyp— ) = a(p— 70 Qulp — ©) — aoroQup — )

op? op21-6
= %ﬁ(l -2p+c—3a;(p - c)zyOQN — aOyOQN)
- ﬁ(—z — 6a,(p — ©)Qy70) < 0.
Therefore, W, (p) is strictly concave when p € [c, c+ \/T]a" ] O

Proof of Theorem 1 We show that a cartel forms when 6 > 6, and does not form
when 6 < 6,. A cartel forms if collusion is sustainable and profitable. For collusion
to be sustainable, collusion must be incentive-compatible: The constraint in Eq. (1)
must hold. Note that the cartel price p satisfies both ¢ <p <c+ 4/ =%, by
Lemma 1, and p < p™.* Collusion is sustainable at a price p = ¢ + ¢ where ;]) <p"

andp € (c,c+

_ %X (- )*xo(p)

Nap) < 757 = 75 -5
l—s< 1 o) a,(p — ¢)*xp(p)
~ N Nzl Nz(p)
5> N—-1  oypxo(p) o(p— c)2x0(p)
- N Nz(p) Nz(p)

5> N-1 ayYoQOne 0‘16270QN€

- N NeD(c+¢€) NeD(c+e)

S N -1 aYoOn 0‘1527’0QN

- N ND(c+¢€) ND(c+¢€)

N—-1 arol—c—e+e) a€y,0x

“

- N ND(c + ¢) ND(c + ¢)
5> N—-1 oyoD(c+e) . ayYo alezyOQN
- N ND(c + €) ND(c+¢€) ND(c+e¢)
5> N-1 4 %70 c %Yo &2 a1700n .
N N ND(c + €) ND(c + ¢€)

If § > 6, =" 4 2% then there exists a sufficiently small e > 0 such that ine-
quality (4) holds and collusion is sustainable. Collusion is also profitable at price
p = c + € because

3 The optimal price under aggregate overcharge-based penalties does not exceed the monopoly
price. To see this, suppose that the optimal cartel price is p > p™. The cartel could increase profit and
reduce the expected penalty by reducing the cartel price to p”. In addition, the payoff from defection is
unchanged. Thus, p > p™ is not optimal.
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%Xo(p)  oy(p — )*x0(p)
1-6 1-6

0 < Na(p) < ——r(p) - ,
where the first inequality follows from ¢ < p < p™ and the second inequality follows
from the sustainability of collusion at prlce p = ¢ + €. Therefore, collusion is profit-
able and sustamable if 6> 6, If 6 <My a%" collusion is unsustamable for all

€E<0

) (see inequality (4)) and unproﬁtable fore =0 and € >

ay
Lemma 1). Thus a cartel does not form. O

Proof of Theorem 2 First, we show 6, — 1as @, — oo. A cartel forms if collusion is sus-
Ner
Jar

1

tainable and profitable. By Lemma 1, p € <C c+— > We show collusion is unprof-

itable for all 6 < 1if a; > (la(")(l—;”") Therefore, a cartel does not form and 6, = 1if
AYRC

oy > Llmre) a(") a 0)'0“) For collusion to be profitable, 7(p) — ayxg(p) > 0 must hold for
ayYRC

some price p € <c c+ V\/_ )35 Note that

a

z(p) — agxgr(p) = D(P)(p — ¢) — ayyrD(p)p
= D(p) [p[l — aoyR] - c]

|
V1—a

=D(p)|c— agyrc + W [1 - aoyR] - c]
V1-—a«a
=D@) | —ayyre + WO [1 - aoyR]]

< D(p)

[ QY RC
< D(p)|[—agrge + IO—R [1 - %VR]]
L — Qo¥R

=0
2
forall p € (c, c+ —"\1/__%> where the last inequality follows from a; > %
% AYRC
Thus, collusion is unprofitable and a cartel does not form — o = 1—if
a; > M which implies 6, — 1as a, — oo.
(%YRC)

Next, we show 6 — 1 monotonically as a; — oo. Let dz(;) denote the criti-
cal discount factor when the sensitivity of the probability of detection to the over-
charge is ;. Suppose that 6g(a}) > 6x(a]’) for some a] < a}’. Let 6 be such that

B z2(p) — agxg(p) <0 for all pe (c,c+ —‘&j") then Wg(p) = li—é[n(p) —qf)xR(p)] <0 for all

pPE|cc+ ‘\]/f" ) (by ¢ > ;) and collusion is unprofitable.
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Spla]) <6 < 5R(a ). A cartel forms when the discount factor is § if ¢; = ]’ and does
not form if @; = a]. Let p” denote the cartel price when a; = @/’ and the drscount fac-
tor is 6. Let WR(p;al, 6) denote the payoff from collusion when the cartel price is p,
the sensitivity of the probability of detection to the overcharge is a; and the discount
factor is &. Note that z2(p"") < Wx(p"'; al,8) because collusion is sustainable when
the cartel price is p”. Also, note that 0 < Wr(p";a’, 6) because collusion is proﬁt-
able when the cartel price is p”. However, nD(p” ) < Wi(@"sa, 8) < We(p"sa, 6)
and 0 < Wi(p";a, 8) < Wp(p";at] 6) because a] < a'.*® Thus, collusron is sustarn-
able and proﬁtable at a price of p " when a; = a This implies that a cartel forms
when 6 < 5R(a;), which is a contradiction. Therefore, we conclude that 6, — 1
monotonically as a; — oo. O
Proof of Theorem 3 Let

9(1 - 0‘0) 1 370N >2
al = , 1- 1) -1},
e { (1= 37,03 (1 - agyo) <2rRH(c) (1=ctre) +

2
5 J’oQN
(1) 1o (225 Y 1

&)

where H(c¢) = min {c(l -0), ( Lt )( — %) } Suppose that a; > &IL.

The proof involves three steps: In step 1, we establish that the cartel price under
overcharge-based penalties exceeds the cartel price under revenue-based penalties
when a; > 6:{‘ and incentive compatibility constraints do not bind. This is proven
by establishing that the derivative of the payoff from collusion under revenue-based
penalties is negative at the unconstrained cartel price under overcharge-based pen-
alties. In step 2, we establish that, when o; > &f, revenue-based penalties exceed
overcharge-based cartel penalties. In step 3, we show, using the results from step 1
and step 2, that pp < p, generally.

Step 1: Let pNB denote the cartel price when the incentive compatlblhty constraint
does not bind under penalty type i € {R, O}. First, we show pR < po Note that
pr,pr <c c+ \/\1/?

first order condition which determines p’" 0

oW, (p)
op

> by Lemma 1. By the concavity of W, (p) (Lemma 2), the

(1-8)=1-2p+c—3a;7,0yP — ©)* — ayroQy = 0.

Solving for p yields

_‘M,?Qa,a.,_,.ﬁ.)ﬁ_wk@,a_‘,ﬁ.)_l.ﬁ% ! §) < ! ifa; < a] because

A =p)p—o) - dp; a”)xk(p) (1 =p)p —©) — ppiaxp(p)
1-¢6 1-6

which follows from ¢(p:a]) > P(p:a}), where ¢(psa;) = min{ay + a,(p — ), 1}.

WR(p;a;/»é) = WR([);C(’I,(S)
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138 (1 - agr) — 1

= + c. (6)
0 301700y

By the strict concavity of Wg(p) (Lemma 2), the first-order condition that determines
NB ;
py is

OWr(p)
%(1-5):1—2p+c—(a0+a1(p—c)2)yR(1—2p) o

—2ay(p = )yrp(1 = p) =
Note that

oW (p)
ap

(1-6)<1=2p+c+yg—20(p —)ygp(l —p)
S 1=c+yg =20, =)yrp(1 = p),

where the first inequality follows from —(ay + ;(p — ¢)*)7g(1 = 2p) < Ir and the
second inequality follows from p > c. By the strict concavity of Wy(p), pR < po if

aWR(]JO <0
op :

W)

% (1=8) <1 =c+yg—2a,p) = ygpdP1 = pP

1+ 301700 (1 - agro) = 1

=l-c+yp—2q 3a,7,0 ey (1 =Y,
170N
V1321700 (1 - agro) - 1
=l—-c+yz-2 3.0 rrPh (1= ppP)
OXN
V#3700 (1 - agr) - 1
Sl—c+yg=2 3.0 yrH(0),
OXN

where the last inequality follows from p B(1 - p BY > H(c), which follows from
c<pd? 1;“ 37 Next, note that

9(1 o(n) 4(1 )

l_(16)2 (I=c)?

37

V1= VAR \/l a I+c
< - oy
\/» <c+ e c+(1 c) >

(1=

a, > ak implies that p < ¢ + —
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V130700 (1 - agro) = 1
l—c+yz—2 37,0 yrH() <0
0N

\/1 + 3a1y0Q12\,(1 - 0‘070) -1

= l—-c+yp<2 yrH(c)

3700y
3700
o i) <TG -
3700
= 2yR0H(IZ)(1 —ctyp) +1< \/1 + 3700y (1 = awro)
= 37’0QN_(1—c+y )+1 2<1+30z 700y (1 = a7o)
T R 170y 070
1 3v009n >2
- Il—c+ypp)+1) —1])<
3y0Q12V(1—“070)<<2yRH(C)< c VR) a;

R(PO

which holds by (5). Therefore,

Step 2: Next, we show that revenue -based penalties are greater than overcharge-

<0andpR <p0

based penalties for all p € [c Cc+ 4 =t . > Note that

1

xXg(P) — xo(p) = yrp(1 = p) — 7oOn(P — ©)
2 ypH(c) = yoOnP — ©)

1 —a
> YRH(C) - VoQN

1

YrH(C) = 700N/ "% 5 0 holds if
*

1 —a

YrH(C) > vo0p
1

Yo@
1>0NV —

yrH(c)

> < VOQN >2(1_a)
'\ veH(c) or

which holds by (5). Thus, xz(p)>xo(p) and W,(p) > Wi(p) for all
pE [c, c+4/ %o
1

Step 3: Suppose p, < pgr. We show that pp + €, for sufficiently small € > 0, is
incentive-compatible under aggregate overcharge-based penalties and achieves a
greater payoff than p,. Therefore, p,, is not optimal. Note that

Wo(pr +€) > Wi(pr) = 7°(pp),
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where the first inequality follows from W,,(p) > Wy(p) and the continuity of W, (p).
The second inequality follows from the incentive-compatibility of pR.38 Thus, pp + €
is incentive compatible under overcharge -based penalties.

Next, note that p, < pg < pr® < phP which implies that p, < pg + € < p’ for
sufficiently small e > 0. Therefore, W, (p,) < Wy(pg + €) by the strict concavity
of W,(p). We have shown pj + € is incentive-compatible under overcharge-based
penalties and results in a greater collusive payoff. Therefore, p, is not the optimal
cartel price, which is a contradiction. O

Proof of Theorem 4 First, consider the case of 6 > 6. The proof follows from the
observation that, by Theorems 1 and 2, there exists an &IL such that 65 > 6 > 6, if
a > &IL. Next, consider the case of 6 < 6,. When 6 < 6, a cartel does not form
under overcharge-based penalties (see the proof of Theorem 1). By Theorem 2, there
exists an &IL such that 6 > 6 if a; > alL. Thus, a cartel does not form under either
penalty type when a; > &IL which implies CS; = CS, and TS, = TS, O

Changes Specification

Proof of Theorem 5 The proof involves two steps: First, we show a cartel forms when
6 > 6. Second, we show that a cartel does not form when 6 < 6.

Suppose that 6 > 6. Let W o(p) denote the payoff from collusion under specifi-
cation j € {L, C} when the cartel price is p in all perlods 40 A cartel forms under
specification L when § > §,, (see Theorem 1). Let pk o, denote the cartel price under
speciﬁcation L. pb>c, and therefore z”(p%) >0, by Lemma 1. In addition,

(pL) > 7P ) because collusion must be sustalnable for a cartel to form. Lastly,
note that Wc(p) > W5(p) for all p. Thus,

WS (ph) = Wi(ph) > n°(ply) > 0,

which implies that collusion is sustainable and profitable under specification C when
6 > 6, at a constant price of pé. Thus, a cartel forms under specification C when
o> 6p.

Next, suppose 6 < 50 and a price path of { p,} is sustainable and profitable under
specification C. Let W/ (p,_ 15 {p,}l l,al) denote the present discounted value of col-
lusion when: the prior perlod s price is p,_;; the cartel price path is { p,} > the sensi-
tivity of the probability of detection to price is &, and the ¢ specificationis j € {L, C}.

3 Note that collusion is also profitable at price pg + ¢ under overcharge-based penalties because
Wo(pg +€) > Wi(pg) > 7P (pg) > 0 where the last inequality follows from the fact that pg > ¢ by
Lemma 1.

% Suppose p; > p'® where i € {0, R}. p, is not optimal because W,(p}*) > W(p,) > zP(p,) > zP(p®)
where the first inequality follows from the definition of pf,VB and the strict concavity of W,(p), the second
inequality follows from the incentive compatibility of p; and the last inequality follows from the observa-
tion that 7P (p;) is nondecreasing. Thus, p?’B is incentive compatible and yields a greater collusive payoff.
40 Recall that L denotes the price-level specification and C denotes the price-change specification.

@ Springer



Cartel Penalties Under Endogenous Detection 363

First, note that WE(P;—V i opon) WGP Apd,20) = Wo(pir {p. 2,0

for all %' As {p,} _ is sustainable under specification C,

7’(p,) < Wg(pz—l’ {Pt}:;;“l) < Wg<l’r—1’ {pz};;o) = WcL)(Pz—v {pt}ZI;O)

for all . This implies that collusion is sustainable when a; = 0 and 6 < ¢, under
specification L. Because the price path { pt}:1 is profitable under specification C,

0<Wo (e {p} .2 pim) < Wole{p:0) = Wo (e {pi}.21:0)

which implies collusion is profitable when a; =0 and 6 < 6, under specification
L. We have shown the price path {pl}zl is profitable and sustainable when a; =0
under specification L. Therefore, a cartel forms when a; = 0 and 6 < 6, under speci-
fication L, which is a contradiction. O

Lemma 3 p, <p,_, + \/l;ﬂ for all t > 1 under both overcharge and revenue-
1
based penalties.

1—q
% for some ¢’

Proof Let {p,} be an optimal price path where p, > p,_, +

1= o
(and let ¢ denote the first such f). Note that ¢(p,_;,p,) = 1. The optimality of
Dy>Pys1sPrso --- implies that it yields a payoff that is greater than or equal to the
payoff from the alternative price sequence of p,, p,,p; ... from? onwards.*? Thus,

V(py_y) = n(py) = x(py) + 8V (c)
= 7(p,) — x(p,) + 8 [x(p,) — Plc.p)x(py)
+5[1 = (e, p)|V(py) + (e, p)V ()] 8)
> 7(py) = PPu_1-p)XP)) + 8[1 = d(py_1,p)| V(Py)
+ 0p(py_1,p1)V ().

Note that z(p,) —x(p,) <0 because y, > 1 and yy > 1.9 Thus, inequality (8)
implies

8V(e) = n(p) = py_1, p)x(P)) + 8[1 = dPy_y. p)| VDY) + 8Py_y. p)V(C),

41" Specification L and specification C are equivalent when 1 =0.
42 Note that p 1»D2,P3 .- 1s sustainable when the price in the prior period was p,_, because

2(py) = PPy_y, POXPY) + 8[1 = ¢y, p)| V) + 6Py p V()
27(py) — ¢le, p)x(py) + 8[1 = dle, p)| V(p)) + (e, p)V(e)
Zn'D(pl)

where the first inequality follows from ¢(p,_;,p,) < ¢(c,p,). The second inequality follows from the
sustainability of p, when the price in the prior period is c.

B x2@ —rp(l=p) =1 =p)p(l = yp) =) =1 = p)=plrg =D =) = —(1 = p)p(rr — 1) + ) <0
and 7(p) — 7oOy(P =€) = (p — )1 = p — 7o0x) < (p — )1 — ¢ = 750y) = —(p — )Qy(ro — 1) < 0.
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or

z(py) = d@y_1,pXP) + 5[1 - ¢(Pt'—1’P1)] Vip) +6¢py_1,pV(c)
< 8[xpy) = dle, p)xpy) + 8[1 = dle, p)| Vpy) + (e, p)V(C)].

Note that 7)) — dWu_1,p)x(p) = w(p)) — d(c, px(p;) because
dW@,_1,p1) < ¢(c,py)- Also, note that § < 1. Thus, inequality (9) implies

8|1 = ¢y_1.p)| V(1) + 8d(py_1.p)V(C) <5[1 = d(c.p)| V(py) + 8p(c, pV ().

(10)
Given that V(p,) > V(c),** inequality (10) holds only if ¢(p,_,.p,) > ¢(c,p,) which
is false. Therefore, p, is not optimal and the proof is complete. O

Proof of Theorem 6 Note that, because the initial price is ¢, the cartel price in period
t satisfies

I —a 1 —a I —a
P <p_+ <piot+2 <..<c+t ,
@ @ @

where the inequalities follow from Lemma 3. Let 7% be such that 7% > 2 and

57" a1z py (14
= < > . Let

(11

AgYRC T (1-¢)?

w—] 4(1 - a)

a; > &¢ = max lT*

We show that collusion is unprofitable when a; > &]C, and therefore a cartel does not
form for all 6 < 1.

Suppose a cartel forms for some a; > &IC. Let {pt};; denote the cartel price path.
First, observe that

* V(p,) = V(c) because the probability of detection is a decreasing (or constant) function of the price in
the previous period.
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where the first inequality follows from Lemma 3 and the second inequality follows
from inequality (11).
Next, observe that
V(e) = 2(py) — dle, p)xg(py) + dle, p)EV(E) + [1 = (e, pp)]| 6V (py)
< z(py) — (e, p)xg(py) +6V(py)
= z(py) — ¢(c, p)xg(Py)
+6 [”(Pz) = (1, P)xr(Py) + dP1,pr)6V(C) + [1 - ¢(P1’P2)]5V(P2)]
< z(py) — @, p)xg(py)
+6 [ﬂ(Pz) = @1, P)xR(Py) + 5V(P2)]

< Y67 a2 — by PP
=1

M

<

8" Hx(p,) — apxgp)).

N
Ul
—_

where the first, second and third inequalities follow from the observation that
V(p,) > V(c) for all £.% The last inequality follows from ¢ > «. Therefore,

45 V(p,) = V(c) because the probability of detection is a decreasing (or constant) function of the price in
the previous period.
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[s)

V(o) £ 87 D@ )P, — ) = agrrD(p)p,|

~

87 D) (p[1 = vz )]

~
Il

= D(P1)(P1 [1 - ao?’R] - C)
A
-
+ Y. 87 D) (p 1 = vz = )]
=2

~
B

+ 2 51 [D(p,)(pz[l - aOyR] - c)] )
t=T*+1

“ _
'
C

We show A + C < 0 and B < Owhich implies V(c) < 0 and, therefore, a cartel does
not form. First, note that

A =D@p)(p, [1 - aoVR] - ¢)

1—
< D(p;) <c+ ao)[l—aOyR] —c

=D(p)|c+

=D(p,)

1 —
<D(@p)) B CaOVR]

CaAyYR

5Dy

c
aoVRD<1+C>
2 2

<_

where the last inequality follows from p; < % and the second to last inequality fol-

lows from Eq. (11):
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2
lT*\/l—aO] <
E— 1

oYy
24/1 -
- <a
CoyYr
241 -«
= < q
cayYr

= <
Ve 2

V1—-a cayYr

— — —coyyp < — .

2

%

Thus, we have shown A < —%D(%) B < 0 because

T*

B= Z 57 D@ (p,[1 = agrg] = ¢)]

T* r T
< ; 6’_1D(pl) -(C~+tWaO>[l - “()VR] - c]

= 2 87ID(p,) | t———— — ayygc — AgYxt

= | Va Ve

T* [ 1 —
< Y 671D, |1 —2 - amc]
= | Vo
T r
1=
S Z 6t_1D(pl) T*—a()
= RV

- aOYRC]

<0,

where the last inequality follows from Eq. (11):

Ve

a > |T*
AoYRC

RY2
T

T /1 —a,
Vi

ayYre >

Lastly, note that
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C= Y, 87 D@ (|1 - apre] = ¢)]
t=T*+1
S - 5[—1
t=T*+1
_ " < %YRCD< 1 +C>7
1-6 2 2

where the first inequality follows from the observation that per-period profit is
bounded above by 1. The second inequality follows from the definition of 7%. There-

fore, A+ C < — m‘)y’*D( lJ;) + %D(%) = 0. Thus, collusion is not profitable,

and no cartel forms when a; > &lc. This implies 6 — las a; - oo.

Next, we show 6, — 1 monotonically as a; — oco. Let dz(;) denote the criti-
cal discount factor when the sensitivity of the probability of detection to the
change in price is @;. Suppose &g(a;) > x(a)) for af < ai'. Let 6 be such that
Sp(a)) < 6 < ég(a)). A cartel forms when the dlSCOllIlt factor is 6 if @; = &' and
does not form if @; = a]. Let {p}, denote the cartel price path when a; = a "and
the discount factor is 6. Let WR(pt 1 { P 12,52, 0) denote the payoff from collusmn
when the cartel price path is {p,} 7, the prior period price is p,_;, the sensitivity of
the probability of detection to the change in price is @, and the discount factor is 6.

Note that

T (p”) < WR(pt 1° {P;/ 1= 1» 5) < WR(P, 1° {P” ;’il’a17 5)

for all t where the first inequality follows from the sustainability of collusion when
a; = a'. The second inequality follows from &] < a]'. Also, note that

0 < Wr(e, {p)'}2sa) . 6) < We(e, {p]

l—l’

S ]aé)’

tl’

where the first inequality follows from the profitability of collusion when a; = a/'.
The second inequality follows from «| < «/'. Thus, collusion is sustainable and prof-
itable with a price path of {p;'}2, when a; = a; and the discount factor is &. There-
fore, a cartel forms when a; = &/ which implies § > 6z(a}), a contradiction. We

therefore conclude that 6; — 1 monotonically as a; — oo. O

Proof of Theorem 7 First, consider the case of 6 > 6,. The proof follows from the
observation that, by Theorems 5 and 6, there exists an & such that 65 > & > §,, if
a > a . Next, consider the case of 6 < 6,. When 6 < 6, a cartel does not form
under overcharge -based penalties (see the proof of Theorem 5). By Theorem 6, there
exists an a such that 6, > oif a; > a . Thus, a cartel does not form under either

penalty type when a; > a which 1mphes CSgr =CSypand TS, = TS,,. O

Appendix 2: Additional Derivations

In this section, we derive expressions for consumer surplus and total surplus.
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Let the cartel’s price path be denoted { pt}:;. Let CS, denote the expected present
discounted value of consumer surplus when the price in the prior period was p,_;.
CS, is the expected present discounted value of consumer surplus when the price in
the prior period was c: the initial period or any period immediately after detection.

Let CS(p,) denote per-period consumer surplus when the cartel price is p, and let

¢, = dP_1, D).
CS, =CS(p) + (1 — p)CS,, +60,CS,.
If undetected in period ¢ (which happens with probability (1 — ¢,)), the cartel contin-

ues into the next period (period # + 1) with an initial price of p,. If detected (which
happens with probability ¢,), the cartel reforms with an initial price of c. Note that

CS, = CS(p,) + 6(1 — ¢,)CS, + 6¢,CS,
= CS(p)) + 8(1 — ¢))(CS(p,) + 8(1 — $,)CS5 + 6¢,CS,) + 5¢,CS,
=CS(p,) +o(1 — ¢)CS(p,) + 52(1 - ) —¢)CS; + 52¢2(1 - ¢,)CS, +6¢,CS,.

Continuing this pattern yields

o0 t—1 oo t—1
cs, =y 8! <H(1 - ¢T)>c5(p,) +) 5'¢t<H(1 - ¢T)>csl.
=1 =1 =1 =1
Solving for CS§ yields

226 (TG - 80 sy
=32 o (T -¢0)

6

CS] =

where we let ngl [1 - d)T] = 1 as a convention.*

Computations analogous to those above show that the expected present dis-
counted value of total surplus—the sum of consumer surplus and aggregate cartel
profit—is

22,6 (M0 = 60) TS0
=32 (T - ¢0)

TS, = (12)
where ¢, = ¢(p,_;,p,) and TS(p,) is total surplus when the cartel price is p,.*’

Supplementary Information The online version contains supplementary material available at https://doi.
org/10.1007/s11151-022-09877-8.

46 1f no cartel forms, then p, = cforall > 1,and CS| = %

47 Specifically, TS(p) = CS(p) + Nz(p). If no cartel forms, then p, = ¢ for allz > 1, and TS, = %
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