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Abstract

We study algebras of differential and difference operators acting on matrix val-
ued orthogonal polynomials (MVOPs) with respect to a weight matrix of the form
W¢(>V) x) =x e"”(x)ngl) (x), where v > 0, Wgsl) (x) is a certain matrix valued poly-
nomial and ¢ is an analytic function. We introduce differential operators D, DT which
are mutually adjoint with respect to the matrix inner product induced by qu”) (x). We

prove that the Lie algebra generated by D and D" is finite dimensional if and only if
¢ is a polynomial. For a polynomial ¢, we describe the structure of this Lie algebra.
As a byproduct, we give a partial answer to a problem by Ismail about finite dimen-
sional Lie algebras related to scalar Laguerre type polynomials. The case ¢ (x) = x
is discussed in detail.

Keywords Orthogonal polynomials - Differential operators - Lie algebras

Mathematics Subject Classification 33C45 - 17B60

1 Introduction

The theory of matrix valued orthogonal polynomials (MVOPs) was initiated by Krein
in 1940s, and it has since been used in various areas of mathematics and mathemat-
ical physics. These areas include spectral theory, scattering theory, tiling problems,
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integrable systems, and stochastic processes. For further details and insights on these
subjects, we refer to [1, 5, 7, 9, 11, 13], and the references therein.

Significant progress has been made in the past two decades toward understanding
how the differential and algebraic properties of classical scalar orthogonal polynomials
are extended to the matrix valued setting. A fundamental role has been played by
the connection between harmonic analysis of matrix valued functions on compact
symmetric pairs and MVOPs. In [8], Duran poses the problem of determining families
of MVOPs which are eigenfunctions of a suitable second-order differential operator. In
the scalar case, the answer to this problem is a classical result due to Bochner [2]. The
only families with this property are those of Hermite, Laguerre, and Jacobi. The matrix
valued setting turns out to be much more involved. The first explicit examples appeared
in connection with spherical functions of the compact symmetric pair (SU(3), U(2)),
see [12]. Following [21], a direct approach was taken in [19, 20] for the case of
(SU(2) x SU(2), diag), leading to a general set-up in the context of multiplicity free
pairs [15]. In this context, certain properties of the orthogonal polynomials, such as
orthogonality, recurrence relations, and differential equations, are understood in terms
of the representation theory of the corresponding symmetric spaces. Recently, Casper
and Yakimov solved the matrix Bochner problem [3]. This is the classification of
all N x N weight matrices W (x) whose associated MVOPs are eigenfunctions of a
second-order differential operator.

For N € N, let My (C) be the set of complex matrices of size N x N and by
My (C)[x] the set of one variable polynomials with coefficients in My (C). We con-
sider a matrix valued weight function W : (a, b) — My (C), where a, b could be
400, such that W (x) is positive definite for all x € (a, b) and W has finite moments
of all orders. In such a case, W induces a matrix valued inner product

b
(P, Q) =/ P)W(x)Q(x)"dx € My(C), (1.1)

such that for all P, Q € My(C)[x] and T € My (C), the following properties are
satisfied

(TP,Q)=T(P,Q), (P,Q)"=(Q.P), (P,P)=0.

Moreover, (P, P) = 0 if and only if P = 0. Using standard arguments, it can be
shown that there exists a unique sequence (P (x, n)), of monic MVOPs with respect
to W in the following sense:

(P(x,n), P(x,m)) =H(n)d,m (1.2)
where the squared norm H(n) is a positive definite matrix. We will write

Px,n) =x"+Xm)x"" '+ Ym)x"% + Lo.t. (1.3)
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The monic MVOPs satisfy a three-term recurrence relation:
xP(x,n)=Pkx,n+1)4+Bn)P(x,n)+Cn)P(x,n—1) (1.4)

where B(n), C(n) € My(C) and n > 1. The coefficients of the recurrence relation
are given by

B(n)=X(n) —X(n+1), Cn) =HnHn-1"", (1.5)
where X (n) is given in (1.3) and H(n) in (1.2). Moreover, for n > 2, we have that
Yn)=Y(n+1)+ B(n)X(@n) + C(n). (1.6)

In [6], the authors studied difference—differential relations for a class of Hermite
type MVOPs associated with the weight W (x) = e VWA A" where x € R, v(x)
is a scalar polynomial of even degree, and A is a constant matrix. The approach of [6]
is to get information on the MVOPs by investigating two mutually adjoint operators
D and D', If v(x) is a polynomial of degree two, in addition to D and D7, there exists
a second-order differential operator D having the MVOPs as eigenfunctions. It turns
out that D, D', and D generate a finite dimensional Lie algebra which is isomorphic
to the Lie algebra of the oscillator group. The Casimir operator for this algebra is given
explicitly and the commutativity properties of this operator provide information about
MVOPs. Here, we study the analogous problem for Laguerre type weights.

We will first consider a matrix valued weight supported on [0, 00) of the form

N
W) = e TV @et TV () = et Y s R E (1)
k=1

where v > 0, 8,?)) € R, A is a constant matrix and ¢ (x) is an analytic function and
E; ; denotes the N x N matrix whose (i, j)-th coordinate is equal to §; ;. Next we
introduce first-order differential operators

D=dx+A—-Dx, D'=-dx—0+v+J)+x¢'(x)—x.

Our first result shows that D and D' are mutually adjoint with respect to the matrix
valued inner product related to W(,()v)(x). We are now concerned with the Lie algebra
generated by D and D', The main result of this paper is the characterization of all
analytic functions ¢ (x) defined on (0, co) such that the Lie algebra generated by D
and D7 is finite dimensional. We also obtain an explicit description and classification
of these Lie algebras, up to isomorphisms.

The paper is organized as follows. In Sect.2, we recall some preliminaries about
differential and difference operators and introduce the left and right Fourier algebras
related to the sequence of monic MVOPs.

In Sect. 3, we introduce a Laguerre type weight Wq(sv) for a given analytic function

¢ on a neighborhood of the interval [0, co). We introduce the operators D and DT,
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and we prove that they are mutually adjoint with respect to de”) (x). For the MVOPs

(P(x,n)), with respect to w , we find difference operators M, M T associated to

D, DY, respectively, given by the relations (M - P)(x,n) = (P - D)(x, n) and M" -
P)(x,n) = (P -D")(x, n).

In Sect.4, we study the Lie algebra g, generated by the differential operators D
and D'. We prove that g 1s finite dimensional if and only if ¢ is a polynomial. When
¢ is a polynomial, we obtain that

~ JCPeh forN =2
0= Ceoh forN=1

where b is a solvable Lie algebra with nilradical of codimension one. Moreover, we
classify this family of Lie algebras up to isomorphisms. As a byproduct, we give a
partial solution to a problem proposed by Ismail in [16, Problem 24.5.2] in the case
that ¢ (x) is an analytic real function defined on (0, 00).

In Sect. 5, we analyze the case ¢ (x) = x and we give an explicit expression for D,
DY, M, and M". We also find a symmetric second-order differential operator D which
has (P(x, n)), as eigenfunctions. We describe the Lie algebra a generated by D, DT,
and D. We prove that a = Z4 @ [a, a] where the dimension of the center Z, is two
and [a, a] is isomorphic to s[(2, C). Finally, we obtain non-abelian relations between
‘H(n), B(n), and C(n).

1.1 Application: solution to a problem by Ismail

In [4], the authors investigated ladder operators for exponential type weights of the
form e~?™), where v(x) is a suitable differentiable function. One of the results in [4]
states that the Lie algebra generated by the ladder operators are finite dimensional
whenever v is a polynomial. However, the converse of this result is still open. The
ideas in [4] are extended to scalar Laguerre type weights in [16, Section 3.7]; in this
case, both problems are open.

Our classification of all finite dimensional Lie algebras related with the Laguerre
type MVOPs is closely related to [16, Problem 24.5.2]. In order to state this problem,
we first consider a scalar weight wy(x) = x%e~?™) with ¢ (x) a twice continuously
differentiable function on (0, c0). Let (p,(x)), be a sequence of orthonormal poly-
nomials satisfying a recurrence relation

Xpn(X) = apt1Pny1(X) + &y pu(X) + anpp-1(x),  n >0, (1.8)

where po(x) =1, p1(x) = (x;—f“’) We introduce the coefficients {8, (x)},en, by

Bn(x) _ wi(y)pn(y)pn—1(y) |
a, xX—y 0

+ / PO =) ) puct (w1 (dy. (1.9)
0 X =Yy
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Now we have a pair of n-dependent first-order differential operators
XLy = 0xx 4+ xB,(x), XLy, = —0xx + xBp(x) + x¢' (x). (1.10)

For a fixed n, the operators xL1 ,, xLy , are mutually adjoint with respect to the
scalar Laguerre type weight wy(x) = x%¢ ™ o > —1, x > 0. We are now ready
to state [16, Problem 24.5.2]: “The Lie algebra generated by x L1 , and x L , is finite
dimensional if and only if ¢ is a polynomial.”

In this paper, we provide an answer to a similar problem in a more general context
of MVOPs. More precisely, we consider a matrix valued weight Wd()'}) as in (1.7) and
two matrix valued differential operators

Din = 0xx +x(A = Bu(x)), Doy =—dx — (1 +v+J)+x¢'(x) = xBu(x),

which are mutually adjoint with respect to W(;”) (x). In Sect.4.3, we prove that if
x(¢'(x) + 2B,(x)) is a real analytic non-polynomial function, then the Lie algebra
generated by D , and D, ,, is infinite dimensional. Conversely, if ¢ is a polynomial and
X Bn(x) is a matrix valued polynomial function, then the Lie algebra generated by Dy ,
and D; , is finite dimensional. By specializing N = 1 with 8, asin (1.9) and ¢ a real
analytic function, we give a solution to [16, Problem 24.5.2] when the corresponding
operators live in the right Fourier algebra. More precisely, if the differential operators
xLi,and xLy , arein Fr(P) then x B, (x) is a polynomial. In general, we obtain that
¢ polynomial implies that the Lie algebra g, generated by xL ,(x) and xL3 ,,(x) is
finitely dimensional. Conversely, if the operators xL , and xL; , are in Fg(P) and
the Lie algebra g, is finitely dimensional, then the function ¢ is a polynomial.

2 Preliminaries

This section presents the left and right Fourier algebras associated with the sequence
of monic MVOPs, as developed by Casper and Yakimov in [3]. The results discussed
in this section have been previously covered in a more comprehensive context in [3].

Let Q(x, n) be a function Q : C x Ny — My (C) such that, for each fixed n € Ny,
Q(x, n) is a rational function of x. A differential operator of the form

n
D=) oFix), =2, @2.1)
j=0
where F; : C — My(C) is a rational function of x, acts on Q from the right by

(@ -D)x.nm) = Y (3] Q)(x. n) F(x),

j=0

The algebra of all differential operators of the form (2.1) will be denoted by M . In
addition to the right action by differential operators, we also consider a left action on
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Q by difference operators on the variable n. For j € Z, let §/ be the discrete operator
which acts on a sequence A : Ng — My (C) by

8/ - A)(n) = A(n + j).

Here we assume that the value of a sequence at a negative integer is equal to zero. For

given sequences A_y, ..., A, a discrete operator of the form
k .
M) =Y Ajms, (2.2)
j=—t

acts on Q from the left by
k . k
M-Q).n) =Y Ajm) (8- Q)x.n) = Y Aj(n) Q(x.n + j).
j=—t j=—t

We shall denote the algebra of difference operators (2.2) by Ny .
We will be interested in the sequence of monic orthogonal polynomials (P (x, n)),
related to a weight matrix, as in (1.2). As in [3, Definition 2.20], we define:

Definition 2.1 The left and right Fourier algebras associated with the sequence of
monic orthogonal polynomials (P (x, n)), are given by:

FL(P)={MeNy:3De My, M-P =P -D}C Ny,

2.3)
Fr(P)={DeMpy:IMec Ny, M-P =P -D}C My.

The definition of the Fourier algebras directly implies a connection between the
elements of 7 (P) and Fg(P). Moreover, the map

¢: FL(P) — Fr(P), definedby M- P =P - o(M),
is an algebra isomorphism. In [3], this map is called the generalized Fourier map.

More precisely, M{M> - P = P - o(M1)p(M>) for all My, M> € F(P). On the other
hand, by the definition of ¢, we have that MM, - P = P - o(M M>).

Remark 2.2 1In this context, the three-term recurrence relation (1.4) can be written as
xP=P-x=L-P, where L:6+B(n)+C(n)8_1.

Therefore x € Fr(P), L € Fr(P) and ¢(L) = x. For every polynomial v € C[x],
we have

P-v(x)=P-v(p(L)) =v(L)-P.
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Lie algebras of differential operators 937

One of the crucial results from [3] is the existence of an adjoint operation | in the
Fourier algebras F7 (P) and Fg(P) as described in [3, §3.1]. To define the adjoint
operation in 7 (P), we initially observe that the algebra of difference operators Ny
has a x-operation defined as follows:

*

k
Y AmS | =) Ajm— s, (2.4)

j=— j=—t

where A j(n— j)* is the conjugate transpose of A ; (n— j). Now, the adjoint of M € Ny
is given by

MY = Hm)M*Hn) ™", (2.5)

where H (n) is the squared norm which we view as a difference operator of order zero.
The following holds:

(M- P)(x,n), P(x,m)) = (P(x,n), (M" - P)(x,m)).

In [3, Corollary 3.8], the authors show that every differential operator D € Fg(P)
has a unique adjoint D' € Fg(P) with the property

(P-D,Q)=(P,Q DY,

forall P, Q € My (C)[x]. Moreover, o(M") = (M) for all M € F1(P).

3 Differential operators for semi-classical Laguerre type weights

The goal of this section is two-fold. On the one hand, by assuming the existence of two
mutually adjoint first-order differential operators D and D', we give explicit formulas
for the associated difference operators in the left Fourier algebra F7, (P). On the other
hand, we introduce an explicit Laguerre type weight of arbitrary size and we show
that D and D are mutually adjoint with respect to the inner product induced by this
weight. In the rest of this paper, we will use the following N x N constant matrices:

N N-1
J=Y kExx A=) aEiir 3.1)
k=1

k=1

where a; € C. Recall that E; ; denotes the N x N matrix whose (i, j)-th coordinate
is equal to &; ;. It is straightforward to show that

[J,A]=A and &4Je ™4 =] — Ax. (3.2)
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938 A.L. Gallo, P. Roman

3.1 Mutually adjoint differential operators

In this subsection, we let W be a matrix valued weight with a matrix valued inner
product as in (1.1). Let ¢ be an analytic function such that f ab x"p(x)W(x)dx < o0
for all n € Ny. We consider the first-order differential operators

D=dx+x(A—=1), D'=-dx—1+v+J)+x¢'x)—x. (3.3)

We will be interested in weight matrices such that D and D' are mutually adjoint, i.e.,
(P-D,Q)=(P,Q-Dfforall P, Q € My(C)[x].
We note that

Di=-D+C—(1+v)+x¢'(x)—2x (3.4)

where C = Ax — J.

Lemma 3.1 Assume that D and D' are mutually adjoint operators with respect to
the matrix valued inner product associated to W. Then C = Ax — J is a symmetric
operator and C € Fg(P). Moreover, if (P(x, n)), is the sequence of monic MVOPs
for W and Mc = ¢~ '(C), then

1
P-C=Mc-P, where Mg = Z U;jn)s’.

i=—1
The coefficients of M¢ are:

Ui(n) = A, Up(n) = X(n)A—AX(n+1)—J,
U-i(n) =Y)A—-AY(n+ 1) +[J, X(n)]+ (AX(n+ 1) — X(n)A) X (n),
where X (n) and Y (n) are given in (1.3).

Proof By (1.1), the operator multiplication by —(1 + v) 4+ x¢’(x) — 2x is symmetric
with respect to the matrix inner product associated to W. On the other hand, since D
and D are mutually adjoint, we have that D + D" is symmetric. Hence

C=D+D +(1+v)—x¢'(x)+ 2x,

is symmetric. Moreover, by [3, Theorem 3.7], we get D € F(P).
If we write
123
Me= )" Ujms/, 1,6 €N,

j=—ti

then by taking into account that C increases the degree of any polynomial by 1, we
immediately obtain U;(n) = 0 for j > 1. This implies that £ = 1. On the other
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Lie algebras of differential operators 939

hand, since C is a symmetric operator with respect to W, we have that M¢ = Mé and
so Uj(n) = 0 for j < —1. Finally, the formulas for U_;(n), Up(n), and U;(n) are
obtained by direct computation from the relation P - C = Mg - P. O

Theorem 3.2 Suppose that the operators D and D in (3.3) are mutually adjoint and
let M = ¢~ Y (D) and M" = ¢~ (D"). If ¢ is a polynomial of degree k then

1
P-D=M-P, M= )Y Ajms (3.5)
j=—k

with
Ain)=A—-1, Ag(n)=n+Xm)A—AX(n—+1)— BM),
Acin)=n—-DX(n)+Y)(A—-1)—(A-DY(n+1)— Ag(n)X(n),
Aj(n) = (L)), —k+1<j <1

where B(n) is given by (1.5) and v(x) = —(1 +v) + x¢’(x) — 2x.

Proof Since D increases the degree of P(x, n) by one, we have that

1
M:=¢ (D) =) AW,
t=(

for certain coefficients A j (n). The formulas for A ;(n) with j = —1, 0, 1 are obtained
from (3.5) and the definition of D by comparing leading coefficients. By orthogonality,
we have that

1
(M-P,§ . P)= ZAt(n)(P(x, n41), P(x,n+j) = A;myHn + j).
t={

By 3.4) DY = —D +C + v(x), and so for j < —1, we have that

Aj(n) =(P-D,8 - PYH(n+ j)"' =(P,8/ - P-DYH(n + j)~
= (P, 8 - P-v)YH(n+ ) = (P-v(x),8 - PYH(n + j)~!
= (u(L)-P,8 - PYH(n + j)~ .

In the third equality, we have used that (P, 8/ - P - D) and (P, 8/ - P - C) vanish for

Jj < —1 and in the fourth equality, the fact that any scalar polynomial is symmetric.
Since v is a polynomial of degree &, then

0
v(L) = Y (w(L));87,

j=—k
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and so
. 1
(v(L)- P& - P) = Z L)) (n)(P(x,n+1), P(x,n+ j)) = (L)) ;j(m)H(n + j).
t=—k
Then, we have that
Aj(n) = (w(L))j@n) forj < —1.
We complete the proof by noting that (v(L));(n) = 0 for j < —k. O
As a direct consequence, we obtain the following corollary.

Corollary 3.3 If ¢ is a monic polynomial of degree one, then M = ¢~ (D) satisfies
M = Ap(n) + (A —1)5
with Ayg(n) as in Theorem 3.2. Moreover, in this case, we have that
m—-—DXn)+Yn)A-1)—-A-DYn+1)

—<n L XMA—AX(n+1) — B(n))X(n) —0. (3.6)

Proof Ifv(x) = —(14+v)+x¢'(x)—2x,x since deg(v) = deg(¢) < 2, by Theorem 3.2
we obtain that Aj(n) = 0 for all j < —1. On the other hand, notice that since ¢ is
monic, then DT = —3,x — (1 + v + J) and so D' does not increase degrees. This
implies that AJ{ = 0 and therefore

Ai(m) = —-DXm)+Ym)(A-1) - (A-DY@n+1) - Ao(m)X(n) =0.

The formulas for A (n) and Ag(n) follow from Theorem 3.2. O

Remark 3.4 Since C is symmetric, we have that C = ct implies Mg = Mé. Thus,
from Eq. (2.5), we have that

Ur(n) = HmU—_1(n + D*H(n + 1)~ Uo(n) = Hm)Up(n)*H(n) ™",
and so we obtain that
A= H(n)(Y(n FDA—AY(+2)+1J, X(n+ 1]
HAX(1+2) = X1+ DAX G+ D) Hen+ D7
and

XA —AX(n+1)— J = H(n)(X(n)A —AX(n+1) — J)*H(n)—l.
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3.2 The Laguerre type weight

Let (Siv), el 8/(\7) be non-zero real numbers, and let ¢ be an analytic function on a
neighborhood of the interval [0, o). The matrix valued Laguerre type weight is given
by

N
W) = TV et TV () = et Y s E . (B
k=1
with support on the interval [0, co). This is an extension of the Laguerre weight given
in [18]. In the rest of the paper, we assume that W (x) P (x) has vanishing limits at the

endpoints of the support for any matrix polynomial P.

Remark 3.5 Since 8,5”) # 0 for any k and e4* is invertible, then the weight matrix
Wd()v) (x) is also invertible for all x € [0, 00).

Proposition 3.6 Let A, J € My(C) as in (3.1) and let W, (x) be as in (3.7). Then,
the first-order differential operators

D=0x+x(A-1), Dl = —dx — (I4+v+J0)+x¢'(x) —x, 3.8)

are mutually adjoint with respect to W;V) (x).

Proof Let P, Q € My (C)[x]. In order to simplify the notation, in the rest of the proof,
we denote by W (x) := qu”)(x) and T (x) := T(;”)(x). Thus, we have that

(P-D, Q):/O (xP'(x) + xP(x)(A — 1)) W(x) Q" (x)dx. (3.9)

Notice that, since W (x) P (x) has vanishing limits at the endpoints x = 0, and x = oo,
integration by parts implies that

/ooxP/(x)W(x)Q*(x)dx = _/00 P(x) (xW(x)Q*(x))/dx. (3.10)
0 0

By replacing (3.10) in (3.9) and using the linearity of the matrix valued inner
product, we write (P - D, Q) as the sum of four integrals:

o]

(P-D, Q) =— /‘Oo P(x)W(x)Q*(x)dx —/ xP(x)W'(x)Q*dx
0 0
- /0 XP)W()(QF () dx

+/ooxP(x)(A— DHW (x) Q* (x)dx. 3.11)
0
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942 A.L. Gallo, P. Roman

We note that the sum of the first and third integral of (3.11) can be written in terms of
the first-order differential operator (1 4+ dyx) in the following way

/0 PX)W(x)(Q*(x) +x(Q*(x))dx = (P(x), @ - (1 + 8xx)).

Therefore, we are left with the second and fourth integrals of (3.11). In order to deal
with these integrals, we first write

A= —fooxP(x)W’(x)Q*(x)dx + /OoxP(x)(A — HW(x)Q*(x)dx. (3.12)
0 0
By (3.7), we have that

Wl W (x) = e A (T’l AT + T T (x) + A*) Ax

Wl @)x(A — DW(x) = e A" (xT_l(x) AT (x) — x) AT
Thus, we obtain

A=— /oo P@W@)xW L)W (x) 0% (x)dx
0
+ [ Peowe (Wl wsa - W) o,
0

- /OO P(x)W (x)e 4™
0
(xT*‘ () AT@) +xT 0T (x) + xA*) A0 (x)dx
+ /oo P(x)W(x)e 4™ (xT_l(x) AT(x) — x) A 0" (x)dx
0

o0
- _ / P(x)W(x)e 4™ (xT—l(x)T’(x) +xA* + x) A 0% (x)dx.
0
By taking into account that x7”/(x) = T (x)(—x¢’(x) + v + J), we obtain that
o0 * *
A= / POOW@x)e A ¥ (—x¢'(x) + v+ J + xA* + x)e ¥ 0% (x)dx.
0

Notice that the second expression of the right hand of the above equality is
—A*x / * A¥x __ / —A*x 7 A*x *
e (—=xp'xX)+v+J+xA"+x)e =—x¢'(x)+v+e Je + xA* + x.
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On the other hand, the equation e*4Je ™4 = J — Ax implies that e~ AN JeATY =
J — A*x. Hence, we obtain that

(P-D, Q)= —/0 P)W(x) (Q - (14 8,x))" (x)dx
—/ PXOWX)(x —x¢'(x) + (v +J — A*x + xA*) O0*(x)dx
0

oo
= / POW@) (Q - —(Ox +x —x¢'(xX) + (v + J + 1))* (x)dx
0
=(P.Q-D).
Therefore, the operators D and D' are mutually adjoint, as asserted. O

The following corollary is a consequence of the previous results.

Corollary 3.7 Let D and D' as in (3.8). Then, ¢ is a polynomial if and only if D, DT €
Fr(P).

Proof By Theorem 3.2 and Proposition 3.6, if ¢ is a polynomial then D, D' € Fr(P),
as asserted.

Conversely, if DT = —9,x — (1 + v+ J) 4+ x¢'(x) — x, € Fr(P), then x¢'(x) is
a polynomial. Indeed, by taking into account that Py(x) = I, we have

(P-DN(x,0) =~ +v+J)+x¢'(x) —x = (M- P)(x,0),

Now, since M is as in (2.2) we obtain that (M" - P)(x) € My (C)[x] and so x¢’ (x)
is a polynomial. Now, as ¢ (x) is an analytic real function, ¢ (x) = Zf’;o a,x", and
then x¢'(x) = Y 22 ra,x". If x¢/(x) is a polynomial, then there exists S € N such
that ra, = Oforallr > S. Then, a, = O for all » > S, and then, ¢ (x) is a polynomial,
as desired. ]

4 Lie algebras associated to orthogonal polynomials

The goal of this section is to study the dimension of the Lie algebra generated by D and
D™ and to classify, up to isomorphisms, all the finite dimensional cases. As a byproduct,
we solve a problem proposed by Ismail in [16, Problem 24.5.2], as described in the
introduction.

If g is a finite dimensional Lie algebra, and if g/ and g j denote

®=go=9. ¢'t'=[g/.0] and g;41 =[g.g;],

then g is called solvable (nilpotent) if g/ = O for some j (if g; = 0 for some
J). Clearly, any nilpotent Lie algebra is solvable. The radical (nilradical) of g is its
maximal solvable ideal (maximal nilpotent ideal) of g. We will denote by Rad(g) and
Nil(g) the radical and nilradical of g, respectively.
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4.1 Lie algebra generated by D and D*
In the sequel, given ¢ an analytic real function over R, we denote by
gp = (1D, DF,x, x¢'(x), 6P (), ..) (CRY)

with the usual bracket. The first result in this section consists in deciding whether gy is
finite dimensional and giving its dimension. The following lemma gives the relations
for the generators of gg. The proof, which can be done by a direct computation, is
omitted.

Lemma4.1 Let A, J € My (C) asin (3.1) and let ¢ an analytic real function over R.
Let us consider the operators D and DY introduced in (3.3). Then we have that

[D,x]=—x, [D,x]I=x, [D,D1=-x*Px) +Q—¢@)x,
[D, ¢ (x0)x7] = —(jxl ¢V (x) + x/ 1TV (1))
= —[D', ¢V )x!] forall j > 1,

where x and x7 $'7 (x) act on matrix valued polynomials by right multiplication.

We are interested in determining whether the Lie algebra gy is finite dimensional.
In order to prove this, we introduce the following Lie subalgebra

ap = (x'¢V(0))ien. (4.2)

The following lemma states that a is finite dimensional if and only if ¢ is a polynomial.

Lemma 4.2 Let ¢ be an analytic real function over R and let ay as in (4.2). Then, ay
is finite dimensional if and only if ¢ is a polynomial. In such a case, dim ay = £ where
L is the number of non-zero coefficients of ¢.

Proof Clearly, if ¢ is a polynomial, then the dimension of a is finite, since ¢ (x)
vanishes for all m greater than the degree of ¢.
Conversely, assume now that ¢ is given by the power series

p(x) =Y aix'. (4.3)
i=0

This implies that

()ita ifj<i,

44
0 ifi < j. “h

oo
D)= "bijx', with b :{
i=0

In particular, if a; = O then b; ; = 0 forall j € N.
Let {i;};en be the sequence of indices whose coefficients in (4.3) are non-zeros of
¢, thatisi; < i;qq forallt € N, and a; # 0 if and only if i = i; for some t € N.
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Claim: The vector space (x'1 ¢ (x), ..., x*¢{) (x)) has dimensionr.Letcy, ..., ¢, €
C be such that

c1x1 M (x) + -+ + ¢rxr ) (x) = 0.

This induces the following system of equations

(Y 1, — —
CJ(ij)lh'alj =0, forh=1,...,r.
j=1

By taking into account that a;, # 0, the equation for 2z = 1 implies that ¢; = 0. In
the same way, since ¢; = 0, the equation for 7 = 2 implies that cza;,i2! = 0 and so
¢z = O since a;, # 0. Inductively, if c; = ¢ = ... = ¢,—1 = 0, then the equation for
h = r implies that ¢,a; i,! = 0 and so ¢, = 0 since g;, # 0. Hence, ¢;, = 0 for all
hefl,...,r}.

By the claim, the space a4 has subspaces of all of the possible dimensions and so
is non-finite dimensional.

Now, assume that ¢ is a polynomial of degree n, in the same notation as above, by
(4.4), we have that

(x¢'(x), x2pP (x), ..., x"pW (x)) € ("1, ..., x"0).

The claim and the above statement imply that (x¢’(x), x2¢® (x), ..., x"¢"™ (x)) has
dimension £. O

We will need the following notation: given ¢ a polynomial over C with £ non-zero
coefficients,

€42 if¢'(0) = ¢(0) =0,

41 if¢'(0) =0, $(0) #0,
C+1 if¢p(0) =0,¢(0) #£0,
14 if $(0) # 0, ¢'(0) # 0.

(4.5)

Proposition 4.3 Let ¢ be an analytic real function over Rand let g := gy its associated
Lie algebra as in (4.1). Then, we have that dim(g) is finite if and only if ¢ is a
polynomial. In such a case, if k is as in (4.5), then

dim(g) — {k+2 for N > 2,
k+1 forN =1.
Proof Clearly, if ¢ is a polynomial, then the dimension of g is finite, since qb(m)(x)
vanishes for all m greater than the degree of ¢.
Conversely, assume now that ¢ is not a polynomial. Notice that a is a Lie subalgebra
of g,by Lemma4.2, b4 has infinite dimension, and hence, the dimension of g is infinite.
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Finally, the dimension of g follows from Lemma 4.2 and the fact that D, DF are
linearly independent of 1, x, x¢’(x), x2¢>(2)(x), e, x”qb(”)(x) for N > 2 and this
vector space has dimension k, with k as in the statement. In the case N = 1, notice
that

D+D ' =—24v) —2x 4+ x¢'(x) (4.6)
and so DT is a linear combination of 1, D, x and x¢'(x) and so the dimension of g is

k + 1 in this case, as desired. |

Remark 4.4 As a direct consequence of the above results, g has finite dimension of
and only if D, D € Fr(P). Indeed, by Proposition 4.3, gy is finitely dimensional if
and only if ¢ is a polynomial, and by Corollary 3.7, ¢ is a polynomial if and only if
D, D' € Fr(P).

Remark 4.5 By the proof of Proposition 4.3, if ¢(x) = a9 + ajx + ... + azx" is a
polynomial of degree n with ¢ non-zero coefficients and if {i, ..., i} € {0,...,n}
is the set of indices such that ai; # 0, then we have that

(x¢'(x), x*¢P (x), ..., x"pM (x)) = ("1, ..., x"0). .7

Example 4.6 Let ¢1(x) = x> and ¢ (x) = x> + x2, by Proposition 4.3, the associated
Lie algebras g4, and g4, have the dimensions 5 and 6, respectively. Then, the Lie
algebras gy, and g4, are non-isomorphic.

4.2 Structure of gy

In this subsection, we give a classification of all finite dimensional Lie algebras gg.

Lemma 4.7 The element z = D + D' + 2x — x¢'(x) is a symmetric differential
operator which belongs to the center of the Lie algebra gy.

Proof 1t follows immediately from the definition of the bracket of g. O

Remark 4.8 The central element that we found in Lemma 4.7 is related to the symmetric
operator C that was considered in Lemma 3.1. This can be derived directly from (3.4).

In the sequel, given a polynomial ¢(x) = ap + ajx + --- + a,x" € R[x] of
degree n > 2 with £ non-zero coefficients and k as in (4.5), we consider the following
notations

Ip={ief{2,....,n}:a; 0} ={j1, ..., jk—2}
{iz,...,i¢} ifag#0,a #0,
{in, ..., 0¢} if ap =0and a; # 0,
{ia,...,i¢} ifap #0anda; =0,
{it, ..., i} ifag=0and a; =0,

(4.8)

with j; < jry1 and iy < ip41.
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Theorem 4.9 Let ¢p(x) = ap + a1x + - - - + a,x" € R[x] be a polynomial of degree
n > 2 with £ non-zero coefficients and k as in (4.5). If gy is the associated Lie algebra
of ¢ as in (4.1), then we have that

~ (Cz@hforNEZ
v = Coh forN=1

where by is a solvable Lie algebra of dimension k, with an abelian nilradical of dimen-
sion k — 1. More precisely, if 1y is as in (4.8) then

h=(E) x (E1,... Ex—1)
where (E1, ... Ex_1) is abelian and the rest of the brackets satisfy
[E,E\]=E, and |E,E/]l= ji1E; fort=2,...,k—1. 4.9)
Proof By Lemma 4.7, the element z = D + Df +2x — x¢’(x) belongs to the center
of g¢. So, for N > 2, we obtain an element in the center that does not belong to (1),
and in the case N = 1, by (4.6), we obtain that z € (1). Thus, if
b= (D, x, x¢'(x), ¥’ (x), ... x"¢p" (x))

then we obtain that

~ |CPaeh forN =2,
¥ lcoy forn=1,

with b a Lie algebra of dimension k.
Thus, it is enough to show that fj is solvable with nilradical of dimension k — 1. Let
us consider

b= (x,x¢'(x), x2pP(x), ..., x"¢™ (x)).
By definition of the bracket and by taking into account that
x, x'pP )] = [P (x), x/pP (x)] =0 foralli # j, (4.10)

we obtain that [h, h] € &. Hence, by (4.10), we obtain that [[b, hl, [b, f)]] = 0, and

so f is solvable. Finally, notice that £ is an abelian ideal of § of dimension
dim(¢) =dim(h) — 1 =k — 1.
This implies that ¢ is the nilradical of b, as desired.
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As in Remark 4.5, we have that
h=(D,x, le, .. .,xj"*z).

In this case, (x, X, ...,x-"’ffz) is an ‘abelian subalgebra of dimension k — 1. It is
enough to compute the brackets [D, x/'] and [D, x]. We obtain that

[D,x]=—x and [D,x/']=—jx,
so that (x, xi xj’f—z) is an abelian ideal. Finally, the correspondence
D+—— —E, x+—— Ej, xjir—>Ei+1 fori=1,...,k—2,

is a Lie Algebra isomorphism between h and (E) X (E1, ... Ex_1) with brackets given
as in (4.9). O

Next, we study the structure of the solvable Lie algebra 4. In general, a Lie algebra
b’ with an abelian ideal of codimension 1 is called almost abelian. These algebras were
studied by V.V. Gorbatsevich in [10], where it is shown that there is a decomposition
of the form

C xy CH1
where the semidirect product structure is given by a linear mapping ¢ : C —
gly—1(C). More precisely, if B = {Ej, ..., E} is the canonical basis of C¥ and
B ={E,,..., E}, then
[Ei1,Eile (B')fori >2 and [E;, Ejl1=0fori,je{2,...,n}

Hence, we can take the matrix
v =[IE1. Exlg. (B, Balg. .. [B1. Exls | € gli1(©)

where [E|, E;]p is the coordinate vector of [E}, E;] with respect to the C-basis .
Thus, we can define ¢ : C — gly_1(C) by

V(z) =2V
and so v is linear and ¥ (1) = .
In [10], the author showed that the structure of the Lie algebra is determined by the
matrix . More precisely,

Cxy CH'=Cxy CF ' << W and W' are conformally similar. (4.11)

Recall that W and W’ are conformally similar if and only if there exists a matrix P €
GL;_1(C) and a non-zero complex number A € C ~ {0} such that W = A PW' P~
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Lemma4.10 Let k be an integer greater than 1 and let 1 < j1 < ... < jr—2 and
1 < ji <...< ji_, betwo sequences of positive integers. Let us consider

v = diag(1, ji, ..., jk—2) and V' =diag(l, j{, ..., ji_s)-

Then, ¥ and V' are conformally similar if and only if ¥ = W',
Proof If W = W, they are trivially conformally similar.
Now, assume that W and W’ are conformally similar, so there exist A € C* and
P € GL;_1(C) such that
¥ =rpwp .
By similarity, we obtain the following spectral relationship

Spec(¥') = A - Spec(¥),

i.e., all of the eigenvalues of W’ can be obtained from the eigenvalues of ¥ by multi-
plication by A. Since W and W’ are both diagonal, we have that

Spec(¥) = {1, ji, ..., jk—2} and Spec(¥') = {1, j{, ..., jr_o}-

Since 1 belongs to both spectra and the rest of the eigenvalues of W and W’ are greater
than 1, we obtain that . = 1. Hence, we get that

Spec(¥’) = Spec(¥).

Therefore, ¥ = W', O

We are now in a position to state our main theorem, which says when the Lie algebra
associated with two different polynomials (as in (4.1)) are isomorphic.

Theorem 4.11 Let ¢ (x), ¢2(x) be polynomials over R of degree greater than or equal
to2. Let by, and by, be their associated solvable Lie algebras as in Theorem 4.9. Then,

ho1 = by, = Igy = Iy,
where 1y, , 1y, are as in (4.8). Moreover, we have that
9o = 09y = Ly = Iy,

where gy, and gy, are the associated Lie algebras of ¢1 and ¢, respectively.

Proof From Theorem 4.9, we have that g4, = g, if and only if hg, = bg,. So, it is
sufficient to verify that

b¢1 = h¢>2 Iy, = Iy,.
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Now by (4.11), it is enough to see that the associated matrices ® and ®; are confor-
mally similar. By Theorem 4.9 and (4.11), we have that ®; and ®, are conformally
similar to

v = diag(l, ji, ..., jkz—2) and W' =diag(l, ji,...,j;_,) respectively,

where {j1, ..., ji—2} = Iy, and {j{, ..., ji_,} = I,. Finally, by Lemma 4.10, we
obtain that ¥ and W’ are conformally similar if and only if ¥ = ¥’ which is equivalent
to saying that Iy, = Iy,. Therefore by, = by, if and only if Iy, = Iy, as asserted. O

As a direct consequence, we obtain the following result.

Corollary 4.12 Let ¢1(x), ¢p2(x) be polynomials over R with degree greater or equal
than 2. Then, we have the following cases:

1. Ifdeg ¢ = deg o = 2, then gy, = gg¢,.

2. Ifdeg ¢ # deg ¢, then gy, Z 9g,-

Remark 4.13 Notice that if we consider ¢, (x) = x™ + ax with m > 2, then
dim(bg, ) = 3. The structure of solvable Lie algebras of dimension 3 was stud-
ied by Patera and Zassenhaus in [22]. In p. 4, the authors define the Lie algebra
L3 6 = (a1, a2, az) with brackets

a1, az] = a3, la1,a3] = a3 —a - ay,

with parameter « satisfying & # 0 and 1 — 4« # 0. This parameter « is in one-to-
one correspondence with isomorphism classes of this kind of algebras. Its associated

matrix Yy (1) is
0 —«
Va(l) = (1 | )

Ao = 1—\/21—401 and A = 1+\/21—4a.

The eigenvalues of ¥, (1) are

On the other hand, if we consider ¢, (x) = x™ + ax with m > 2, then by, has
dimension 3 and its associated matrix W,, is conformally similar to

10
Om)"
Thus, ¥, is conformally similar to ¥ (1) if and only if

Ao =T, A1 =rm  for some complex number r,

since diagonalizable matrices are similar if and only if their spectra are equal This

system of equations has a solution r = m;ﬂ and o = o + 1)2 Therefore by, = LS ¢

: _ m
witha = AR
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4.3 Application: a problem by Ismail

In this subsection, we extend the differential operators D and D' by means of a real
function B, (x). Let us introduce the operators

Din=D+x+xB,(x), Dyp=D" +x+xB,(x). (4.12)

By taking into account that x and 8, (x)x are symmetric with respect to W(;”)(x), and

D, D' are mutually adjoint with respect to de”) (x), we obtain that D; , and D; ,
are mutually adjoint. We are mainly interested in differential operators Dy , and D5 ,
which preserve polynomials. This is related with the fact that the coefficients x 8, (x)
are polynomial.

Proposition 4.14 Let ¢ (x) and x B,,(x) be analytic real functions supported on [0, 00).
Let g, be the Lie algebra generated by Dy ,, D3 n, with D1, D2, as in (4.12). Then,
the Lie algebra g, has a Lie subalgebra isomorphic to a, := ay,, where ay, is given
by (4.1) with

ap(x) = 20 (x) + ¢'(X)x + 28, (x)x* + 2B, (x)x. (4.13)

The following are equivalents:

1. g, is finite dimensional.

2. ay is finite dimensional.

3. «y is a polynomial.

4. x(¢'(x) + 2B, (x)) is a polynomial.

Moreover, if D1 n, Dy n € Fr(P), then the Lie algebra gy is finite dimensional if and
only if ¢ is a polynomial.

Proof Notice that
[D1n. Dol = —x2¢P (1) — ¢/ (0)x — 28}, ()2 = 2B, (x0)x = —t (x).
thus «;, (x) € g,. On the other hand, o/, (x)x € g,, since
P [Din,an]l = p-[0xx, an] = (p(x) - 9xx)0tn (x) — (p(x)atn (X)) - Iy x
= —p(X)a, (x)x,
and hence [Dy ,, op] = —a), (x)x.

Inductively, if we assume that oz,(,j ) (x)x/ e on, then

P[P oy (0x7] = (p(x) - e (0)x! — (p)ay (@)x?) - dex
- . iy 4
= —p) (e TVt + jai (0)xd).
Then [Dy ,, a,(,j)(x)xj] = oz,(,jﬂ)(x)xf”“1 +ja,(1j)(x)xj € gn, and since joz,gj)(x)x/ €
an, &/ TV (0)x/+! € g,. Thus ol (x)x' € a, forall i € Ny and therefore a, is a Lie

subalgebra of g, as asserted.
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The fact that g, is finite dimensional if and only if a,, is finite dimensional follows
directly from the fact that

gn = (Din, Do, @D (0)x )iy -

From Lemma 4.2, we get that a,, is finite dimensional if and only if «, is a polyno-
mial.

Now, we claim that if F(x) = x(¢'(x) + 28,(x)) is a polynomial then o, is
a polynomial as well. Indeed, the assertion follows immediately from the fact that
xF'(x) = a,(x). Conversely, if a; (x) is a polynomial then x F’(x) is a polynomial.
Since F'(x) is real analytic, we have that

Fx) = Zcixi
=0

thus, it is enough to show that there exists L € N such thatc; = Oforalli > L. Notice
that

o0
xF'(x) = Zicixi,
i=1

since x F’(x) is a polynomial, then there exists L € N such thatic; = 0 foralli > L

and hence ¢; = 0 for all i > L. Therefore F(x) is a polynomial, as we wanted.
Finally, assume that D , and D; , are in the right Fourier algebra.

Claim: x B, (x) is a polynomial. By taking into account that D1 ,, = dxx+xA+x B, (x)

and Py(x) = I, we have

(P Dip)(x,0) = Ax + xfp(x) = (M1,n - P)(x,0),

where M1, € Fr(P)issuchthat P - Dy, = My, - P,forall P € My (C)[x]. Now,
since M1, is as in (2.2), we obtain that (M , - P)(x) is a polynomial, and so x f,,(x)
is a polynomial.

By the above statements, it is enough to show that ¢ (x) is polynomial if and only if
x (¢’ (x) +2B,,(x)). On the first hand, if ¢ is a polynomial,then x¢’(x) is a polynomial.
By the above claim, we know that x 8,, (x) is a polynomial. Therefore x (¢’ (x) 428, (x))
is a polynomial. Conversely, if x (¢’ (x) + 28,(x)) is a polynomial, then x¢’(x) is a
polynomial. Since ¢ (x) is an analytic real function, a similar argument to the one used
when proving that F(x) is a polynomial allows us to assure that ¢ is a polynomial, as
desired. O

Inthe case N = 1, we have the weight w (x) = e %™ xV We denote by (p(x, n)),
be the sequence of orthonormal polynomials with respect to wi(x). Let us define the
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sequence B, (x) as in (1.9). M. Ismail in [16] proved that

Bu(x) 3/“’ PuPa=tO) -y g ()
y

ay X Jo
= E Pre1(O)hy + ¥ (1), @.14)
with
) = [ OO i 5)dy,
0 X =Yy
= / Mw1(y)dy (4.15)
0 y

and a, is the coefficient given in (1.8). We have the following lemma.

Lemma 4.15 Let ¢ (x) and x B,,(x) be analytic real functions supported on [0, 00). If
¢ is a polynomial, then x B,,(x) is a polynomial.

Proof We have that x 8, (x) = a,vp,—1(0)A, + apxir,(x), so it is enough to show
that xy, (x) is a polynomial.
Thus, if ¢ (x) = Y J_o axx’ then ¢/ (x) = 3, kagx 1.

v =x [ = ) g w02y
=x [ Ykt a0 e (w0
k=1
. 00 Zkak (xk_2 + yxk_3 4ot yk_3x + yk—Z)
0 k=1
Pn(¥) pn—1(V)wi(y)dy
m k=2 o '
=YY ka3 n a0yt
k=1 j=0 0

Then, xy,, (x) is a polynomial and therefore x 8, (x) is a polynomial, as desired. O
We have the following theorem.

Theorem 4.16 Let ¢ (x) and x 8, (x) be analytic real functions supported on [0, 00). If
¢ is a polynomial, then the Lie algebra generated by x L ,, x L ,, is finite dimensional.
Moreover, if x Ly, x Ly p, is finite dimensional then x (¢ (x) 428, (x)) is a polynomial.

Proof Notice thatif N = 1in (4.12),then Dy, = xL1p,and Dy, = xLap + 2+ v,
where

Ll‘n =0y + Bu(x), L2,n = —0y + Bu(x) + ¢’/(x)
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as in [16], and dev) (x) = e ?@xY = w;(x). In this case, we can observe that the
Lie algebra generated by D ,,, D; , and 1 is isomorphic to the Lie algebra generated
by xLj,,xL, and 1.

Now, if ¢(x) is a polynomial,then x 8, (x) is a polynomial by Lemma 4.15 and
hence x (¢'(x) + 28, (x)) is a polynomial. Thus, Proposition 4.14 implies that the Lie
algebra generated by D; , and D, , is finite dimensional and hence the Lie algebra
generated by xL1 , and x L , is finite dimensional.

Now if the Lie algebra generated by x L ,, and x L5 ,, is finite dimensional, then the
Lie algebra generated by D; ,, and Dy , is finite dimensional. Thus, Proposition 4.14
implies that x (¢’ (x) + 28, (x)) is a polynomial, as asserted. O

In the context of orthogonal polynomial, we are interested in differential operators
D with D € Fr(P). In particular, we want to solve the problem proposed by M.
Ismail in the case that xL ,, xL2, € Fr(P). The following corollary is an answer
to this problem.

Corollary 4.17 Let ¢ (x) and x 8, (x) be analytic real functions supported on [0, 00). If
XLy, xLyp € FR(P), then the Lie algebra generated by x L1 , and x Ly ,, is finitely
dimensional if and only if ¢ (x) is a polynomial.

Proof By Theorem 4.16, if ¢(x) is a polynomial, then the Lie algebra generated by
xLy , and xLj , is finitely dimensional.

Conversely, if the Lie algebra generated by xL , and xL5 , is finite dimensional,
then the Lie algebra generated by D; ,, and D, , is finite dimensional, and by Propo-
sition 4.14, we have that ¢ (x) is a polynomial, as desired. O

5 The case ¢p(x) = x

In this section, we study in detail the Lie algebra associated with the Laguerre type
case ¢ (x) = x. In this case, by Corollary 3.7, we have that D and D belong to the
right Fourier algebra Fg(P), which means there exist M and M T in Fy (P) such that
P-D=M-Pand P-D' = M" . P, respectively.

Following the strategy developed in [6] for a weight matrix of the form W (x) =
e V¥ ApXA" e introduce an extra second-order differential operator D with
(P(x,n)), as its eigenfunctions. We investigate the structure of the Lie algebra gen-
erated by D, DT and D, and compute its Casimir elements. With this information, we
obtain explicit non-abelian relations for the coefficients of the three-term recurrence
relation and the squared norms.

5.1 The structure of the Lie algebra
Let A, J € My(C) be constant matrices as in (3.1) and let v € R-o. When ¢ (x) = x,

apart from the first-order differential operators D and D', we have a symmetric
second-order differential operator having the matrix orthogonal polynomials as eigen-
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functions. The weight matrix W) is given by

N
W) = AT @, TV =™ Y 8By G
k=1

Proposition 5.1 Let A, J € My (C) as in (3.1) and let W™ (x) be as in (5.1). Then,
the first-order differential operators
D=dx+x(A—=1), D'=—-dx—1+v+J),

are mutually adjoint with respect to W™. Moreover, if M = ¢~ (D) and M™ =
¢~ (DY), then

M=A-1D§—mn+14v)—Hn)JIH '),

¥ *q -1 -1 52)
Mi=—n4+v+J+D)+H0)A-D*H \n—1)5"

Proof By taking ¢(x) = x in Proposition 3.6, the first-order differential operators D
and DT are given by

D=dx+x(A—=1), D'=—dx—10+v+J),
which are mutually adjoint by Proposition 3.6. By hypothesis, the corresponding ele-
ments in the left Fourier algebra are M = ¢~ (D) and M = ¢~ 1(DT). Now, by
taking ¢ (x) = x in Corollary 3.3, we obtain that

M) = Ao(n) + (A — 1)6.

By Egs. (2.4) and (2.5), if M(n) = Zl;zfz A}(n)Sj, then

Aj(m) = HmAZm(Hm) ™, AT () = Hm AT = D(Hm) ™, Alm) =0
for j # 0, —1. Hence, we have that
M) = Af) + AT (s~

From the relation P - D" = M. P, with D' = —9,x — (1 + v+ J), and P,(x) =
X" 4+ X (n)x"~! + l.o.t, we obtain

(P-DH(x,n)= -+ 14+v+ DHx" —nXm)x"' +1o.1.
(M" - P)(x,n) = H(n)(A — D*(H(n)~'x"
+HM)(A — D*(H®n) " "(X (1) + Dx"" ' +Lo.z.
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Comparing the coefficients of degrees n and n — 1, we obtain

M=A-1D8—n+1+v)—Hn)JH ' ®0),
Mi=—m+v+J+D+H0A-DH ' (n—1s7,

as desired. O
The weight matrix Wd()v) admits a symmetric second-order differential operator. By
[18, Proposition 4.3] after conjugation by a lower triangular matrix, we obtain that the
operator
D=*x+0,(A—Dx+1+v+))+Av+JA—J
is symmetric with respect to the weight W(;V). Moreover, we have
P(x,n)-D=T.-P(x,n) where 'n)=An+v+1+J)—n—J.

By direct computation, we verify that the following relations hold:

[D,x]=-x, [D,x]=x, [D,D'1=x, [D,x]=-D+D",
[D,D]=-D+D—(+v), [D,D]I=D —=D+1+v)."

Let a be the Lie algebra with generators {x1, x2, x3, x4, x5} and brackets

[x1, x2] = —x4, [x1,x4] = —x4, [x2,x4] = x4, [x3,X3] = —x1 + x2,
[x1, %3] = —x2 +x3+ x4 — (1 +v)xs5s and [x2,x3] = x1 —x3 — x4 + (1 +v)xs.

By means of the identification
x1—>D+x, xp+— DT+x, x3——> D, xg+——x, xs+— 1, (5.4)
we get that the Lie algebra generated by {D, D', D, x, I} is isomorphic with a.

We recall that a Lie algebra a is called reductive if its radical is equal to its center.
We have the following structure result.

Proposition 5.2 The Lie algebra a defined as above is a 5-dimensional reductive alge-
bra with a center of dimension two, given by Z, = (x1 + x2 — X4, X5). Moreover,
a = [a, a] & Z4 with [a, a] isomorphic to sI(2, C). In particular,

C1 = —4xa(x; — x3 — x4 + (1 +v)xs) + (x4 — x1 +x2)* and
Co=x1+x3—x4 and C3 = x5

are Casimir elements of a.
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Proof From the general theory (see, e.g., [14, 17]), the radical of a can be computed
from its Killing form. More precisely, the radical is the orthogonal complement of the
derived algebra ¢’ = [a, a] with respect to the Killing form

Rad(a) ={x €a: k(x,y) =0, forally € a'}.
In our case, the derived Lie algebra o’ = [a, a] is given explicitly by
[a, a] = ({x4, x1 —x2, x1 —x3 — x4 + (1 +v)xs}).

Given x € a and the generators of «’, it is enough to compute Ad(x) and Ad(a) for
a € {x4, x1 —x2, x1 —x3 — x4 + (1 + v)x5}.

In this case, if x = Z?:l a;x; and B denotes the basis {x1, ..., x5}, then after some
computation, we obtain that

0 —a3 ay + aq —a3 0
as 0 —a) —ay as 0
[Ad(x)]p = —a3 ajs ap — ar 0 0
ay —az+aq —ay +az —ay ay —a —a1+ax 0
(14 v)as —(14+vaz (+v)(—a + ap) 0 0
and hence
00 100 0 0 -1 00
00 —-100 0 0 -1 00
[Ad(xy))lr=]0 0 0 00 [Ad(x; —x2)Ilg=] 0 O -2 00},
1-1 000 -1 -1 2 -20
00 000 0 0 —2(1+v) 00
0 1 -1 10
-1 0 0 —-10
[Ad(x; —x3 — x4+ (1 +v)x5)]g = 1 -1 1 00
0 —1 1 —-10

—I+v)d+v)—-(1+v) 00

In order to compute the Killing form, we need to compute the trace of some multipli-
cation of these matrices. In this case, we have that

tr([Ad(x)]|g[Ad(x4)]1B) = —4a3,  w([Adx)]plAd(x1 — x2)]B) = 4(a1 — a2),
tr([Ad(x)]g[Ad(x1 — x3 — x4 + (1 +v)x5)1B8) = 4(a1 + aa).

We get
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since x| + x2 — x4 and x5 belong to the center of a, we obtain that Rad(a) = Z, and
so, the Lie algebra a is reductive. Since a is reductive, we obtain

a=1[a,a]l P Z,.
In our case, the [a, a] part is given explicitly by
[a, a] = ({xa, x1 — x2, x1 —x3 — x4 + (1 + v)xs}).

Now, by taking a; = x4, ap = x| — x2 and a3 = x; — x3 — x4 + (1 + v)x5,we obtain
that

a1, a2] = —2a1, lai,a3]l =a1 —az, laz,a3] = —a3
and so if we take a» = a; — a» and a3 = —a3z we have
la1, a2l = 2a1, [a1,a3]1 = —ado, [az, az] = 2a3,

and so [a, a] is isomorphic to sl(2, C) by considering the identification a; — e
a) + e and a3 > es3. In particular, the Casimir element of sl(2, C) given by
dejes + e% induces a Casimir element of [a, a]

Claa] = —4xa(x1 — x3 — x4 + (1 + v)x5) + (x4 — x1 + x2)°.
By taking into account that Cj4 ) commutes with the central elements of a, we obtain
that Cq o) commutes with all of the elements of a and so is a Casimir element of a.

Finally, C; = x| + x» — x4 and C3 = x5 are central elements and hence are Casimir
elements of a. |

Remark 5.3 Notice that
C=C+0+v)C3=D+D +x+(1+v)

it is also a Casimir invariant of a. Hence, under the representation given by
D, D', D, x, 1, the image of this Casimir satisfies

C=Ax—-J.
Thus, in terms of M, M and L, we obtain that
e MO =M+M +L+(1+v). (5.5)
On the other hand, it can be verified that

1
Cla,a] = g(Azx2 + 024+ 72+ Ax — 20Ax —2xJA+2vJ — 1).
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Thus, C' = A%x%2 — 2xJA + J + J2, itis also a Casimir since
C' =8Cla.a1 — (1 =20)C — (V? = 1)C5.

Moreover, notice that the relation [J, A] = A implies that C' = C? — ¢, and so we
obtain that

C[u,a] = %(Cz —2vC + (1)2 — 1)C3>.

Therefore, in this representation,the Casimir element corresponding to Cjq,q] does not
give more information than C.

We can also consider the Lie subalgebra generated by {xi, x2, x4, x5}. With the
identification (5.4), this corresponds to removing the operator D from the generators
of a. Notice that a representation of this algebra was considered in Sect.4 by taking
¢ (x) = x. In this case, we have the following structure result.

Proposition 5.4 The Lie subalgebra o' = (x1, x2, X4, X5) of a is isomorphic to g ®C?
where @y is the 2-dimensional solvable Lie algebra with bracket [e1, e2] = e3. In
particular, &' has no non-central Casimir invariants.

Proof By taking the map
Xob>e1, X4t> e, X|1+Xx3—x4+>e3 and x5+> eq,

we obtain an isomorphic algebra of o'. In this case, the only non-vanishing bracket
of {e1, ez, 3, e4) is the bracket [e1, e2] = e; and so o’ is isomorphic to gy ® C2, as
asserted.

The last assertion is a consequence of g, and has no central elements. Hence, the
only Casimir invariants of a’ are the central elements. O

5.2 Non-abelian relations for the recurrence coefficients

The identification (5.4) maps the Lie algebra a into a Lie subalgebra of the right Fourier
algebra Fr(P) which we will still denote by a. This Lie subalgebra is isomorphic with
a Lie algebra ¢! (a) of difference operators in the left Fourier algebra 7 (P). The
goal of this subsection is to investigate the compatibility equations between the bracket
relations (5.3) and the corresponding relations in ¢~ !(a). In the sequel, in order to
simplify the notation, we will consider

B,=Bmn), C,=Cmn), H,=Hm), I'y=Ih). (5.6)

The following Theorem, which is a consequence, of the relations between the brackets
of M, MT, L, T, could be an analog of [6, Eq. (22)].
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Theorem 5.5 Letr A, J be matrices as in (3.1). Then,

[By,J] =B, — FnCn + Cnrnfl + F11+1C'n+l - Cn+1Fna
[Cu, J] = 2Cn + B, (I',Cp, — CnFn—l) + (Fncn —Cyl'y—1)By—1,

with B,,, C,, H,, and T, as in (5.6).

Proof First we observe that the difference-differential relations discussed in the paper
give rise to the following identities:

By = [Bu, J1+Hu(A — D*H ' — Hyp1 (A — D*H, (5.7)

QH H = [H M T = BaHu(A — ¥R — Hu(A = D)*H L By,
(5.8)
[T, Cad™'1=Hu(A = DI (5.9)

Equations (5 7), (5.8) are obtained from the coefficients of 8° and §~! in the bracket
relation [M T, L] = L. On the other hand, (5.9) is obtained from the coefficient of §~!
in the bracket [[, L] = —M + M ™.

By (5.7), we have that

[Bu, J1= By — Hu(A — D*H, ' 4+ Hyp1 (A — D*H, (5.10)
On the other hand, by (5.9) and taking into account that H,, € My (R), we obtain that
Hy(A—D* Hn L =[Tn, Cud™ N=r,C, - CiT1. (5.11)

Evaluating (5.11) at n + 1, we obtain
Hup1(A — D*Hy ' =Tyg1Cupt — Cagi D (5.12)
If we subtract (5.12) from (5.11) and replace in (5.10), we get the first formula of the

proposition.

For the second equality, notice that since C,, = H, Eq. (5.8) implies that

n— l’
[Cn, J]1 =2Cy + B,/ Ha(A = D'H, l—l—H (A—D* H _1Bn-1.

The second formula of the proposition is obtained by replacing (5.12) and (5.11) in

the previous equation. This completes the proof of the proposition. O
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