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Abstract
Let p be an odd prime and let a, b € Z with p { ab. In this paper,we mainly evaluate

aj* + bk?

} 8 =0,1).
p 8/ k<(p=1)/2

Tlg‘s)(a, b, x) :=det |:x +tanmw

For example, in the case p = 3 (mod 4), we show that T,Sl) (a,b,0) =0and

(p=D)/2 ,(p+D/4 i (aby —
TO (. b, x) = 2 p if (42) =1,
! prHDI if (92) = —1,
where ( ;) is the Legendre symbol. When (_T“b) = —1, we also evaluate the determi-
aj>+bk?

nant det[x +cot 7 1< k<(p—1)2- In addition, we pose several conjectures one
of which states that for any prime p = 3 (mod 4), there is an integer x, = 1 (mod p)
such that

(j —k)?

] (p+3)/2,2
5
p 0<j k< p—1

det |:sec 2 =—p
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310 Z.-W.Sun

1 Introduction

Let p be an odd prime. It is well known that the numbers

] 2
0 1 .. —
’ ’ ’ 2

are pairwise incongruent modulo p. In [10], the author investigated the determinants

) 2
dk
S(d, p) = det [(L)}
14 1<) k< (p—1)/2

and

i+ dkzﬂ
p 0<j. k< (p—1)/2

T, p) =det[< :
where d is an integer not divisible by p, and (;) is the Legendre symbol. In particular,
Sun [10] showed that if (%) = 1 then

<—S(d717)

1
) —1and T, p) = 2—=5(, p).
p 2

Inspired by the determinants S(d, p) and T(d, p) withd € Z and p t d, and noting
that the tangent function tan x has period 7, for a, b € Z, we introduce

2 bk2
T;O)(a, b, x) := det [x + tannu] (1.1)
P 0<j k< (p—1)/2
and ) 2
j bk
T;l)(a, b, x) := det |:x + tannu} , (1.2)
p 1<) k< (p—1)/2

anddenote T\ (a, b, 0) and Ty\" (a, b, 0) by T\" (a, b) and T,\") (a, b), respectively. To
study the novel determinants T;o) (a, b, x) and T,§‘> (a, b, x), we first find their values
by numerical experiments via Mathematica, and then seek for detailed proofs via
related known results involving roots of unity.

Now we present our main results.

Theorem 1.1 Let p > 3 be a prime, and let a, b € 7 with p | ab.
(1) Assume that p = 1 (mod 4). Then

T%(a,b, —x) = =T\ (a, b, x), (1.3)
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On some determinants involving the tangent function 311

and in particular TIEO) (a,b) = 0. If(%) = 1and b = ac* (mod p) with ¢ € Z,
then

2¢ (4)2—(2)h(p)
Tlgl)(a, b,x) = (;> p(p—3)/48pﬂ p)MP , (1.4)

where ¢, and h(p) are the fundamental unit and the class number of the real
quadratic field Q(,/p), respectively. When (%) = —1, we have

TSV(a, b, x) = TSV (a, b) = 220~ D2 p=I/A, (1.5)
(ii) Suppose that p = 3 (mod 4). Then

T9(a, b, —x) = =T\"(a, b, x), (1.6)

and in particular Tlgl)(a, b) = 0. Also,

2(=D/2 p(pt1/4 ,'f(%) =1,

T(a. b, x) = (1.7)

pr if () =—1.

Remark 1.1 When p is a prime with p = 1 (mod 4), and a and b are integers with
( %) = —1, we are unable to determine the sign in (1.5). For any prime p = 3 (mod 4)
and integers a and b with p t ab, the identity (1.7) looks surprising and interesting.
We believe that Theorem 1.1 has certain potential applications.

Theorem 1.2 Letn > 1beanoddinteger, and let a and b be integers with gcd(ab, n) =
1. Then

j + bk i + bk
det |:x+tan7raj+ :| + det |:—x+tann&i| =0
n 0<j,k<n—1 n 0<j,k<n—1
(1.8)
and bk b
det |:x +tanz + :| — (1) n"2, (1.9)
n 1<j.k<n—1 n
where () is the Jacobi symbol.
For the cotangent function, we establish the following two theorems.
Theorem 1.3 Let p > 3 be a prime, and let a, b € Z with (_Tab) = —1. Then
2 2
bk
det |:x + cotnu}
p 1</ k<(p—1)/2
SRS/ (1.10)

3 T,gl)(a, b)/(_p)(p—l)/4 — iz(P_l)/z/ﬁ lfp =1 (mod 4),
- (_1)(h(—p)+l)/2(%)2(19—1)/2/@ if p =3 (mod 4),

where h(—p) is the class number of the imaginary quadratic field Q(/pi) with
i=4—1
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312 Z.-W.Sun

Remark 1.2 Tt is known that 2 t h(—p) for each prime p = 3 (mod 4). In 1961,
Mordell [8] even proved that for any prime p > 3 with p = 3 (mod 4), we have

Pl (Cytem (mod p).

Theorem 1.4 For any odd prime p, we have

ik ifp=1 d 4
D, := det |:cotnj—] € Q z'fp (mods
P licjk<ip—n2  |VPQ if p=3(mod4).

We are going to provide several lemmas in the next section and then prove Theorem
1.1 in Sect. 3. Theorems 1.2—1.4 will be shown in Sect. 4. In Sect. 5, we pose some
conjectures on determinants involving the trigonometric functions.

2 Some lemmas

Lemma2.1 Let A = [aji]og k<n be a matrix over a field. Then
det[x + ajilogjkgn = det A + x det B, 2.1

where B = [bjr]1<jkgn With bji = aji — ajo — aor + aoo.

Proof As (x +ajx) — (x +apk) = ajx —ap forall0 < j <nand 0 < k < n, we
have

xX+ap x-+ap x+ap ... X+ao
ajp —apo a1l —apr 412 —ae2 --- dip — aon

det[x + ajilogjkgn =

dn0 — Aopo Anl — AQl Ap2 — AQ2 - - - Apn — AQn
X X X e X

ajp —aopo 411 —apr 412 —aop2 ... dip — aon

an0 — Aopo dnl — Al Ap2 — 4g2 --- App — Aon

aoo aol an aon
aip —apo a1l —daopr a2 —ag2 ... Aip — aon
+ . . . . . ’

a0 — Aaopo dnl — AQ1 A2 — AQ2 - - - Aun — AOn
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and hence det[x + ajzlogj x<n — det A coincides with

X 0 .. 0
aip — ago a1 —agr — (ajp — ago) ... ayy — aon — (ajo — ago)
. . . = x det B.
ano — apo an1 — aol — (apo — ao) - . - Aun — Gon — (Ao — apo)
This concludes the proof of (2.1). O

Corollary 2.1 Let m and n be positive integers with 2 t n. Let f : Z — R be an odd
Sfunction, where R is the field of real numbers. Then, for any integer d, the determinant

det [x + f(( + " = k+ ") o 1
does not depend on x.
Proof Let
ajr=f((Gj+d" —(k+d)™) forjk=0,...,n
Forl < j,k <nsetbj, =aj; —ajo— aopk + apo. As f is an odd function, we have

bjk=f((G+d" —k+d)") = f((j+d)" —d") — f@d" — (k+d)"™)
= —f(k+D)" = (j+D)")+ f(k+d)" —d") + f@" = (j +d)") = —by;.

Thus
det[bjrli<jk<n = (—=1)" detlbrjli<jk<n = — detlbjrli<jk<n

and hence det[b i ]1<j k<n = 0. Applying Lemma 2.1, we immediately get the desired
result. O

The following lemma is Frobenius’ extension (cf. [3] and [9, (8)]) of Cauchy’s
determinant identity (cf. [7, (5.9)]).

Lemma 2.2 We have

= Mo <k @ = X O% = 37) <1 +z Z(xk + yk)>~

det |:Z + i|
Xj + Yk Jo<jkgn H?:o [TezoCxj + 30 =0

(2.2)
Proof We present here an induction proof of (2.2) by using Cauchy’s determinant

identity which is the special case z = 0 of (2.2).
In the case n = 0, both sides of (2.2) coincide with z 4+ 1/(xg + yo).
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314 Z.-W.Sun

Now, let n be a positive integer, and suppose that

[Ticickcn @k —x) 0k — ¥)) !
det |:z+ — ~ISi<ksn d ! <1+Z E (xk+yk)>~
k=1

xj+ yki|1<j,k<n [Timi Tz G + 90
2.3)
By Lemma 2.1 and (2.2) in the case z = 0,

} ~ THo<jckcn Ok = x) ke — )
Xj+ Yk logjk<n H’}:o [Teeo(xj + yi)

+ zdet[bjrli<j kgns

(2.4)

det [z +

where

1 1 1 1
bjr = - - +
Xj+ye XxXj+Yo Xo+Yk X0+ Yo
(xj — x0) (Y — yo)(xj + yk + x0 + yo)

T o+ ¥0) (X + yo)(xo + yi) (xj + yi)

With the aid of (2.3), we have

n

det[bjrli<jksn = l—[
j=1

n
Xi— X - 1
j X0 T Yk dt|: n }
Xj+tYo ) Ykt X0 Xo+yo  Xj+Yelig)k<n

n

_ 1—[ (xx — x0) (Yk — y0)
iz K+ y0) Yk + X0)

[Ti<)ckscn Gk = x)) i = ¥5) ( Zzzl(xk‘f‘Yk))
X n n I+
[Ti=i [Tezi (v + v X0 + 0

H0<j<k<n(xk_xj)(yk_yj) Xn:(x + )
= k k)-
H?:O 1_[2=0 (x] + yk) k=0

Combining this with (2.4), we obtain the desired (2.2). This concludes the proof. O
An analogue of Lemma 2.2 for Pfaffians can be found in Okada’s paper [9].
Lemma 2.3 [Huang and Pan [4]] Let n > 1 be an odd integer, and let ¢ be any
integer relatively prime to n. Foreach j = 1, ..., (n — 1)/2, let p.(j) be the unique
rell,...,(mn—1)/2} with cj congruent to r or —r modulo n. For the permutation

peon{l, ..., (n—1)/2}, its sign is given by

C)(n+1)/2

sign(pe) = (; 2.5)

Lemma 2.4 [Sun [11]] Let p > 3 be a prime. Let ¢ = ¢*™/P and a € Z with p 1 a.
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On some determinants involving the tangent function 315

() If p =1 (mod 4), then

1—[ (o 4 = i8(5’;)}1(;;)((%)—1)/2 2.6)
= +¢, .
1<j<k<(p=1)/2

and
| R R e R S N T e O )
1< j<k<(p—1)/2

(1) Suppose that p = 3 (mod 4). Then

[T @+ =1, 238)
1< j<k<(p=1)/2
and
[T @9
1<j<k<(p—1)/2
| =pIE ifp=3mods).
- (_1)(p+1)/8+(h(—p)—1)/2(%)p(p—3)/81 if p =7 (mod 8). (2.9)
Also,
(p=1)/2 ) ;
[T a-¢*)=Enhtenthr (-) JPi. (2.10)
k=1 p
Lemma 2.5 Let p > 3 be a prime, and let a, b € 7 with (—T“b) = —1. Then
(p=1)/2 (p=1)/2
l_[ (1 _ eZni(uj2+bk2)/p)
j=1 k=1
_ - ) ! if p=1(modd), 2.11)
(=DHEP=D2E)i if p =3 (mod 4).

Proof For m € Z set

-1
r(m) : = H(j,k): 1<j,k< p2 andajz—i—bkzzm(modp)H

fperermrs () -om (52)- )

Note that r(0) = 0 since (—7“”) # 1.
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316 Z.-W.Sun

Letm € {1,..., p— 1}. Then

() +1 () 41

= 3

O<x<p
ptax—m

- - (4 +1
:_Z<<bx(m ax)>+<£)+(b(m ax)>+l>_ D
p P p 4
1 [/ —abx? + bmx 1 : lpl —abx + bm
()G R

L /bm +p—1_(%)+1
4\ 4 VR

It is well known that for any ag, a1, ax € Z with p { ag or p 1 a,we have

pil (aox2 +aix +a2> _ [—(%O) if p taf — 4apa, 2.12)

= P (p = D) if p|af —4agar.
(See, e.g., [1, p.58].) Therefore

_ _ amy 4 (bmy 41 1=
r(m)=—1< ab>+p 1_(1,) ) _p 1 (& )( )
4 P 4 4 4 4 P

In view of the above,
(p=1)/2(p=1)/2
1— ezni(ajz+bk2)/p>
j=1 k=1
= 1_[ (1 — e2rim/pyr(m) _ 1
m=1 n0<m<p(l _ eZnim/p)(T,)(l—(j))/Z
(=1

7 - ez,,im/p)<p71+<%><14%)))/4

Clearly,

_ . P _1
1_[(1 N e2mm/1’) — lim X ; = p.

x—>1 x —

As (2.10) holds for p = 3 (mod 4), we have

l_[ (1— eZﬂim/p)(l—(_Tl))/Z _ 1 if p =1 (mod 4),
0<m<p (—)BCEPED2 /B p =3 (mod 4).

(=1
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On some determinants involving the tangent function 317

Thus the desired (2.11) follows. O

3 Proof of Theorem 1.1

For convenience, we set n = (p — 1)/2 and ¢ = ¢?™/P_ Since p > 3 and

n 2
131¢ 1 -1
Zkzzn(n-l-)(n-l-):l? =0 (mod p).
6 24
k=0
we have
1 2
[]5 =1 3.1)
k=0
As
2sinx (e —e )i —i(e® —1) , 2i
tanx = = - - = . = —1-+ _
2cos X elx + e—ix e2ix 41 e2ix 41
we also have
.2 2 .
bk 2
it ol jk=0,...n (32)
p é-a] +bk +1

For each § € {0, 1} and integer d # 0 (mod p), we claim that
T\(a, +ad*, x) = <_) T(a, +a, x). 3.3)
p

We now explain this. Fork = 1, ..., n let py(k) be the unique r € {1, ..., n} with dk
congruent to 7 or —r modulo p. In view of Lemma 2.3,

Tlgl)(a, :l:adz, x) = Z sign(t) l_[ <x + tann%)
j=1

TeS,

aj? + apd(f(j))2>

n
= sign(pg) Z sign(p4T) l_[ (x + tan »

Tes, j=1

d n+1
= (—) Tlgl)(a, +a, x).
p

If we extend the function p; by defining p4(0) = 0, then the new py is a permutation
of {0, 1, ..., n} and its sign is the same as the old one. So, (3.3) also holds for § = 0.
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318 Z.-W.Sun

Proof of the First Part of Theorem 1.1 As p = 1 (mod 4), we haven = (p — 1)/2 =
0 (mod 2). For ¢ = n!, we have ¢g> = —1 (mod p) by Wilson’s theorem, hence
2 2
bk
— T;O)(a, b, x) = det |:—x — tannu}
p 0<j.k<n
2 2
b(gk
p 0<j,k<n
=T\"(a,b. —x)

and thus det T,\* (a, b) = 0.

Case 1. (%b) =1.

In this case, b = ac* (mod p) for some integer ¢ % 0 (mod p). Note that b =
—a(gc)? (mod p) and hence

2
Tlgl)(a, b,x) = (—C) Tlgl)(a, —a, x)
p

by (3.3) and the equality (£) = (%) (cf. [10, Lemma 2.3]).
By Corollary 2.1,

a(j+ D2 —ak +1)2

14 ]ogj,kgn—l

aj? —akz]

det [x + tan 7 = det |:x + tan
Jj.k<n

1</,
does not depend on x. So, with the aid of (3.2), we get

aj® — ak?

TIS])(a, —a, x) = det [i—l—tann :|
p 1< k<n

2i
= det[ i i2 k2 ]
e2mia(j*—k*)/p 4 1 1<j.k<n

= [ic™) x det[

k=1 g4 + C“kzlgj,ksn .
(Recall that ¢ = €27/ ) In light of Lemma 2.2,

K2 i2\2
[Ticjckcn @ =97

et [—} _ , .
cUt 0 e TTRet € + 09 X T apcn €97 4 1902

Therefore,
2 2\ 2
] é-ak _ é-aj
T(l)(a —a,x) =1" 1_[ (—
p ) I k2 )
1<j<k<n S
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On some determinants involving the tangent function 319

k2 i2.2 4
Wi acn @ =87 (p-3174, (=G In(p)
p

— (_1)(1’*1)/ - .
[li<jakcn @Y + ¢ak™)2

with the aid of Lemma 2.4(i).
Case 2. (”f) =—1.

Recall that T\ (a,b) = detlcjili<jicn With cjx = tanm(aj? + bk?)/p. By
Lemma 2.1,

T\V(a, b, x) = detlx + cjilicjhcn = TV (@, b) + x detldjili<jicn,  (34)

where djx = cjx — cj1 — cix + c11. In light of (3.2) and (3.4),

2i . .
et [m} = detli + cjelicjhcn = Ty (@, b) +idetldjili<j k<,
1<j,k<n

and hence (1.5) is implied by

2i

- - — (p=1/2 ,(p=3)/4
cait bk 4 =2 p . (3.5)

Dy(a, b) := det [

lgj,k@

(Note that both Tp(l)(a, b) and det[dx]1 < j x<n are real numbers.)
In view of Lemma 2.2 and (3.1),

Dy(a,b) = ﬁ (i—;{z) x det I:Z;—bkzil
kel \& {9 +¢ 1<j.k<n
Q)" Tlicjaren@® = ¢ @™ — 07
L P T T @+ )
P ST ot il ot )
[T [Tioy (0K 4 1)

= (=1

Note that
non 2 non 2(1] 2 42bk?
aj _
[T 0 =TT e =
=1 j=1k=1

j=lk

by Lemma 2.5. So

Dp(a,b) = (=1)P~VMA0=b2 T (¢ — )= — =% (3.6)
1< j<k<n
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320 Z.-W.Sun

Observe that

2 2 22 _ (9)+(Z2)h(p) _
l_[ (gak _;_aj )2(; bk - bj )2 _ p(p 3)/28pp P — p(p 3)/2

1<j<k<n

by (2.7). Therefore (3.5) holds and hence so does (1.5).
In view of the above, we have completed the proof of part (i) of Theorem 1.1. O

Proof of the Second Part of Theorem 1.1 As p = 3 (mod 4), we haven = (p —1)/2 =
1 (mod 2).

Case 1. (“f) =—1.

In this case, b = —ad> (mod p) for some integer d # 0 (mod p), and hence by
(3.3), we have

7. b, x) = T\"(a, —a.x) and T\ (a.b.x) =T (a, —a.x).

) ak? — aj?
Tp (a,—a,—x) =det| —x +tanm
p 1< k<n

= (-D"T"(a, —a,x) = -TP (@, —a, x),

we get Tlgl)(a, b,—x) = —T[gl)(a, b, x), and in particular Tlgl)(a, b) =0.
To obtain the equality T,§°) (a,b,x) = p(l’H)/ 4 we now determine T,SO) (a, —a, x)
which equals T,EO) (a, b, x). In view of Corollary 2.1 and (3.2), we have

aj® — ak?

T,;O)(a, —a, x) = det [i + tan 7T i|
p 0<j,k<n

21
¢aUTR) 1 Jo<j kgn

= [T @ic™) x det [
k=0

i2 2 °
gai” + gak i|0<j,k<n

By Lemma 2.2,
2 22
t 40 Jocivan Tlizo@™ 429 X Tlogjaxn @47 + £9)2
Therefore,
2 .2 2
) ;ak _ é-aj
TISO)(a, —a,x) =i""! 1—[ <—ak2 a2
0<j<k<n \& T
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n a 2 ak?* _ »aj?
= (=DPVAT] <{ = 1) gy, 6 = ¢y

i \ g 41 i< jarcn @9 4 ¢k

By Lemma 2.4(ii),

n

" n 2ak> _ 12 _
[[€* =12 =—p and [Je® + 12 =[S L2y,
k=1

k=1 k=1 C® =12 —p
and
[T @% -9 =p@4and J] @&+ =1,
1< j<k<n 1<j<k<n
Therefore
T (a, —a, x) = (=) PV p) (= p) P~/ = p(rD/4
as desired.

Case 2. (“;b) =1.

In this case, b = ac? (mod p) for some ¢ € Z with p t ¢, and hence by (3.3), we
have T\”(a, b, x) = T\ (a,a, x) and T\" (@, b, x) = T\ (a, a, x) since n + 1 is
even.

Clearly TIEO) (a,a) = detlajrlog k<n Withaji = tan 7r(aj2 +ak2)/p. By Lemma
2.1,

TISO)(a, a, x) = detlx +ajrlogjkgn = Téo)(a, a) +xdetlbjrligjegn (B7)

where

aj? + ak? aj? ak?
bjk :=ajx — ajo — apx + app = tany ———— —tanw — — tan 7T —.
p p 4

Using the well known identity

tan(x; + x2) tan x; 4+ tan x»
an(x; +x) = ——,
1 — tan x| tan xp

we obtain

aj? ak? aj?® + ak?
bjy =tanm— x tanw — X tan 7 ———

and hence
2

n
a
detlbjili<jkcn = TV (@, a) Htanzn%. (3.8)
j=1
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322 Z.-W.Sun

In view of (3.2), (3.7) and (3.8),
‘ 2i _detfi andoe
: caUP+*) 41 0< ] k<n = detll T djilo<j k<n

n %)
a
= Tp(o)(a, a) + iTISI)(a, a) l_[ tanzn%.
j=1

Thus
T\, a) =20~ DP2pP+0/ 74, a) = 0and detlbjilicjhcn =0  (3.9)

if and only if

2i
et| —— :2(17*])/217(1’“)/4, (3.10)
|:§-a(]2+k2) +1 ]0<j r<n

With the aid of Lemma 2.2,

et [#] = - - x det [7]
caOHD 11 ocingn g £F° R S A IO
Q)+ Tlogjaren@F = 497~ — =a7?)
I Y 1 (Y AT N

This, together with (3.1), yields

2 2 52
t{ * ] ()P A2 Mogj<ken€ = £9E ™ — =)
D 11 Lo ks [T [Ti—p @0+ + 1) .
3.11)
By Lemma 2.4(ii),

[T @ =@ — g

0 j<k<n
n
2 12 22 2 2 12
=[] =D —nx J] @Y =¢®)He 9 -
k= 1< j<k<n
=p x p(p—3)/4 — p(p+l)/4_

In view of Lemmas 2.4(ii) and 2.5,
1 — 20 24+k%)

(1T oo 1 (4257 <M1 =5
i é-a(jz—&-kz)

; ¢y
J:Ok:O j 1k=1

=2 (3) (2) = 2(=1)PtD/4,
p p
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Combining these with (3.11), we get (3.10) and hence (3.9) holds. In view of (3.7)
and (3.9), we finally obtain that

©) _ 70 _n(p=1/2 (p+1)/4
T, (a,b,x)—Tp (a,a,x) =2 p'P .

By the above, we have finished the proof of part (ii) of Theorem 1.1. O

4 Proofs of Theorems 1.2-1.4

The following lemma is Frobenius’ extension (cf. [2]) of the Zolotarev lemma [14].

Lemma 4.1 Let n be a positive odd integer, and let a € 7 be relatively prime to n. For
Jj=0,...,n—1, let L,(j) be the least nonnegative residue of aj modulo n. Then the
permutation Ay of {0, ..., n — 1} has the sign sign(A,) = (%).

We also need another lemma.

Lemma4.2 Letn > 1 be an odd number and let a € 7 with gcd(a, n) = 1. Then

1_[ <e2niak/n B eZﬂiaj/n>2 — (_1)(n71)/2nn72. .1

1< j<k<n—1
Proof Let ¢ = €2™4/"_Clearly,

n—1 n

Coxt—1
]_[(1 —¢") = lim =n 4.2)
il x—1 x—1
and hence
- ) n—1n—1 ' n—1n—1 . .
@) T = =T[]]e¢ -h=T]]]¢a-¢
1<j<k<n—1 j=1k=1 j=lk=1
k#j k#j
n—l jyn—2 1 )
— 1_[( é‘ ) 1_[(1 k—]))
= 2
(=132 n=ln=l
4 =0
= (1=¢")=n""
s —1),1_[”1_[1
So (4.1) holds. O

Proof of Theorem 1.2 In view of Lemma 4.1, for each § = 0, 1, we have

aj + bk

n :|6<j,k<n—l

det [x +tanmw
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| + bk —ab
= (E) det |:x + tan 77 2 + ] = <L> DY (x),
n n 8<j.k<n—1 n

where

D,(z‘s)(x) := det |:x +tan J

Since

k—j i —k
D;SO)(—X) = det |:—x + tan J] = det |:—x —tan / :|
o Jogjk<n—1 n o< k<n—1

= (—=1)"det [x+tann] ]
no o< k<n—1

we have

aj + bk

det |:—x +tanm ]
n 0<j,k<n—1

—ab i + bk
_ (L) DV(LO)(X) = —det |:x + tann&]
n n 0<j,k<n—1

and hence (1.8) holds.
Now it remains to show that D,(,l)(x) = n"~2. Write { = €271/ Similar to (3.2),
we have

. J—k 2i .
1+tanm = — forall j,k=1,...,n—1.
n ik +1
Thus
n—1 1
DW () = det [—} = []@ic%) x det [—} )
" IS R U P P ,!:[1 ¢+ ek g rgn

By Lemma 2.2,

det [—} Thigjarcn1 @ = ¢)?
I+t licien TTZITTZI@C + 69
[Ti<jakcnG* =692

I @80 X i akan1 €K +£0)2
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Therefore

pPay=i""" ] Mz(_l)m—l)/z I @* =

2k _ r2j)2 2k _ p2j)2°
1<j<k<n—1 (é' 4 ) 1<j<k<n—1 (é- 4 )

Combining this with Lemma 4.2, we immediately get D,(,l)(i) = ("2 /"% =
n"=2, By Lemma 2.1,

D,(ll)(x) = D,(ll)(O) + rx

for certain real number r. As D,gl)(i) = n""2, we have D,(ll)(O) =n"2andr = 0.
Thus DSV (x) = DIV (0) = n"~2 as desired.
The proof of Theorem 1.2 is now complete. O

Proof of Theorem 1.3 For any nonzero real number x ¢ 7 7Z, we obviously have

cosx (¥ 4e ™2 2i
cotx = — = — - — =14 — .
sinx (et —e~1%)/(2i) eZix — |
Thus
2 2 .
bk 2
_i—i—cotnaj + ! forall j,k=1,...,n,

D = A bk
where n = (p — 1)/2 and ¢ = ¢**V/P Let

aj* + bk?

C(x) = det [x + cot } .
p 1<j,k<n

Then
2i - 2
C(—i) = det [—} = [T@ic %) x det [—} .
et bk 1< k<n ,g gai? — gk 1< k<n
By Lemma 2.2,

o [;} _ Thgjman G = ¢ — ()
gal? — =R || e [T} T (g7 — ¢ =5
) g™ = ¢ — 77
([T € T THo @ = 1)

— (-G
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Note that [T{_, ¢¥ = 1by (3.1). So

(DO [T pcn @ = ¢y (¢ — 707

C(=i) = @i .
1 1 (—1)n H?:l szl(l _ Ca]2+bk2)

4.3)

Case 1. p =1 (mod 4), i.e.,2 | n.
In this case, (%) = (—7“”) = —1. By Lemma 2.5,

n n
[T -y = ptr-brs,

j=1k=1

Combining this with (4.3) and (3.6), we get

2(p=1)/2 a2 ai? 2 2 D,(a,b)
== _ paj —bk® _ p—bjey _ TPV
C( 1) - p(p_l)/4 1_[ (é’ { )(; ; ) - (_p)(p_l)/4’
1< j<k<n
where D (a, b) is defined as in (3.5). Thus
D,(a. b) 75" (a, b) 2(p=D7/2

C(-1) = (—p)P=DA T (Cpe-DA T T

in view of (3.2) and (1.5). By Lemma 2.1, C(x) = C(0) + rx for certain real number
r. Since C(—1) is real, we have r = 0 and hence

Cx)=C(—i) = T, (a, b) zizw—l)/z
(—p)(p=D/4 N

Case?2. p =3 (mod4),ie.,21n.
In light of (2.9),

1—[ (O _ @y (0K bty =y,

1<j<k<n
Combining this with (2.11) and (4.3), we obtain

pr=3/4

C(—i) = 2)"(-H® D@

2ni(i2)(n—l)/2(_1)(71—1)/2
= (_1)(h(_p)+l)/2(%)ﬁi
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and hence
2(p=1)/2
NI

is a real number. Combining this with Lemma 2.1, we get that

C(—i) = (_1)(h(—17)+1)/2 <ﬁ>
P

a\ 2(=D/2
Clx) = C(=i) = (=DH=rHh2 (—)
p) Jr
In view of the above, we have completed the proof of Theorem 1.3. O

The following lemma is a well known result on quadratic Gauss sums (cf. [6,
pp. 70-76]).

Lemma 4.3 Let p be an odd prime. Then, for any integer a # 0 (mod p), we have

p—1 p—1
S erriax®/p — (ﬁ) 3 (L) 2mit/p _ <Z> [(—=1)p=D/2p.
x=0 p t=0 p p

Let p be an odd prime, and let ¢ = e2™/P Fora, b € 7 with p 1 ab, Lemmas 2.2

and 4.3 are helpful to evaluate det[z + 1/(;““/2 + g'bkz)]lgj,kg(p,l)/g. However, we
actually only need the case z = 0 in our previous proofs of Theorems 1.1-1.3.

Proof of Theorem 1.4 The Galois group Gal((@(;z”i/ P) /Q).consists of those Q-auto-
morphisms o, (1 < a < p — 1) with 0,(?™/P) = ¢*™4/P_ For any integer x #
0 (mod p), we have

X .enix/p 4 efnix/p .e2nix/p 41

cotmr— =1—; - =1—= .
p eTix/p _ o—mix/p e2mix/p _ |

It follows that

» _ det e27rijk/p +1
ip-n2 = Y ik

i|1<j,k<(p—1)/2

Leta € {1, ..., p — 1}. By the last equality,

P=D/2 srijz(j)/
b e2mjT(N/p 4
P — i riit)/p — 1
0 <1(p——1)/2> - U“( > sien@ [] 2T/ — 1)
T€S(p-1)/2 j=l

—1/2 Lo
= Z si n(r)(pl_[)/ T
= & e2miajt(/p — |

TES(p-1)/2 Jj=1
e2niajk/p +1
= det| a1
¢ — Ligiag(p-n /2
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ajk

= —— det |:cot71 i| ’
i(r—0/2 P di<jk<(p—1)/2

By Gauss’ Lemma (see, e.g., [6, p.52]),

(E) = (=)l1=i==1/2 {aj/p}>1/2}]
p

where {x} denotes the fractional part of a real number x. Therefore,

D (4) )k
o, : )4 —=- p det COtT[M
i(p—D/2 i(p=1/2 p 1<j.k<(p—1)/2

)

where p,(j) isthe uniquer € {1, ..., (p —1)/2} withaj = £r (mod p). Combining
this with Lemma 2.3, we deduce that

D () (p+D/2 ik
oo ( - J4 = - 14 a det cotnj—
i(p—D/2 iP=D/2 \ p P li<jk<(p—1)/2

a\* V2 p,
P i(p-D/2°

If p =1 (mod 4), then i?~1/2 = (—1)?~D/* € Q and hence 04(D),) = D). When
p =3 (mod 4), by Lemma 4.3 we have ./—p € Q(e**/?) and

p—1 p—1
0u(V=P) = %(Zez’”"z/ ”) =Y el = (3) NaT
x=0 x=0

p
therefore
. (_1)([]“)/4& _, D, _ 0a(D, /i~ D/2)
‘ NN VA aa(v/=P)
a (p—1)/2
_ (D, /i1 :(_1)([)-{—1)/4&
(5)V=r VP

and hence o,(D,/\/p) = Dp/\/P. .
By the above, if p = 1 (mod 4), then 0(D,) = D, forallo € Gal((e¥"1/7) )Q),
and hence D, € Q by Galois theory. Similarly, when p = 3 (mod 4),we have

D,/ p € Q.

The proof of Theorem 1.4 is now complete. O
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5 Some open conjectures

Conjecture 5.1 Let p be any odd prime. Then

—2\ det[cotm jk i -
(_) [cotm jk/Pligjk<(p-1)/2 c(.2.3...1. (5.1)

p 2(p=3)/2 p(p=5)/4

and this number is divisible by h(—p) if p = 3 (mod 4).
Remark 5.1 By Theorem 1.4, for any odd prime p, we have
jk

det |:cot T—

] e prDiQ.
P 1< e<(p-1)2

Conjecture 5.2 Let n be a positive integer.

(i) The number

k
s 1= (2n 4+ 1) det [tann J } (5.2)
2n+ 111Gk
is always an integer.
(ii)) We have
det |:tan2 7 } € 2n 4 1)ntD24n=17, (5.3)

Remark 5.2 Via Mathematica, we find that

s1=1, 50 =-2, s3=s54 =4, 55 =48, 56 = —160,
§7 = 32, S8 = 2176, 59 = 6912, 510 = 0, S11 = 273408.

Let ¢, denote the nth term of the sequence [5, A277445], which is the determinant of
amatrix T'(n) = [tjr]1< k<n With entries among 0, &1 such that

n .
wk Tj
2 tik sin = tan forallj=1,...,n.
;;]kl 1 m+1 J "

We guess that s, = —t, if » = 3 (mod 4), and s,, = 1, otherwise.
Conjecture 5.3 For any odd integer n > 1, we have
Jj+k

} en" 7. (5.4)
n 1<) .k<n—1

det |:tan2 T

Remark 5.3 We are able to prove that det[tan? njrl;k]lg jk<n—1 € Z for any odd
integer n > 1.
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Conjecture 5.4 Let p = 3 (mod 4) be a prime, and let a, b € 7 with p t ab. Then

aj? + bk?

det [tan2 T ] e pr=Iliy (5.5)
p 1<) k< (p—1)/2
and 5 5
2 + bk
det [tanznu] e pPHD/A7, (5.6)
p 0<j. k< (p—1)/2
If(%) =1, then
aj* + bk? 2p-3

e 7. (5.7)

det [cot2 T i|
p 1</ k< (p—1)/2 p

Let p = 1 (mod 4) be a prime, and let a, b € Z with p t ab. Choose ¢ € Z with
g> = —1 (mod p). Then

q [<a<qj>2 + b(qkﬁ) a(gj)* + b(qk)z}
et _— Jtang —m8M8M8M8M8M8M8 —
p p 0<j.k<(p=1)/2

-2 2 2 2
bk bk
()P gt [(u) tmu]
p p 0<j k< (p—1)/2

and hence

-2 ka -2 bk2
det |:<a] + ) tan + =0. (5.8)

p p L<j,k<<p—1>/2

Conjecture 5.5 Ler p = 3 (mod 4) be a prime and let a, b € Z with p { ab. Then

) 2 -2 2
bk bk
det [(u) tannu] € pZ. 5.9
p p 0<j.k<(p—1)/2
If(%) =1, then
-2 2 -2 2
bk bk
/P det [(u) cotnL} cZ. (5.10)
p p 1</.k<(p—1)/2

Remark 5.4 For any prime p = 3 (mod 4), set

1 2+ k2 2+ k2
a;,t ::—det|:<] >tan7r] i| .
p p p 0<j.k<(p—1)/2

Via Mathematica,we find that

af =a; =—1, af =60, a; =3, af; =2°x 3%, a;; = 373,
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af’9=212x3x52><7><11x17anda1_9=—5x7x89><3803.

Conjecture 5.6 Let p be an odd prime.
(1) Define

ik
S(p) ;= det [sec 2 J—:| .
P logjk<p-1)2

If p =1 (mod 4), then S(p) = 0. When p = 3 (mod 4), the number

S(p)
2(0=3/2(— p) D/

is a positive odd integer.
(ii) We have

1 ik
det [csc 2 hud e Z.

= 2(p=D/2 pp=5)/4 p }1<,’ k<(p=1)/2
Moreover, ¢, = 0if p =7 (mod 8).

Remark 5.5 By the way,we prove Theorem 1.4, and we can show that S(p)/pP+1/* ¢
Q and ¢, € Q for any odd prime p. In 2019,the author [12] conjectured that

1 ik ik n (n=1)/2
— det [cosnj—] = det |:cosnj—] = (—I)L%] n(n——l)/Z (5.11)
2n n 10 k<n n 1< k<n 2

for every positive integer n, this was later confirmed by Petrov (cf. the answer in [12]).

Conjecture 5.7 For any prime p = 3 (mod 4), there is an integer x, = 1 (mod p)
such that 5
)

det |:sec 2 ]
p 0<j.k<p—1

= —pPtI 1y (5.12)

Remark 5.6 For p = 3,7, 11, we may take x, = 1 in (5.12). For each prime p =
3 (mod 4), the author [13] conjectured in 2021 that

(j —k)?

} - p(r=72
p 1<) k<p—1

2r-1

’

det [sin 2m

which was later confirmed by Kalmynin (cf. the answer in [13]).
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