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Abstract
We demonstrate how formulas that express Hecke-type double-sums in terms of theta
functions and Appell–Lerch functions—the building blocks of Ramanujan’s mock
theta functions—can be used to give general string function formulas for the affine
Lie algebra A(1)

1 for levels N = 1, 2, 3, 4.
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1 Notation

Let q be a complex number where q := e2π iτ and τ ∈ H := {z ∈ C|�z > 0}. We
recall basic notation such as

(x)n = (x; q)n :=
n−1∏

i=0

(1 − qi x), (x)∞ = (x; q)∞ :=
∞∏

i=0

(1 − qi x),

and j(x; q) :=
∞∑

n=−∞
(−1)nq(n2)xn = (x)∞(q/x)∞(q)∞,

where in the last line the equivalence of product and sum follows from Jacobi’s triple
product identity.We draw the reader’s attention to the fact that j(qn; q) = 0 for n ∈ Z.
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554 E. T. Mortenson

Let a and m be integers with m positive. We give special notation to frequently
encountered theta functions

Ja,m := j(qa; qm), Ja,m := j(−qa; qm), Jm := Jm,3m =
∞∏

i=1

(1 − qmi ),

and we also recall Dedekind’s eta-function:

η(τ) := q
1
24

∞∏

n=1

(1 − qn).

We define an Appell–Lerch function as follows. Let x, z ∈ C\{0} with neither z
nor xz an integral power of q. Then

m(x, z; q) := 1

j(z; q)

∑

r

(−1)r q(r2)zr

1 − qr−1xz
. (1.1)

Lastly, we recall a useful form of a Hecke-type double-sum [6]. For x, y ∈ C\{0},

fa,b,c(x, y, q) :=
∑

r ,s∈Z
sg(r)=sg(s)

sg(r)(−1)r+s xr ysqa(
r
2)+brs+c(s2), (1.2)

sg(r) :=
{
1 if r ≥ 0,

−1 if r < 0.

2 Introduction

In [10], Kac and Peterson give several examples of string functions for affine Lie
algebras of type A(1)

1 that have beautiful evaluations in terms of theta functions. See
also [11, 12]. Their string functions are closely related to the real quadratic fields
Q(

√
m(m + 2)). Indeed, if we fix a positive integerm, their string functions are of the

form [10, p. 260]:

η(τ)3cN−�,�
N−m,m(τ ) =

∑

(x,y)∈R2

−|x |<y≤|x |
(x,y) or (1/2−x,1/2+y)∈((N+1)/2(m+2),n/2m)+Z

2

sg(x)q(m+2)x2−my2 , (2.1)

where N and n are integers with n ≡ N (mod 2). Here we have replaced Kac and
Peterson’s notation (n, N ,m)with (m, �, N ) of [13]. In this form,m and � parametrize
the maximal (resp. highest) weight in terms of the fundamental weights of the affine
Kac–Moody algebra g = A(1)

1 . See [10] and [13] for more details on string functions.
From [13] we recall that m, �, N are integers with N ≥ 1, � ∈ {0, 1, 2, . . . , N },

and m ≡ � (mod 2). From [10, p. 260], [13] we find that

cN−�,�
N−m,m := CN

m,�(q) = qs(m,�,N ) · CN
m,�(q), (2.2)
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On Hecke-type double-sums 555

where

CN
m,�(q) = 1

J 31

∑

j∈Z

∑

i∈N
(−1)i q

1
2 i(i+m)+ j((N+2) j+�+1)

×
{
q

1
2 i(2(N+2) j+�+1) − q− 1

2 i(2(N+2) j+�+1)
}
, (2.3)

and

s(m, �, N ) := −1

8
+ (� + 1)2

4(N + 2)
− m2

4N
. (2.4)

In [9] we derived the useful form:

CN
m,�(q) = 1

J 31
· f1,1+N ,1(q

1+ 1
2 (m+�)

, q1−
1
2 (m−�)

, q). (2.5)

Identity (2.5) is very useful in computing the modularity of string functions. In [6],
one finds many formulas where Hecke-type double-sums are expressed in terms of
Appell-Lerch functions and theta functions. Appell–Lerch functions are the building
blocks of Ramanujan’s mock theta functions. A simple example of general results
found in [6] reads

f1,2,1(x, y, q) = j(y; q)m
(q2x
y2

,−1; q3) + j(x; q)m
(q2y
x2

,−1; q3)

− y J 33 j(−x/y; q) j(q2xy; q3)
J 0,3 j(−qy2/x; q3) j(−qx2/y; q3) . (2.6)

Such double-sum formulas provide a straightforward method for proving identities
for Ramanujan’s mock theta functions; in particular, the formulas give new proofs of
the mock theta conjectures [4–6]. As an example, one sees from (2.6) that

f1,2,1(q, q, q) = j(q; q)m(q,−1; q3) + j(q; q)m(q,−1; q3)

− 1

J 0,3
· q J

3
3 J 0,1 J4,3

J
2
2,3

= 0 + 0 + J 21 = J 21 , (2.7)

where we remind the reader that j(x; q) = 0 if and only if x is an integral power of q.
String functions satisfy many symmetries [13]:

CN
m,�(q) = CN

−m,�(q), (2.8)

CN
m,�(q) = CN

2N−m,�(q), (2.9)

CN
m,�(q) = CN

N−m,N−�(q). (2.10)
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556 E. T. Mortenson

Looking for a computationally easier approach to using (2.5) and formulas found in
[6] led to new symmetries. The author, Postnova, and Solovyev found [9]:

Theorem 2.1 [9, Theorem 1.1] We have

C2K
m,�(q) ± C2K

2K−m,�(q) = qs(m,�,2K )

J 31

(
fK+1,K+1,1(±q1+

1
2 (K+�), q1+

1
2 (m+�), q)

± q
1
2 (K−�) fK+1,K+1,1(±q1+

1
2 (3K−�), q1+K+ 1

2 (m−�), q)
)
.

(2.11)

Corollary 2.2 [9, Corollary 1.2] We have

C2K
m,K (q) = qs(m,K ,2K )

J 31
fK+1,K+1,1(q

K+1, q1+
1
2 (m+K ), q). (2.12)

Corollary 2.3 [9, Corollary 1.3] For K ≡ � (mod 2), we have

C2K
K ,�(q) = qs(K ,�,2K )

J 31
fK+1,K+1,1(q

1+ 1
2 (K+�), q1−

1
2 (K−�), q). (2.13)

In this paper, we will use the relation (2.5), the double-sum formulas of [6], and
the new string function symmetries of [9] to give general string functions identities.
In particular we will prove general string function identities for levels N = 1, 2, 3, 4:

Theorem 2.4 For � ∈ {0, 1} and m ≡ � (mod 2), we have

q− 1
4 (m2−�2) J 31 C1m,�(q) = J 21 . (2.14)

Theorem 2.5 For � ∈ {0, 1, 2}, 0 ≤ m < 4, m ≡ � (mod 2), we have

q− 1
8 (m2−�2) J 31 C2m,�(q) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

J1,2 J 3,8 if � = 0,m = 0,

q
1
2 J1,2 J 1,8 if � = 0,m = 2,

J1 J2 if � = 1,m = 1, 3,

q
1
2 J1,2 J 1,8 if � = 2,m = 0,

J1,2 J 3,8 if � = 2,m = 2.

(2.15)
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Theorem 2.6 For � ∈ {0, 1, 2, 3}, 0 ≤ m < 6, m ≡ � (mod 2), we have

q− 1
12 (m2−�2) J 31 C3m,�(q) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

θ0(q) if � = 0,m = 0,

θ3(q) if � = 0,m = 2, 4,

θ1(q) if � = 1,m = 1, 5,

θ2(q) if � = 1,m = 3,

θ2(q) if � = 2,m = 0,

θ1(q) if � = 2,m = 2, 4,

θ3(q) if � = 3,m = 1, 5,

θ0(q) if � = 3,m = 3,

(2.16)

where

θi (q) :=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

J1 · (J8,15 − q J2,15) for i = 0,

J1 J6,15 for i = 1,

q
1
3 J1 · (J11,15 + q J1,15) for i = 2,

q
2
3 J1 J3,15 for i = 3.

(2.17)

Theorem 2.7 For � ∈ {0, 1, 2, 3, 4}, 0 ≤ m < 8, and m ≡ � (mod 2), we have

q− 1
16 (m2−�2) J 31 C4m,�(q) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

θ0(q) if � = 0,m = 0,

θ2(q) if � = 0,m = 2, 6,

θ1(q) if � = 0,m = 4,

θ3(q) if � = 1,m = 1, 7,

θ4(q) if � = 1,m = 3, 5,

θ5(q) if � = 2,m = 0, 4,

θ6(q) if � = 2,m = 2, 6,

θ4(q) if � = 3,m = 1, 7,

θ3(q) if � = 3,m = 3, 5,

θ1(q) if � = 4,m = 0,

θ2(q) if � = 4,m = 2, 6,

θ0(q) if � = 4,m = 4,

(2.18)
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where

θi (q) :=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
2 · (J1 J 3,6 + J1 J1,2) for i = 0,
1
2 · (J1 J 3,6 − J1 J1,2) for i = 1,

q
3
4 J1 J 6,24 for i = 2,

J1 J 3,8 for i = 3,

q
1
2 J1 J 1,8 for i = 4,

q
1
4 J1 J 1,6 for i = 5,

J1,4 J6,12 for i = 6.

(2.19)

We then demonstrate how the general string function identities give as special cases
examples found in [10, p. 220]:
Level 2:

c2020 − c2002 = η(τ)−2η(τ/2). (2.20a)

Level 3:

c3012 = η(τ)−2q27/40
∏

n≥1
n 	≡±2 (mod 5)

(1 − q3n), (2.21a)

c3030 − c3012 = η(τ)−2q1/120
∏

n≥1
n 	≡±1 (mod 5)

(1 − qn/3), (2.21b)

c2121 − c2103 = η(τ)−2q3/40
∏

n≥1
n 	≡±2 (mod 5)

(1 − qn/3). (2.21c)

Level 4:

c4040 − 2c4022 + c4004 + 2c2204 − 2c2222 = η(τ)−2η(τ/6)−1η(τ/12)2. (2.22a)

As an interesting consequence, once one has Theorems 2.4, 2.5, 2.6, 2.7 in mind,
identities such as (2.20a), (2.21b), (2.21c), and (2.22a) become special cases of the
classic theta function identity:

j(z; q) =
m−1∑

k=0

(−1)kq(k2)zk j
(
(−1)m+1q(m2)+mkzm; qm2)

. (2.23)

In particular identities (2.20a), (2.21b), (2.21c), and (2.22a) follow from the special-
izations m = 2, 3, 3, 12 respectively.

In Section 3, we recall background information on theta functions, Appell–Lerch
functions, and Hecke-type double-sums. In Section 4 we present a proof of Theorem
2.4. The proof is a corrected version of a sketch found in [6, Example 1.3]. In Section
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On Hecke-type double-sums 559

5 we present a new proof of Theorem 2.5. In Section 6 we present a new proof of
Theorem 2.6. In Section 7 we present a new proof of Theorem 2.7. In Section 8, we
use (2.15) to prove the level N = 2 identities. In Section 9, we use (2.16) to prove
the level N = 3 identities. In Section 10, we use (2.18) to prove the level N = 4
identities.

Although there are general formulas for level N string functions, see for example
[7] and [13, (6.5), (6.6)], we emphasize that our methods here are new. In particular,
Kac and Peterson appeal to modularity to prove the string function identities [10, p.
220]. They employ the transformation law for string functions under the full modular
group, calculate the first few terms in the Fourier expansions of the string functions,
and exploit the fact that a modular form vanishing at cusps to sufficiently high order
is zero. In the present paper, we use the relation (2.5), the double-sum formulas of [6].

We point out that the formula for N = 1 is well-known, and the formula for N = 2
is related to the Ising model in statistical mechanics. Our formulations for N = 3
and N = 4 appear to be new; however, some of the pieces can be found in [10, pp.
219-220].

3 Preliminaries

3.1 Theta functions

We collect some frequently encountered product rearrangements:

J 0,1 = 2J 1,4 = 2J 22
J1

, J 1,2 = J 52
J 21 J

2
4

, J1,2 = J 21
J2

, J 1,3 = J2 J 23
J1 J6

,

J1,4 = J1 J4
J2

, J1,6 = J1 J 26
J2 J3

, J 1,6 = J 22 J3 J12
J1 J4 J6

.

Following from the definitions are the following general identities:

j(qnx; q) = (−1)nq−(n2)x−n j(x; q), n ∈ Z, (3.1a)

j(x; q) = j(q/x; q), (3.1b)

j(x; q) = J1 j(x; qn) j(qx; qn) · · · j(qn−1x; qn)/Jnn if n ≥ 1, (3.1c)

j(xn; qn) = Jn j(x; q) j(ζnx; q) · · · j(ζ n−1
n x; qn)/Jn1 , (3.1d)

if n ≥ 1, ζn is a primitive n-th root of unity.
A convenient form of the Weierstrass three-term relation for theta functions is,

Proposition 3.1 For generic a, b, c, d ∈ C
∗

j(ac; q) j(a/c; q) j(bd; q) j(b/d; q)

= j(ad; q) j(a/d; q) j(bc; q) j(b/c; q) + b/c · j(ab; q) j(a/b; q) j(cd; q) j(c/d; q).
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560 E. T. Mortenson

We collect several useful results about theta functions in terms of a proposition [1,
4, 5]:

Proposition 3.2 For generic x, y, z ∈ C
∗

j(x; q) j(y; q) = j(−xy; q2) j(−qx−1y; q2) − x j(−qxy; q2) j(−x−1y; q2),
(3.2a)

j(−x; q) j(y; q) − j(x; q) j(−y; q) = 2x j(x−1y; q2) j(qxy; q2), (3.2b)

j(−x; q) j(y; q) + j(x; q) j(−y; q) = 2 j(xy; q2) j(qx−1y; q2). (3.2c)

j(x; q) j(y; qn)

=
n∑

k=0

(−1)kq(k2)xk j
(
(−1)nq(n2)+knxn y; qn(n+1)) j

( − q1−k x−1y; qn+1).

(3.2d)

We finish this subsection with a series of lemmas.

Lemma 3.3 We have

2J 1,6 J 1,3 + 2J 3,6 J 3,12 = J 0,1 J 0,2. (3.3)

Proof. We specialize (3.2d) to obtain

j(x; q) j(y; q2) =
2∑

k=0

(−1)kq(k2)xk j
(
q1+2k x2y; q6) j( − q1−k x−1y; q3). (3.4)

Hence

j(−1; q) j(−1; q2) =
2∑

k=0

q(k2) j
( − q1+2k; q6) j( − q1−k; q3)

= J 1,6 J 1,3 + J 3,6 J 0,3 + q J 1,6 j(−q−1; q3)
= 2J 1,6 J 1,3 + 2J 3,6 J 3,12.

Lemma 3.4 We have

j(q1/12; q1/6) = J 12,24 + q3 J 0,24 − 2q
3
4 J 6,24 + 2q

1
3 J 8,24 + 2q

4
3 J 20,24

− 2q
1
12 J 10,24 − 2q

25
12 J 22,24.

Proof (Proof of Lemma 3.4) From (2.23) with m = 12, we have

j(x; q) = j(−q66z12; q144) − z j(−q78z12; q144) + qz2 j(−q90z12; q144)
− q3z3 j(−q102z12; q144) + q6z4 j(−q114z12; q144) − q10z5 j(−q126z12; q144)
+ q15z6 j(−q138z12; q144) − q21z7 j(−q150z12; q144) + q28z8 j(−q162z12; q144)
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On Hecke-type double-sums 561

− q36z9 j(−q174z12; q144) + q45z10 j(−q186z12; q144) − q55z11 j(−q198z12; q144).

Substituting x → q1/2 and using identities (3.1a) and (3.1b) yields

j(q1/2; q)

= J 72,144 − q
1
2 J 84,144 + q2 J 96,144 − q

9
2 J 108,144 + q8 J 120,144 − q

25
2 J 132,144

+ q18 J 144,144 − q
49
2 J 156,144 + q32 J 168,144 − q

81
2 J 180,144 + q50 J 192,144

− q
121
2 J 204,144

= J 72,144 − q
1
2 J 84,144 + q2 J 96,144 − q

9
2 J 108,144 + q8 J 120,144 − q

25
2 J 132,144

+ q18 J 0,144 − q
25
2 J 12,144 + q8 J 24,144 − q

9
2 J 36,144 + q2 J 48,144 − q

1
2 J 60,144

= J 72,144 − 2q
1
2 J 84,144 + 2q2 J 96,144 − 2q

9
2 J 108,144 + 2q8 J 120,144

− 2q
25
2 J 132,144 + q18 J 0,144.

The result follow from identity (3.1b) and the substitution q → q1/6.

3.2 Appell–Lerch functions

The Appell-Lerch function satisfies several functional equations and identities [6, 15]:

Proposition 3.5 For generic x, z ∈ C
∗

m(x, z; q) = m(x, qz; q), (3.5a)

m(x, z; q) = x−1m(x−1, z−1; q), (3.5b)

m(qx, z; q) = 1 − xm(x, z; q), (3.5c)

m(x, z1; q) − m(x, z0; q) = z0 J 31 j(z1/z0; q) j(xz0z1; q)

j(z0; q) j(z1; q) j(xz0; q) j(xz1; q)
. (3.5d)

Corollary 3.6 We have

m(q,−1; q2) = 1/2, (3.6)

m(−1, q; q2) = 0. (3.7)

3.3 Hecke-type double-sums

We recall a few basic properties of Hecke-type double-sums. We have a proposition
and a corollary:

Proposition 3.7 [6, Proposition 6.3] For x, y ∈ C\{0} and R, S ∈ Z

fa,b,c(x, y, q) = (−x)R(−y)Sqa(
R
2)+bRS+c(S2) fa,b,c(q

aR+bSx, qbR+cS y, q)
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562 E. T. Mortenson

+
R−1∑

m=0

(−x)mqa(
m
2) j(qmby; qc) +

S−1∑

m=0

(−y)mqc(
m
2) j(qmbx; qa). (3.8)

We also have the property [6, (6.2)]:

fa,b,c(x, y, q) = −qa+b+c

xy
fa,b,c(q

2a+b/x, q2c+b/y, q). (3.9)

In order to state the double-sum formulas that we will be using, we introduce the
useful

g1,b,1(x, y, q, z1, z0) := j(y; q)m
(
q(b+1

2 )−1x(−y)−b, z1; qb2−1
)

+ j(x; q)m
(
q(b+1

2 )−1y(−x)−b, z0; qb2−1
)
. (3.10)

In [6, Theorem 1.3], we specialize n = 1, to have

Theorem 3.8 Let p be a positive integer. For generic x, y ∈ C
∗

f1,p+1,1(x, y, q) = g1,p+1,1(x, y, q,−1,−1) + 1

J 0,p(2+p)
· θp(x, y, q),

where

θp(x, y, q) :=
p−1∑

r=0

p−1∑

s=0

q(r2)+(1+p)(r)(s+1)+(s+1
2 )(−x)r (−y)s+1

·
J 3
p2(2+p)

j(−q p(s−r)x/y; q p2 ) j(q p(2+p)(r+s)+p(1+p)x p y p; q p2(2+p))

j(q p(2+p)r+p(1+p)/2(−y)1+p/(−x); q p2(2+p)) j(q p(2+p)s+p(1+p)/2(−x)1+p/(−y); q p2(2+p))
.

The specialization for p = 1 will be of importance. It is just (2.6):

Corollary 3.9 We have

( ∑

r ,s≥0

−
∑

r ,s<0

)
(−1)r+s xr ysq(r2)+2rs+(s2)

= j(y; q)m
(q2x

y2
,−1; q3

)
+ j(x; q)m

(q2y
x2

,−1; q3
)

− y J 33 j(−x/y; q) j(q2xy; q3)
J 0,3 j(−qy2/x,−qx2/y; q3) . (3.11)

For another useful result, we specialize [6, Theorem 1.4] to a = b = n, c = 1.

Theorem 3.10 Let n be a positive integer. Then

fn,n,1(x, y, q) = hn,n,1(x, y, q,−1,−1) − 1

J 0,n−1 J 0,n2−n

· θn(x, y, q),
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On Hecke-type double-sums 563

where

hn,n,1(x, y, q, z1, z0) := j(x; qn)m
(

− qn−1yx−1, z1; qn−1
)

+ j(y; q)m
(
q(n2)x(−y)−n, z0, q

n2−n
)
,

and

θn(x, y, q) :=
n−1∑

d=0

q(n−1)(d+1
2 ) j

(
q(n−1)(d+1)y; qn) j( − qn(n−1)−(n−1)(d+1)xy−1; qn(n−1))

· J 3n(n−1) j
(
q(n2)+(n−1)(d+1)(−y)1−n; qn(n−1)

)

j
( − q(n2)x(−y)−n; qn(n−1)) j(q(n−1)(d+1)x−1y; qn(n−1)

) .

Theorem 3.10 has the following specializations.

Corollary 3.11 We have

f2,2,1(x, y, q) = h2,2,1(x, y, q,−1,−1)

−
1∑

d=0

q(d+1
2 ) j

(
q1+d y; q2) j( − q1−d x/y; q2)J 32 j

( − q2+d/y; q2)

4J 1,4 J 2,8 j
( − qx/y2; q2) j(q1+d y/x; q2) , (3.12)

where

h2,2,1(x, y, q,−1,−1) = j(x; q2)m(−qx−1y, q,−1) + j(y; q)m(qxy−2, q2,−1).
(3.13)

Corollary 3.12 We have

f3,3,1(x, y, q) = h3,3,1(x, y, q,−1,−1)

−
2∑

d=0

qd(d+1) j
(
q2+2d y; q3) j( − q4−2d x/y; q6)J 36 j

(
q5+2d/y2; q6)

4J 2,8 J 6,24 j
(
q3x/y3; q6) j(q2+2d y/x; q6) , (3.14)

where

h3,3,1(x, y, q,−1,−1) = j(x; q3)m(−q2x−1y, q2,−1)

+ j(y; q)m(−q3xy−3, q6,−1). (3.15)

In Theorem 3.8, we set z1 = z0 = −1 in the Appell–Lerch expression (3.10). For
examples where p = 2, 3, we can set z1 = z−1

0 = y/x to reduce the number of theta
quotients. For example, we can specialize [6, Theorem 1.9] to n = 1 to have

Theorem 3.13 For generic x, y ∈ C\{0}

f1,3,1(x, y, q) = g1,3,1(x, y, q, y/x, x/y) − �1,2(x, y, q),
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where

�1,2(x, y, q) := qxy J2,4 J8,16 j(q3xy; q8) j(q2/x2y2; q16)
j(−q3x2; q8) j(−q3y2; q8) .

We can also specialize [6, Theorem 1.10] to n = 1 to have

Theorem 3.14 For generic x, y ∈ C\{0}

f1,4,1(x, y, q) = g1,4,1(x, y, q, y/x, x/y) − �1,3(x, y, q),

where

�1,3(x, y, q) := qxy J3 J15 j(q2x, q2y; q5)
J 25 j(q6x3; q15) j(q6y3; q15)

·
{
j(q11x2y; q15) j(q11xy2; q15) − q4xy j(q16x2y; q15) j(q16xy2; q15)

}
.

We can also specialize [6, Theorem 1.11] to n = 1 to have

Theorem 3.15 Let n be a positive odd integer. For generic x, y ∈ C\{0}

f1,5,1(x, y, q) = g1,5,1(x, y, q, y/x, x/y) − �1,4(x, y, q),

where

g1,5,1(x, y, q, y/x, x/y) := j(y; q)m
(

− q14xy−5, y/x; q24
)

+ j(x; q)m
(

− q14yx−5, x/y; q24
)
. (3.16)

and

�1,4(x, y, q) := qxy

j(−q10x4; q24) j(−q10y4; q24)
{
J4,16S1 − q J8,16S2

}
,

with

S1 := j(q22x2y2,−q12y/x; q24) j(q5xy; q12)
J 312 J48

·
{
j(−q10x2y2, q12y2/x2; q24)J 224

+ q5x2 j(−q22x2y2; q24) j(q12y/x,−y/x; q24)2
J24

}
,

S2 := j(q10x2y2,−y/x; q24) j(q11xy; q12)
J 212

·
{q2 j(−q10x2y2, q12y2/x2; q24)J48

y J24
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+ qx j(−q22x2y2; q24) j(q24y2/x2; q48)2
J48

}
.

Proposition 3.16 [6, Proposition 8.1] Let � ∈ Z, p ∈ {1, 2, 3, 4}, n ∈ N with (n, p) =
1. For generic x, y ∈ C\{0}

f1,1+p,1(x, y, q) = g1,1+p,1(x, y, q, q�p y/x, q−�px/y)

−(−x)�q(�
2)�1,p(q

�x, q�(1+p)y, q).

3.4 The general integral-level string function

We recall the notation

s(m, �, N ) := (� + 1)2

4(N + 2)
− m2

4N
− 1

8
(3.17)

and the fact that [13]:

CN
m,�(q) := q−s(m,�,N )CN

m,�(q). (3.18)

The following is a straightforward consequence of the symmetry relations (2.8) -
(2.10).

Lemma 3.17 If

f Nm,�(q) := q− 1
4N (m2−�2)CN

m,�(q), (3.19)

then

f Nm,�(q) = f N−m,�(q) = f N2N−m,�(q) = f NN−m,N−�(q). (3.20)

4 Computing the general level N = 1 string function

Let us set N = 1. Here � ∈ {0, 1}, 0 ≤ m < 2,m ≡ � (mod 2). The proof of Theorem
2.4 follows from a lemma, whose proof we do now.

Lemma 4.1 We have

f1,2,1(q, q, q) = J 21 . (4.1)

Proof of Lemma 4.1 This is just the calculation found in (2.7).

Proof of Theorem 2.4 For N = 1 we only need to be concerned with � ∈ {0, 1},
0 ≤ m < 2, m ≡ � (mod 2). Which means we only need to compute the string
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functions for the (�,m) tuples (0, 0) and (1, 1). For the case (�,m) = (0, 0), we have

q− 1
4 (m2−�2) J 31 C1m,�(q) = J 31 C10,0(q) = f1,2,1(q, q, q) = J 21 ,

where the last equality follows from Lemma 4.1. The case (�,m) = (1, 1) follows
from Lemma 3.17.

5 Computing the general level N = 2 string function

Here N = 2, � ∈ {0, 1, 2}, 0 ≤ m < 4, and m ≡ � (mod 2). We begin with a
proposition.

Proposition 5.1 We have

f1,3,1(q, q, q) = J1,2 J 3,8, (5.1)

f1,3,1(q
2, q, q) = J1 J2, (5.2)

f1,3,1(q
2, q2, q) = J1,2 J 1,8. (5.3)

Proof of Proposition 5.1 We use Theorem 3.13 and Proposition 3.16 with the special-
ization n = 1:

f1,3,1(x, y, q) = j(y; q)m(−q5x/y3, q2k y/x; q8) + j(x; q)m(−q5y/x3, x/q2k y; q8)

− (−1)kq4k+1+(k2)xk+1y
J2,4 J8,16 j(q4k+3xy; q8) j(q8k+14x2y2; q16)

j(−q2k+3x2; q8) j(−q6k+3y2; q8) . (5.4)

We prove (5.1). We use (5.4) with k = 1 to have

f1,3,1(q, q, q) = j(q; q)m(−q3, q2; q8) + j(q; q)m(−q3, q−2; q8)

+ q8
J2,4 J8,16 j(q9; q8) j(q26; q16)

j(−q7; q8) j(−q11; q8) .

The m(x, z; q) terms are defined, and their theta coefficients are both zero. Hence

f1,3,1(q, q, q) = q8
J2,4 J8,16 j(q9; q8) j(q26; q16)

j(−q7; q8) j(−q11; q8) = J2,4 J8,16 J1,8 J10,16
J 7,8 J 3,8

= J1,2 J 3,8,

where we have used (3.1a), (3.1b), and elementary product rearrangements.
We prove (5.2). We use (5.4) with k = 0 to have

f1,3,1(q
2, q, q) = j(q; q)m(−q4, q−1; q8) + j(q2; q)m(−1, q; q8)

− q4
J2,4 J8,16 j(q6; q8) j(q20; q16)

j(−q7; q8) j(−q5; q8)
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= J2,4 J8,16 J2,8 J4,16
J 1,8 J 5,8

=J1 J2,

where we have used (3.1a), (3.1b), and elementary product rearrangements.
We prove (5.3). We use (5.4) with k = 1 to have

f1,3,1(q
2, q2, q) = j(q2; q)m(−q, q2; q8) + j(q2; q)m(−q, q−2; q8)

+ q11
J2,4 J8,16 j(q11; q8) j(q30; q16)

j(−q9; q8) j(−q13; q8)
= J2,4 J8,16 J3,8 J2,16

J 1,8 J 5,8

=J1,2 J 1,8,

where we have used (3.1a), (3.1b), and elementary product rearrangements.

Proof of Theorem 2.5 For N = 2 we only need to be concerned with � ∈ {0, 1, 2},
0 ≤ m < 4, m ≡ � (mod 2). Which means we only need to compute the string
functions for the (�,m)-tuples (0, 0), (0, 2), (1, 1), (1, 3), (2, 0), (2, 2). Because of
Lemma 3.17, we only need to be concernedwith the (�,m)-tuples (0, 0), (1, 1), (2, 0).

For (�,m) = (0, 0), we have

q− 1
8 (m2−�2) J 31 C1m,�(q) = J 31 C10,0(q) = f1,3,1(q, q, q) = J1,2 J 3,8,

where the last equality follows from identity (5.1). For (�,m) = (1, 1), we have

q− 1
8 (m2−�2) J 31 C1m,�(q) = J 31 C11,1(q) = f1,3,1(q

2, q, q) = J1 J2,

where the last equality follows from identity (5.2). For (�,m) = (2, 0), we have

q− 1
8 (m2−�2) J 31 C1m,�(q) = q

1
2 J 31 C12,0(q) = q

1
2 f1,3,1(q

2, q2, q) = q
1
2 J1,2 J 1,8,

where the last equality follows from identity (5.3).

6 Computing the general level N = 3 string function

Here N = 3, � ∈ {0, 1, 2, 3}, 0 ≤ m < 6, andm ≡ � (mod 2). The proof of Theorem
2.6 follows from a proposition.

Proposition 6.1 We have

f1,4,1(q, q, q) = J1 · (J8,15 − q J2,15), (6.1)

f1,4,1(q
2, q, q) = J1 J6,15, (6.2)
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f1,4,1(q
2, q2, q) = J1 · (J11,15 + q J1,15), (6.3)

f1,4,1(q
3, q2, q) = J1 J3,15. (6.4)

Proof of Proposition 6.1 We use Theorem 3.14 and Proposition 3.16:

f1,4,1(x, y, q) = j(y; q)m(q9x/y4, q3k y/x; q15) + j(x; q)m(q9y/x4, x/q3k y; q15)

− (−x)kq(k2)
q5k+1xy J3 J15 j(q2+k x; q5) j(q2+4k y; q5)

J 25 j(q6+3k x3; q15) j(q6+12k y3; q15)
·
[
j(q11+6k x2y; q15) j(q11+9k xy2; q15)

− q4+5k xy j(q16+6k x2y; q15) j(q16+9k xy2; q15)
]
. (6.5)

We prove (6.1). In (6.5), set k = 1

f1,4,1(q, q, q) = j(q; q)m(q6, q3; q15) + j(q; q)m(q6, q−3; q15)

+ q9
J3 J15 j(q4; q5) j(q7; q5)
J 25 j(q12; q15) j(q21; q15)

·
[
j(q20; q15) j(q23; q15) − q11 j(q25; q15) j(q28; q15)

]

=q13 J3 J15 J1,5 J2,5
J 25 J3,15 J6,15

·
[
q−13 J5 J8,15 − q−12 J5 J2,15

]
,

where we have used (3.1a). Simplifying, we have

f1,4,1(q, q, q) = J3 J15 J1,5 J2,5
J5 J3,15 J6,15

·
[
J8,15 − q J2,15

]
= J1 ·

[
J8,15 − q J2,15

]
,

where we have twice used the product rearrangement J1,5 J2,5 = J1 J5.
For (6.2), we recall (6.5) and set k = 0 to have

f1,4,1(q
2, q, q) = j(q; q)m(q7, q−1; q15) + j(q2; q)m(q2, q; q15)

− q4 J3 J15 j(q4; q5) j(q3; q5)
J 25 j(q12; q15) j(q9; q15)

·
[
j(q16; q15) j(q15; q15) − q7 j(q21; q15) j(q20; q15)

]

= J3 J15 J4,5 J3,5 J6,15 J5
J 25 J3,15 J6,15

=J1 J6,15,

where for the last equality we used (3.1a), (3.1b), and elementary product rearrange-
ments.

123



On Hecke-type double-sums 569

We prove (6.3). In (6.5), we set k = 2:

f1,4,1(q
2, q2, q) = j(q2; q)m(q3, q6; q15) + j(q2; q)m(q3, q−6; q15)

− q20
J3 J15 j(q6; q5) j(q12; q5)
J 25 j(q18; q15) j(q36; q15)

·
[
j(q29; q15) j(q35; q15) − q18 j(q34; q15) j(q40; q15)

]

= J3 J15 J1,5 J2,5
J 25 J3,15 J6,15

·
[
q J14,15 J5 + J4,15 J5

]

= J1 ·
[
J4,15 + q J14,15

]
.

For (6.4), we take (6.5) and set k = 1:

f1,4,1(q
3, q2, q) = j(q2; q)m(q4, q2; q15) + j(q3; q)m(q−1, q−2; q15)

+ q14
J3 J15 j(q6; q5) j(q8; q5)
J 25 j(q18; q15) j(q24; q15)

·
[
j(q25; q15) j(q27; q15) − q14 j(q30; q15) j(q32; q15)

]

= J3 J15 J1,5 J3,5
J 25 J3,15 J9,15

· J5 J12,15
=J1 J3,15.

Proof of Theorem 2.6 For N = 3 we only need to be concerned with � ∈ {0, 1, 2, 3},
0 ≤ m < 6, m ≡ � (mod 2). Because of Lemma 3.17, we only need to be concerned
with the (�,m)-tuples (0, 0), (1, 1), (2, 0), (3, 1).

For (�,m) = (0, 0), we have

q− 1
12 (m2−�2) J 31 C1m,�(q) = J 31 C10,0(q) = f1,4,1(q, q, q) = J1 · (J8,15 − q J2,15),

where the last equality follows from identity (6.1). For (�,m) = (1, 1), we have

q− 1
12 (m2−�2) J 31 C1m,�(q) = J 31 C11,1(q) = f1,4,1(q

2, q, q) = J1 J6,15,

where the last equality follows from identity (6.2). For (�,m) = (2, 0), we have

q− 1
12 (m2−�2) J 31 C1m,�(q) = q

1
3 J 31 C12,0(q)

= q
1
3 f1,4,1(q

2, q2, q) = q
1
3 J1 · (J11,15 + q J1,15),
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where the last equality follows from identity (6.3). For (�,m) = (3, 1), we have

q− 1
12 (m2−�2) J 31 C1m,�(q) = q

2
3 J 31 C13,1(q) = q

2
3 f1,4,1(q

3, q2, q) = q
2
3 J1 J3,15,

where the last equality follows from identity (6.4).

7 Computing the general level N = 4 string function

Proof of Theorem 2.7 For N = 4 we only need to be concerned with � ∈ {0, 1, 2, 3, 4},
0 ≤ m < 8, m ≡ � (mod 2). Because of Lemma 3.17, we only need to be
concerned with the (�,m)-tuples (0, 0), (0, 4), (0, 2), (1, 1), (1, 3), (2, 0), (2, 2). For
each (�,m)-tuple, one uses Proposition 7.2 to compute

q− 1
16 (m2−�2) J 31 CN

m,�(q).

Proposition 7.1 We have

f3,3,1(−q2, q, q) − q f3,3,1(−q4, q3, q) = J1 J1,2, (7.1a)

f3,3,1(q
2, q, q) + q f3,3,1(q

4, q3, q) = J1 J 3,6, (7.1b)

f1,5,1(q
2, q2, q) = J1 J 1,6, (7.1c)

f3,3,1(q
3, q, q) = J1,4 J6,12, (7.1d)

f1,5,1(q
2, 1, q) = q J1 J 6,24, (7.1e)

f3,3,1(q
5, q4, q2) + q f3,3,1(q

7, q6, q2) = J2 J 1,4, (7.1f)

f3,3,1(−q5, q4, q2) − q f3,3,1(−q7, q6, q2) = J2 J1,4. (7.1g)

Proposition 7.2 We have

C40,0(q) = 1

2
(J1 J 3,6 + J1 J1,2), (7.2a)

C44,0(q) = q
1

2
(J1 J 3,6 − J1 J1,2), (7.2b)

C42,0(q) = q J1 J 6,24, (7.2c)

C41,1(q) = J1 J 3,8, (7.2d)

C43,1(q) = J1 J 1,8, (7.2e)

C40,2(q) = J1 J 1,6, (7.2f)

C42,2(q) = J1,4 J6,12. (7.2g)

Proof of Proposition 7.1 We recall

CN
m,�(q) = qs(m,�,N )CN

m,�(q). (7.3)
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We prove identities (7.2a) and (7.2b). From [9, Theorem 1.1], [10, p. 219], we have

C4
0,0(q) − C4

4,0(q) = q− 1
12

J 31

(
f3,3,1(−q2, q, q) − q f3,3,1(−q4, q3, q)

)
= q− 1

12

J 31
J1 J1,2,

where the last equality follows from (7.1a). Similarly, we obtain an identity not in
[10]:

C4
0,0(q) + C4

4,0(q) = q− 1
12

J 31

(
f3,3,1(q

2, q, q) + q f3,3,1(q
4, q3, q)

)
= q− 1

12
1

J 31
J1 J 3,6,

where the last equality follows from (7.1b). Hence

C4
0,0(q) = q− 1

12

2J 31
(J1 J 3,6 + J1 J1,2),

C4
4,0(q) = q− 1

12

2J 31
(J1 J 3,6 − J1 J1,2).

The two identities (7.2a) and (7.2b) then follow from (7.3).
We prove identity (7.2c). From (2.5), [10, p. 219], we have

C4
2,0(q) = q− 1

3

J 31
f1,5,1(q

2, 1, q) = q
2
3

J 31
J1 J 6,24,

where the last equality follows from (7.1e). Identity (7.2d) then follows from (7.3).
We prove identities (7.2d) and (7.2e). From [9, Theorem 1.1], [10, p. 220], we have

C4
1,1(q

2) + C4
3,1(q

2) = q− 1
6

J 32

(
f3,3,1(q

5, q4, q2) + q f3,3,1(q
7, q6, q2)

)
= q− 1

6

J 32
J2 J 1,4,

where the last equality follows from (7.1f). Similarly, we obtain an identity not in
[10]:

C4
1,1(q

2) − C4
3,1(q

2) = q− 1
6

J 32

(
f3,3,1(−q5, q4, q2) − q f3,3,1(−q7, q6, q2)

)

= q− 1
6

J 32
J2 J1,4,

where the last equality follows from (7.1g). Hence

C4
1,1(q

2) = q− 1
6

2J 22
·
(
J 1,4 + J1,4

)
= q− 1

6

J 22
· J 6,16,
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C4
3,1(q

2) = q− 1
6

2J 22
·
(
J 1,4 − J1,4

)
= q− 1

6

J 22
· J 14,16,

where we have used (2.23) with m = 2. Using (3.1b), we have

C4
1,1(q) = q− 1

12

J 21
· J 3,8,

C4
3,1(q) = q− 1

12

J 21
· J 1,8,

and the identities (7.2d) and (7.2e) follow from (7.3).
We prove identity (7.2f). From (2.5), we obtain an identity which is not in [10]:

C4
0,2(q) = q

1
4

J 31
f1,5,1(q

2, q2, q) = q
1
4

J 31
J1 J 1,6, (7.4)

where the last equality follows from (7.1c). Identity (7.2f) then follows from (7.3).
We prove identity (7.2g). Using [9, Corollary 1.3], we obtain an identity which is

not in [10]:

C4
2,2(q) = 1

J 31
f3,3,1(q

3, q, q) = 1

J 31
J1,4 J6,12, (7.5)

where the last equality follows from (7.1d). Identity (7.2g) then follows from (7.3).

Proof of Proposition 7.1 Identity (7.1a) is true by [8, Lemma 3.11].
We prove (7.1b). We recall Corollary 3.12. The contribution from (3.15) reads

h3,3,1(q
2, q, q,−1,−1) + qh3,3,1(q

4, q3, q,−1,−1)

= j(q2; q3)m(−q,−1; q2) + j(q; q)m(−q2,−1; q6)
+ q

(
j(q4; q3)m(−q,−1; q2) + j(q; q)m(−q−2,−1; q6)

)

= j(q2; q3)m(−q,−1; q2) + q j(q4; q3)m(−q,−1; q2)
= 0,

where we have used (3.1a). Hence

f3,3,1(q
2, q, q) + q f3,3,1(q

4, q3, q)

= −
2∑

d=0

qd(d+1) j
(
q3+2d; q3) j( − q5−2d ; q6)J 36 j

(
q3+2d ; q6)

4J 2,8 J 6,24 j
(
q2; q6) j(q1+2d ; q6)
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− q
2∑

d=0

qd(d+1) j
(
q5+2d ; q3) j( − q5−2d ; q6)J 36 j

(
q−1+2d; q6)

4J 2,8 J 6,24 j
(
q−2; q6) j(q1+2d ; q6)

= J1 J 36
2J 2,8 J 6,24 J2 J3,6

(
J 3,6 J1,6 + J 1,6 J3,6

)

= J1 J 36
2J 2,8 J 6,24 J2 J3,6

2 j(q4; q12) j(q4; q12)

= J1 J 3,6,

where for the penultimate equality we used (3.2c).
We prove (7.1c). Using (3.8) with (R, S) = (−2, 1), it is equivalent to show

− q9 f1,5,1(q
5, q−7, q) = J1 J 1,6. (7.6)

We recall Theorem 3.15. We have

f1,5,1(x, y, q) = g1,5,1(x, y, q, y/x, x/y) − �1,4(x, y, q),

where x → q5 and y → q−7 yield

g1,5,1(x, y, q, y/x, x/y) → j(q−7; q)m(−q54, q−12; q24)
+ j(q5; q)m(−q−18, q12; q24) = 0

and

�1,4(x, y, q) → q−1

j(−q30; q24) j(−q−18; q24)
{
J4,16S1 − q J8,16S2

}

= q23

J
2
6,24

{
J4,16S1 − q J8,16S2

}
,

with

S1 = j(q18; q24) j(−1; q24) j(q3; q12)
J 312 J48

· j(−q6; q24) j(q−12; q24)J 224,

= −q−12 J6,24 J 0,24 J3,12
J 312 J48

· J 6,24 J12,24 J 224,

and

S2 = j(q6; q24) j(−q−12; q24) j(q9; q12)
J 212

· q
2 j(−q6, q−12; q24)J48

q−7 J24

= −q−15 J6,24 J 12,24 J3,12
J 212

· J 6,24 J12,24 J48
J24

.
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Hence

f1,5,1(q
5, q−7, q) = q9

J
2
6,24

[
q2 J4,16

J6,24 J 0,24 J3,12
J 312 J48

· J 6,24 J12,24 J 224

− J8,16
J6,24 J 12,24 J3,12

J 212
· J 6,24 J12,24 J48

J24

]

=q9 J3,12 J6,24 J12,24
J 6,24

[
q2 J4,16

J 0,24
J 312 J48

· J 224 − J8,16
J 12,24
J 212

· J48
J24

]

=q9 J3,12 J6,24 J12,24
J 6,24 J 312

[
q2

J4 J16 J 224
J8 J48

· J 0,24 − J 28 J12 J48
J16 J24

· J 12,24
]

=q9 J3,12 J6,24 J12,24 J4
J 6,24 J 312

[
q2 J 8,24 · J 0,24 − J 4,24 · J 12,24

]

= − q9 J3,12 J6,24 J12,24 J4
J 6,24 J 312

[
J 4,24 · J 12,24 − q2 J 8,24 · J 0,24

]
.

Using (3.2a) with q → q12, x = y = q2 we have

f1,5,1(q
5, q−7, q) = −q9 J3,12 J6,24 J12,24 J4

J 6,24 J 312
J 22,12 = −q9 J1 J 1,6.

We prove (7.1d). Here we show

lim
x→q

f3,3,1(x
3, x, q) = J1,4 J6,12. (7.7)

We recall Corollary 3.12. The contribution from (3.15) reads

lim
x→q

(
h3,3,1(x

3, x, q,−1,−1)
)

= lim
x→q

[
j(x3; q3)m(−q2x−2,−1; q2) + j(x; q)m(−q3,−1; q6)

]

= lim
x→q

j(x3; q3)
[
m(−q2x−2, z; q2) + z

J 32 j(−z−1; q2) j(zq2/x2; q2)
J 0,2 j(z; q2) j(q2/x2; q2) j(−zq2/x2; q2)

]

= lim
x→q

j(x3; q3)
[
m(−q2x−2, q; q2) + J 32 J 1,2 j(q

3/x2; q2)
J 0,2 J1,2 j(q2/x2; q2) j(−q3/x2; q2)

]

= − lim
x→q

j(x3; q3) J 32 J 1,2 j(qx
2; q2)

J 0,2 J1,2 j(x2; q2) j(−qx2; q2)

= − lim
x→q

j(x; q) j(xω; q) j(xω2; q)
J3
J 31

J 32 J 1,2 j(qx
2; q2)

J 0,2 J1,2 j(x; q) j(−x; q) j(−qx2; q2)
J 21
J2

= j(qω; q) j(qω2; q)
J3
J 31

J 32
J 0,2 J 0,1

J 21
J2
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= 3

2

J 33
J 0,2

,

where the second equality follows from (3.5d). Hence

lim
x→q

f3,3,1(x
3, x, q)

= 3

2

J 33
J 0,2

− lim
x→q

2∑

d=0

qd(d+1) J 36 j
(
q2+2d x; q3) j( − q4−2d x2; q6) j(q5+2d x−2; q6)

4J 2,8 J 6,24 j
(
q3; q6) j(q2+2d x−2; q6)

= 3

2

J 33
J 0,2

− lim
x→q

[ J 36 j
(
q2x; q3) j( − q4x2; q6) j(q5x−2; q6)

4J 2,8 J 6,24 J3,6 j
(
q2x−2; q6)

+ q2 J 36 j
(
q4x; q3) j( − q2x2; q6) j(q7x−2; q6)

4J 2,8 J 6,24 J3,6 j
(
q4x−2; q6)

+ q6 J 36 j
(
q6x; q3) j( − x2; q6) j(q9x−2; q6)

4J 2,8 J 6,24 J3,6 j
(
q6x−2; q6)

]

= 3

2

J 33
J 0,2

− lim
x→q

[ J 36 j
(
q2x; q3) j( − q4x2; q6) j(qx2; q6)

J 0,2 J 0,6 J3,6 j
(
q4x2; q6)

+ x J 36 j
(
qx; q3) j( − q2x2; q6) j(qx−2; q6)

J 0,2 J 0,6 J3,6 j
(
q4x−2; q6)

− J 36 j
(
x; q3) j( − x2; q6) j(q3x−2; q6)

J 0,2 J 0,6 J3,6 j
(
x2; q6)

]

= 3

2

J 33
J 0,2

− lim
x→q

[ J 36 j
(
q2x; q3) j( − q4x2; q6) j(qx2; q6)

J 0,2 J 0,6 J3,6 j
(
q2x; q3) j( − q2x; q3)

J 23
J6

]
+ 2

J 36 J1 J 2,6 J1,6

J 0,2 J 0,6 J3,6 J2

= 3

2

J 33
J 0,2

− 1

2

J 33
J 0,2

+ 2
J 36 J1 J 2,6 J1,6

J 0,2 J 0,6 J3,6 J2
.

Continuing, we have

f3,3,1(q
3, q, q) = 3

2

J 33
J 0,2

− 1

2

J 33
J 0,2

+ 2
J 36 J1 J 2,6 J1,6

J 0,2 J 0,6 J3,6 J2

= J 33
J 0,2

·
[
1 + J 3,6 J 3,12

J 1,6 J 1,3

]

= 1

2
· J 21 J

2
6

J 22 J4 J12

[
J 1,6 J 1,3 + J 3,6 J 3,12

]

= J1,4 J6,12 · 2

J 0,1 J 0,2

[
J 1,6 J 1,3 + J 3,6 J 3,12

]

= J1,4 J6,12,

where the last equality follows from Lemma 3.3.
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We prove (7.1e). Using (3.8) with (R, S) = (0, 1), it is equivalent to show

f1,5,1(q
7, q, q) = −q J1 J 6,24.

We recall Theorem 3.15. Arguing as in the proof of identity (7.1c), we find that under
the substitutions x → q7 and y → q, we have

g1,5,1(x, y, q, y/x, x/y) → j(q; q)m
(

− q16, q−6; q24
)

+ j(q7; q)m
(

− q−20, q6; q24
)

= 0

and that

�1,4(x, y, q) → q9

j(−q38; q24) j(−q14; q24)
{
J4,16S1 − q J8,16S2

}

= q23

J
2
10,24

{
J4,16S1 − q J8,16S2

}

with

S1 = j(q38; q24) j(−q6; q24) j(q13; q12)
J 312 J48

· q
19 j(−q38; q24) j(q6; q24)2 j(−q−6; q24)2

J24

= q−22 J10,24 J 6,24 J1,12
J 312 J48

· J 10,24 J 26,24 J
2
6,24

J24

and

S2 = j(q26; q24) j(−q−6; q24) j(q19; q12)
J 212

· q
8 j(−q38; q24) j(q12; q48)2

J48

= q−21 J2,24 J 6,24 J5,12
J 212

· J 10,24 J 212,48
J48

.

Assembling the pieces, we have

f1,5,1(q
7, q, q) = − q23

J
2
10,24

[
J4,16q

−22 J10,24 J 6,24 J1,12
J 312 J48

· J 10,24 J 26,24 J
2
6,24

J24

− q−20 J8,16
J2,24 J 6,24 J5,12

J 212
· J 10,24 J 212,48

J48

]

= −q J 6,24 J 212,48
J 10,24

[
J4,16

J10,24 J1,12
J 312 J48

· J 324
J 248

− q2 J8,16
J2,24 J5,12

J 212
· 1

J48

]

= −q J 6,24 J 212,48 J1,12 J5,12

J 10,24

J24
J 212

[
J4,16

J 5,12
J 312 J48

· J 324
J 248

− q2 J8,16
J 1,12
J 212 J48

]
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= −q J1 J 6,24 · J4
J2 J6 J12

1

J 10,24
·
[
J 8,24 J 5,12 J 3,12 − q2 J 4,24 J 1,12 J 3,12

]

= −q J1 J 6,24 · J4
J2 J6 J12

1

J 10,24

J24
J 212

·
[
j(iq4; q12) j(−iq4; q12)J 5,12 J 3,12 − q2 j(iq2; q12) j(−iq2; q12)J 1,12 J 3,12

]
,

where for the last equality we used (3.1d). Using Proposition 3.1 with q → q12,
a = −q5, b = q4, c = q2, d = −i yields

f1,5,1(q
7, q, q) = −q

J1 J 6,24 J4 J24
J2 J6 J12 J 10,24 J 212

· j(iq5; q12) j(−iq5; q12)J6,12 J2,12
= −q J1 J 6,24.

We prove (7.1f). We recall Corollary 3.12. The contribution from (3.15) reads

h3,3,1(q
5, q4, q2,−1,−1) + qh3,3,1(q

7, q6, q2,−1,−1)

= j(q5; q6)m(−q3,−1; q4) + j(q4; q2)m(−q−1,−1; q12)
q
(
j(q7; q6)m(−q3, q4,−1) + j(q6; q2)m(−q, q12,−1)

)

= j(q5; q6)m(−q3,−1; q4) + q j(q7; q6)m(−q3,−1; q4)
= 0,

where for the last equality we used (3.1a). Thus

f3,3,1(q
5, q4, q2) + q f3,3,1(q

7, q6, q2)

= −
2∑

d=0

q2d(d+1) j
(
q8+4d; q6) j( − q9−4d ; q12)J 312 j

(
q2+4d ; q12)

J 0,4 J 0,12 j
(
q−1; q12) j(q3+4d; q12)

− q
2∑

d=0

q2d(d+1) j
(
q10+4d; q6) j( − q9−4d ; q12)J 312 j

(
q−2+4d ; q12)

J 0,4 J 0,12 j
(
q−5; q12) j(q3+4d; q12)

= − j
(
q8; q6) j( − q9; q12)J 312 j

(
q2; q12)

J 0,4 J 0,12 j
(
q−1; q12) j(q3; q12)

− q12 j
(
q16; q6) j( − q; q12)J 312 j

(
q10; q12)

J 0,4 J 0,12 j
(
q−1; q12) j(q11; q12)

− q
j
(
q10; q6) j( − q9; q12)J 312 j

(
q−2; q12)

J 0,4 J 0,12 j
(
q−5; q12) j(q3; q12)

− q
q4 j

(
q14; q6) j( − q5; q12)J 312 j

(
q2; q12)

J 0,4 J 0,12 j
(
q−5; q12) j(q7; q12)
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= −q−1 J2 J 3,12 J 312 J2,12

J 0,4 J 0,12 J1,12 J3,12
+ q−1 J2 J 1,12 J

3
12 J2,12

J 0,4 J 0,12 J 21,12

+ J2 J 3,12 J 312 J2,12

J 0,4 J 0,12 J5,12 J3,12
+ J2 J 5,12 J 312 J2,12

J 0,4 J 0,12 J 25,12
,

where we have simplified using (3.1a). Regrouping terms, we have

f3,3,1(q
5, q4, q2) + q f3,3,1(q

7, q6, q2)

= −q−1 J2 J 312 J2,12

J 0,4 J 0,12 J1,12
·
( J 3,12
J3,12

− J 1,12
J1,12

)
+ J2 J 312 J2,12

J 0,4 J 0,12 J5,12
·
( J 3,12
J3,12

+ J 5,12
J5,12

)

= −q−1 J2 J 312 J2,12

J 0,4 J 0,12 J1,12
·
(−2q J2,24 J16,24

J3,12 J1,12

)
+ J2 J 312 J2,12

J 0,4 J 0,12 J5,12
·
(2J8,24 J10,24

J3,12 J5,12

)

= 2
J2 J 312 J2,12 J8

J 0,4 J 0,12 J3,12
·
( J2,24
J 21,12

+ J10,24
J 25,12

)

= 2
J2 J 312 J2,12 J8

J 0,4 J 0,12 J3,12
· J24
J 212

·
( J 1,12
J1,12

+ J 5,12
J5,12

)

= 2
J2 J 312 J2,12 J8

J 0,4 J 0,12 J3,12
· J24
J 212

· 2J6,24 J16,24
J1,12 J5,12

= J2 J 1,4,

where we used (3.2b) and (3.2c) for the second equality, regrouped terms, used ele-
mentary product rearrangements, used (3.2c) for the penultimate equality, and then
finished with more product rearrangements.

We prove (7.1g). This follows from substituting q → −q in (7.1f).

8 Computing level N = 2 string functions: Examples

8.1 The string function c2020 − c2002 (2.20a):

We give two proofs of identity (2.20a).
For the first proof, we use Theorem 2.6 to obain

c2020 = C2
0,0(q) = q− 1

16

J 31
· J1,2 J 3,8, (8.1)

c2002 = C2
0,0(q) = q

7
16

J 31
· J1,2 J 1,8. (8.2)

Combining terms and using (3.1b), we have

c2020 − c2002 = q− 1
16

J1 J2
·
(
J 3,8 − q

1
2 J 7,8

)
= q− 1

16

J1 J2
· j(q1/2; q2) = q− 1

16

J 21
j(q1/2; q3/2),
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where used (2.23) with m = 2 and the two product rearrangements J1,2 = J 21 /J2 and
J1,4 = J1 J4/J2.

For the second proof, we use [9, Theorem 1.1] to obtain

c2020(q
2) − c2002(q

2) = C2
0,0(q

2) − C2
2,0(q

2)

= q− 1
8

J 32
·
(
f2,2,1(−q3, q2, q2) − q f2,2,1(−q5, q4, q2)

)
.

We next recall Corollary 3.11. We have

h2,2,1(−q3, q2, q2,−1,−1) − qh2,2,1(−q5, q4, q2,−1,−1)

= j(−q3; q4)m(q,−1; q2) + j(q2; q2)m(−q,−1; q4)
− q ·

(
j(−q5; q4)m(q,−1; q2) + j(q4; q2)m(−q,−1; q4)

)

= j(−q3; q4)m(q,−1; q2) − q j(−q5; q4)m(q,−1; q2)
= 0,

where the last equality follows from (3.1a). Hence from Corollary 3.11:

f2,2,1(−q3, q2, q2) − q f2,2,1(−q5, q4, q2)

= −q2 j
(
q6; q4) j(q; q4)J 34 j

( − q4; q4)

4J 2,8 J 4,16 j
(
q; q4) j( − q3; q4)

+ q
j
(
q6; q4) j( − q3; q4)J 34 j

( − 1; q4)

4J 2,8 J 4,16 j
(
q−1; q4) j( − q; q4)

= J2,4 J1,4 J 34 J 0,4

2J 2,8 J 4,16 J1,4 J 1,4
= J1 J2,

where the last equality follows from product rearrangements.

9 Computing level N = 3 string functions: Examples

9.1 The string function c3012 (2.21a):

Using Theorem 2.6 gives

c3012 = C3
2,0(q) = q

71
120

J 21
· J3,15. (9.1)
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9.2 The string function c3030 − c3012 (2.21b):

Using Theorem 2.6 gives

c3030 = C3
0,0(q) = q− 3

40

J 21
· (J8,15 − q J2,15). (9.2)

From (2.23) with m = 3 and (3.1a), we have

J2,5 = J21,45 − q2 J36,45 + q3 J6,45,

and under the substitution q → q1/3 we have

j(q2/3; q5/3) = J7,15 − q2/3 J12,15 − q J2,15.

Identity (2.21b) is now straightforward

c3030 − c3012 = q− 3
40

J 21
· (J8,15 − q J2,15 − q2/3 J3,15) = q− 3

40

J 21
· j(q2/3; q5/3).

9.3 The string function c2121 − c2103 (2.21c):

Using Theorem 2.6 gives

c2121 = C3
1,1(q) = q− 1

120

J 21
· J6,15, (9.3)

c2103 = C3
3,1(q) = q

13
40

J 21
· (J11,15 + q J1,15). (9.4)

From (2.23) with m = 3 and (3.1a), we have

J1,5 = J18,45 − q J33,45 − q4 J3,45.

The substitution q → q1/3 yields

j(q1/3; q5/3) = J6,15 − q1/3 J11,15 − q4/3 J1,15.

Hence

c2121 − c2103 = q− 1
120

J 21

[
J6,15 − q1/3 · (J11,15 + q J1,15)

]
= q− 1

120

J 21
· j(q1/3; q5/3).
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10 Computing level N = 4 string functions: Examples

10.1 The string function c4040 − 2c4022 + c4004 + 2c2204 − 2c2222 (2.22a)

Using Theorem 2.6 gives

c4040 = C4
0,0(q) = q− 1

12

2J 21
· (J 3,6 + J1,2), (10.1)

c4022 = C4
2,0(q) = q

2
3

J 21
J 6,24, (10.2)

c4004 = C4
4,0(q) = q− 1

12

2J 21
· (J 3,6 − J1,2), (10.3)

c2240 = C4
0,2(q) = q

1
4

J 21
J 1,6, (10.4)

c2222 = C4
2,2(q) = 1

J 21
J 2,6. (10.5)

Hence

c4040 − 2c4022 + c4004 + 2c2204 − 2c2222

= 1

J 21
·
(
q− 1

12 J 3,6 − 2q
2
3 J 6,24 + 2q

1
4 J 1,6 − 2J 2,6

)

= 1

J 21
·
(
q− 1

12 (J 12,24 + q3 J 0,24) − 2q
2
3 J 6,24 + 2q

1
4 (J 8,24 + q J 20,24)

− 2(J 10,24 + q2 J 22,24)
)

= q− 1
12

J 21
·
(
J 12,24 + q3 J 0,24 − 2q

3
4 J 6,24 + 2q

1
3 J 8,24 + 2q

4
3 J 20,24

− 2q
1
12 J 10,24 − 2q

25
12 J 22,24

)

= q− 1
12

J 21
· j(q1/12; q1/6),

where the second equality follows from (2.23) with m = 2, and the last equality
follows from Lemma 3.4.
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