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Abstract

In this paper, we prove some congruences for the coefficients of a function related to
Ramanujan’s sixth-order mock theta function ¢ (q), which was conjectured by Song
Heng Chan.
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1 Introduction

Here and in what follows, we have made use of the standard g-series notation [9]
(a;q)o:=1,

n—1

(@ qn:=]]0—-ag", n=1,
k=0
(o)

@ @)oo= [0 —agh, Il <1
k=0

and

(a1, a2, ,ai; Qn = (a1; @Qn(az; @)n - - (ar; @n.
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We define

J(Zq) == (25 9)00(q/2; @)oo (q; §)co-

For convenience, define f; as

fi := (" 4" oo

Definition 1.1 Let x, z € C* with neither z nor xz an integer power of g. Then

1y @
jzq) 1—g=xz

r=—00

m(x,q,z) =

A partition of a positive integer n is a nonincreasing sequence of positive integers
whose sum s n2. Let p(n) denote the number of partitions of n. The generating function
for p(n) is given by

o0 ) 1
nz:(:) pimg” = (@ Doo

Ramanujan found the following famous congruences:

p(dn+4)=0 (mod)5),
p(In+5)=0 (mod 7),
p(lln4+6)=0 (mod 11).

Recently, arithmetic properties of congruences for generating functions have received
a great deal of attention. For example, Andrews [1] found the smallest part partition
function and established that for n > 0,

spt(5n+4) =0 (mod 5),
spt(In+5)=0 (mod 7),
spt(13n+6) =0 (mod 13),

where spt(n) denotes the number of the smallest part partitions of n. Ramanujan [10]
presented the following function which is related to one of the Ramanujan’s sixth-order
mock theta functions:

o n+l1

(=45 92nq
(q)=) ——5—
vl ; (q: q»2,
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In addition, Ramanujan [10] provided a rank type generating function which is stated
as follows.

i (—q; Q)anI"+

= (xq.q/x:qPn41

Notice that ¢(¢) can be derived by setting x = 1 in the above function. Chan [4]
obtained that

1(=¢; o Z (— 1>"q<"+“

D= e 1o gt

n=—00

Motivated by a search for similar functions which satisfy simple congruences, Chan
[4] presented some congruences for mock theta functions. Let

Y am)q" = ¢(q).
n=1

Chan found that for any integer p > 2 and 1 < j < p — 1 with p and j coprime, the
coefficients of the Appell-Lerch sum

>, (=1)ngprot /24 jnt]

E aj p(n)g" = ! E oy
(@71 4P)o0(@P773 qP)oo(qP; qP) oo I =g
satisfy the congruences

aj.p (pn—}—pj —j2> =0 (mod p).

In addition, Chan [4, Conjecture 7.1] conjectured that

a(50n + 19) = a(50n +39) = a(50n +49) =0 (mod 25), (1.1)
a;3(6n+3)=a;3(5n+4)=0 (mod>5), (1.2)

a16(2n) =0 (mod 2), (1.3)

a,102n) = az102n) =0  (mod 2), (1.4)

are6n+3)=0 (mod 3), (1.5)

ar.10(10n +5) = a3 10(10n +5) =0 (mod 5). (1.6)

Let
> .
> arjapn)g" = —m@*? . q" . q7).
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Chan and Mao [5] derived that for any integer k and any two coprime integers 2 p and
jsuchthatp >landl <j <2p—1,

ak,j2p2pn+p) =0 (mod p),

which generalizes (1.4) and (1.6). Qu et al. [11] found (1.3) and (1.4) hold. In 2018,
Baruah and Begum [3] not only derived (1.1), but also proved (1.6). Recently, in view
of elementary methods, Ding and Xia [7] derived

a1 3(15n+8) =a;3(15n +14) =0 (mod 5),

which are special cases of (1.2). Then by means of Appell-Lerch sums and the theory
of modular forms, Fan et.al [6] proved (1.2). Chan [4] also provided the following
conjecture.

Conjecture 1.2 [4, Conjecture 7.4] Let
o S . 2n+1
(—4; 9)2mq
Zd(”)qn = Z . 2n2
n=1 n=0 (qv q )n+]

We conjecture that for any nonnegative integer n,

d(8n+5 =d(18n+8) =d(18n +11) =d (18n + 14)
=d(18n+17) =0 (mod 3).

In this paper, we derive the following theorems related to d (n).

Theorem 1.3 We have

o o . 2n+1 3 o o
(_qa Q)an 1 fz n24n 1 2+
D" =3 e =3 ) (DT ) (e
n=1 n=0 (q:q )"‘H 2 fl n=0 2 n=0
Theorem 1.4 Forn > 0, we have
d6n+5)=0 (mod 3), (1.7
dOn+5)=0 (mod 3), (1.8)
dOn+8)=0 (mod 3). (1.9
Theorem 1.5 For any odd prime p and n > 0,
9p% —1
d(9p(pn+i)+ p4 >Eo (mod 3),

ori=1,2,---,p—1.
Jf P

The paper is organized as follows. We present some lemmas in Sect. 2. Theorems
1.3-1.5 are proved in Sect. 3.
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2 Some lemmas

In order to prove the main results, the following lemmas are needed.

Lemma 2.1 [2, Agrarwal] For any parameters A, B, a # 0, and b,

i(BNI)n(—Abq;Q)nqn__ (B; 9)oo(—Abg; @)oo i (1/A; @)m <@)’”

< (—aq: On(=bgi@hn  a(=aq: oo(=bq: oo = (—B/ai Qw1 \ a

00
(=1/a; Q)m+1(—=ABq/a; ¢)m m
+({1+b —b)".
( )mzzo(_B/a§q)m+l(AbQ/a§Q)m+l )

Lemma 2.2 [8, p. 15]The Rogers-Fine identity

i CR A i (@; Q)n(atq/B; @up"T"q" (1 — atg™)
(B; @n (B Dn(T5 @nt1 ’

n=0 n=0

Lemma 2.3 [9, Eq. (III.17), p. 242] Watson-Whipple transformation

n27n
il—acﬁ” @bocd egu(=1)"q"T (@) _ (aq,ze;qmi (5e.d.eiq) ag
l—a (@, G L GF L ubedey  CF e e, L

b ¢

n=0

3 Proof of Theorem 1.3-1.5.

Proof of Theorem 1.3 In Lemma 2.1, replace g by ¢2, then seta = b = —¢, and finally
replace A and B by —g 2 and —¢?, respectively, we find that

i( 4: @)onq

= (@9 (a:9

2n+1

_ 434P)00(=4% 4P i (=4%: ¢H)n(=D)"

22, (—=4: 4P+

2 2 n
q 1 aMn+1(g5 4Mng
Z( —-q; qz)n-H( I;q )n+l
_ 4 i (=¢*1 g (=D)"
(1+9)(q; ¢H% (=4%: qHn
4 i (45 49)n(g; 4Hnq"
201+ ) 7= (=47 4*)n(=4% q*)n

n=0

3.1

For the first summation in (3.1), we apply Lemma 2.2 with « = —g?, ¢ replaced by
g°, B = —q> and T = —1 to find that

2
i (=¢* g>n (=" _ i (=43 4M)n(=q% ¢7)ng™ " (1 — g+ %)
=0 (=43 q¢*n =0 (=43 ¢®)n (=15 ¢Hnt1
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oo
= d ;q) Z (q2n2+n _ q2n2+3n+l)

n=0
(1+q) & P
=—F Z(—l) g 2 . (3.2)
n=0
For the second summand in (3.1), we seta = q2 and b = —qz, and replace ¢, d, e

and ¢ by —q, ¢, ¢ and ¢2, respectively. Then we find that

i @:47n(@:*ng" @ 4D)(q’ 470
— (4% 4D (=% D (4% 4H(q: 4P

2
. i 1 _q4n+2 (qZ’ _qZ’ —q, qZ’q; q2)n . (_1)nqn +n
1

—o1-q? 4% —4% —4% 4>, 4% ¢*n

=(+9) Z( 1", (3.3)

n=0

Substituting (3.2) and (3.3) into (3.1) yields that

> (—4q; q)2nq 1(—¢; 9o — n nin I o n_n%4n
2 (q: 9, T2 (i q)2 2D - EZ(_I) 7
n=0 n+1 ’ X Hn=0 n=0

1 f23 - n  nitn [ n_n*+n
EFZ(—I) ¢ =5 ) (g
1 n=0 n=0

This completes the proof of Theorem 1.3. O

2n+1

Proof of Theorem 1.4 First, using Theorem 1.3, we find that

o0 o0
Zd( )q" —li Z( 1 "22+" _lz(_l)n n’4n (mod 3)
n = > 3 q mo .
n=0 n=0
2 oo 2 o0
_1fe Z Z( 1ty rtpuiksd 1 Z Z(_l)n+kq(pn+k)(pn+k+l)
R £ e o k=0 n=0
li (Z( 1)11 _ Z( l)n 9)1 +9n+1 + Z( 1)” In +15n+3)
2f3
n=0 n=0

1 00 00
-5 (Z(_l)nq9n2+3n _ Z(_l)nq9n2+9n+2 + Z(_l)nq9n2+15n+6) )

n=0 n=0 n=0

From the above congruence, we arrive at

> dGn+2)q" = % Z(—l)"q3"2+3". (3.4)

n=0 n=0
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In view of (3.4), we derive that
dB3Q2n+1)4+2)=d6n+5)=0 (mod 3),
dBGBn+1)+2)=dOn+5)=0 (mod 3),
dB3Bn+2)+2)=dOn+8) =0 (mod 3).
Proof of Theorem 1.5 By means of (3.4), we derive that for any odd prime p,
o0 o
Y dBEE+2q" =) dOn+2)q"
n=0 n=0
1 o
n=0
1p,1 00
5 Z Z )n+kq(pn+k)(pn+k+l)
k=0 n=0
p=3
1 - k2 +k = n+k  p*n?+Qk+1)pn
=52 4" =1y
k=0 n=0
2 o
( 1)7 r— Z( l)n )4 n(n+1)
n=0
1 = K24k = n+k  p*n?+Q2k+1)pn
+5 D a1 :
k:LH n=0
2
Notice that for any integer 0 <k < p — 1,
Rik="2 (mod p)
if and only if k = (p — 1)/2. Thus,
00 00 2
—1 9p= —1
Zd<9<pn+p >+2>q"=2d<9pn+ P >q”
4
n=0 n=0
Lt Z( g™ (mod 3).
3.5
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Since there are no terms on the right of (3.5) in which the powers of ¢ are congruent
tol,2,---, p—1modulo p,

9p2 —1

d(9p(pn—|—i)+ )

) =0 (mod 3),

fori =1,2,---, p— 1. We complete the proof. O

Remark. After the completion of the first version of this article, we learned from Prof.
Dazhao Tang that Theorem 1.3 is one special case of Entry 6.3.7 in book “Ramanujan’s
Lost Notebook Part IT”.
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