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Abstract

We demonstrate how formulas that express Hecke-type double-sums in terms of theta
functions and Appell-Lerch functions—the building blocks of Ramanujan’s mock
theta functions—can be used to give general string function formulas for the affine

Lie algebra AEI) forlevels N = 1, 2, 3, 4.

Keywords Hecke-type double-sums - Appell functions - Theta functions - String
functions - Affine Lie algebras

Mathematics Subject Classification 11B65 - 11F27

1 Notation

Let ¢ be a complex number where ¢ := ¢?"'" and 7 € § := {z € C|Jz > 0}. We
recall basic notation such as

n—1 00
@ =@ = [ [0 =g"0), Woo = ¥ @) =] [(1 —¢'0),
i=0 i=0

and j(xig) = Y (=1)"¢Dx" = (1)00(@/%)00(@)oo-

n=—00

where in the last line the equivalence of product and sum follows from Jacobi’s triple
product identity. We draw the reader’s attention to the fact that j(¢"; g) = Oforn € Z.
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554 E.T. Mortenson

Let a and m be integers with m positive. We give special notation to frequently
encountered theta functions

o0
Jam = jq"q"). Tam = j(—q"q"). Ju = Juzm =[]0 —q™).
i=1
and we also recall Dedekind’s eta-function:

1 o0
(@) =g [J(1—¢".

n=l1

We define an Appell-Lerch function as follows. Let x, z € C\{0} with neither z
nor xz an integral power of g. Then

(1.1)

m(x,z;q) =

1 (=1)rg® g
jzq) 2 1—glxz

r

Lastly, we recall a useful form of a Hecke-type double-sum [6]. For x, y € C\{0},

fabe@yo) = Y sg) (=) Pyt g @) (1)
r,S€Z
sg(r)=sg(s)

woy = |1 =0
B0 e <0,

2 Introduction

In [10], Kac and Peterson give several examples of string functions for affine Lie
algebras of type Agl) that have beautiful evaluations in terms of theta functions. See
also [11, 12]. Their string functions are closely related to the real quadratic fields
Q(/m(m + 2)). Indeed, if we fix a positive integer m, their string functions are of the
form [10, p. 260]:

n@Peh =t () = 3 sg(x)g " Im (2.1)

(x,y)eR?
—lxl<y=lx|
(x,y) or (1/2—x, 1/2—0—}')6((N+1)/2(171—0—2),/1/2171)+Z2

where N and n are integers with n = N (mod 2). Here we have replaced Kac and
Peterson’s notation (n, N, m) with (m, €, N) of [13]. In this form, m and £ parametrize
the maximal (resp. highest) weight in terms of the fundamental weights of the affine
Kac—Moody algebra g = Agl). See [10] and [13] for more details on string functions.

From [13] we recall that m, £, N are integers with N > 1, ¢ € {0,1,2,..., N},
and m = £ (mod 2). From [10, p. 260], [13] we find that

et = CN (@) = ¢t ™Y el (). 2.2)
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On Hecke-type double-sums 555

where
1 L . :
C;i\{,l(q) — F ZZ(_l)lqzl(l+m)+j((N+2)J+E+l)
l jeZieN
% [q%i(z(N+2)j+e+1) . q—%i(Z(N+2)j+€+1)}’ 2.3)
and

1 E+1> m?

U, N) = —= - —. 2.4
S N = et AN T2 AN @4
In [9] we derived the useful form:
1 1 L.
Coe@ = —5 - frrena@ 200, gm0 g, 2.5)

1

Identity (2.5) is very useful in computing the modularity of string functions. In [6],
one finds many formulas where Hecke-type double-sums are expressed in terms of
Appell-Lerch functions and theta functions. Appell-Lerch functions are the building
blocks of Ramanujan’s mock theta functions. A simple example of general results
found in [6] reads

2 2
. q°x . g%y
fia1(x, v, q) = J(y;q)m(?,—lzrf) + 0 m(Z5 ~1;¢%)
yJ3i(=x/y; 9)j(q*xy; %)

- . (2.6)
J0,3j(—qy?/x;43) j(—qx?/y; q%)

Such double-sum formulas provide a straightforward method for proving identities
for Ramanujan’s mock theta functions; in particular, the formulas give new proofs of
the mock theta conjectures [4-6]. As an example, one sees from (2.6) that

fi21, 4, 9) = j(q@; @m(q, =15 ¢) + j(q: m(q, —1; ¢°)
1 .6113370,114,3

= =)
Jo3 J55

=0+0+J2=J2 2.7

where we remind the reader that j(x; ¢g) = 0if and only if x is an integral power of g.
String functions satisfy many symmetries [13]:

c (g =c", (@, 2.8)
Cov 0(@) = Co\ i o(@), 2.9)
Covt(@) =CN_y (@) (2.10)
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556 E.T. Mortenson

Looking for a computationally easier approach to using (2.5) and formulas found in
[6] led to new symmetries. The author, Postnova, and Solovyev found [9]:

Theorem 2.1 [9, Theorem 1.1] We have

2K 2K $0m 6260 1+ (K+0) 1+Lm+o)
@) £ O @) = T3 (ficrt k1,1 (g TRERD glH30mt0g)
i
Lig— Lag— Lim—
£ 5 ficp 1 (g IR0, gD ),
2.11)
Corollary 2.2 [9, Corollary 1.2] We have
2K g* K 2K) K+1 1+im+k
Cok (@) = —5— fk+1k+10(¢ gt g, (2.12)
1
Corollary 2.3 [9, Corollary 1.3] For K = £ (mod 2), we have
2K g’ K620 1+4(k+0) 1-1(k—0)
Ckel@) = Jr+1,k+1,1(¢ 2 q 2 . q)- (2.13)

I

In this paper, we will use the relation (2.5), the double-sum formulas of [6], and
the new string function symmetries of [9] to give general string functions identities.
In particular we will prove general string function identities for levels N = 1, 2, 3, 4:

Theorem 2.4 For ¢ € {0, 1} and m = £ (mod 2), we have

—3(m*=€%) j3 01 _ g2 214
q JiChe(q) = Ji. (2.14)

Theorem 2.5 For ¢ € {0,1,2},0 <m <4, m = £ (mod 2), we have

J1,273,8 ifl=0,m=0,

q%Jl,zjl,g ife=0,m=2,

1 2 2

g 3mmrC (@)= hh ife=1m=1,3, (2.15)

q%J1,271,8 ife=2,m=0,
JiaJsg  ifL=2,m=2.
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On Hecke-type double-sums 557
Theorem 2.6 For¢ € {0,1,2,3},0<m <6, m = £ (mod 2), we have
Oo(q) if£=0,m =0,
03(q) if¢=0,m=2,4,
01(q) if6=1,m=1,5,
g RO e gy = { 2@ TE=1m =3, (2.16)
’ 02(q) ifL=2,m=0,
01(q) ifl=2,m=24,
03(q) if¢=3,m=1,5,
Oo(q) if£=3,m=3,
where
Ji - (Jg,15 — qJ2,15) fori =0,
J1J6,15 fori =1,
0i(q) == 1 . (2.17)
q3Ji- (s +qJis) fori =2,
q%J1J3,15 fori = 3.
Theorem 2.7 For £ € {0,1,2,3,4},0 <m < 8, and m = £ (mod 2), we have
Op(q) if£=0,m =0,
02(q) if£=0,m=2,6,
01(q) if£=0,m =4,
03(q) ife=1,m=1,7,
04(q) if€=1,m=23,5,
% ife=2,m=0,4,
g h= et (g = 15D " (2.18)
: O6(q) ifl=2,m=2,6,
Os(q) ifC=3m=1,7,
03(q) if€=3,m=3,5,
01(q) ifL=4,m=0,
0,(q) ifL=4,m=2,6,
bo(q) ifl=d,m=4,
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558 E.T. Mortenson

where

~(N1J36+ 1 J1p) fori =0,

1
; ~(N1J36 — N1 J12) fori =1,
4%1176,24 fori =2,

0i(q) == J1173,8 fori = 3, (2.19)
q2N1J18 fori = 4,
61‘1‘1171,6 fori =5,
J1,4J6,12 fori = 6.

We then demonstrate how the general string function identities give as special cases
examples found in [10, p. 220]:

Level 2:
c30 — cgs = (1) n(x/2). (2.20a)
Level 3:
ay=n@®2¢7* [  a-g¢", (2.21a)
>1
n;éizn_(mod 5)
C%g _ 6%2 _ n(T)—z 1/120 1—[ (1— qn/3), (2.21b)
n>1
n#+l (mod 5)
S —ch=n0 T a-4¢"5. 2.21¢)
n>1
n#+2 (mod 5)
Level 4:

c40 2022 +c 04 9+ 2 2C22 = n(r)_zn(r/6)_1n(r/12)2. (2.22a)

As an interesting consequence, once one has Theorems 2.4, 2.5, 2.6, 2.7 in mind,
identities such as (2.20a), (2.21b), (2.21c¢), and (2.22a) become special cases of the
classic theta function identity:

m—1
J@ )= 3 (1@ (1t g Btk gm gy, (2.23)
k=0

In particular identities (2.20a), (2.21b), (2.21c), and (2.22a) follow from the special-
izations m = 2, 3, 3, 12 respectively.

In Section 3, we recall background information on theta functions, Appell-Lerch
functions, and Hecke-type double-sums. In Section 4 we present a proof of Theorem
2.4. The proof is a corrected version of a sketch found in [6, Example 1.3]. In Section
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On Hecke-type double-sums 559

5 we present a new proof of Theorem 2.5. In Section 6 we present a new proof of
Theorem 2.6. In Section 7 we present a new proof of Theorem 2.7. In Section 8, we
use (2.15) to prove the level N = 2 identities. In Section 9, we use (2.16) to prove
the level N = 3 identities. In Section 10, we use (2.18) to prove the level N = 4
identities.

Although there are general formulas for level N string functions, see for example
[7] and [13, (6.5), (6.6)], we emphasize that our methods here are new. In particular,
Kac and Peterson appeal to modularity to prove the string function identities [10, p.
220]. They employ the transformation law for string functions under the full modular
group, calculate the first few terms in the Fourier expansions of the string functions,
and exploit the fact that a modular form vanishing at cusps to sufficiently high order
is zero. In the present paper, we use the relation (2.5), the double-sum formulas of [6].

We point out that the formula for N = 1 is well-known, and the formula for N = 2
is related to the Ising model in statistical mechanics. Our formulations for N = 3
and N = 4 appear to be new; however, some of the pieces can be found in [10, pp.
219-220].

3 Preliminaries
3.1 Theta functions

We collect some frequently encountered product rearrangements:

= - 20 - J3 LA Y
Jo1=2T14=—"2,T1p=—2- J1,=L T3="23,
o MR T T T T
J1Ja NIE — NENEWID)
Na=——J16=—, = )
J D J3 J1J4Js

Following from the definitions are the following general identities:

j@"q) = (=1"qgDx"j(x:q), nel, (3.1a)
J @) = ja/x; 9, (3.1b)
JOg) =i g ilgxs g™ - i@ kg™ E ifn =1, (3.l
JEM g™ = Juj (65 @) Guxs @) - G0 s g™ I (3.1d)

if n > 1, ¢, is a primitive n-th root of unity.
A convenient form of the Weierstrass three-term relation for theta functions is,

Proposition 3.1 For generic a, b, c,d € C*

Jlac;q)jla/c; q)jbd; q)j(b/d; q)
= jlad;q)j(a/d; q)j(bc; q)j(b/c; q) +b/c- jlab; q)j(a/b; q)j(cd; q)j(c/d; q).
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560 E.T. Mortenson

We collect several useful results about theta functions in terms of a proposition [1,
4,5]:

Proposition 3.2 For generic x,y,z € C*

Jx @) i q) = j(—xy; g0 j(—qx " y; ¢%) — xj(—qxy; ¢ j(—x"y; ¢?),

(3.2a)

J=x @) i) — s @) (=i q) = 2xj(x 7 y; gH) j(gxy; ¢P), (3.2b)

J=xiq)j(yig) + j(x: )i (—y:i @) = 2j(xyi gD jlgx "y g?). (3.2¢)
JGs @) j(yiq™)

n
= Z(—l)"q@xkj((—D”q(g”k”x”y; g""t)j(— g Ty g,
k=0
(3.2d)
‘We finish this subsection with a series of lemmas.
Lemma 3.3 We have
2016013 +2J3603,12 = Jo.1J0.2- (3.3)

Proof. We specialize (3.2d) to obtain

2
S @iia?) = 3 (DOt (g a2y ¢8)j(— ¢y gY). (B4

k=0
Hence
J(=1q)j(=1; qz)—Zq(z) g% i(—q9'" " ¢
k=0
=T16J13+ 36003 +qT16j(—q¢ ' ¢%)
=2J16J13+2J36J3.12- O

Lemma 3.4 We have
. _ — 3— 1— 4—
7@ q"%) =T 1004 + G T004 — 297 T 624 + 293 T8 04 +2q3 T 20,24
1— 25—
—2q72J1024 — 2912 J 22 24.

Proof (Proof of Lemma 3.4) From (2.23) with m = 12, we have

jx; q)_ e q66 12, q144 ZJ( q78 12 144)+qz /( q‘)O 12, q144)
_q 3 J( q102 12 144) +l] z J( q114 12,9144) quZSj( 9126Z12,l]144)
+(]1526J( q138 12, q144) q21Z7]( qISO 12 144) +q28181( q162 12, q144)
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On Hecke-type double-sums 561

36 9 174 12 144)+C]45 10 186 12 144) 55 11 198 12 144)

2 j(—q J(—q J(—q

Substituting x — ¢'/? and using identities (3.1a) and (3.1b) yields

1/2.

VACR))

25 —
=Jn, 144—q2J84 144 +¢q J96144—612J108 144 + 8T 120,144 — q 2 T130,144
18~ 49 — 81
+q"8T 144144 — q 7 T 156,144 + ¢ T 168,144 — q 21180,144—i-q 07 192,144

121 —
—q 2 J204,144

— 1 — J— 9 — 25 —
1 2 9
= J72,144 — q2 J 84,144 + g~ J 96,144 — q2 J 108, s +¢8 J120,144 — q 2 J 132,144

25
+¢" 70144 —q 2 Tio 104 + ¢ J24144—q2J36144+61 Jas, 144—612160 144

= J72.144 — 2117]84,144 +2¢% T 96,144 — 2q71108,144 + 2657 120,144
25— _
—2¢7 J130.144 4+ q"37 0, 144.

The result follow from identity (3.1b) and the substitution g — ¢'/°. O

3.2 Appell-Lerch functions

The Appell-Lerch function satisfies several functional equations and identities [6, 15]:

Proposition 3.5 For generic x,z € C*

m(x,z;q) = m(x,qz; q), (3.5a)
mx,z;q) =x""m(x"", 27" ), (3.5b)
m(gx,z;q) =1—xm(x,z;q), (3.5¢)

2047 j(z1/205 @) j (xz0215 q)

m(x,z1;q) —m(x,20; q) = = - - - . (3.5d)
J(zos @) j(z15 q)j(xz0: q) j(x21: q)
Corollary 3.6 We have
m(q, —1;¢%) = 1/2, (3.6)
m(—1,q;¢>) = 0. (3.7)

3.3 Hecke-type double-sums

We recall a few basic properties of Hecke-type double-sums. We have a proposition
and a corollary:

Proposition 3.7 [6, Proposition 6.3] For x, y € C\{O} and R, S € Z

R S
fape@r ¥, @) = ()R (=y)SqtQITORSTC) f ) (q@R¥PSx gPR¥eSy g
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562 E.T. Mortenson

R—-1 S—1
+ 30" @ "y ) + Y (9" D g x g, (3.8)

m=0 m=0
We also have the property [6, (6.2)]:

a+b+c

fabe(X,y,q) = — Fabc @t /x, 4% )y, q). (3.9)

In order to state the double-sum formulas that we will be using, we introduce the
useful

. b+1y_ _ 2_
g1.b,1(x,y,49,21,20) :=J(y;q)m(q(2) (=07 214" 1)
. b+1y _ _ 2_
+J(x;q)m(q( 2) y(=x)7", 205 ¢° 1). (3.10)

In [6, Theorem 1.3], we specialize n = 1, to have

Theorem 3.8 Let p be a positive integer. For generic x, y € C*

1
fipraG y.9) = g1 pr11(x, y, 9, =1, =) + =—— - 0,(x,y,9),

Jo.p+p)
where
pmipml +1
0,(x,y,q) = Z Zq(z)+(1+p)(r)(s+1)+( 3 )(7x)r(7y)x+l
r=0 s=0

. — 2, . 2
;2(2”)](_417(: NDx/y; qP")j(gP@tPe+)tpA+p) ypyp. gp Ctp)y

' jlgP@HPIT+PA+D)/2(—y)14P [ (—x); gP*CFP)) j(gPR+PIS+PU+D)/2(—x)14P [ (—y); qP*2+P))

The specialization for p = 1 will be of importance. It is just (2.6):
Corollary 3.9 We have
( Z _ Z )(_1)r+sxrysq(£)+2rs+(°2')
r,s>0 r,s<0
. q°x 3\, g’y 3
=Jj0; q)m(?, —liq ) + Jj(x; q)m<x—2, —liq )
VXY )@y g
Jo3j(=qy*/x, —qx?/y: ¢*)

@3.11)

For another useful result, we specialize [6, Theorem 1.4]toa =b =n,c = 1.

Theorem 3.10 Let n be a positive integer. Then

fn,n,l(x’ Y, CI) = hn,n,l(-xe v, q, —1, _1) - = 'Qn(x, Y, C]),

Jon—1J0p2_p
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On Hecke-type double-sums 563

where

Bpn1(x, ¥, 4,21, 20) 1= j(x; q")m( —q" tyx Tt 2 q"”)

o Q)m(q(g)x(—y)‘”, 20, 61"2_">,

and

n—1
_ d+1y | _ . 1Y _ _
0, (x, ¥, q) — Zq(n ( > )](q(n 1)(d+1)y; qn)]( _ qn(n H—(n 1)(d+1)xy l; qn(n 1))

Jr?(nfl)j(q 2)+(n—1)(d+1)(_y)1—n;qn(n—l))

J(=q@x(=y)=; gD j(gr=DE+D =1 y; gnin=D)

Theorem 3.10 has the following specializations.

Corollary 3.11 We have

21, y,9) =hyo1(x,y,q,—1,—1)

—Zq(d?)f(‘l”dy:qz)j(— ¢y ) B ) g
=0 471,472,8]( gx/y?; q) ( I4dy /x: q) )

where

hoo1(x,y,q, —1, —=1) = j(x; gHm(—qx~'y, q, —=1) + j(y; @)m(gxy =2, g% —1).

(3.13)
Corollary 3.12 We have
f3,3,1(x1 Yy, Q) = h3,3,1(x7 v, q, _1 _1)
2 . .
B gD (22 ) i (= g4 x /v g9) 2 (g5 1y 49) a1
= 472876247 (0% /% q°) j(¢*T2y/x: q°)
where
h331(x,y,q.—1,—1) = j(x; ¢)m(—q*x "'y, ¢*, —1)
+ i m(—g’xy ™, ¢% —1). (3.15)

In Theorem 3.8, we set 71 = zg = —1 in the Appell-Lerch expression (3.10). For
examples where p = 2, 3, we can set 71 = z;, = y/x to reduce the number of theta
quotients. For example, we can specialize [6, Theorem 1.9] to n = 1 to have

Theorem 3.13 For generic x, y € C\{0}
f130(0,y,9) = 8131(x, y, 4, y/x,x/y) = O12(x, ., q),
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564 E.T. Mortenson

where

_qxyhalsiei(@xy: q®)j(q*/x*y?: q")

@]’2()@ yv Q) = . .
J(=q3x%¢%) j(—=q3y?; ¢%)

We can also specialize [6, Theorem 1.10] to n = 1 to have
Theorem 3.14 For generic x, y € C\{0}
J141(x,y,q) = g141(x, Y, 4, y/x,x/y) = O13(x,y, ),
where
qxyJ3J15j(@*x, 4*y: ¢°)

J2j(q%x3; '5)j(q%3; ¢1%)
15) _

O13(x,y,9) =
: {j(q“xzy; g")j@" xy% ¢") = ¢*xyj(q"°x*y; ¢"%) j(q"°xy*; qls)}-

We can also specialize [6, Theorem 1.11] to n = 1 to have

Theorem 3.15 Let n be a positive odd integer. For generic x, y € C\{0}
S50, y,9) = g1,51(x.y, 4, y/x,x/y) — O14(x,y, q),
where

815100, v, g, y/x,x/y) :==j(; q)m( —q"xy 7 y/x; q24)

+jeom( =gy /vig®). (36
and
qxy
O1,4(x,y,9) == - [J4,16SI - qJ8,1652},
J(=q"%x%; ¢%*) j(—q'0y*; ¢
with
N _J@?x?y? —q"%y /31 g7 (@xyi ")
Tiy Jag
: {j(—q1°x2y2, g2y x% g™ I
N @x?j(—q?x?y% q*N j(qPy/x, —y /x5 ¢**)? ]
Jog ’
P _J@"x%y? —y/x:q*)j (" xy; q'?)
D= 5
‘]]2
_ {qzj(—qlox2y2, q"2y* /5% ¢**) Jus
yJ24
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On Hecke-type double-sums 565

qxj(—q*x%y?; q*) j(g*y? /x%; ¢*8)? }

+
Jag

Proposition 3.16 [6, Proposition 8.1] Let £ € Z, p € {1, 2, 3,4}, n € Nwith (n, p) =
1. For generic x, y € C\{0}

Fiiepa (. ¥, @) = gui4p1(x, v, 4. ¢ Py/x, g Px/y)
4
—(-0)qD 01 ,(¢'x. ¢" Py, ¢).
3.4 The general integral-level string function

We recall the notation

s(mgN)-_M_m_z_l (3.17)
UV AN 42) 4N 8 ’

and the fact that [13]:
CN (@) =g~ mENCN (). (3.18)

The following is a straightforward consequence of the symmetry relations (2.8) -
(2.10).

Lemma3.17 If

D S
I @) =g NN (), (3.19)

then

I o@ =N 0@ = Nt @ = FN - n—e(@)- (3.20)

4 Computing the general level N = 1 string function

Letusset N = 1.Here £ € {0, 1},0 <m < 2,m = £ (mod 2). The proof of Theorem
2.4 follows from a lemma, whose proof we do now.

Lemma4.1 We have
fiza(g.q.q) = Ji. 4.1)
Proof of Lemma 4.1 This is just the calculation found in (2.7). O

Proof of Theorem 2.4 For N = 1 we only need to be concerned with ¢ € {0, 1},
0 <m < 2,m = £ (mod 2). Which means we only need to compute the string
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566 E.T. Mortenson

functions for the (¢, m) tuples (0, 0) and (1, 1). For the case (¢, m) = (0, 0), we have

_Llon2_p2
g 3T IC, (@) = TiC0(@) = fiaalg.q.9) = It
where the last equality follows from Lemma 4.1. The case (¢, m) = (1, 1) follows
from Lemma 3.17. O
5 Computing the general level N = 2 string function

Here N = 2,¢ € {0,1,2},0 < m < 4,and m = ¢ (mod 2). We begin with a
proposition.

Proposition 5.1 We have

f13.10q.9.9) = J12738, (5.1
fi31@% q.9) = 1 ), (5.2)
fi3.10G% q% @) = Ji2T 13 (5.3)

Proof of Proposition 5.1 We use Theorem 3.13 and Proposition 3.16 with the special-
ization n = 1:

i3y, @) = i m(—=a’x/y?, ¢ y/x;: 6% + j ;s Om(—g y/x x /g% y: ¢*)

_ (—l)kq4k+1+(§)xk+1y 12,4J8,16j(q4k+3xy; q8)1(48k+14x2y2; q16)

J(=q%F3x2:¢%) j (=g +3y2: ¢®) 6

We prove (5.1). We use (5.4) with k = 1 to have

31 4, 9) =j(@; Om(=q>, ¢% ¢®) + j(q; Om(—¢>, a7 ¢%)
s 249316 (@°; ¢%)j(q%%; ¢'®)
J(=q7;4%)j(—q"; ¢®)

The m(x, z; q) terms are defined, and their theta coefficients are both zero. Hence

Fai@ea ) =4 J2.4J3.16(q%; %) j (% ¢'©) _ J2.448,16J1,8J10,16 — JiaTss
R J(=q": g% j(—=q": ¢®) J7873.8 e

where we have used (3.1a), (3.1b), and elementary product rearrangements.
We prove (5.2). We use (5.4) with k = 0 to have

fi31@% q,.9) =j(q; m(—q*, 7" ¢ + j (g% 9m(=1,q; ¢%)
12,498,161 (q% a)j (g% ¢'0)
(=474 j(=¢: ¢
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_J24J8,162,8J4,16
J1,8J58
=J1/2,

where we have used (3.1a), (3.1b), and elementary product rearrangements.
We prove (5.3). We use (5.4) with k = 1 to have

3@ q* @) =j@* m(—q.4% ¢%) + j(@* @m(—q.97 % ¢%)
i ads6i @' 4% @ q')
J(=q% ¢®)j(—q"%: ¢%)
_ 48160387216
B 71,875,8
=JinJ 18,

where we have used (3.1a), (3.1b), and elementary product rearrangements. ]

Proof of Theorem 2.5 For N = 2 we only need to be concerned with £ € {0, 1, 2},

0 <m < 4, m = £ (mod 2). Which means we only need to compute the string

functions for the (¢, m)-tuples (0, 0), (0, 2), (1, 1), (1, 3), (2,0), (2, 2). Because of

Lemma 3.17, we only need to be concerned with the (£, m)-tuples (0, 0), (1, 1), (2, 0).
For (¢, m) = (0, 0), we have

_lep2_p2 _
g 3O ge (@) = T @) = fi31(q.q.9) = J12T3s.
where the last equality follows from identity (5.1). For (¢, m) = (1, 1), we have
_lem2_p2

g 3" e, (@) = JPC (@) = fi31(d g, 9) = LD,

where the last equality follows from identity (5.2). For (¢, m) = (2, 0), we have
_Llem2_p2 1 1 )

g 3" IC, (@) = 92070 0(@) = 92 fizi (@ 47 @) = g2 N aT s,

where the last equality follows from identity (5.3). O

6 Computing the general level N = 3 string function

Here N =3,2€{0,1,2,3},0 <m < 6,andm = ¢ (mod 2). The proof of Theorem
2.6 follows from a proposition.

Proposition 6.1 We have

fra1(q,q,9) =J1- (.15 —qJ2,15), (6.1
fia1(q% q,q9) = i Je 15, (6.2)
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fian@® a> @) = Ji - (Jinas +qdi1s), (6.3)
fra1(@®, q* @) = 11 J3,15. (6.4)

Proof of Proposition 6.1 We use Theorem 3.14 and Proposition 3.16:

Flaioy,q) =i m@®x/y*, ¥ y/x; ¢") + jx; m@®y/x*, x /% v ¢")

Y@y S35 (@ s 6) j (@ i gd)
Jszj(q6+3kx3; q15)j(q6+]2ky3; q15)

. [j(6111+6kx2y; qIS)j(qll+9kxy2; q15)

_q4+5kxyj(ql6+6kx2y;qls)j(ql6+9kxy2;qls):l_ (6.5)

We prove (6.1). In (6.5), setk = 1

f1a41(q. 4. 9) =j(q: mq®, ¢% ¢") + j(q; 9mq®, a7 ¢")
o B3Nsji@* a2 i@’ q)
J2j (@' q'5)j(g?"; ¢1)
- [j(qzo; i@ 4" —q"j@®; 4™ i@ qls)]
qBBis)ishs _
J2J31576.15

[6]713J518,15 - 61712]5]2,15],

where we have used (3.1a). Simplifying, we have

J3Ji15J1,502,5

flai(g.q,9) =
JsJ3,15J6,15

. [18,15 - qu,ls] =Jp- [JS,IS - 61]2,15],

where we have twice used the product rearrangement Ji 5J25 = J1Js.
For (6.2), we recall (6.5) and set k = O to have

fran@®. q.9) =j@:mq’ . a7 " q") + j@* ma®, q: q")
a* 1315 %) 4%
J2j(q'% ¢'%)j(q% q"%)
: [j(qlé; aijq":q¢") = q" i@ q")j@q>: qls)]
_ J3J15J4,5J3,506,15J5
B J2J31506,15

=J1Js,15,

where for the last equality we used (3.1a), (3.1b), and elementary product rearrange-
ments.
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We prove (6.3). In (6.5), we set k = 2:

fran@®. . @) = j@* mq®. 4% q") + % om0 q")
a0 535i@% %) @' %)
J2j(q"8;q19) (g% q')
: [j(ng; 7)j@”:q") —q"% i@ ¢")jq*; qlS)]
_ BJSisTi5025
B J2J315J6.15

=Ji- [J4,15 +qJ14,15]-

. [qJ14,1515 + J4,15J5]

For (6.4), we take (6.5) and set k = 1:

fra1(@®. a* ) =j@* Om@*. % ¢") + j (@ m@™" g7 ")
14 B315j@% 4)j(q% 4°)
J3j(q"%:q")j(q*: q")
- [j(q25; q)j@”:q") —q" i@ ¢")j@* qlS)]
_B3Ji15J15035
B J2J315J09,15
=J1J3,15.

- JsJ12,15

O

Proof of Theorem 2.6 For N = 3 we only need to be concerned with £ € {0, 1,2, 3},
0<m < 6,m=¢ (mod 2). Because of Lemma 3.17, we only need to be concerned
with the (£, m)-tuples (0, 0), (1, 1), (2,0), (3, 1).

For (¢, m) = (0, 0), we have

—Lm2_p2
q "I (@) = TPC (@) = fra1(g.q.9) = J1 - (Ug1s — qJa.1s).
where the last equality follows from identity (6.1). For (¢, m) = (1, 1), we have
_Lm2_p2
g m"mge, (@) = JiCL (@) = fiai@® q.q) = Jids s,
where the last equality follows from identity (6.2). For (¢, m) = (2, 0), we have

12 2 1
g 2" Ie (@) = q377C ()

1 1
=43 fia1q% ¢* @) =q3J1 - (Ji115 + qJ115),
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where the last equality follows from identity (6.3). For (¢, m) = (3, 1), we have

12 2 2 2 2
g "=l (@) = ¢33 (@) = 43 f1a1@P 4% @) =43 N I3 s,

where the last equality follows from identity (6.4). O

7 Computing the general level N = 4 string function

Proof of Theorem 2.7 For N = 4 we only need to be concerned with £ € {0, 1, 2, 3, 4},
0 <m < 8 m = £ (mod 2). Because of Lemma 3.17, we only need to be
concerned with the (£, m)-tuples (0, 0), (0, 4), (0, 2), (1, 1), (1, 3), (2, 0), (2, 2). For
each (¢, m)-tuple, one uses Proposition 7.2 to compute

L2
16 (") y3eN

q ().

O

Proposition 7.1 We have
f3a1(=a*.q.9) —afsz1(—q*.q>.q) = ]2, (7.1a)
B3 q.9) +afs31qh 4 @) = T3, (7.1b)
fisa@® q* ) = e, (7.1¢)
300G q,9) = 14612, (7.1d)
fisa(@® 1,9) = g1 T 604, (7.1e)
£31@ q* a) +af3314". 4% q%) = H 14 (7.11)
f31(=a. 4% a5 —afs31(=q", 4% ¢ = hr 4. (7.1g)

Proposition 7.2 We have

4 =
Coolg) = > Utdz6+ id12), (7.2a)
1 =
Ciolg) = 9536 = 11012, (7.2b)
C30(@) = qJ176.24, (7.2¢)
Cti(q) = N1 T3s. (7.2d)
C?,I(CI) =JiJ13, (7.2¢)
Co2(q) = I T 16, (7.2f)
C3,(q) = J1.4J6.12. (7.2g)
Proof of Proposition 7.1 We recall

Cov o(@) =" "Nl (@) (1.3)
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We prove identities (7.2a) and (7.2b). From [9, Theorem 1.1], [10, p. 219], we have

- L

c 4 3 _gq 2
00(@) — Ciol@) = J <f331( 7’49 —afs31(=¢* ¢ ) = 5N
1 1

I\)"_

where the last equality follows from (7.1a). Similarly, we obtain an identity not in
[10]:

1

g 12 2 4 3 -5 1
73 <f3,3,1(q 4,9) +4f331(q . g ,q)> =q 127
1 1

Coo(@) + Ciolq) = 1736,

where the last equality follows from (7.1b). Hence

_ 1

Coolq) = 2 3 (11136+11J1 2),
,L
4 q 12 —
Ciolg) = E (J1J3,6 — J1J1,2).
i

The two identities (7.2a) and (7.2b) then follow from (7.3).
We prove identity (7.2c). From (2.5), [10, p. 219], we have

i 2
q_§
Cyo(q) = Tfl,s,l(qz, l.g) = —3J1 J6.24,
i Ji

where the last equality follows from (7.1e). Identity (7.2d) then follows from (7.3).
We prove identities (7.2d) and (7.2¢). From [9, Theorem 1.1], [10, p. 220], we have

1

A=

qg 6 —
€@ + 3160 = 5 (h00@ 0" ) + 53007 0% aD) ) = 5T,
73 N

where the last equality follows from (7.1f). Similarly, we obtain an identity not in
[10]:

A=

1(‘])_C31(‘]2)_ 73 (f331( .4 a») —afs31(-q".4° q))

1

3
= qJ—;JzJ]A,

where the last equality follows from (7.1g). Hence

A=
D=

2 — q_
i1 )——2 (J1,4+J1,4)=—2
22 J2

- J6,165
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=

=

q
C3.(q) = >

o

_ q_ _

: (J1,4 - J1,4) = —5 1416,
2

where we have used (2.23) with m = 2. Using (3.1b), we have

L

q712 —
Cli(q) = 7

1

1

q_ﬁ _

C31(q) =" Tis.
Jl

and the identities (7.2d) and (7.2¢) follow from (7.3).
We prove identity (7.2f). From (2.5), we obtain an identity which is not in [10]:

1

—_

qZ qZ _
Coo@) = "5 fis1@® a*a) = "5/ e, (7.4)
1

JP
where the last equality follows from (7.1c¢). Identity (7.2f) then follows from (7.3).

We prove identity (7.2g). Using [9, Corollary 1.3], we obtain an identity which is
not in [10]:

1 1
C3,(q) = Ff3,3,1(613, q.9) = FJ1,4JG,12’ (7.5)
i i

where the last equality follows from (7.1d). Identity (7.2g) then follows from (7.3).

O
Proof of Proposition 7.1 Identity (7.1a) is true by [8, Lemma 3.11].

We prove (7.1b). We recall Corollary 3.12. The contribution from (3.15) reads
h33106% g, g, —1, =) +qh331*, ¢, q. =1, 1)
= j(q% ¢Hm(=q, —1:¢*) + j(q; Pm(=¢*, —1; ¢%)
+ q(j(q4; am(—q, —1; 9% + j(q; 9m(—q ™%, —1; q6))
= j(¢% ¢m(—q. —1;:¢») + qj(q*; ¢ Im(—q, —1; ¢*)
=0,

where we have used (3.1a). Hence

f3a@* a.q) +afs314% a5 @)

- 2 qd(d+1)j(q3+2d; qS)j( _ q5—2d; qG)Jgj(q3+2d; 6]6)

d=0 472,876‘24].(6]2; qﬁ)j(q1+2d; q(’)
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2 4@V (52, %) j (= ¢52, ¢%) 13 j (g~ 1+ ¢9)
= 472876247 (072 q%)j(q'+%; ¢°)
B NJ2
202876202036
B NJ¢
2028760402036
= JiJ36,

—q
(73,6J1,6 + 71,6J3,6)

2j(q* ¢ jq* '

where for the penultimate equality we used (3.2c).
We prove (7.1c). Using (3.8) with (R, S) = (-2, 1), it is equivalent to show

-4’ fi51@. g7 q) = NiT1e. (7.6)
We recall Theorem 3.15. We have
f151(0,9,9) = g151(x,y,q,y/x,x/y) — Or4(x,y,9),
where x — ¢> and y — ¢~ yield

81510, ¥, g, y/x,x/y) = j(q" " m(=¢>*, g7 ¢
+j(@ m(—q "8, 4% ¢*H =0

and
g
Or4(x,y,9) = = - {J4,16$1—qfs,1652}
J (=g ¢ j(—q718: ¢%%)
PR
== {J4,1651 - qJ8,16Sz},
J 6,24
with
o 18, 24N io 1. 24y i3, 12
J@q g j(=19"j@q 97 . o
81 = Rk - j(=q% ™) jq "% N I3,
JirJas
_1Je2adoad312 —
12 /6, 243, 2
=—q —————Je624J1224J54,
Tiy Jas
and

5 = 1@ aiCa % ahi@% e a2 a g s
J5 q 7"
15 Jo.24J12.245.12 . J6.24J12.24 a8

J5 Jo4
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Hence
0 _
_ q Jo,24J004 0312 —
fi51@. 977, q) =T[q2J4,16g— Te2ad12.0403
J 6,24 TinJag
Jo.247 12,24 03,12 76,24J12,24J48]
— J8.16 3 :
I J24
q° 1312062401204 5 Jos 5 Jiops Jag
= = [ Jar6—5—— Sy — Js16—5— ]
J6,24 J12]48 Jiy o
°J312d600 01204 5 Jadi6d3, — JJindss —
== T3 13 [ Joo4 — ———- 112,24]
J6,24J75 J3Jag J1624
9
q° J3,12J6,24J12.24J4 [ »— - - -
= =3 [61218,24 ~Jo,24 — J404 J12,24]
J6 24-]12

93120624 J12.24 4
__1 [J424 T12.04 — q* T804 - J024]
J6,24-]12

Using (3.2a) with ¢ — ¢'2, x = y = g% we have

9
_ q° J3,12J6,24 12,24 J4 -
fisa@.q " q) =~ = Bn=—-4"ITie.
T6.2477 ’

We prove (7.1d). Here we show
)}i_ff}l B x,q) = Jiade 1. (7.7)

We recall Corollary 3.12. The contribution from (3.15) reads

lim (h3_3,1(x3,x,q, —1, _1))

X—>q

= lim [j(x3; m(—g*x72, =1 g5 + j(x; gm(—q>, —1; q6)]

B3j(=z7Y M j(zq?/x%: ¢ ]
J02j(z5 42 j(q%/x% ¢ j(—2q%/x%; q?)
J3J12i@ /%% ¢*) ]
Jo2J12j(q%/x% ¢2)j (=43 /x%; ¢?)
J37T12j(@x?; q%)
JoaJ1,2j(x%; 2)j(_qx2;q2)
J3T12j(qx%; q%) Ji
Jl Jo2J12j(x; 9)j(=x5 ) j(—qx?; ¢%) T2
J2 Jl
J1 To2Jdoa )2

= lim j(%s g [m(—q?x 72 247 + 2
X—q

= lim j(x%; q3)[m(—q2x_2, 9% +
x—q

=—hm1(x 7=

=— hm Jj&xq)jxw; q)](xw Q)

= jlqw; ) j(qw*; q)
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575

where the second equality follows from (3.5d). Hence

. 3
lim f331(x7, x,q)
X*)q

2 7 * —
_ EL; Cim qd(d+1)J3 (4 242d 3)]( g4y, 6)J(q5+2dx 2;q6)
2Joa RIS 4]281624](513, )J( 2+2dx—2 6)
3 im [Jgf(qzx;fl‘)f(—q %149 j(¢°x 2 4%)
2702 ¥4 4J28762493.6j (9%x72; q°)

a?13j(q*x:q?)j(—a*x* q%)j(a"x2: ¢°)
47287624036 (q*x72: q%)
4°75J(a°x: ) (= %% ¢%)j(a"x > qﬁ)]
4728762473,6j (q°x 2 ¢°)
3 [J3 i@x:a?) (= a*x* 4%)i(ax% ¢°)
2Jon ¥4 Jo2J0.673.6i (4*x%; q°)
L 5Ieilaxia?)i(= a*x% ) jax " ")
Jo2J0.603.6)(q*x72: q%)
_ Jéj(x;43)1(—x2;q6)j(q3f2;qf’)]
JoaJo.673.6 (x%: 4°)

3 J3 .
=—-—=— — lim | =—= : .
2To2 el Joadossei(a7x:a7)i( —a*xiq?) e
30 1 U3 P3N T26]
_3B 1B ehhehe

2702 2702 Jo2Joeliedr

Continuing, we have

3J2 173 J3NT26J
3 349 0671726716

f3,3,1(q3s47Q)=—_——— ey —
2Jo2 2J02  Jo2JoeJ3e)2

_1_33.[1+@]

Jo,2 J1.6J13

L _Is [T T+ T 0]
= 6J1,3 3,673,12

2 J2J4J12 L6 ’ !

2 — _
= J1,4J6,12 - T[h,dm + J3,6-’3,12]
Jo,1J0,2

= J1,4J6,12,

where the last equality follows from Lemma 3.3.

[Jé'j(qZX: @’)i(=4*** 4°)j(ax*: ¢°) Lf] PR/ RUREXTY.
Jo2J0.603.62

@ Springer



576 E.T. Mortenson

We prove (7.1e). Using (3.8) with (R, S) = (0, 1), it is equivalent to show

fisa@' q,q) = —qJ1T6a.

We recall Theorem 3.15. Arguing as in the proof of identity (7.1c), we find that under
the substitutions x — ¢’ and y — ¢, we have

81510, y,q, y/x.x/y) = j(gq; q)m< —q'%,q7% q24)

+ jq" q)m< —q, 4% 6124) =0

and that

7°
Or4(x,y,9) = = - {J4,1651 - q18,1652]
(=% ¢*" j(—=q'*: ¢
Rt
== {J4,1651 - qu,léSz}
J10,24
with

5 = J@*:a*Hj(=4%a*Hj@": 4" ¢"j(=a®a*j@% 6> (=% ¢*)?

1132J43 Jos4
_ - -
_—»di2aleoadia T10.24 98 2476 24
1132]48 Jo4
and
5 = 1@aia"% 0@ ™) 6% a?hiq" ")

JE Jag

- = 2
o1 ade04d512 J10,24 775 48
I Jag

Assembling the pieces, we have

23
q
fisaq’.q.9) = —= [J4,1661
J10,24

_ - , =2
_mnJ1024d624112 102405040604
J132J48 Jo4

- - 2
ey J224J6,24J5,12 J10,24112,48]
_ 5, .

1122 Jag
_ _‘176,241122,48 J10,24J1,12 .J_234 _ 2y Dp4ts1z 1
B J 10,24 [ Tl Ui S0 J5 J4s]
qJ 62470 451120512 Ty Ts12 J3 Ti12
- J 10,24 E[ 4’]61132148 . % - 1122J48]
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577
—qJ1J624 J . [78 245100312 — 2 T4249 11273 12]
T hdedi2 Ti004 e ' ’ e
— Ja L Jo
=—qJ1J624 "

J2J6J12 710’24 J_122

: [j(iq4; g j(—ig* ¢ Ts12T3.12 — ¢2jig; ') j(—ig?; 6112)71,1273,12],

where for the last equality we used (3.1d). Using Proposition 3.1 with ¢ — ¢'2,
a=—q,b=q* c=q* d=—iyields

J1J 62404024 . L
f51"q,9) = —qg——2=—"— - jiq”; ¢ j(=ig’; ") s 12J2.12
D JeJ12J 10,2405

= —qJ1J624.
We prove (7.1f). We recall Corollary 3.12. The contribution from (3.15) reads

h3310@% g% % =1, =1) +qhs 310", ¢% ¢*, =1, —1)
=j@% ¢®m(=¢®, —1: ¢ + j(¢* ¢P)m(—q~', =1, ¢'?)
q(j(q7; g®m(—q>, q*, =1 + j(q% gHm(—q, q'%, —1))

= j(q; ¢Om(—q>, —1; ¢4 + qj(q"; ¢®Im(—q*, =15 ¢*)
—0

where for the last equality we used (3.1a). Thus

f£31@°. g% a) +af3314 . 4% ¢%)
_ 22: qzd(d+1)j(_q8+id; qﬁ)j( _ q974d; q12)1132j(q2+4d; q12)
= JoaJo12j (g7 ') j (434 ¢'2)
L, 22: qzd(d+1)j(q_10+4_d; qﬁ)j( _ q9—4d; q12)J132j(q—2+4d; q12)
o JoaJo12j(a73: q'2) j (g7 q'?)
_Jld%4)i(— 4% 4a")Ihila% a)
T JoaJo12j(a"q"%)j(4% q'2)
a'2(a'%: 4%) i (- q: '2) 755 (4" ¢'?)
- JoaJo12j(a7":q"%)j(q': q12)
i@ 4% (= q%q") I (a 7% q")
JoaJo12(a7%:9")j (g% q'?)
7*i(@" %) i (- ¢% 4') 7 (g% )
Joado12i(a75:9"2)j(q7: ")

@ Springer



578 E.T. Mortenson

IR WERTY A SRP n L hInndh b

¥ 3 7 2
JoaJo1271,1203,12 JoaJo,1297 15
F 31208500, 12 n JJs 10050212
Jo,4J0,12J5,12J3,12 JO,4JO,12J52’12

where we have simplified using (3.1a). Regrouping terms, we have

faa@ q* ah +afs314, 4% 4%
o 12113212,12 .(73,12 _71,12>+ 121132]2,12 .<73,12 +75,12>

JoaJondin N2 Ji/ o Joadonndsin N2 Jsan
o VR .(_2q«]2.24116,24) n NV ERT) .(2-]8,24-]10,24)
70,47().12‘]1 12 J312J1,12 70,470.12‘]5,12 J3.12J5,12

_2J2113212,1218 <1224 J10,24>

T = 2 2
JoaJozBz12 Minn  Jspp

—9 Ddhhanls  Ju (11.12 N 75,12)
Joadonndsin J5 \iiz o s

—» Jiy 1208 I 250471604
Joadonndsiz J5  Jindsiz

=L,

where we used (3.2b) and (3.2¢) for the second equality, regrouped terms, used ele-
mentary product rearrangements, used (3.2¢) for the penultimate equality, and then
finished with more product rearrangements.

We prove (7.1g). This follows from substituting ¢ — —g¢ in (7.1f). O

8 Computing level N = 2 string functions: Examples
8.1 The string function c20 - c02 (2.20a):

We give two proofs of identity (2.20a).
For the first proof, we use Theorem 2.6 to obain

1

50 = Cio(q) = 1238, (8.1)

]3
7
16 —
39 = Cio(q) = 7 “J12J1s. 8.2)

Combining terms and using (3.1b), we have

1 1 1
qg % /= 1= q T
50 — o = ih (J3,8 —4217‘8) =h @' g = 7
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where used (2.23) with m = 2 and the two product rearrangements J1 2 = J 12 /J» and
Ji,4 = J1Js/ 2.
For the second proof, we use [9, Theorem 1.1] to obtain

30(q%) — c9(g*) = Cg,0(a) — C34(q*)
1

q 8
=5 (f2,2,1 —4.4%. 4" — qfr21(—=4", ¢*, qz))-
2

We next recall Corollary 3.11. We have

h221(=q%.q% %, —1,—1) — gh22.1(—¢°, ¢*, ¢*, =1, —1)
= j(—=q’:qMmiq. —1: ¢*) + j(q* ¢ Hm(—q. —1; ¢*)
-q- (j(—qs; qHm(q, —1;9») + j(q*; gHm(—q, —1; q4))
= j(=q% qHmqg. —1:¢») — qj(—q°: gHm(g. —1: ¢%)
—o,

where the last equality follows from (3.1a). Hence from Corollary 3.11:

fr21(=a.4*.4®) = afr21(=4". ¢*. ¢%
%% a)ilesa?) (- at a)
C 4TasTan6i(g:9%)i(— %Y
i@ a*)i(—a% a*)I3i(— 1: g%

47287416j (0" q%)i(—q: q%)

_ JoadiadiTo4

202874160147 14

= JiJa,

where the last equality follows from product rearrangements.

9 Computing level N = 3 string functions: Examples
9.1 The string function c3J (2.21a):

Using Theorem 2.6 gives

-

1
qu

It

=

iy =C30(q) = - J3,15. 9.1)
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9.2 The string function ‘30 - c1g (2.21b):
Using Theorem 2.6 gives

3
g~%
30 = Cooq) = 7 - (Jg,15 — qJ2,15). (9.2)
i

From (2.23) with m = 3 and (3.1a), we have
_ 2 3
Jo5 = o145 — q" J36,45 + G Js 45,
and under the substitution ¢ — ¢'/3 we have

2/3.

i@ 6% = 115 — ¢*PJnas — g das.

Identity (2.21b) is now straightforward

3 3
q o qg w .
30— ¢y = 5 (g5 —qJa1s — P T 1s) = = j (¢ ¢7).
J; J;
9.3 The string function ¢3] — ¢} (2.21¢):
Using Theorem 2.6 gives
1
21 120
1 =Ci () = - J6,15, 9.3)
Jl
13
q®
s =C3,(@) = 7 ~(J11,15 + g J1,15)- 94)

1

From (2.23) with m = 3 and (3.1a), we have
Ji.5 = Jigas — qJ3sas — q* J3.45.
The substitution ¢ — ¢'/3 yields
i@ g7 = Jsas — q' P s — g I
Hence

1 1
120 120

q
1 — g3 = 72 [J6 15—q'3 - (s +qd, 15)]
1 1

113, 4513y,

- Jjlq
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10 Computing level N = 4 string functions: Examples
10.1 The string function ¢;) — 2¢33 + ¢33 + 2¢22 — 2c23 (2.22a)
Using Theorem 2.6 gives
1
q_ﬁ —
C4o —Coo(CI) 3 “(J36+ J1.2), (10.1)
2J;
3
q‘ j—
5y = C;,O(CI) = 716,24, (10.2)
1
1
q_ﬁ
Co4 = C4 ()(CI) 3 (J3,6 —Ji1,2) (10.3)
2J;
1
qZ —
i = Coo@ = 3716 (10.4)
1
1 —
1

Hence

¢40 — 233 + g4 + 2¢3; — 23

1 - 2 1— _
27'(6] ‘213,6—26]3J6,24+2q411,6—212,6)

1

1 L= 3= 2— 1
:7'(‘1 2(J1224 +q7Jo,24) —2g3J604 +2q%

1

—2(J10.24 + 612722,24))

q

S=

Ji
1 25—
—2q72J 1024 —2g 12 122,24)

1

_q "7 112, 41/6
72 J(q ),

where the second equality follows from (2.23) with m =
follows from Lemma 3.4.
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