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Abstract

By using iterated integrals, Hirose defined refined symmetric multiple zeta values as
lifts of symmetric multiple zeta values. In this article, we prove sum formulas with four
parameters among symmetric multiple zeta values by iterated integral expressions of
refined symmetric multiple zeta values. Specializing the parameters in our result gives
several weighted sum formulas for these values.

Keywords Symmetric multiple zeta value - Refined symmetric multiple zeta value
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1 Introduction

An index is a sequence of positive integers including the empty sequence . In partic-
ular, an index k = (kq, ..., k;) is said to be admissible if either k, > 1 ork = . The
number |K| := ky 4 - - - + k- is called the weight of k = (kq, ..., k) and r, the depth.
Let I (k, r) be the set of all indices whose weight is k and depth is r. For an admissible
index k = (ky, ..., k), the multiple zeta value (MZV) is the real number defined by
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() =k, k)= Y

O<my<--<m, ""*1 "1

Conventionally, ¢ () is understood as 1. Let Z be the (Q-algebra generated by all
multiple zeta values. Set

CE) = &k, . k) = (=D e k) Ky i),
i=0

where ¢{™(K) is the constant term of the shuffle regularized polynomial. Then the
symmetric multiple zeta value (SMZV) is an element of Z/¢(2)Z defined as

ts(k) =g (k) mod £ (2)Z.

SMZVs are introduced by Kaneko and Zagier in [5] as real counterparts of finite
multiple zeta values (FMZVs). Moreover, Kaneko and Zagier conjectured that there
exists a one-to-one correspondence between SMZVs and FMZVs, which is called the
Kaneko—Zagier conjecture. This conjecture implies that any relations for SMZV's take
the same form as the corresponding ones for FMZVs, and vice versa.

In [6], foranindex k = (ky, ..., k), Hirose defined the refined symmetric multiple
zeta values {gs(K) (RSMZVs) as an element of Z[2mi] in terms of iterated integrals
and gives the following expression:

trshi, .. k)= > ﬂ(—lﬁ*m“ﬂl;lﬂ(@ coeka)
ocuzhey (C—atD!

kj=1 (a<Vj<b)
Xé’m(kr, ey kb+1).

By this expression, we easily see that {gs(K) is a lift of ¢s(k):
Crs(ky, ... k) =5 (ky, ... k) (mod 2mi Z[2mi]). (1.1)

The definition of RSMZVs, (1.1) and the method of the iterated integrals discussed
in [2, 3] together lead to weighted sum formulas for SMZV's, which is our main purpose
in this article.

Main Theorem (Weighted sum formulas, cf. [3]) Let L1, A2, &1, and & be indetermi-
nates. Forr,s € Z=qo, we have

> ((—Dl’zﬂzx?s{’ WPEP + G E A5 EDH M + )26 + sz)h)
i1+iy=r
Jit+j2=s

x Z ¢& (k1) =0. (1.2)
kel (iy+ji+1,i1+1)
lel(i2+ja+1,i2+1)
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Weighted sum formulas for symmetric multiple zeta values 143

We remark that (1.2) holds without modulo ¢(2)Z. The weighted sum formulas for
FMZVs are proved by Kamano in [3]. According to [3], by setting

0 (k1 >1),

w(k) =
0 m (ky=---=kyp=1kyy1 > 1),

for k = (ki, ..., k,) and specializing the parameter (A1, X2, £1,&) = (1,0,0, 1) in
(1.2), we have the following corollary.

Corollary 1.1 Fork € Z~¢ and r € Z=o, we have

k—1

> wmcsk) = (1) sl L+ 1), (1.3)

kel (k+r,k)

By substituting (Aq, A2, &1, &) = (1,1, —1, 1) in (1.2), the following corollary
holds.

Corollary 1.2 For k € Z~ and an even integer r > 2, we have

Z 2 ® e (k) = 0. (1.4)

kel (k+r.k)

The proofs of (1.3) and (1.4) are exactly the same as for FMZVs. Thus for the details
of Corollary 1.1-1.2, see [3].

Remark Either (1.3) or (1.4) does not hold without modulo ¢(2)Z because we need
to use the symmetric sum formula [7].

We denote by &,, the symmetric group of degree n. For p, g € Z>(, Kamano intro-
duced in [3]

Wpgi=1{0€Gpigr1lo) <---<o(p)o(p+1)<---<o(p+gqg),
o(p+g+D)=p+q+1},

and for o0 € W4, A = (A1,...,Ap) and ' = (Ap41, ..., Aptgq), he defined
P? (A, 1) (1 <i < p+q) such that

fig1 dt p+q+1 dt pta- il gy pa+1 gy
S [ [ [ [
l

j=p+1 J Ip+q
p+q

lo=1i+1) dt’
= Z Pig ()"7 A'/) ! s
i=1

t/
To=13)

which is uniquely determined. Then the argument in [3, Section 3] with the iterated
integrals for RSMZVs works well, and we obtain the following theorem.
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144 K. Fujita and Y. Komori

Theorem 1.1 For indeterminates Ay, Em (1 <m < p+q) andr, s € Z>o, we have

q . . pta . .
Z (_1)(1+Zk=1(1p+k+1p+k) 1_[ Ai;’,’é‘,aﬁ'”
li|=r m=1
lJj1=s
X > cE&e, . Ky Kpigs o Kpt1)

kiel(i1+j1+1,i1+1)

Kp+q€llp+gtiptqtLliptg+D)
ptq

> X (H P (A X)n P (&, s’w)

oWy lil=r "m=I1
ljl=s

x > CEKL, - Ky Kt - Kpg)
kiel(iy+j1+1,i1+1)

kp+qEl(i1z+q+jp+q+1sip+q+1)

We state the structure of this article. In Sect. 2, we review the fundamental facts of
iterated integral and the definition of RSMZVs. In Sect. 3, by using iterated integrals,
we give the proof of our main result.

2 Preparation for proof

To prove main result, let us introduce some notions concerning regularized iterated
integrals. Our basic references are [ 1, 6]. We write a pair of apoint p € C and a nonzero
tangential vector v € T,C = C as v,. Fix ay,...,a, € {0,1}. Lety : [0,1] — C
be a cuspidal path, that is, a continuous piecewise smooth map, from v, to w, with
y((O, 1)) Cc C\{0,1}, y(0) = p,y'(0) = v, y(1) = ¢, and y'(1) = —w. For the
path y, set a function F, : (0, %) — Cby

Lody ()
Fyle= / ﬂ ) —a

e<t)<--<ty<l—e'

It is known [1, 6] that F), (¢) has an asymptotic development: there exist complex
numbers cg, c1, ..., ¢, € C such that

n
F,(€) = co + ch(loge)k + O(elog"te)
k=1
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Weighted sum formulas for symmetric multiple zeta values 145

0 1

Fig. 1 the path dch

[ ]
0
Fig.2 the path
0
Fig.3 the path 8
as € — 0. Then the regularized iterated integral I, (vp; a1, ..., an; wy) is defined by
I, (vp; ai, ..., ay; wy) := cop.
Note that in a homotopy class, cp, ¢y, . . ., ¢, are independent of the choice of a rep-

resentative y .
Hereafter, two tangential base points 0’ and 1 are understood as

0=1y, 1'=(Dy.

Let dch denote the straight path from 0 to 1’ [1]. By using this path, ¢™(ky, ..., k)
is given by

COky, - k) = (= 1) Taen (05 1, {03171 1, {0y 1),

k

e e A
where {0}f means 0, ...,0 for k € Z>¢. We define the path « from 1’ to 1" which
circles 1 once counterclockwise and the composition path g := dch - « - dch™! (see
Figure 1, 2, and 3).

n

———
Leta" =« ---o forn € Zy.

Lemma 2.1 ([1, Theorem 3.253, Example 3.261]) For any sequence ay, ...,a, €
{0, 1}, we have

Lah 05 ar, ..o am; 1) = (D" i1 (Vs ap, ... a150') € Z,
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146 K. Fujita and Y. Komori

Qmin)™
Ipn(say, ... am: 1) = m!
0 (otherwise).

ay=---=ay =1),

Set B, = dch- «" - dch™. According to [6, Proposition 4], by Lemma 2.1,
the iterated integral Ig, (0'; ay, . .., am; 0') with (a1, ..., an) = (1, {0}=1 .1,
{0}k =1 1) is written as

Ig,(05ay, ..., am; 0)
= > Iiasar,...a e (Vi a, ... oa; 1)

0<k<I<m
X Lig—1 (s arg1, ..o @ 0)
Qrin)k~! ) / / /
Z Wldch(o sar, .o, ap Ly (Us aggq, ..o a; 00)
O<k<l<m :

aj=1 (k<V;j<l)

_ Z (Znin)h_“'H

mldch(o/; 1, {O}kl—l’ o, 1’ {O}ka_]; 1/)

0<a<b<r

kj=1 (a<Vj<b)
x Tyt (15 {0y =11 oy~ 1500

_ + \b—a
= (—=1)"2min Z %(_1)kr+-<.+kb+1§m(kl, s kg)

0<a<b<r

k=1 (a<Vj<b)
x ¢ (ky, ... kpyr1) € 2winZ[2min].

Since the equation above holds for all n € Z-(, we replace 2win with T as follows.
Foray, ..., ay € {0, 1}, there uniquely exists L(ay, ..., ay; T) € T Z[T] such that

Ig, (0 a1, ...,an; 0)) = L(ai, ..., an; 27win).

Thus we put

trskiy . ke T) L(, o=t ot 1T

(=D
T

and get
é’RS(kla -~-vkr;0) = ;,gl(klﬂ "'vkr)v

which plays an important role in the proof of the main result. Note that L (ay, . . ., ay; T)
is an abbreviation of the symbol L(e,, - - - €4, ; T) introduced in [6].
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Weighted sum formulas for symmetric multiple zeta values 147

Lemma 2.2 (¢f. [2, Lemma 2.1])

X dg) ' / L dBu(pa)
(, ﬂna’)—l) - Hﬂn(pa)—l

t<pr<--<pi<X

Xdﬂna’))f_ | / d B (qp)
(t By )~ nﬂn(qw

t<qi<- <qj<Xb 1

Proof We have

X dp.(t) )"_ / L dBu(pm)
(: But)—1) Hﬂnwm)—l

t<p1<XM= 1

t<pi'<X
_ Z / lL[ dBn(pm)
Bn(pm) — 1
T€Si 1< py 1y < <poiy <X ™!
. L dBu(pm)
e A | e

t<pi<--<pi<X™M= 1

which implies the first equality. By the same method, we easily get the second equality,
and complete the proof. O

The following lemma is a key of the proof of our main result.

Lemma 2.3 Fix sufficient small ¢ > 0. For X € [€, | — €] and a continuous function
fiBu((e,1 =€) — C, we have

Bl (d—e) Im 2
/ dzm/ dzm / A2 f e 2m)
Bl (1-x) Bl (1-X) Bl (1-x)
Brl—e) n Zig2
= Z(/ . dZm/ ' dzm—1 - / . dzi+l>
) B (o) Bl ©
Bn(l—€) zi 22
X</ dz,'/ dZ,'_1~-~/ dZ])f(Zl,...,zm).
B (X) B (X) B (X)

Proof The key idea is a replacement of the path from ,Bn_l (I-X)toz € Bu((e, 1 —¢€))
by two paths: one starts at ,Bn’l (1 — X) = B,(X) and goes backward to B,(1 — €),

and the other starts at 8,(1 —€) = B, L(¢) and goes forward to z. See Figure 4 in the
casen = 1.
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148 K. Fujita and Y. Komori

0.--"."'“ o] =

B (1=X)

Fig.4 replacement of the path 8, !

We repeatedly apply this separating method to each iterated integral as follows:

Brl—e) Zm 2
/ dZm/ dzm—l"'f dzlf(zla~--azm)
Bl (1-x) Bl (1-X) Bl (1-X)
Bn(1—€) Brld—e)
ol (AN I
Bu(X) Bl ©
Zm 22
x/ dszl-.-/ 21 f Gl zm)
Bl (1-X) Bl (1-X)
ﬁn(l_e) Zm 22
Z/ dZm/ dZm—l"'f lef(le""Zm)
B (X) B (X) B (X)

/3;171(175) ﬂn(lff) Zm Zm—1
+f dzm <[ +/ )dZm—I/ dzm—2 -
B (e) Bn(X) Bl (e) Bl (1-X)

22
x/ dz1f (1, s Zm)
B

L (1-X)

ﬁn(lfe) Zm
= / dzm / dzm—1---
Bn(X) Bn(X)

22
x/ dz1f(Z1s -y 2m)
B

i (X)

Bl (1—e) Bn(1—€) Zm—1 2
+/ dzm/ dszl/. dszsz dzif(z1, ..., 2m)
) B (X) B (X) B (X)
Brl(1—e) Zm Bu(1—€) Zm—1
+/ dZm/ dZm—l</ +/ )dZm—Z
Brl© Bl (e Bu(X) B (e)
Im-2 22
X/ dZm—S"'/ lef(Zlv---yzm)
B (1-X) B (1-X)
m Bl (1—e) Zm Zig2
P — (f 1 dZm/ 1 dzm—l"'/ 1 dzi-‘rl)
i—0 \YBn (€) Bn(€) Bu (€)
Bn(1—=€) Zi 22
X(f dZi/ dzi—i / d11)f(z1,.--,zm),
B (X) B (X) Bu(X)

which completes the proof. O
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Weighted sum formulas for symmetric multiple zeta values 149

Remark Although we showed Lemma 2.2 and 2.3 directly, they are consequences of
general formulas:

for a cuspidal path y : [0, 1] — C from a point x to a point y and a, b € (0, 1),
consider the possibly divergent integral

/ . / dy (1) dy (tm)
wal e wam = e
y.a,b y (1) — Y (tm) — am

a<t]<--<ty<b

with ay, ..., a; € (0, 1). Then, Lemma 2.2 follows from the shuffle product

/ wal...wa(‘n/ wbl...wbn:/ wal...wammwbl...wbn’
y,a,b y,a,b y,a,b

where wy, - - - wg, I Wp, - - - wp, With by, ..., b, € (0, 1) means that all permutations
of wg, - - wg,, and wy, - - - wp, with its order kept. Moreover, Lemma 2.3 is essentially
a combination of the path composition formula

m

/ wal...wumz E f wal...wuj/ wajJrl.'.wam
y.a,b y,a,c y.c,b

j=0

and

/ wal...wamZ/ wal...wam_
y.a,b y~ L 1—a,1-b

Remark Lemma 2.3 plays the same role as in [3, Lemma 2.1]. We will see below
in (3.2) that only the term i = m remains and the other terms vanish by modulo
2rinZ[2min].

3 Proof of main theorem

Proof (Proof of Main Theorem) Fix sufficiently small € > 0. For X € [e, 1 — €], we
define

Ir,s(X) = Ir,s()hlv )\2, El: %_2; X)

._ 1 X dp,(t’) X dp.u') '\
= / (k‘ By —1 72, ﬁn(u/)—1>

e<t<X
e<u<X

y (s X dB(t') e /X dﬁn(u’)y L dBd)
Y B w Bau) (Ba(t) — D)(Ba(u) — 1)’
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150 K. Fujita and Y. Komori

We calculate /. ;(X) in two ways. By using the binomial expansion and Lemma 2.2,
We have

L+ (X)

_ ¥ Mgl ke B (1) ( X dp, (") )( Xdﬂn(r’)>f‘
R~ By —1\J, Buth—1) \J, But)
L rig=r e<t<X

Jitj2=s

d B () ( X dp,) >f2( Xdﬁn(u’)>f2

Xﬂn(u) -1 Bn(u') — 1 B (')
e<u<
i
— Z )»ilfjl)\,iz 2 / dpn(t) l—l[ dBn(pa)
el Bn() =1 1 Bu(pa) =1
.1+'.2:'; e<t<pi<--<pi; <X a=
Jire= e<t<q)<-<qj <X
e<u<x1<-~-<x,-2<X
e<u<y|<-<yj, <X
J1

da@) dfa) 1y B dBu(ya)
I a1 e 11500

— i1gJ1yi2g2 M
= 2 MENE ) / Bu(0) =1

c=1

i1 +i=r u1+'“+al‘1+f1=ile<t<u1<~~<p.,- <X
i1+ jo= ) 171
Ji+j2=s bitAbip+ jy =12 ¢y <y, < <Viygjy <X
i1+j1 i2+)2
y 1—[ dpn(pux)  dBn(u) 1—[ dpn(vr)
I B = a Bu) =1 11 Ba(o) — by
where we put
1 ifugisoneofpy,..., pi., b 1 if yjisoneof xq, ..., xj,,
ax = . . | = . .
0 if ugisoneofqy,...,q;, 0 ifyisoneof yi,...,y),

for1 <k <iy+jiand 1 < <iy+ jp.Since B, ' (t) = B,(1 — 1), we have

i2+j2

dp(u) dBu(v)
/ Bu(u) — 1 E Bu(vi) — by
E<USV] <+ <Vjypjy <X -
_ iyt [ T lon _dpy'w
i Bt — b ) — 1

l—X<v,-2+j2<---<v1<u<l—5
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From Lemma 2.3, we obtain

ir+jo

(=1)i+int] / I

1=X <Viy 4, <--<vi<u<l—e =1

— (_1)i2+j2+1< /

X<Vigtjp <<vi<u<l—e

i2+j2+1 i2+j2

dg, ) dptw)

i2+j2

Bt ur) — by B (w) — 1

dBn(v)  dp,(u)

L1 Buw) = by ) — 1

dBn(vy)
ps / 5w

X <Viyqjy <--<vi<l—e I=i

i—1

% / 1_[ dﬂyjl (V)

et B Om) = b B ) — 1

€<vi_1<--<vi<u<l—e

Thus we have

_1\r+2
(21). / 1o (X) dpn(X)
win Ba(X) —1

e<X<l—e

— Z (_1)i2+j2+1)\’i11&-1jl)\’;2 52

2

dp, (u) )

(_1)k+2
2win

i Fiz=r ap+--+ai +j, =i
Jitjp=s bi+-+biy+j, =iz

: /

E<I<[U| < <jj4j; <X <Vigqjp <-<vi<u<l—e

a4 Gu)  dBa(X)

< [1 B (k) — ar fu(X) — 1

k=1
i2+j2

o dB,(v)  dBn(u)
1= Bn(v) — by Bn(u) — 1
+P;S(27tin),

where P (2rin) is given by

PEQuiny = Y (—DPTRtLNE D]

i1+iy=r
Jitj2=s

: /

(1)

Bn(t) — 1

ir+ja+1

2 X

ar+-ap ;=i i=l1
bit-+biytjy=i2

dpn ()
Bn(@) =1

€E<I<U] <+ <Wiy+j; <X <Vigjp <-<vi<l—€

e<u<vy<--<vji_1<l—e

3.1)

(_1)k+i+2

2win
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152 K. Fujita and Y. Komori

i1+j1

dBa(ur)  dBu(X) " dB.(u)
) ,El Bn(ik) — ak Pu(X) — 1 g Bu(v)) — by

L B TT _dBu(m)
Bn(u) — 1 me1 Bn (i) — by

Hence the regularization of (3.1) with the replacement 2rrin by T is equal to

in+jo+1401j1902602
Y (=nEERt g e
i1+ia=r
Jit+j2=s

i -1 (— 1)k+z+2
x 3 (;Rs(k LT)+Y > ——

kel(ii+ji+1,i1+1) i=0 m=0
1€l (ix+jo+1ia+1)
< L1 oyt oy T oy L oy L oyt T
xL(1, {0y~ 1, (o), T)). (3.2)

Next, we give another expression of 7, ;(X). By dividing the region of the integral,
we have

Ly (X) = 18 00O + 12 (X),

where we set

1
1 .
]r(’s)(x) = i / .

1
2% -
I X) = Tl /

Using the binomial expansion and Lemma 2.2, We have
150(X)

_ 1 “dpt) X odpa)
-/ (“ 1ot | ﬂn(u’)—l)

e<t<u<X

“ dfa(t') / dﬂnw’)) B (t)dBu(u)
X<§‘ L By TE TR B @) — D) — 1)

_ Z ML+ a)RE] & + )7

irlialji! !

i1+ix=r
Jitj2=s
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Weighted sum formulas for symmetric multiple zeta values 153
dBu(t) ([ dBu(t) \"( [“dBut))"
Pn (1) —1( ¢ Ba() — 1> ( r Ba) )
e<t<u<X
X( X ) )( Xdﬁn(u’>>f2 d (1)
w Bn(u)—1 w B ) Ba(u) —1
Al on + a2 6 + 8

i1+iy=r
Jit+j2=s
dBu(t) 14 dBn(pa)

[1 Bn(pa) — 1

<]
Buy—1 11

e<t<p1<~~~<pi1<u<x1<~~<x,-2<X

€<t<q|<-<qj <U<Y|<<Yj, <X

y 1’—[ Abatar)_dfnt) 7y _dfn(xo l’—[ dpy (ya)
b1 Bu(qp) Bu(u) — 1 =1 Bn(xc) — 1 d=1 Bu(ya)

A on a2 6 + e

i1+ix=r
sitjp=s
dpn(1)
X —
. ++Z . / Bult) — 1
b:++bz;ig;l; E<I<UL <+ <[Ljy 4 j) <USV] <m<v,-2+j2<X
4 i
5 ﬁ AP (i) dpn(w) l_f df ()
k=1 Bn (k) — ag Bn(u) — 1 =1 Bn(vi) — by
So we obtain
[ 1D x) dpn(X)
B (X) — 1
e<X<l—e
= D MO+ r)RE G+ 0"
i1+ix=r
Jitj2=s
dpn(t)
X S —
Z . / Bn(t) — 1
arteFaip 4y “le<t<puy <<y gy SUSV] <<V gy <X <1—€

b1+"'+bi2+j2:lz
-
S dB () dBu(X)

B Gu)  dBa(u)
x H Bn (i) — ag Pn(u) — 1 E Bu(v) — by Bu(X) — 1"

k=1
Similarly, the calculation of % (X) yields
dpn(X)
[ 1200
Bn(X) — 1

e<X<l—e
@ Springer



154 K. Fujita and Y. Komori

= > M+ a2 6+ &2
i1+iy=r
J1tj2=s

y 3 / dpn(®)
bt Bu(t) — 1
TN T Ve<t<py <o <y 4, U<V < <Vjy4j, <X <l—€
by -yt jy =i i1+ i2+j2

X"ﬁ‘ dBuu)  dBau) ﬁ dBu(v)  dBu(X)
Bu(ie) — ai Bu(u) =15 Ba(u) = by Bu(X) — 1

k=1

Thus

(=D)r+? / I (%) dBu(X)

2min Bn(X) — 1
e<X<l—e
(~1y* [ ( ) (x) ) 4EnX)
_ IDX) + 13 (X) |
2min ris X+ IS0 Bn(X) =1
e<X<l—e
i1 g1 i1 g J1 J ' D™
= Z AVE +ATED (1 + 22)2 (61 + §2)7 Z 2in
i1+ip=r artetaiy 4 jy =i
J1t+j2=s bi+-+biy t jy=i2

X

/ dpn(1)
Bn(1) — 1
E<I<U] <+ <Wiy4jp SUSV] <+ <Vjyjo <X <l—€
it+j1 i2+j2
dBn(uk)  dBan(u) dpp(vp)  dpn(X)
. 3.3
500 —a - ,1_[ B () — by un(X) — 1 G

=1

k=1

Hence the regularization of (3.3) with the replacement 27rin by T is equal to

Y GLE AN E G + ) (E + )P > trs(k, 1 T).
i1+ip=r kel(ii+j1+1.0+1)
Jitj2=s lel (ix+jo+1,i2+1)

(3.4)

By (3.2) and (3.4), we have

> ((—1)"2“%?5{%?5{2 +E AN EN O + a2 (6 + sz>f2)
i1+ix=r
Jiti2=s

x Y trsk:T) = PLE(T), (3.3)

kel(i1+j1+1,i1+1)
lel(i2+ja+1,i2+1)
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where Prrf:sg (T) is equal to

it jat1yi1gJ19125)2
> COEFEELE G E
i1+ix=r
Jitp=s

ir li—1 ;
[ (_1)k+l
= 4 T
kel(i1+j1+1,i1+1) i=0 m=0
lel(i2+ja+1,i2+1)

XL(LAOYO ™! oy oy oy oyt T
X L(1, (0}0~1 1, (o) T,

We see that P,rf?(T) is a polynomial in 7 without constant term because
L(ay,...,ayu; T) € TZ[T]. Therefore, by putting 7T = 0 in (3.5), we have (1.2).
This completes the proof. O
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