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Abstract

Based on the Connes—Kreimer Hopf algebra of rooted trees, rooted tree maps are
defined as linear maps on the noncommutative polynomial algebra Q(x, y). Itis known
that they induce a large class of linear relations for multiple zeta values. In this paper,
we show for any rooted tree f there exists a unique polynomial in Q(x, y) that gives
the image of the rooted tree map f explicitly. We also characterize the antipode maps
as the conjugation by the special map t.
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1 Introduction

Let H be the Connes—Kreimer Hopf algebra of rooted trees introduced in [3]. For any
f € 'H, the rooted tree map f is introduced in [11] as an element in End(A), where
A is the noncommutative polynomial algebra Q(x, y). It is known that rooted tree
maps induce a large class of linear relations for multiple zeta values. In [1, 2], we find
some results in algebraic properties of rooted tree maps to make some applications to
multiple zeta values clear. In [8], the quasi-derivation operator introduced in [7] can be
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interpreted by a certain kind of harmonic product ¢ (introduced in [4]). In this paper,
we establish similar algebraic formulas for rooted tree maps in the harmonic algebra.

Theorem 1.1 For any f € H and w € A, there exists a unique Fy € A such that
f(wx) = (Fr o w)x.

Remark 1.2 The fact that rooted tree maps are commutative pairwisely, which is intri-
cately shown in [T], follows immediately from our Theorem 1.1 because the product
© is commutative. We call the rooted tree with n vertices among which there is only
one leaf the ladder tree, which is denoted by A,,. The corresponding rooted tree map
Do i closely related to the derivation operator d,,, which gives the derivation rela-
tion for multiple zeta value’s (see [BT] for details). On the other hand, one finds
F, = yx+ 2y)"~! (see Sect. 3). Combining these two, the derivation operator is
expressed by the product ¢. The expression agrees with Theorem 2.2 in [KMM] when
¢ = 0.It’s not been clear how the quasi-derivation operator relates to rooted tree maps,
i.e., how our theorem 1.1 relates to Theorem 2.2 in [KMM] for arbitrary c.

We also have similar formulas for 5/(7/) € End(A), where S denotes the antipode
of H.

Theorem 1.3 Forany f € H and w € A, there exists a unique G y € A such that
S(Hwx) = (Gyow)x.

By Theorems 1.1 and 1.3, we have (G ¢ w)x = S/(?/)(wx) = (Fs(p) ¢ w)x for
w € A. Thus we obtain

Corollary 1.4 For any f € H, we have
Gr = Fsp).

Let t be the anti-automorphism on A characterized by 7(x) = y and t(y) = x. This
7T is an involution and gives the well-known duality formula for multiple zeta values.
We also have the following property.

Theorem 1.5 For any f € H, we have

S(f)=rtfr.

In Sect. 2, we give some basic tools including the Connes—Kreimer Hopf algebra
of rooted trees, rooted tree maps, and harmonic products. Sections 3—5 are devoted to
Proofs of Theorems 1.1, 1.3, and 1.5 in turn.
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2 Preliminaries
2.1 Connes-Kreimer Hopf algebra of rooted trees

We review briefly the Connes—Kreimer Hopf algebra of rooted trees introduced in [3].
A tree is a finite and connected graph without cycles and a rooted tree is a tree in
which one vertex is designated as the root. We consider rooted trees without plane
structure, e.g., = , where the topmost vertex represents the root. A (rooted)
forest is a finite collection of rooted trees t1, ..., #,, which we denote by #; ---#,.
Then the Connes—Kreimer Hopf algebra of rooted trees H is the Q-vector space freely
generated by rooted forests with the commutative ring structure. We denote by I the
empty forest, which is regarded as the neutral element in H.

We define the linear map B on H sending a forest ¢; - - - f,, Where ¢;’s are trees,
to the tree obtained by grafting all roots of #;’s onto a single vertex which is the new
root, and B4 (I) = . We find that, for a rooted tree ¢ (5 I), there is a unique forest f
such that t = B, (f). The coproduct A on H is defined by the following two rules.

(1) A =1®1 + (B4 ®id) o A(f) if 1 = B4 (f),

2) A(f)=A(g)A(h)if f =ghwith g, h € H.

Note that components of the tensor product are reversely defined compared to those
in [3]. We denote by S the antipode of . In the sequel, we often employ the Sweedler

notation A(f) =>4 [ ® f".

A subtree ¢ of the rooted tree ¢ (denoted by ¢’ C t) is a subgraph of ¢ that is
connected and contains the root of ¢ (hence the empty tree I cannot be a subtree in our
sense), and we denote by ¢ \ ¢’ their subtraction. For example, we have r \ ¢’ = e I

ifr = /} and 1’ = .
Proposition 2.1 [3] For a rooted tree t, we have

() AD =L@t +) '@\,
t'Ct
(2) SO+ Y 1'Sa\1)=0.

t'Ct
2.2 Rooted tree maps

We here define rooted tree maps introduced in [11]. For u € A, let L, and R, be
Q-linear maps on A defined by L, (w) = uw and R, (w) = wu (w € A).For f € H,
we define the Q-linear map f: A — A, which we call the rooted tree map, recursively
by

() I=id, i

(2) f(x) =yxand f(y) = —yx if f = o,

3) tu) = LyLszL;lf(u) if t = B(f),

@) f) =g(hw) if f = gh,

) fluw) =35 f'@) f"(w) for A(f) =34 [ ® f,
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~

where w € A and u € {x,y}. It is known that ™ : H — End(A) is an algebra
homomorphism. We sometimes denote its image by H. (Note that in this definition
the order of the concatenation product on A is treated reversely compared to that in
[11]. Since the coproduct A on H is also defined reversely as above, this definition
makes sense.)

Let z = x 4 y. Itis known that rooted tree maps commute with each other and with
L, and R;.

Lemma2.2 [11] For f € Hand w € A we have f(zw) = zf(w) and f(wz) =
f(w)z.

2.3 Harmonic products

Let A' = Q + y.A be a subalgebra of A. We define the Q-bilinear product % on A,
which is called the harmonic product, by

wkxl=1%xw=w,

I B R SRR o
B T P o WURNIVIES B
i U e B N
R R B o BN B Y

It is known that this product is commutative and associative, and has one of the product
structures of multiple zeta values (see [5]). There are many properties of the harmonic
product. We here recall the following identity (see [6, Proposition 6] or [9, Proposition
7.11). For yxk1=1... yxk=1 e Al we have

r
Z(—l)iyxk“l .. yxkifl * y‘xkrflzxkr_lfl . -zxk"“fl — O (1)
i—0

Next, we define the Q-bilinear product % on A! by

wkxl=1%xw=w,

B B e IR DR

ki—1 1

=y ey iy

+ yxl‘_l(yxk‘_l . yxkr—l ;yxlz—l . yxls—l)
_ yxkl'Hl_l(yxkz_l . yxky—l gyxlz—l . yxls—l).

Let d; be the automorphism on 4 given by dj(x) = x and d;(y) = z. We define the
Q-linear map d: A' — A' by d(1) = 1 and d(yw) = yd;(w) for w € A. The map
d intermediates between the two products in the following sense.
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Algebraic aspects of rooted tree maps 127

Lemma 2.3 [10] For wy, wy € Al, we have
d(w1 * wz) = d(wl) * d(wz).
Lastly, following [4], we define the product ¢ on A by

wol=1ow=w,
xwy ¢ xwy = x(wy o xwy) —x(ywp ¢ ws),
xwi o ywy = x(wy ¢ yws) + y(xw; ¢ w), 2)
ywy o xwy = y(wy ¢ xwz) + x(ywy ¢ wy),
ywp ¢ ywy = y(wy ¢ ywz) — y(xwy o wy)
forw, wi, wy € Atogether with Q-bilinearity. We find that the product ¢ is associative
and commutative. Let ¢ be the automorphism on A givenby ¢ (x) = zand ¢ (y) = —y.

We note that ¢ is an involution. The product ¢ is thought of a kind of the harmonic
product by virtue of w; ¢ wy = ¢(¢d(w1) * ¢ (w>)) for wy, wr € Al

Lemma 2.4 [4, Proposition 2.3] For wi, wy € A, we have
W1 O Wy = w1 oWy = Z(U)l < U)Q).
Lemma 2.5 For wi, wy € A, we have
wixwy ¢y = (w1 ¢ y)xwr + wix(wa ¢ y).

Proof 1t is enough to consider the case that w; is a word. We prove the lemma by
induction on deg(wi). When deg(w;) = 0, we easily see the lemma holds.

Assume deg(wi) > 1. If w; = zw] (w] € A), by the induction hypothesis and
Lemma 2.4, we have

LHS = z(wjxwz ¢ y) = z(w] © y)xwy + zwjx(wz ¢ y) = RHS.

If wy = xw| (w] € A), by the induction hypothesis and (2), we have

LHS = x(wjxwz ¢ y) + ywixws
= x(w} © y)xwz + wix(wz ¢ y) + ywixwy = RHS.

This finishes the proof. O

3 Proof of Theorem 1.1

In this section, we prove Theorem 1.1. For a forest f, we define the polynomial
F; € Al recursively by

) Fr=1,
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2) Fo =y,
() Fr = LyLyyoy L (Fy)ift = By(f) and f #1,
4) Fr=F,0 Fpif f = gh.

The subscript of F is extended linearly. Put L = Lny+2yLy’1. To prove Theorem
1.1, next proposition plays a key role.

Proposition 3.1 For wi, wy € Aand f € H, we have

wixwy o Fr =Y (Fprow)x(Fpr o wy),
f)

where A(f) =3 f'® f".
Proof 1t is enough to consider the case that f is a forest. We prove the proposition by
induction on deg( f).

When deg(f) = 1, by Lemma 2.5, we find the proposition holds.

Assume deg(f) > 2. If f = gh (g, h # 1), by the induction hypothesis and the
multiplicativity of the coproduct, we have

wixwy ¢ Fy = wixwy ¢ (Fg ¢ Fy)
= (wixwy ¢ Fy) o Fy
= Z(Fg/ o wx(Fgr o wn) © Fy
()

=2 (Fiw o (Fy o w))x(Fyyr o (Fyr © w2)
(&)

= > ((Fiy o Fy) w)x((Fyr o Fyr) 0 wp)
(&) )

= Z(Ff/ o w)x(Fyr o wn).
N

If f is a tree (with deg(f) > 2), we have Fy = L(F,), where f = B, (g).
In this case, we prove the statement for a word w; by induction on deg(w;). When
deg(wp) = 0, we have
xwy © Fy = xwy o L(F,)
=xwy ¢ ny;l Fo +xwy02yF,
=x(wy ¢ ny;l Fo) + y(xwy ¢ xL;] Fg) + x(wp 0 2yF,)
+2y(xwy o Fy)

= y(xwy oxL;ng) + x(w2 ¢ L(Fg)) +2y(xwz ¢ Fy).

For the last term on the right-hand side, we have

2y(xwy o Fg) =2 Z yFyx(Fgr owy)  (by induction)
(8)
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=2yx(Fgowy) +2 Y  yFyx(Fgr o w)

(€3]
g'#l

= 2yx(Fg o w2) + Z L(Fy)x(Fgr o w2)

()
§'#l

— Z ny;ngrx(Fgu o wWy).
(8)
g'#l
Then we find

xwy ¢ Fy = y(xwy o xL ' Fy) + x(wy 0 L(Fy)) + 2yx(Fg o wy)
+ Z L(Fy)x(Fgr o w3) — Z YXL ' Fyx(Fgr o wy).
(8) (&)
§'#l §'#l

Since

x(w2 ¢ L(Fy)) + yx(Fg ¢ wp) + Z L(Fg)x(Fgr o wyp) = Z Fpex(Fpr o ws)

(8) )
g'#l
( by Proposition 2.1(1) or the definition of A)

and

y(xwy oxL;ng) = y(xL)_,ng o Xxwo)
= yx(L;ng o xwy) — yx(Fy o wy),

we have

xwyo Fy =Y Fpx(Fprowy)+ yx(Ly' Fy o xwy)
1)

= > yxLy Fyx(Fyr o wy).
(&)
g'#1
Here we see

Ly 'Fgoxwy =Y Ly Fyx(Fyr o wy)
(®)

since
y(Ly_ng O xXWy) = yLy_ng oxwy — x(wy 0 Fy)
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= F,oxwy — x(wy 0 Fy)
= Z Forx(Fgr o wp) — x(w2 ¢ Fg)
(8)

= Z Fox(Fgr o wp).

(8)
g'#l

Hence we get

xwy ¢ Fr = ZFf/x(Ff// S wy).
(@))

Now we proceed to the case when deg(wp) > 1.
If w = zw| (w] € A), we have

wixwy o Fr = z(wixwy o Fy)
=2 (Fpow)x(Fpr owy)
)

= (Fpownx(Fprowy)
f)

by the induction hypothesis.
If w; = xw| (w] € A), since we have already proved the identity in the case of
w; = 1, we have

wixwy o Fr = Z Ff/x(Ff// o w/lxwz)

N
= Z Fpx Z(Ff‘;/ o w’l)x(Ffé/ o wy),
N "

where we put A(f") = 3" ) fi ® f}.
We also have

Z(Ff/ <& u)l)X(Ff// o w2) = Z(Ff/ wa/l)x(Ff,/ o w2)
(@) )

=22 Fypx(Fyy o whx(Fpn o w),
o ()

where we put A(f") = 3 £ ® fp-
By the coassociativity of A, we find the result. O

Proof of Theorem 1.1 We prove the theorem only for forests f and words w by induc-
tion on deg(f) and deg(w). Note that the existence and the uniqueness of Fy € A
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can also be confirmed by following the proof. First, we prove the theorem when

deg(f) = 1.
If deg(w) = 0, we easily find the result.

Suppose deg(w) > 1. If w = zw’ (w' € A), by Lemmas 2.2 and 2.4, and the
induction hypothesis, we have

LHS = f(zw'x) = 2 f(w'x) = 2(Fy o w')x = (Fy o zw')x = RHS.
On the other hand, if w = xw’ (w’ € A), we have
LHS = f(xw'x) = yxw'x + x f(w'x)
and
RHS = (y o xw')x = yxw'x + x(y o w')x.

By the induction hypothesis, we find the result.
Next, suppose deg(f) > 2. If f = gh (g, h # ), we have

f(wx)
= gh(wx) = Z((Fy o w)x) = (Fg o (Fy o w))x
= ((Fg o Fp) ow)x = (Fy o w)x.

Let f be arooted tree and put f = B1(g).
When deg(w) = 0, we have

F) = OxLy +20)8(x) = (yxLy' +2y) Fyx = Fyx.
Suppose deg(w) > 1. If w = zw’ (w’ € A), we have
fzw'x) = zf(w'x) = Z(Fpow'x = (Fpozw)x

by Lemmas 2.2 and 2.4.
If w=xw' (w € A), we have

f(xw’x) = Z f’(x)ﬁ’(w'x) = Z Fpx(Fpro w')x
N )

by the induction hypothesis.
By Proposition 3.1, we have

(Fy oxwx = Z Fpx(Fpn o w)x.
)

This completes the proof. O
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4 Proof of Theorem 1.3

Let Ai be the commutative Q-algebra with the harmonic product *. We define the Q-
linearmapu: A — A*®.A* by u(l) = 1and sendinga word w = yxk1=1... yxk—1
to

p
Z(_l)iyxklfl . yxk"fl ® yxkrflzxkr_lfl . Zxk,'_¢_|7].
i—0

The notation u,, is sometimes used instead of u(w) for convenience. Let B ¢ Al ® Al
be the Q-subalgebra algebraically generated by u,,’s. The product of the tensor algebra
is given component wisely so that

(e Ty s (T pxs T

r N
— Z Z(_l)l+j (yxk]fl . yxkﬁl % yxl|71 L yxljfl)
i=0 j=0

1, k-1 k

®(yxkr— 7X S ZX i+l_1 *yxls_l

gl iy,

Now we define the Q-linearmap p: yA — yAbysetting p(1) = land p = LyeLy_l,
where € is the anti-automorphism on 4 such that e(x) = x and €(y) = y. Note that
pyxki=l yxkr=ly = yxke=1 . yxki=1 pyt L (w; @ wp) = yx¢lw; ® wy for
ae Zzl-

Lemma4.1 For wy, ws € A, we have
u(wy * wy) = u(wy) * u(wy).

Proof 1t is enough to show the lemma for w; = yx*1=!...yx%~1 and w, =
yx!1=1... yx&s=1 The proof goes by induction on r + s. The lemma holds when
r+s <l1sinceu(l) =1® 1. Assume r + s > 2. Note that

~1 -1 —1 ~1 —1
u(w) = 1@ yx™ ~gx™=171 o gx™ T L;nlu(y)cm2 coeoyx™Th) 3
-1 —1
=1®dp(w) — L, u(yx™"" . yx™™)
holds for w = yx™~!...yx™~1 By definitions and the induction hypothesis, we
have
u(wy * wy)
= w(yx1 7 (rafe ey T R wg) 4yt g F a2 b
_ yxkl-l—ll—l(yxkz—l . yxky—l gyxlz—l . yxls—l))

S E AU

+1®dp(wi ¥ wy) — Ly, (u(wy) * u(yx2=1o o yxls=ly)

=1®dp(wy *wy) — Ly (u(yx
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—1®dp(w*wy)
Ly, (a2 syt Th) by (3))
=1®dp(w; *wy) — Ly, WOx 1y s wn))
— Ly (u(wy) xu(yx~1 eyl

+ Lig g, a7y T e (a7 gt Th)

and

u(wy) * u(wz)

= (1 ®@dp(w) — Ly u(yx>~" - yx* 1)) 5 (1 @ dp(w)
— Lju(yx"71eyxhhy)

= 1® (dp(wy) xdp(wy)) — L, u(yx~" - yx 1y s (1 @ dp(w))
— (1 ®dp(w)) * Lju(yx~1 . yxl=
+ L;clu(yxkz_1 cooyxbrly L;lu(yxlz_1 cooyxbTh.

Let us show that these two coincide. Because of Lemma 2.3 and p(wi * wp) =
p(w) * p(wy), we have

dp(wy * wy) =dp(wy) *dp(w).

Also we find that

— L, (xR Y s u(wn)) + L;qu(yxkr] ooy Tk (1 @ dp(wa))
= L, x>y T seuwa) —u (e T x (L@ dp(w)))
= —Lj, x> yxB T s L u(px 7y )

and

— L} ((wp) % u(yx" - yx ) £ A @ dp(wy)) * L u(yx71 - yal
= —Lj (u(wy) *u(yx"" oy — (1 @ dp(wn) xu(yx71 e yxhTh)

=-L (L;qu(yxkz_1 coyxf Ty s (pa2 oy,
Since

Li g, u(yx=t e

_ L;qu(yxkz_l ...

yxkr =y seu (2=t

yxlhy)
yxkr—l) % Lélu(yxlz—l . yxls—l)
= Lj, x> oyxb =y s L u(px 7yl

+ L;I (L;(lu(yxszl e yxkrfl) * u(yxlz*l . yxl“*l)),
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we have the result. O

Write uy = Y i_gu,,; @ uy ; = >, u,, ® u,,. We define the Q-linear maps
p,q: B— A*® A* by

-1
PUyy, % -+ kuy,) = Z YXLL Uy ooy ) @ (U k- )

1y ity #Q
W1, Wy

+1® (dp(wy) *---xdp(wy))x,
Cl(uwl*..~*uwr)= Z y(u:ﬂl**uiur)@(uzjl**uﬂjr)

—1®@p(wy) *---xdp(w1))z.

Lemma 4.2 We have Im p,Imgq C B.

Proof From Lemma 4.1, we have
Uy ok Uy, = (W * - % wp).
Thus, we need only to prove the lemma for the case r = 1. Since
pluy) =10dp(w)x + Znyy_luiv Qu = u(yxFiyxke=l o yxk=ly e B,
w
q(u) = Ly(uy) — 1@ dp(w)z = u(y’x"1~ yx2~oyb ™l e B,

we obtain the result. O
For a forest f, we define the polynomial G € Al recursively by

(1) Gr=1,

(2) Ge =—y,

(3) Gt = Rox4y(Gyp)ift = By (f) and f #1L,

4) Gr=GgoGyif f =gh.

The subscript of G is extended linearly. The following lemma is immediate from
Lemmas 4.1 and 4.2, and definitions.

Lemma4.3 Let f be any forest with f # 1L IfZ(f) d(Fp) @ ¢(Ggr) € B, we have

p(Zcp(Ff/) ®¢(G f//)) =Y yxLy ' (Fp) ® (G ) +p(F)®$(G p)x € B,
N f)

fi#
q <Z¢(Ff/> ® ¢(Gf~)> =" y$(Fp) ® (G ) + yb (F) ® $(G f)
) f)
F#

—¢(F) ® ¢(Gy)z € B.
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Algebraic aspects of rooted tree maps 135

Proposition 4.4 For any forest f # 1, we have

Y b (F)®@p(G ) € B,
(@)

Proof We prove the proposition by induction on deg( f). When deg(f) = 1, we easily
see the statement holds.

Assume deg(f) > 2. If f = gh(g,h # 1), since ¢p(Fy ¢ Fp) = ¢(Fy) * ¢p(Fp),
we have

D EFEN@GG )= ¢(Fg o Fiy) ® p(Fyr o Fir)

o) (&)
(h)

=D (p(Fg) @ $(Gyn) * ($(Fy) ® (Gpr)) .
(&) (h)

By the induction hypothesis, we find the result.
If f is atree, we put f = B4 (g).
Since

A(f)=1® f + B+ ®id)A(g),

we have

D G (F) @ (G )
@))
= ¢(F) ® $(Gp () + Y_ b (Fp.(g)) ® $(Ggr)
(€]
= ¢ (F1) ® $(G(2x +))

+ ) @((xLy " +29)Fy) ® 9(Gyr) + ¢(yFi) @ ¢(Gy)
(€3]
g’iﬂ
=Y 2Ly = 20)¢(Fy) ® ¢(Gyr)
(€3]

g'#1
— ¢ (F1) ® ¢(Gg) + ¢ (FD) @ ¢(G o) (x + 2).
Then we get
Y d(F @Gy =(p— q)(z ¢(Fy) ® ¢>(ng)).
0)) (8

By the induction hypothesis, we have Z(g) ¢ (Fg) ® ¢(G4r) € B. Then, by Lemma
4.3, we find the result. O
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Let Aug = @nz | Hn be the augmentation ideal, where H, is the degree n

homogeneous part of . We define the Q-linear map M: Al ® Al — Al by
M(w; ® wp) = wi * wy. Note that M(w) = 0 for w € B by (1) in Sect. 2.3.

Proposition 4.5 For any f € Aug, we have

Z F}u & Gf// = 0
(@)]

Proof We note that ¢ (wy)*¢ (w2) = ¢ (wiowy) holds forwy, wy € A. By Proposition
4.4, we have

o o

Then we find the result. O

Proof of Theorem 1.3 We prove the theorem by induction on deg(f). Note that the
existence and the uniqueness of G € A can also be confirmed by following the
proof. It is easy to see the theorem holds if deg(f) = 1. Suppose deg(f) > 2. If
f =gh(g,h #1), we have

SCH(wx) = S(gh)(wx) = S()((Gy © w)x)
= (Gg o (Gpow))x
= ((Gg o Gp) o w)x
= (Grow)x.

If f =t is atree, by Proposition 4.5, Theorem 1.1, and the induction hypothesis,
we have

(Grow)x ==Y ((FroGpy) o w)x

t'Ct

=_ Z(F” o (Gpy © w))x
t'Ct

== '((Gpy o w)x)
t'Ct

= =378\ ) (wa).
t'Ct

Since% + D e ﬁSft_\\/ﬂ) = 0 by Proposition 2.1 (2), we have

(Gsow)x =§(\5(wx).
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5 Proof of Theorem 1.5

Proof of Theorem 1.5 First, we prove the theorem when w € yAx. Put w = yw'x. By
Theorem 1.3 and Corollary 1.4, we have

S(H(w) = (Fs(p) o yw)x.

We also have

tfr(w) =7 f(yr)r)
=1((Ffoyt(w))x)  (by Theorem 1.1)
= —r((ery_l(FS(f)) o yt(w))x) (by Proposition 5.1)

= —yt(yrL; (Fs(p) © yr(w)
= (Fs(s) ¢ yw')x  (by Lemma 5.2).

Thus we have
S(Hw) =t fr(w) “)
forw € yAx.

Next, we prove the theorem when w € z.Ax by induction on deg(w). Putw = zw'x.
Then, by Lemma 2.2, we have

S(Hw) = z8(FHw'x),

Tfr(w) =1 fr(zw'x) =zt fr(w'x).

By (4) and the induction hypothesis, we have

S(Hw'x) =t fr(w'x) ©)
for any w’ € A, and hence the assertion.

Finally, we prove the theorem when w € Az by induction on deg(w). Putw = w’z.
Then we have

S(Hw) = SHw')z,
tfrw) =t fr(w'z) = (rfr(w))z.

By the induction hypothesis and (5), we have the assertion. Therefore we have
S(f)(w) =7 fr(w) forany w € A. O

Proposition 5.1 For f € Aug, we have

-1
Ff = —ery Fs(f).
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Proof 1t is sufficient to prove the proposition for forests f by induction on deg(f).
Since Fo =y and Fs() = —Y, the proposition hols for deg(f) = 1.
Suppose deg(f) > 2.If f = gh (g, h # I), we have

Fp=FgoFy
= y7L;'(Gy) o ytL;'(Gy)  (by induction and Corollary 1.4)
= —R.'t((Gy o Gp)x)  (by Lemma 5.2)

and
YTL;'Gy=ytL['(Gg o Gp) = Ryt ((Gy o Gp)).

Thus we have the result.
If fis atree, put f = By(g). Then we have

Fy = L(Fy)
= —L(ytLy_1 Gg) (by induction and Corollary 1.4)
= —y(x +2y)R; ' t(Gy)

and
—ytL; Gy = —yTLy Rty (Gy) = —y(x + 2))R; ' 1(Gy).
This finishes the proof. O

Now we define o € Aut(A) such that o (x) = x and o (y) = —y. By definitions,
we have

—¢R TR ¢ = dpo. (6)
We find that do and p are homomorphisms with respect to the harmonic product x,
and p commutes with o. Hence the composition d po is also a homomorphism with
respect to the harmonic product *, and sois —¢ R 17 R, ¢ because of (6). This implies

the composition — R 7 R, is a homomorphism with respect to the product ¢ (defined
in Sect. 2) and hence we conclude the following lemma.

Lemma 5.2 For w;, wy € A, we have
(ywy ¢ yw2)x + yt(yt(wi) ¢ yr(w2)) = 0.
Proof We have

ywi O ywy = R;]Ly(wlx) o R;]Ly(wzx)

= R:'tR,t(wix) o R ' TR, T (wax)
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= —R;erx(wlx O WoX).
This gives the lemma. O

Remark 5.1 According to [2], for any w € yAx, there exists f € H such tllgt/ w =
f(x). Hence we have (1 —7)(w) = (1—0)(f(x)) = (f+7f1)(x) = (f+S(/)(x)

due to Theorem 1.5, which means each of the duality formulas for multiple zeta values
also appears in this form in the context of rooted tree maps.
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