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Abstract

In an earlier work, a method was introduced for obtaining indefinite g-integrals of
g-special functions from the second-order linear g-difference equations that define
them. In this paper, we reformulate the method in terms of g-Riccati equations, which
are nonlinear and first order. We derive g-integrals using fragments of these Ric-
cati equations, and here only two specific fragment types are examined in detail. The
results presented here are for the g-Airy function, the Ramanujan function, the discrete
g-Hermite I and II polynomials, the g-hypergeometric functions, the g-Laguerre poly-
nomials, the Stieltjes-Wigert polynomial, the little g-Legendre and the big ¢g-Legendre
polynomials.
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1 Introduction and preliminaries

In [14], we introduced a method to obtain indefinite g-integrals of the form

1
/f(x)(c—ID(quh(x) + p()D, 1h(x) + r(x)h(x))y(x)dqx
= £/ (Y0 Dy 1h(@) = h(x) D1y ()
= 1/ (Y(/)Dy-1h(x) = h(x/) Dy ¥() ),

(1.1)

where the functions p(x) and r(x) are continuous functions in an interval / and the

function y(x) is a solution of the second-order ¢-difference equation
1
~ D1 Dgy(x) + p(x)Dy1y(x) +r(x)yx) =0,
q
f(x) is a solution of
1
Z]D‘f_lf(x) = px) f(x)
and A (x) is an arbitrary function. We also introduced
1
/ F(x)<c—11)q_1 Dyk(x) + p(x)Dyk(x) + r(x)k(x))y(x)dqx
= F)(y@)Dy-1k(x) = k(x)Dg-13()),
where y(x) is a solution of
1
—Dy-1Dgy(x) + p(x)Dgy(x) + r(x)y(x) = 0.
q

F (x) is a solution of
Dy F(x) = p(x)F(x),

and k(x) is an arbitrary function. The indefinite ¢-integral

f f@)dgx = F(x),

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

1.7)

means that D, F(x) = f(x), where D, is the Jackson’s g-difference operator, which
is defined in (1.13) below. The indefinite g-integrals in (1.1) and (1.4) generalize

Conway’s indefinite integral
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Indefinite g-integrals from a method using g-Riccati equations 883

d’h dh dh dy
/f(x) <— + p(x)—d + r(x)h(x)) y(@)dx = f(x) (—y(x) - h(x)—> ,
X dx dx

dx2
(1.8)
where y(x) is a solution of
d*y dy
— +p)—= +r)yk) =0, (1.9)
dx dx

f(x) is a solution of f/(x) = p(x) f(x) and h(x) is an arbitrary function. See [2-7,
10]. Conway in [8, 9] reformulated (1.8) to take the form

f LR (00 + (6 + peu) +r() y@dx = ) () = ' ().
(1.10)

where

h(x) = exp (/ u(x)dx),

and u(x) is an arbitrary function. Then, he derived many indefinite integrals by con-
sidering fragments of the Riccati equation

u'(x) + u?(x) + pux) +r(x) =0,
of the form
u' (x) + u?(x) + pu(x) =0, (1.11)
or
' (x) + p(x)ux) +r(x) = 0. (1.12)

He identified (1.11) as the Bernoulli fragment, and (1.12) as the linear fragment.
This paper is organized as follows. In the remainder of this section, we present the
g-notations and concepts required in the next sections. In Sect.2, we provide a g-
analogue of Conway’s indefinite integral formula in (1.10) to the g-setting, along
with applications to g-hypergeometric functions, g-Legendre polynomials, discrete
g-Hermite I and II polynomials, the g-Airy function, and the Ramanujan function.
Section 3 contains applications to the discrete g-Hermite I and II polynomials, the g-
Airy function, and the Ramanujan function. In Sect. 4, we introduce new g-integrals
by setting u(x) = ¢ + b, with appropriate choice of a and b in (6.2) and (6.4). Finally,
we added an appendix for all g-special functions, we used in this paper.

Throughout this paper, ¢ is a positive number less than 1, N is the set of positive
integers, and Ny is the set of non-negative integers. We use / to denote an interval with
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884 G. E. Heragy et al.

zero or infinity as an accumulation point. We follow Gasper and Rahman [11] for the
definitions of the g-shifted factorial, g-gamma, g-beta function, and g-hypergeometric
series.

A g-natural number [n], is defined by [n], = ll%qq", n € Ny.Jackson’s g-derivative
of a function f is denoted by Dy f (x) and is defined as

Sx)—f(gx) if x 75 0:

l%fu)={ (1=g)x (1.13)

£(0), ifx =0,

provided that f’(0) exists (see [13—15]). Jackson’s g-integral of a function f is defined
by

n=0

a o0
f f0dgt =1 —q)ay_q"flag"). a €R, (1.14)
0
provided that the corresponding series in (1.14) converges, see [16].
The fundamental theorem of g-calculus [1, Eq. (1.29)]

a

f Dy f (g1 = f(@) — lim_f(aq"). (1.15)

0

If f is continuous at zero, then

a

/qu(t)dqt = f(a) — f(0).

0

2 g-Integrals from Riccati fragments

In this section, we extend Conway’s result (1.10) to functions satisfying homogenous
second-order g-difference equation of the form (1.2) or (1.5). Consider the g-Riccati
equations

}]Dq-mx) + éu(x)u(x/q) + A@uCx/q) +r(x) =0, @.1)

and

Dyu(x) + u(x)u(gx) + A(x)u(qx) +rx) =0, 2.2)
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Indefinite g-integrals from a method using g-Riccati equations 885

where A(x) and A(x) are defined as in (2.5) and (2.11), respectively. We can prove

that Egs. (2.1), (2.2) are equivalent to Egs. (1.2), (1.5) by setting Dv%;f)x) = u(x)

D, _
< g~ = u(x)), respectively. This leads to Theorems 2.1 and 2.2 below.

y(x)

Theorem 2.1 Let y(x) and f (x) be solutions of Egs. (1.2) and (1.3) in an open interval
1, respectively. Let u(x) be a continuous function on I and h(x) be an arbitrary function

satisfying
Dyh(x) = u(x)h(x) (x €1). 2.3)

Then,

1 1
/ SO/ Dym1) /) + A /0) + 7))y (61

= [ /DhG/) (Y /@ulx/a) = Dy y(@) ), 2.4)

where the functions p(x), r(x) are defined as in (1.2) and
1
A(x) = p(x) — C_IX(l —q)r(x). (2.5)

Proof Equation (1.1) can be written as

1 D,-1D,h(x) D,—1h(x)  r(x)h(x)
h - "aq q q i| d
/ 7 (W)[q R T s
- h Dyrh) 2.6
= F b )| /)L = Dy | 2.6)

Then, from (2.3), we get

D, 1u(x) = D, (th(X)) _ h(x)Dgy-1Dgh(x) — th(x)Dq_]h(x).

h(x) h(x)h(x/q)
Hence,
Dy1Dgh(x) Dy-1h(x)
g O Gy
— D, 1u(x) + u(u (f) 2.7
q
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886 G. E. Heragy et al.

Also,
h(x)  rx) _l
r(x)h(x/q) ~ h(x/q) <h(x/q) +( q)XDqlh(x)>
1 X
— 1+ (1 = )xu(2)). 2.8
r (14 1= D)) 8)

Substituting with (2.7) and (2.8) into (2.6), we get (2.4) and completes the proof. O

Theorem 2.2 Let y(x) and F (x) be solutions of Egs. (1.5) and (1.6) in an open interval
I, respectively. Let u(x) be a continuous function on I and k(x) be an arbitrary function
satisfying

Dq_1k(x) =ux)k(x) xel. 2.9)

Then,
/ F(x)k(qx)(un(x) +u)u(gx) + A)ulgx) + r(x))y(x)dqx
= F(Ok) (y()u(x) = Dy y() ). (2.10)
where the functions p(x), r (x) are defined as in (1.5) and
A@x) = p(x) + x(1 — @)r(x). (2.11)

Proof The proof follows similarly as the proof of Theorem 2.1 and is omitted. O

The g-integrals presented in the sequel are obtained by choosing the function u(x)
to be a solution of a fragment of the g-Riccati equations (2.1) or (2.2). Bernoulli and
linear fragments of (2.1) are defined as

éDq_lu(x) + éu(x)u(X/q) + A(x)u(x/q) =0, (2.12)
éDq—l u(x) + pu(x/q) +rx) =0, (2.13)
respectively. Similarly, the Bernoulli and linear fragments of (2.2) are defined as
Dgu(x) + u(x)u(gqx) + A(x)u(gx) =0, (2.14)
and
Dyu(x) + p(x)u(gx) +r(x) =0, (2.15)
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Indefinite g-integrals from a method using g-Riccati equations 887

respectively. The trivial solution u(x) = 0 of (2.12) implies that 4(x) = c is a solution
of (2.3), where c is a non-zero constant. Then, (2.4) becomes

/f(X)r(X)y(X)dqx =—f(x/q)Dy-1yx). (2.16)

Similarly, the trivial solution u(x) = 0 of (2.14) implies that k(x) = c is a solution
of (2.9), where c is a non-zero constant. Then, (2.10) becomes

/F(x)r(x)y(x)dqx = —F(x)quly(x). 2.17)
Theorem 2.3 If g(x) is a solution of the first-order q-difference equation
—D,-18(x) = A(x)g(x), g(0) =1, (2.18)

where A(x) is the function which is defined in (2.5). Then,
1
1 9
g [y 2zt

is a solution of (2.12) and (2.4) takes the form

u(x) = xel, (2.19)

/ SO/ 0y (@)dgx = [ (/hr/a) (y(/@u/q) = Dy-iy(x)).
(2.20)

Proof In Theorem 2.1, we choose u(x) to be asolution of (2.12). This produces (2.20).
But one can verify that if we set u(x) = then (2.12) takes the form

v(x)’
Dj-1v(x) —gA(x)v(x) =1, (2.21)
which can be rewritten as D, (;g ;) = g(xl 72y Or equivalently, D (%) = ﬁ.
Hence, from (1.15), we get v(x) = g(x) f(;‘ é%dqt. Hence, u(x) = v(x) is defined as
in (2.19). O

Theorem 2.4 Assume that g(x) is defined as in Theorem 2.3 in an interval I containing
zero. Then,

1
g(x)h(x) = M
Proof From (2.3),
1
Dyh(x) g(x)
=ulx)=
hx) Ji wd
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888 G. E. Heragy et al.

Hence,

oy (0 g
[y w=dgt
0 5%

Therefore,

X

1
h(x) =cC ﬁd t

where c is a constant, we can choose ¢ = 1. Hence,

[ 1
g(x)h(x) = g(x)O/ g(_t)dqt = @

O

Theorem 2.5 Let I be an interval containing zero. Let p(x) and r(x) be continuous
functions at zero. If f(x) is a solution of Eq. (1.3), then

u(x) = e / F@Or)dyt, (2.22)

is a solution of Eq. (2.13) in I and (2.4) takes the form
/f(x)h(X/q) (%]u(x)u(x/q) + éxr(X)(q - l)u(x/q)) y(x)dgx
= F@/@h(e/q) (y(x/@u/q) = Dy1y(@). (223)
Proof Multiplying both sides of (2.13) by f(x), we obtain
S (fEuw) = —af o,
or equivalently
Dy(fu) = —af @0)r(g).

Hence, from (1.15), we get (2.22). If u(x) is a solution of the g-linear fragment
(2.13), then from (2.4), we obtain (2.23) and completes the proof. O
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Indefinite g-integrals from a method using g-Riccati equations 889

3 g-Integrals from the Bernoulli fragment

This section contains indefinite g-integrals that are derived from the g-Bernoulli frag-
ment (2.12).

Theorem 3.1

)2
/xCOS(x; 9201 (0, a: 9% q*, - q)2>dqx

4(q: ¢*)o0 cos (g;q) . 2
= - +/qx sin (qTx;q)z¢1(0,q;q3;q2,T(l —q)2>,
a —q)(%(l —q)z;qz)
o]

3.1

)
/xsin(x; 9) 261 (0,61; 4% TX(I - q)z)dqx
q(q; g9 oo sin(x/q; q)
a —q)(#(l —q)Z;q2>

St 3. 0 =X 2
= —Xxcos(g ? x;q)zdn(O,q;q‘;q ,7(1 —q) ) -
~ (32
Proof By comparing Eq. (A4) with Eq. (1.2), we get p(x) = O and r(x) = —1. Then,

f(x) = 1is a solution of (1.3) and g(x) = (—g(1 — ¢)*x?; ¢*) is a solution of
(2.18) with A(x) = ;—C(l — ¢q). By Theorem 2.3,

1
~ x(1—q)291(—q(1 — q)%x2,42% 05 4%, q)’

u(x)

using (A19), we get

(45 4%
x(1 = @) (—q(1 — 9)°x%; ¢*) 00201 (0. q; ¢35 g%, —q(1 — ¢)?x?)’

u(x) =

By Theorem 2.4,

x(1—q) 26100, g5 % g%, —q(1 — q)*x?)
(¢; 9% ’

h(x) =

Substituting with u(x), f(x), and A(x) into (2.20) and using the g-difference equa-
tions (A7) and (AS), we get (3.1) and (3.2), respectively. O
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890 G. E. Heragy et al.

Theorem 3.2 Let 2¢1(q%, ¢°; q¢; g, x) be the q-hypergeometric functions, a, b, and
¢ are real numbers, c < 1,8 >a+b —c,andc # q~", n € Ny. Then,

/(x; Datb—c 201@ T G176 027 g, ¢* T ) 201(%, ¢°5 %5 g, %) dygx

X X o _ _ _
= —(—;q) z¢1(q“+b g g, g 1x> 201
[C]q q a+b+1—c

X ule —11, (x . X
x (q““,qb“; ¢t q, —) 4= (—; q) 201 (q“,q”; 9 q, —>,
q [a]q[b]q q S q

where q(S — qa +qb _ qa+b and//, — qc+]7c(a+bfc)‘
Proof By comparing (A17) with Eq. (1.2), we get

_[C]q_[a‘l‘b‘i‘l]q% d _
p(x) - q”x(l _ qa+b—cx) ’ and r(x) = —

[a]q[b]q
qcx(l _ qa+b—cx) :

Then,

(X @)oo
(xg@th=<*1: @)oo

fx) =x°

= X(X; Qatbt1-cs
is a solution of (1.3)

(%% @)oo

5.
(rg@ bt gy = x(q°X; Qatbr1-s—c

gx) = x°

satisfies (2.18). By Lemmas 2.3 and A.1, we have

q (1—-c¢) (a+b—c)x—c

ulx) = s
0 (@°%; Qatp1-5—cBg(1 —c,c —a — b+ 8; qg“TP~x)

satisfies (2.21). Therefore, by Theorem 2.4, we obtain

h(x) — q(c—l)(a+b—c)Bq(1 —c,c—a—b+8; qa+b—cx).

= gu(x)

By substituting with f(x), h(x), and u(x) into (2.20), we get
/xcfl (X5 Qatb—c By (1 —c,c—a—b+4; q“*b%*lx) 201 (q“, g% ¢ q, x) dgx

x¢ (x e X
— Zig Bq 1—C,c—a—b+8;qa+b c lx 21 qu+l’qb+l;qc+l;q’7
[cly \g atb+l-c q

qc—(zr—l)(u+b—c) (x ) ( 0 b e )C)
-\ =:q) 241\ 9" q":q% 9.~ )
[a]q[b]q q 8 q
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Indefinite g-integrals from a method using g-Riccati equations 891

where B, (c, B; x) is a function defined in (A18). Using (A18) and (A19), we get the
desired result. O

Theorem 3.3 If y(x) = x' o1 (¢g*t'1 ¢, gPT 1= ¢* €1 g, x),c < 1,8 >a+b—c,
and q¢ # q"2, n € Ny, is the q-hypergeometric functions. Then,

/XI_C(X;CI)a-H)—c 2¢1 (qa+b—c—8+l’ql—c;q2—c; q,q5_1x> 2¢1
x (qa+l—c’qb+l—c; q2—c; q’x> dqx

—of X e _ _ _
= ax? C(—;t]) 2¢1<q“”’ g . IX> 201
a+b+1—c

q
x (qa+2—c’qb+2—c;q2—c;q2’ f)
q
ple =11, (x _ _ _ _ X
+ q<_;q> xl c2¢1 <qa+l C,qb—H c;q2 ”;q, _>’
laly[Pl; \q 8 q

l[a+1—clylb+1—cly
ql_c[a]q [b]y
Proof By substituting with f(x), 4(x), and u(x) as in Theorem 3.2 and y(x) =
x17C 001 (goT1¢, gP 1€, ¢27¢; ¢, x) into (2.20) and using (A18) and (A19), we get
the desired result. ]

W= qfc(u+b7c72)’ and qé — qu + qb_ qu+b.

where A =

)

c—a—b+1

Theorem 3.4 If y(x) = x ¢ 2¢>1<q“, goti=c, gatl=b. 4 4 - ), c<1,8>a+

b—c, and g° # q*™"~1, n € Ny is the g-hypergeometric functions. Then,

/(x; Datb—cx 201 <q“+"_”_‘s“, g% 9% g, q‘HX) 201

. b qc—a—h-H
x (q”,q“+ gt g, —> dgx

X
—af X e e o _
= hx? “<—;q> 2¢1<q““’ Y Ll e PN IX> 201
q a+b+1—c
5 5 - qc—a—b-H
x (g%, gt gt g, ———
(‘] q q q X
ple —1lg <x ) —a < a a+l—c. a+1-b qc7a7b+2
+ =g ) x “201(q".q i q iq, —— ),
[a]q[b]q q 8 *
2—a—b+c
— a—+1lla+1—c .
where - 4 [ Iql ]q’ o= g@tDe—a=b+0) g b
[blgla + 1 —b],
— qa +qb _ qa+b.
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892 G. E. Heragy et al.

Proof By substituting with f(x), h(x), and u(x) as in Theorem 3.2 and y(x) =
> into (2.20) and using (A18) and (A19),

atl—c. atl—b. , g o7+
9 9

X201 (q“,q q q,

we get the desired result. O

4 g-Integrals from the linear fragment

In the following results, we obtain new indefinite g-integrals from the linear fragment
(2.13).

Theorem 4.1 If| a |< /%, then

a xz
0/ (qu_l(l _‘1)2612)00 cos(x; q)dqx
_ q (a. ) . n
= acos| —;q ) ++/gsin(¢g2asq)), @
E ol (P a0))

x2

0 <x2q‘1(1 —q); 612)

= 4 (a sin (g;q) —cos(q_Zla;q)> +gq, 4.2)

a2 .
<7(1 —q),cﬂ)oo

where sin(x; q) and cos(x; q) are defined in (AS) and (A6), respectively.

a

sin(x; g)dgx

Proof From (A4), we have p(x) = 0 and r(x) = —1. Then, f(x) = 1 is a solution of
(1.3). By Theorem 2.5, the function u(x) = gx is a solution of (2.13). Hence,

h(x) = 4.3)

(gx>(1 —9); ¢P)0’

is a solution of (2.3). Substituting with u(x) and A (x) into (2.23) and using the g-
difference equations (A7) and (A8), we get (4.1) and (4.2), respectively. O
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Indefinite g-integrals from a method using g-Riccati equations 893

Theorem 4.2 Letn € N. If p,(x; —1; q) is the big q-Legendre polynomial which is
—n qn+1

defined in (A22), r,, = 2—(]#’ then

2 (xz; q2>
—_— X :—1;9)d
/ (rnx?; %) oo Pn(x Vg

2
qn+2(;f_2; q2> s o
0 q°—x L X
= (— Pn—1(x; —q; q) —xpn<5, —1,q)>.

1
[nlgln + 11, (’2;52; qz) i
o0

4.4)
Proof By comparing (A23) with (1.2), we get

—x(1+¢q) _nlgln+ 1],

px) = V(x)—m'

C R —xY)
Then, f(x) = (1 — xz) is a solution of (1.3). From (2.22), we have

u(x) = —q "nlyln + 1141%2,

()
and h(x) = ~—L

< js a solution of (2.3). By substituting with u(x) and A (x) into

rax2;q?

(2.23) and using the qulifference equation

g ")yl + 1],

Dy-ipn(x; =1y q) = T+q Pn—1(x: —q: q), 4.5)

we get (4.4). O

Theorem 4.3 Let n € N. If p,(x|q) is the little q-Legendre polynomials defined in

(A24), ry = 224720 pon

I—q

x(gx; @)oo
(qrax; @)oo

q"x(x; @)oo <1 ( —n+1 _n+2. 2. ) (x ))

- P ’ A — Pn\ — .
[nlgln + g (rax; @)oo q( x)201| g ¢"q%q.x ) —p q|q

4.6)

Pn(x |q>dqx
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894 G. E. Heragy et al.

Proof By comparing Eq. (A25) with (1.2), we get

x+x—1 [n],[n + 1]
poy =TT = 1,
gx(gx — 1) q"x(l —qx)

Then, f(x) = x(1 — gx) is a solution of (1.3). From (2.22), we get u(x) =
—q¢' " [nlgln+1]
[—42)
%. By substituting with u(x) and h(x) into (2.23) and using the g-difference

equation

, h(x) satisfies the g-difference equation (2.3). Consequently, i(x) =

D,-1pa(xlg) = —=q " [nlgln + 11, 201(¢" ", "% g% q. %), 4.7)

we get (4.6). O

5 g-Integrals from arbitrary parts from Riccati equation

In this section, we discuss an approach that chooses u(x) to be a solution of a fragment
of the Riccati equation, where a fragment is an equation obtained from Riccati’s
equation by deleting one or more of the terms.

Theorem 5.1 Let n € N and ¢ be a real number. If hy, (x; q) is the discrete g-Hermite
I polynomial of degree n which is defined in (A9), then

/(q X% ¢%) 00 ((eq + x)[n]y — x) hy(x; g)dgx

=" = 0% P <qh(3 q) 1y (eq + XV (2 q)> , 5.1)
n—1(2. 2 _on
/x(qzxz; Poohn(c; )dgx = T35 40 ((1 - q)hn(f; q) L i (f; q)) :
[n—1lq q q q
5.2)
(%x% 4H) oo .

Gz g

_ RS X . ; X

I TR ) (”’"(5’ q) st )h"”(;"’))’ ©3)
and

hal 25 g

_ x"(x%: q%) ”(q’ ) 1 x

/xn 2<q2x2;q2> hn(x§Q)dqx = 9 Joc —=h,_1| —:q
00 q q

[n—1]q4 X

5.4)
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Proof The discrete g-Hermite I polynomial of degree n is defined in (A9) and satisfies
the second-order g-difference equation (A10). By comparing (A10) with (1.2), we get

X l—n[n]
Py = -, =10 5.5)
—q l—¢q
Then,
) = (@°x% ¢)eo (5.6)
is a solution of (1.3). Therefore Eq. (2.4) becomes
20 2 1 1 q "x ql*"[n]q
/((1 X754 )och(x/q)| = Dy-1u(x) + —u(x)u(x/q) — ——u(x/q) + ——— | y(x)dgx
q q l—gq -9
= (%5 g7 (2/q) (y(e/@u(e/q) = Dy 1y(0))- (57)
By taking the fragment
qulu(x) +ux)u(x/q) =0, (5.8)
we get
(x) = . (5.9)
u(x) = Trc .
Hence,
1+ 2, ife #0;
h(x) = {x, ¢ ife—=0, (5.10)
is a solution of (2.3). Substituting with the values of 4 (x) into (5.7) and using
X
qulhn(X;Q) = [n]qhn—l<_§Q)v (5.11)
q

see [17, Eq. (3.28.7)], we get (5.1) for ¢ # 0 and (5.2) for ¢ = 0. To prove (5.3), we
consider the fragment

1 q "x
—u(x)u(x/q) — u(x/q) =0,
q l—gq
then u(x) = %x and h(x) = ) is a solution of (2.3). Substituting
X3

with A (x) and u(x) into (5.7) and using (5.11), vovoe get (5.3). Finally, the proof of (5.4)
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follows by taking the fragment

—n 1—n
_q X g "[nlg
0 _qu(X/q) + =g ~ 0.

In this case, u(x) = % and h(x) = x" is a solution of (2.3). Substituting with
h(x) and u(x) into (5.7) and using (5.11), we get (5.4). O

Theorem 5.2 Let n € N and ¢ be a real number. Ifthn (x; q) is the discrete g-Hermite
11 polynomial of degree n which is defined in (A11), then

l — ~
ﬁ (Fn s 9) = g g e + DTn 13 ) (5.12)
1 —q n - .
f( g g = n— 1l 2>oo< fin(o: ) = ["]qxhn—ﬂx,q))’
(5.13)
_ . n+3.2. 2
%hn(x q)dgx
A [e%e}
_ (—q"+1x2;q2)oo n.7 (.. 1-n nm .
T In+ 1]11(_)‘2;612)00 (q Xhn(x39) —q (I—-gq )hn—l(xs4)> ) (5.14)
and
X2 5 ) = x" ﬁn(x;q) )
(—x2;q2)oo n(X; g)dgX = [n— 1]q(_x2;q2)oo T n—-1(x;q) |-
(5.15)

Proof The discrete g-Hermite II polynomial of degree n is defined in (A11) and sat-
isfies the second-order g-difference equation (A12). By comparing (A12) with (1.5),
we get

- _ Inlg
px) = e r(x)——l_q.
Then, F(x) = % is a solution of (1.6), and (2.10) becomes
k(gx) q"x [n]
[T (un(x) + u()u(gx) — 0o u(gx) + a _qq))y(x)dqx
k
= %(y()ﬂu(}c) - quly(x)). (5.16)
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Consider the fragment

Dyu(x) +u(x)u(gx) = 0. 5.17)
Hence,
u(x)=x+c (5.18)
and
L+ 2, ifc #0;
k(x) = {x+ ¢ ;fcci% (5.19)

is a solution of (2.9). Substituting with u(x) and the values of k(x) into (5.16), and
using [17, Eq. (3.29.7)] (with x is replaced by ;—C )

Dy-1hy(x; @) = ' " [nlghn-1(x: ). (5.20)

we get (5.12) for ¢ # 0 and (5.13) for ¢ = 0. The fragment

n

q X
l—g

u(x)u(gx) — u(gx) =0.

Then, u(x) = %x and k(x) = (—¢"t'x?; ¢%) is a solution of (2.9). Substitut-
ing with k(x) into (5.16), we get (5.14). Similarly, to prove (5.15), we consider the

fragment

n
T2 uigx) + tnly.
1—g¢g 1-—

=0,

1

then we obtain u(x) = q"” [n],— and k(x) = x"'. Substituting with u(x) and k(x)
X

into (5.16) yields (5.15). O

@ Springer



898 G. E. Heragy et al.

Theorem 5.3 Let ¢ be a real number. If Aiy(x) is the q-Airy function which is defined
in (A13), then

o

D" (¢ = 1+4> +g"x) Aig(g"»)

n=0

_ qc+x
a1 +q)

St (1-4>—q"x) Aig(g")
n=0

161(0: g% g, —x) — (1 — q)Aqu), (5.21)

= (1= ) Aig(Z) — —— 141(0: —¢*: q. —x) (5.22)
N T (Y I R e '

o0
> g (q —q’ - q”x) (—q3x: @)nAig(q"x)
n=0

X . X
= _T 161(0; =4 ¢, —x) + (q(l +a)+ 5) Aig <;1)- (5.23)

Proof The g-Airy function is defined in (A13) and satisfies the second-order g-
difference equation (A14). By comparing (A14) with (1.2), we get

1
Py =T ) =

70— (5.24)

g1 —q)x

By taking the fragment (5.8), we get u(x) and A (x) as in (5.9) and (5.10), respec-
tively. Therefore, (2.4) takes the form

g1 +q)+1t 1
/f(f)h(f/ )< -0t u(t/q )+Tq)2t) y(t)dgt

= fO/Oh(x/q) (y(x/q)u(x/q) — Dy1y(x)) . (5.25)
Denote the right hand side of Eq. (5.25) by H(x). L.e
H(x) = f(x/@)h(x/q) (y(x/q)u(x/q) — Dy-1y(x)).

Then, from (1.15), we obtain

1
/f(t)h(t/ )( w u(t/q >+72> ¥(O)dgt = H() — lim H(g"x),
21— q)-t n— 00

(5.26)
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From (1.3), we obtain f(gx) = —qf (x),

n—1 k41 n—1
T4 2 T,
k=0

iso f@o
then we get
f(q@"x) = (=1D"q"f(x) (n € No). (5.27)
Since
1
Dy-14ig(x) = 73 101(0: —4% 4, %), (5.28)

and using the value of 4 (x) at ¢ # 0, we get

_ f(x)( cq +x
(-4

Hence, ll)néo H(g"x) = 0. From (1.14),(5.9), (5.10) with ¢ # 0 and (5.26), we
n

obtain

1610; —¢%; ¢, —x) — Aiq()q—c)>- (5.29)

. qg(l14+q)+1t 1
/0 f(t)h(t/q)< 2(1— u(t/q )+(—q)2> y(t)dyt
SN

T eql—¢q) Z( —9)" (c—1+q +4q X) y(g"x) = H(x). (5.30)

Combining Eqs. (5.29) and (5.30) yields (5.21). Substituting with the value of
h(x) = x at (c = 0) yields (5.22). Now, we prove (5.23), by taking the fragment

—u(x)u(x/ )~ 10FDEX gy =,
g*(1 —g)x
which implies that u(x) = % Since h(x) satisfies (2.3), then

h(gx) = —(q + ;i)hu),

n—1 n—1
h(g*1x) k+1< k=2 >
— 7 = - 1+ ’
11 ) g( q) g x
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900 G. E. Heragy et al.

then we get
h(g"x) = (—q)"+‘<_—§;q) h(x) (n € No). (5.31)
q n

Substituting with u(x) into (2.4) and using equations (5.27), (5.28), and (5.31), we
get (5.23). O

Theorem 5.4 Letc € R. If A, (x) is the Ramanujan function which is defined in (A15),
then

nn+1) X
P (1 —g+4qc+ q”+2x) Ag(g"x) = (1— q)A, <5> — (cq + x)Ag(gx),

32

n=0

(5.32)
© n(n+1) 2 X
S a N (1= g ) A = - g (B) —xagan. 53
n=0
[} _ 2
> (1-4% +4"2x) (5 n A (@) = ’““:#Aqe) _ %Aq(qx). (5.34)

3
Il
=}

Proof The Ramanujan function is defined in (A15) and satisfies the second-order g-
difference equation (A16). By comparing (A16) with (1.2), we get

—qgx 1

m, r(x) = m (535)

p(x) =

By taking the fragment (5.8), we get u(x) and k(x) as in (5.9) and (5.10), respec-
tively. Therefore, (2.4) takes the form

1—t(1+¢q) 1
/f(t)h(f/Q) (WM(Z/C]) + m) y()dgt

= fx/@h(x/q) (y(x/qu(x/q) — Dy-1y(x)). (5.36)
Denote the right hand side of Eq. (5.36) by G (x). That is
G) = fx/h(x/q) (y(x/q)u(x/q) — Dy-1y(x)).

Then, from (1.15), we get

x 1—1#(1
/0 FOh/q) (Mua/qn

q(1 — C[)l‘2 y(dgt = Gx) — nl—i>moo Gg"x).

(5.37)

o)
(1 —q)%t?
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From (1.3), we obtain f(gx) = ¢%xf (x). Consequently,

n—1 k+1 n—1
[TE 2 — T e o,
k= k=0

EACARY)
then
F@") = g () (n c No>~ (538)
Since
1 Ag(r) = —2 T A, (5.39)

substituting with the value of 4 (x) at ¢ # 0, then

G(x) = ];(1);) <Aq(;ﬁ) - %Aq(qxg . (5.40)

Hence, ll)ngo G(q"x) = 0. From (1.14), (5.9), (5.10) with ¢ # 0 and (5.37), we
n

obtain

qg(1+q)+1 1
/ f(t)h(f/CI)< (1— u(t/q )+(—q)2t)y(t)dq’

— f(x) - LG | _ n+2 noN __
_Cq(l_q);:(:)‘l zox (1 q+qc+gq X>y(q x)=G(x). (541)

Combining equations (5.40) and (5.41) yields (5.32). Substituting with the value
of h(x) = x at ¢ = 0 yields (5.33). Now, we prove (5.34), by taking the fragment

1 1 —x(1
/) + YD gy o0,

q(1 —q)x?

which implies that u(x) = x((llf—j))x_zl. Since h(x) satisfies (2.3), then

h(gx) = — 2 h(),

'ﬁ h(qk+l)x z’ﬁ l_qk+l
hghx)y 4"

X
k=0 q
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902 G. E. Heragy et al.

then we get

h(g"x) = %h(x) (n € Np). (5.42)

qg 7 x"

Substituting with u(x) into (2.4) and using (5.38), (5.39), and (5.42), we get (5.34).
O

Theorem 5.5 Let n € N. The following statements are true:

(@) If hy(x; q) is the discrete q-Hermite I polynomial of degree n which is defined in
(A9), then

/ (@%x%; qP)oohn(x; @)dgx = =" (1 — @) (x%; ¢¥)ochn—1 (;ﬁ q). (5.43)

(b) If pn(x; a, b; q) is the big q-Laguerre polynomial of degree n which is defined in
(A26), then

X X
7 ha 4
(G35 Doo abg?*(1 — q) (aq bq )
G n(x:a. b q)dgx = = n— 5 ,bq; q).
/ T PO S AT by g D

(5.44)

(c) Ifa > —1and L (x; q) is the g-Laguerre polynomial of degree n which is defined
in (A28), then

/LL«X(X- )dx_L o+ ). (5.45)
[ Wt K e P E s il 1 '

Proof The proof of (a) follows by substituting with r(x) and f(x) from (5.5) and
(5.6), respectively, into (2.16). The proof of (b) follows by comparing (A27) with
(1.2) to get

() = x —q(a+b— qab) ) = — q " 'nl,
PO= b =gt v T ab(— (I —x)
Hence, f(x) = G pi oo is a solution of (1.3). Substituting with »(x) and f(x)

. (gx; @)oo
into Eq. (2.16) and using

ql—n[n]q
(I —ag)(1 - bq)

see [17, Eq. (3.11.7)], we get (5.44). To prove (c), compare (A29) with (1.2) to obtain

Dy-1pp(x;a,b;q) = Pn-1(x;aq, bq; q), (5.46)

1—g“"(14x) ror) = [n]

PO = (0 —g) EECEIE)
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Hence, f(x) = % is a solution of (1.3). Finally, we prove (5.45) by
substituting with r(x) and f(x) into (2.16) and using
a —¢“*

D 1Ly (x;q) = 1 q)Ln_l(x; q), (5.47)

see [17, Eq. (3.21.8)]. O

Remark 1 (a) The indefinite g-integral (5.44) is nothing else but [14, Eq. (42)] or [17,
Eq. (3.11.9)] (with n is replaced by n — 1)

(I —aq)(1 —bg)

w(x; a, b; x;a,b;q),
b1 — ) ( a)pn( )

Dy (w(x: aq., bq; ) pa—1(x: aq. bq: q)) =
(3,59

[ER I
(b) The indefinite g-integral (5.45) is equivalent to [14, Eq. (46)] (if m = n ) and to

[17, Eq. (3.21.10)] (if m = 0) (with « is replaced by « 4 1 and n is replaced by
n—1)

where w(x; a, b; q) =

D, (w(X; a+ 15 q) LT (x; q)) = [nlqw(x; a; g) Ly (x; q),

o
where w(x; o; q) = ﬁ
—X;4)

Theorem 5.6 The following statements are true:

(a) If Iy (x; q) is the discrete q-Hermite Il polynomial of degree n which is defined in
(A11), then

B (x: q) ¢TI — )~ ‘
mdqx = —mhn—wﬁ q)- (5.48)

(b) Ifvis a real number, v > —1, then

2 1—v 2
qx”—q "[vl; —x
JP (xlgH)dyx = D I (xla?).
/x(_x2(1 — %) " (x|g*)dgx (= D e 1,7 (x1g”)

Proof The proof of (a) follows by substituting with r(x) and F(x) as in the proof of
Theorems (5.2) into Eq. (2.17). To prove (b), compare (A21) with (1.5) to obtain

1 —g2%2x2(1 —q) gr*x* — ql—u[v]z

p(x) = r(x) = :

X
Hence, F(x) = e i D% D is a solution of (1.6). Substituting with
r(x) and F(x) into Eq. (2.17). O
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Remark 2 The indefinite g-integral (5.48) is equivalent to [14, Eq. (68)] and to

n—1

Dy (w(x; Qhu1(x3 9)) = 1q w(x; @by (x; ),

where w(x; g) = (_x+q2) see [17, Eq. (3.29.9)].
Theorem 5.7 The following statements are true:
(a) If Aiy(x) is the q-Airy function which is defined in (A13), then

> (=) Aig(g*x) =

1
10100; —g%; g, —x). (5.49)
k=0 4q

I+

(b) If Ay(x) is the Ramanujan function which is defined in (A15), then

o

k(k+1)
Y g7 X A (¢*x) = —0¢1(—: 0: g, —¢7x). (5.50)
k=0

(c) If S, (x; q) is the Stieltjes—Wigert polynomial of degree n (n € N) which is defined
in (A30), then

© k(k+1)
dg 7 X Sulgtxig) =
k=0

1
1 nSn—l(q)C;Q)- (5.51)
—q
Proof The proof of (a) follows by substituting with r(x) from (5.24) into (2.16) and
using (5.27) and (5.28). The proof of (b) follows by substituting with r (x) from (5.35)

into (2.16) and using (5.38) and (5.39). To prove (c), compare Eq. (A31) with (1.2) to
get

[n]q

r(x) = x—2(1 — q)'

)= L9
P = 2a =gy

From (1.3), we obtain f(gx) = ¢?xf (x). Consequently,

k—1 : k—1
flg/thHx ;
Fan 1 @,
j=o ST
then

k(k—1)

f@ 0 =g f) (n e No). (5.52)
Substituting with r(x) into (2.16) and using (1.14), (5.52), and

Dy-1S,(x: q) = — 8§, _1(gx: ). (5.53)
q 1 q
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see [17, Eq. (3.27.7)], we get (5.51). O

6 g-Integrals from substitution of simple algebraic forms

In this section, we substitute into Eq. (2.4) with simple algebraic forms for u(x) which
involve arbitrary constants, such as

u@) =< 4+, ©.1)
X
to derive indefinite g-integrals. Set
1 1
Sq(x) = aquu(x) + C—Iu(x)u(x/q) + A ulx/q) +r(x). (6.2)
Then, (2.4) will be

/f(X)h(X/CI)Sq(X)y(X)dqx = f(x/@h(x/q) (y(x/@u(x/q) — Dq—ly(X)),
6.3)

where the constants a and b in Eq. (6.1) are chosen so that S, (x) has a simple form.
Also, we define

Ty (x) := Dgu(x) + u(x)u(gx) + A(x)u(qx) +r(x). (6.4)
Then, (2.10) will be

/ F(0k(gx)Ty(x)y(x)dgx = F)k(x) (y()ux) = Dg-1y(x)) . (6.5)

Theorem 6.1 Letn € N, n > 2. Let h, (x; q) be the discrete q-Hermite I polynomial
of degree n which is defined in (A9). Then,

_ 2. 2 n
/x(q2x2;q2)oohn(x; )dgx = (= @)x(*x7; g )0 <q_hn<f;q>

[n]q —1 X q
—q" nlgha- <;—C; q)) , (6.6)
and
ney2. 2 hn(i;q) 1 x
"2(g2% Do (s @)y = SO oo (T ——hn<—;) .
/x (@°x75 q7)oohn (x: q)dgx - 11, . L
(6.7)
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Proof From (A10),

ql—n [n]q

—_— X j—
p(x) = ms r(x) = ﬁ

Hence, f(x) = (qzxz; qz)Oo is a solution of Eq. (1.3). Set u(x) as in (6.1). Then,

_ 1—n _ _ . -n 2
5,x) = aa . 1) n ab(1+¢q) 44 ([nly —a) —q"bx +b_. 6.8)
x qx I—¢q q

Ifa =1and b = 0in (6.8), then
2—n
g~ "[n—1]
Sy = T2,
-9

and h(x) = x is a solution of (2.3). By substituting with u(x), S, (x), and A (x) into
(6.3) and using (5.11), we get (6.6). If a = [n], and b = 0 in (6.8), then

1
Sy@) = glnlgln — 1]y —.
Hence, h(x) = x" is a solution of (2.3). Substituting with u(x), S, (x), and h(x) into
(6.3) and using (5.11), we get (6.7). O
Remark 3 The indefinite g-integral (6.7) is equivalent to (5.4) in Theorem 5.1.

Theorem 6.2 Letn € N, n > 2. Let i, (x; q) be the discrete q-Hermite II polynomial
of degree n which is defined in (A11). Then,

B (1—q)x ha(xiq) o=
/( S e = —uq(—xz;qz)oo( g ! ["]qh"‘l(x’q))’
(6.9)
/ X2 (s 0, x" (Zn(x;q) o ))
X; X = — hp—1(x; .
(=2 1 =1, (% e | x 1
(6.10)
Proof From (A12),
p) = —— =t
l—gq l—g
Then, F(x) = W is a solution of (1.6). Set u(x) as in (6.1), we get
— o ng,—1
Tq(x)za(a 1)+ab(1+q)+[n]q q"(q a+bX)+b2. ©.11)

gx? qx 1—¢q
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Ifa=1and b =0in (6.11), then

[n_l]q
l—q

T (x) =

Therefore, k(x) = x is a solution of (2.9). By substituting with u(x), T, (x), and
k(x) into (6.5) and using Eq. (5.20), we get (6.9). If a = g [n],and b = 0in (6.11),
then

1-2n 1
Tq(x) =q [n]yln — l]qx_z

Therefore, k(x) = x" is a solution of (2.9). By substituting with u(x), T, (x), and
k(x) into (6.5) and using (5.20), we get (6.10). O

Remark 4 The indefinite g-integral (6.10) is equivalent to [14, Eq. (69)] (if m = n)
and to (5.15) in Theorem 5.2.

Theorem 6.3 Let n € N. If S, (x; q) is the Stieltjes-Wigert polynomial of degree n
defined in (A30), then

00
k(k—1) X
Zq 2 +nkxksn(qu;q):Sn(5;q)+ 1

X
ﬁSn—l(qXJ]), (6.12)
k=0 q

and

o0

k(k+1) X X
dog (1 +q* [ - l]qx) Su(q"x; q) = Sn<;[; q) g S
k=0

(6.13)
Proof By comparing (A31) with (1.2), we get
. 1— qx o [n]q
s S T
Set u(x) as in (6.1). Then,
_ b+gqlnl, | ala—1Inly) | ab(l1+q) —qgbln —1],
Sq(x) = qg(1 —q)x? x2 + qx
_ 2
4 b b (6.14)

-9 qd—ox ' q

We seta = [n]; and b = 0 in (6.14) then

[n]q

Sq(x) = m
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Therefore, h(x) = x" is a solution of (2.3). By substituting with 4 (x), S, (x), and
u(x) into (6.3), using (5.52) and (5.53), we get (6.12).
Ifa=1and b = 0in (6.14), then

14 ¢%[n — 1]gx
Sq(x) = —3q
(I —g)x

Therefore, h(x) = x ia a solution of (2.3). By substituting with A (x), S, (x), and
u(x) into (6.3) and using (5.52) and (5.53), we get (6.13). O

7 Conclusions
A method of deriving g-integrals using fragments of g-Riccati equations has been
presented. The method of fragmentation used is analogous to but not equivalent to that

presented in [14]. Only two g-Riccati fragments have been presented here in detail,
and these give the quadrature formulas presented in Eqgs. (2.20) and (2.22)—(2.23).

8 Appendix A: g-Functions

Jackson introduced three g-analogues of Bessel functions [11, 16], they are defined
by

bl oo 1 v
W= q)") Z i ;H) @27, 2l <2, (AD
o L ,‘Z)oo (= l)nqn(n+u) 2n4v
vz ) = (q q) Z @ a g, AP el (A2
[e¢) n=0 ’ ) n
n(n+l)
) o0 1 " n-rv
I @ q) = (q q)q) Z ((q q)v+1 >, zeC. (A3)

The solutions of the second-order g-difference equation, see [1],
1
qu_. Dyy(x) —y(x) =0 (x € R), (A4)

under the initial conditions

y(0) =0, Dyy©) =1, and y0) =1, Dy;y0) =0,

@ Springer
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are the functions sin(x; ¢) and cos(x; ¢), respectively. The functions sin(z; ¢) and
cos(z; q) are defined for z € C by

1q) = 1—¢q); = - A5
sin(z;q) =y el = 0)ia0) n;‘)( 1 Fq<2n e (A5)
2
(@ Do 12,12 (3) n g
gy = 4 Do 1— _ IRV A
cos(z: 9) = i e DI G~ )/ %)= ’;)( R
(A6)
The g-trigonometric functions satisfy the g-difference equations
. -1
D,-1sin(z;q) =cos | g2z, q ), (A7)
D,-1cos(z; q) = —q% sin <q_212; q>. (A8)
The discrete g-Hermite I polynomial of degree n
(n) q—n x—l
hn(x; q) == q'? 261 < 0 lq; —CIX) ,n € Ny (A9)
satisfies the second-order g-difference equation, see [17, Eq. (3.28.5)],
1 X [ ]q
Dy Dyy() = —— Dy + "y =0, (A10)
q l—gq 1 -
The discrete g-Hermite II polynomials of degree n
- -n _—n+l1 —g2
gy =x"a (109 1g% =L ) ne N, (A1)
0, x2
satisfies the second-order ¢-difference equation, see [17, Eq. (3.29.9)],
1 [ Iq
—Dy-1Dgy(x) — —D (A12)
q -9
The g-Airy function
Aig(x) == 1105 —¢q; g, —x), (A13)
satisfies the second-order g-difference equation, see [19, Eq. (4)],
LD, Dyy() — —4 )+ ————y0)=0.  (Al4)
—D_,-1Dgy(x ———D_ 1y(x —y x) =0.
g g x(1—¢)?
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The Ramanujan function

Ag(x) = 0¢1(—;0; g, —qx), (A15)
satisfies the second-order g-difference equation, see [19, Eq. (5)],

LD i Dyyx) + — 9%
-D,- X
g e qx?

T@qulﬂx) +

1

The g-hypergeometric series ,¢; is defined by

s (a1 a ... ar Z) _ i (a1; @na2; Pn - - - (@r; @n <(_1)nq(;)>1+s—r -
TNbL by b ) T (g )n (b1 n b2 @ - (s @ ’

whenever the series converges, see [11].

The g-hypergeometric functions 2¢1 (g%, q" ; q¢; q, x) satisfy the second-order g-
difference equation [11]

[cly —la+b+ 11,2
x(g° — q“*x)

[a]q[b]q
x(q¢ —q**hx)

1
quleqy(x) + Dy-1y(x) — y(x) =0.
(A17)

The functions

yix) = z¢1(q”,qb; q% q,X), c#q ", neNy,

y2(x) = x'72¢y (q““_c, g g% g, X), q° #q""* n e N,

y3(x) = x "2 (q“, gt g g, g) q“ #q"" " n e N,

and

c—a—b+1

_ _ e 4
ya(x) = x 2, (q”,q”“ ¢ gt G

>, q" #q" " neNo,
are solutions of the basic hypergeometric g-difference Eq. (A17), see [11].

Lemma A.1 Let o and  be complex numbers with positive real parts. Then,

X

By (a, B; x) :=ft“_l(qt;q)ﬂ—1 dgt
0

= x*(1 — q)(gx; @)p—1201(¢"x, ¢; x5 q, %), (A18)

@ Springer
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415 q)oo

where (qt; q)g—1 = ———.
g @P1: oo

Proof From (1.14),

" Q)oo

By(e. B x) = x*(1 —q)Zq"“

n=0

Since (a; q), = m then

(@q™; @)oo

Bq(as ﬂ7x) :xa(l -

D 4P o =0 @i @a(g: @n

=x"(1 — q)(gx; @)p—1 201@Px, g5 qx; 4, ¢*).

It is worth noting that from Lemma A.1,

Ty ()T (B)
B,(a, B:1) = B, (a, B) = — L4~
q(a B; q(a B) Fq(ot+,3)

One of Heine’s transformations of »¢; series

(b,az; q)
2¢1(a, b;c;q,2) = $2¢1(5/b, z;az; 4, b),
(C, 25 Q)oo

see [11, Eq. (IIL.1)]. The second Jackson g-Bessel function
I (xlg?) = 1P @x(1 = q): 47,
satisfies the second-order ¢-difference equation [18]

I 1 —gx2(1 - gx* —q' [l
LD, gy + L UE D o T M 0
q x x

The big g-Legendre polynomials

—n n+l1 X
pn(x; =15 q) = 3¢2 (q q’q_q ' |6];6]>

satisfy the second-order g-difference equation, see [17, Eq. (3.5.17)],

(gx; @)oo Z e @P%3 (@ On

(A19)

(A20)

(A21)

(A22)
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1 x(1+4q) [n]y[n + 114
—-D, 1D ————-D, - - =0.
q q 1 qy(x)+q2(x2_1) q ly(-x) q1+n(x2_1)}’(x)
(A23)
The little g-Legendre polynomials
qfn qn+1
Pn(x1q) = 261 < ’q | g qx) (A24)

satisfy the second-order g-difference equation, see [17, Eq. (3.12.16)],

! axtx—1 [nlgln +1g 3
p Dy,-1Dgy(x) + g —1) Dy-1y(x) + (1= qx)y(x) =0. (A25)

The big g-Laguerre polynomial

by e g ", 0,x
pl‘l(xa a’ b7 Q) A 3¢2< Clq,bq, |qa Q> (A26)

satisfies the second-order ¢-difference equation, see [17, Eq. (3.11.9)],

x —q(a+b— qab) D ) — q‘"‘l[n]q
abg?(1—q)(1—x) " 7 b — (1 —x)

y(x) = 0.
(A27)

1
qu—l Dgy(x) +

The g-Laguerre polynomial of degree n

LY(x;q) =

o
201 (q Y |q;q"+“+1), a>—-l,neN, (A28)
(g5 On 0

satisfies the second-order ¢-difference equation, see [17, Eq. (3.21.6)],

1 1 — g%t (1 +x) [nl,
—~Dy-1Dgy(x) + Dy-1y(x) + ——————y(x) =0.
g D POt o a - DY s gt
(A29)
The Stieltjes—Wigert polynomials
1 q" n+1
Sn(xiq) = ———1¢1| y lg:—=¢""x), (neNo, (A30)
(g5 @n .
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satisfy the second-order g-difference equation, see [17, Eq. (3.27.5)],

[n]q

qul)’(x) + m

1 1 —gx
—qul Dgy(x) + 3 y(x) =0. (A31)
q qx

I=q)
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