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Abstract

Let k > 2 and N be positive integers and let y be a Dirichlet character modulo N.
Let f(z) be a modular form in My (I'g(N), x). Then we have a unique decomposition
f(@) = Ef(2)+Sy(z), where Ef(z) € Ex(To(N), x) and Sf(z) € Sk(To(N), x).In
this paper, we give an explicit formula for E s (z) in terms of Eisenstein series whose
coefficients are sum of divisors function. Then we apply our result to certain families
of eta quotients and to representations of positive integers by 2k—ary positive definite
quadratic forms in order to give an alternative version of Siegel’s formula for the
weighted average number of representations of an integer by quadratic forms in the
same genus. Our formula for the latter is in terms of sum of divisors function and does
not involve computation of local densities.

Keywords Dedekind eta function - Theta functions - Eisenstein series - Modular
forms - Cusp forms - Fourier coefficients

Mathematics Subject Classification 11F11 - 11F20 - 11F27 - 11E20 - 11E25 - 11F30

1 Introduction and notation

Let N, Ny, Z, Q, C, and H denote the sets of positive integers, non-negative integers,
integers, rational numbers, complex numbers, and upper half-plane of complex num-
bers, respectively. Throughout the paper, z denotes a complex number in H, p always
denotes a prime number, all divisors considered are positive divisors, g stands for
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. d
e?™i% and y4(n) denotes the Kronecker symbol (—)K , where we use the subscript K
n
to avoid confusion with fractions. Let N € N and x be a Dirichlet character modulo

N. The space of modular forms of weight k for I'g(N) with character x is denoted
by My (T'o(N), x); and Ex(I'o(N), x), Sx(To(N), x) denote its Eisenstein and cusp
form subspaces, respectively. Then we have

My (To(N), x) = Ex(To(N), x) & S(To(N), x)-

That is, given f(z) € My (I'o(N), x), we can write

f@) =Ef(x)+ Sy(2), (D

where Ef(z) € Ex(I'o(N), x) and S¢(z) € Sx(I'o(N), x) are uniquely determined
by f. Let €, ¥ be primitive Dirichlet characters such that ey = x (i.e., e(n)¥(n) =
x (n) for all n € Z coprime to N) with conductors say L and M, respectively, and
suppose LM | N. Let d be a positive divisor of N/LM and 2 < k € N be such that
x(=1) = (- 1)]‘ . Let w be the primitive Dirichlet character corresponding to EJ and
M., be its conductor. We define the Eisenstein series associated with € and v by

o Mo\ (W) (=2 Pt
Ex(e. ¥ dz) ‘_E(OH( M) (W@)) (Bk,w> [ Pk —w(p)

pliem(L, M)

o0
x Y o€, i n)et )

n=1

where o is the complex conjugate of w,

ok-1(e, yin) =y en/d)y(d)d!

1<d|n
is the generalized sum of divisors function associated with € and 1,
M-1
W) =) Y@M
a=0

is the Gauss sum of i, and By  is the k-th generalized Bernoulli number associated
with @ defined by

© Bim O e
Z | = Z eMat — 17
k=0 a=1
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Projections of modular forms on Eisenstein... 1225

see [13, end of pg. 94]. By [5, Corollary 8.5.5] (alternatively [13, Theorem 4.7.1,
(7.1.13) and Lemma 7.2.19]), we have

Ep(e, ¥r;dz) € M(To(N), x) if (k, €, ¥) # (2, x1, X1)»

and

E>(x1, x152) — NE2(x1, x1: Nz) € Ma(To(N), x1)-

Remark 1 Let L(er, k) be the Dirichlet L-function defined by

L(eyr, k) := Z G(HL#

n>1

The Eisenstein series we define in (2) is equal to Ex(Mdz; €, ¥)/(2L(eY, k)) in
the notation of Theorem 7.1.3 and Theorem 7.2.12 of [13], and it is also equal to
Gy, e)(dz)/L(eE, k) in the notation of Corollary 8.5.5 and Definition 8.5.10 of [5].
Further treatment to obtain the form in (2) is done by using the formula for L (e, k)
given in Theorems 3.3.4 and (3.3.14) of [13]. We have normalized the Eisenstein series
this way to simplify the constant terms given in (27) and (28). This in return simplifies
the notation in Sects. 4 and 5.

Letting D(N, C) to denote the group of Dirichlet characters modulo N, we define

Ek, N, x) :={(e,¥) e D(L,C) x D(M,C) : €,  primitive,
€Y =yxand LM | N}.

The set
{Ex(e,¥;dz) : (e, ¥) € E(k, N, x),d | N/LM}
constitutes a basis for Ex(I'g(N), x) whenever k > 2 and (k, x) # (2, x1); the set

{E2(x1, x1:2) —dE2(x1, x15dz) : 1 <d | N}
U{Ex(Mdz e, %) : (e,9) € EQ, N, x1), (e, %) # (1, x1).d | N/LM}

constitutes a basis for E>(I'g(N), x1), see [5, Theorems 8.5.17 and 8.5.22], or [22,
Proposition 5]. Then we have

Ef= ) Y ag(e v, d)Ex(e, ¥; da), 3)

(e.¥)eEk,N,x)dIN/LM

for some ay(e, ¥,d) € C. When S¢(z) = 0, it is easy to determine ay (e, ¥, d)
by comparing the first few Fourier coefficients of f(z) expanded at ioco and the first
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1226 Z.S. Aygin

few Fourier coefficients of the right-hand side of (3) expanded at ioco. However, if
Sy(z) # 0 and an explicit basis for S;(I'o(V), x) is not known then this method fails.
In this paper we solve this problem, in other words we obtain a (e, ¥, d) explicitly
(in terms of a finite sum) for all f € My (I'o(N), x), where k > 2, see Theorem 1. Our
treatment is general and its special cases agree with the previously known formulas.
Additionally, we give a new treatment of Siegel’s formula for representation numbers
of quadratic forms, see Theorem 2.

Leta € Z and ¢ € Ny be coprime. For an f(z) € My(T'o(N), x), we denote the
constant term of f(z) in the Fourier expansion of f(z) at the cusp a/c by

az+b
= i )k —=
[0la/c f Zignw(cz+ ) f(CZer),

where b, d € 7 such that a b:|
cd

on the choice of b, d. We denote the nth Fourier coefficient of f(z) in the expansion
at the cusp ioo by [n] f. Letting ¢ (n) denote the Euler totient function, we define
an average associated with i for the constant terms of Fourier series expansions of
modular forms at cusps as follows:

€ SL>(Z). The value of [0],/c f does not depend

1 C
0] = — Olase f- 4
Oley f = 275 ; Y (@)[0a/e f 4)
gcd(a,c’)=l

We note that working with this average of constant terms at cusps is a new idea which
helps studying modular form spaces with non-trivial character, see Sect. 5 for details.

Letting v, (n) to denote the highest power of p dividing n and () be the Mobius
function we are ready to state the main theorem.

Theorem 1 (Main Theorem) Let f(z) € My (To(N), x), where N,k e N,k > 2, x is
a Dirichlet character modulo N that satisfies x (—1) = (—1)K. Let E 1 (z) be defined
by (1). Then

Ef)= Y. Y ag(e v, d)E(e, ¥; da),

(e,¥)eEKk,N,x)d|N/LM

where
pk
ar(e, v, d)=| | ————
! H Pk — eV (p)
XY Reey(d e/MSinjim ey (d, /MOy f,
ceCn (e, )
with
Cn(e.¥) :={c1M : ¢ | N/LM}, (5)
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_ —d \-— c ged(d, ¢)\*
Riey(dc):=e (gcd(d, c)) v (ged(d, c)) ( c > ’ ©
and
dc Pk +e(p)v(p)
Sven(d.o) = (—) I (—) L
god(d, ¢)? plged(d.c), Pt

O<vp(d)=vp(c)<vp(N)

Remark2 Letc | N. By Lemma 6, if a/c and a’/c are equivalent cusps of T'o(N) and
(e,¥) € E(k, N, x) with M | c, then ¥ (a)[0la/c f = w(a’)[O]a//Cf. Therefore, in
the applications of Theorem 1 computing ¥ (a)[0]4/c f at a set of inequivalent cusps
will be sufficient, see [5, Corollary 6.3.23] for a description of such a set.

Theorem 1 agrees with and extends the previously known formulas. For example,
if we let k € N even, N squarefree, x = y; in Theorem 1, we obtain [3, Theorem 1.1]
andif weletk € Nodd N € {3,7, 11,23}, x = x—n in Theorem 1, we obtain [6,
(11.20)]. Theorem 1 additionally extends the latter to hold for all primes N that are
congruent to 3 modulo 4.

Before we apply Theorem 1 to representation numbers of quadratic forms, we give
a snapshot of interesting applications. Since f(z) — E¢(z) is a cusp form, one can
use our main theorem to produce cusp forms. At the end of Sect. 3 we use this idea
combined with the Modularity Theorem ( [9, Theorem 8.8.1]) and consider the elliptic
curve Ep74 - y2 +y= x3 — 7. Then we use arithmetic properties of Eisenstein series
to obtain

#E274(F,) = 0(mod 9) if p = 1 (mod 3),
#Ey74(Fp) = p+ 1if p=2(mod 3),

where
Exa(Fy) i= {00} U{(x,y) € F) xFp: 3> +y=x> =7},

with IF,, denoting the finite field of p elements, see Corollary 3.

The Fourier coefficients of special functions (expanded at i co0) have been of huge
interest. A very well studied special function is the Dedekind eta function which is
defined by

n(z) = em’z/l2 l_[(l _ eZninz) — q1/24 1_[(1 _ C]n)-

n=1 n>1

Quotients of Dedekind eta functions are often referred to as eta quotients. Nathan Fine
in his book [10] has given several formulas for Fourier coefficients of eta quotients
(expanded at ioo). In his work when the weight of the eta quotient is an integer, the
formulas are linear combinations of Eisenstein series defined above. For instance he
shows that
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1228 Z.S. Aygin

n(22)n(32)n(8z)n(12z)
F(z) = _ o
© n(z)n(24z) +’§‘70(X1,X 24;n)q",

see [10, (32.5)], and acknowledges this equation as being very beautiful. We consider
the (2k + 1)th power of F(z), that is we consider

Ak gy = T QO G ®nH (122)
772k+1 (Z)n2k+l (24z7) :

Using our main theorem (Theorem 1), we obtain the following analogous formula for
F2+1(z) when k > 0:

2k +1
Eppni(z)=1— — Z (sz()(l, X243 1) + (=24 oo (x—2a 113 n)) q",
Bok+1,x 4 et

see Corollary 2. Using Theorem 1 one can obtain formulas in this fashion for all
holomorphic eta quotients of integral weight k > 2.

Let F(x1, ..., x2r) be a positive definite quadratic form with integer coefficients
and B(F) be the matrix associated with F whose entries are given by

I*F
B(F);,; = ( ) .

3)(,'3)6]'

Then the generating function of the number of representations of a positive integer by
the quadratic form F is

i i T
0r(z) = Z iz () Z e2mizx B(F)x" /2.

xeZk xeZ2

In [19], Siegel gave a formula for the weighted average for representation numbers
of positive definite quadratic forms in the same genus. Siegel’s formula is in terms of
local densities (for other treatments of Siegel’s formula see [23] and [15, Chapter 3]).
In the realm of modular forms, Siegel’s formula corresponds to the Eisenstein part
of 6.r(z), see [1,17], [18, Remark on p. 110] and [19]. For clarity we note that if F;
and F; are in the same genus then E9F1 () = ng2 (z). Below we use Theorem 1 to
give an explicit formula for Ey . (z), where F is a 2k—ary positive definite quadratic
form with integer coefficients. In Sect. 2, we give several applications of our formula
including a comparison of our output for the form Z?kzl sz. with that of Arenas [1,
Proposition 1], which uses Siegel’s formula.
By [13, Corollary 4.9.5], we have

0r(z) € Mi(To(N), x), ®)
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Projections of modular forms on Eisenstein... 1229

where ¥ = ((—l)k det(B(F))/*)k and N is the smallest positive integer such that
the matrix NB(.?’-')’1 has even diagonal entries. By [21, (10.2)] we have

—i\* 1 o
— § : wi(F(x)a/c)
Olose6() (c) @B S ' ®

x(mod ¢)

Putting (2), (8), and (9) in Theorem 1, we obtain the following assertion concerning
the representation numbers of 2k—ary quadratic forms.

Theorem 2 Let F(xy, ..., x2x) be a positive definite quadratic form with k > 2; let
x and N be as above and w be as in (2). Then

_ Mo\ (W@ (2K 4
e @ = 2 (M) (W(w))(Bk,w> [} s

(e,y)eEk,N,x) pllem(L, M)

x Y age(e, ¥, o1, ¥ n/d), (10)

dIN/LM

where

(i)
A/ det(B(F)) l_[ N PE = e(p)l/f(p)
y Z Rk,e,w(d, c/M)Si.N/Lm.ew(d, c/M)

agr (€, Y, d) =

k
ceCn e ) c'9(©)
x Z '(ﬂ(a) Z ean(]:(x)u/c)
xeZ?*,
ng(ll C) 1 x(mod ¢)

The organization of the rest of the paper is as follows. In Sect. 2, we apply Theorem
2 to the representation numbers of diagonal quadratic forms and certain non-diagonal
level 2 quadratic forms. A special case of the latter leads to an equation for Ramanujan’s
t-function. In Sect. 3, we apply our Main Theorem to certain families of eta quotients,
these applications give extensions of some well-known formulas to higher weight eta
quotients. In Sects. 46, we prove the main theorem.

2 Applications to representation numbers of certain quadratic forms

To apply (10) to specific quadratic forms we need to compute the quadratic Gauss
sum. If F is a diagonal form, say F = 231(:1 o jsz., then we have
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1230 Z.S. Aygin

2k
— e aja c 11
Z e 1_[ ged(aja, o)g (gcd(ajay c)’ ged(aja, c) ’ b

xe7?k N j=1
x(mod ¢)

where, if ged(a, B) = 1,

0 if B =2 (mod 4),
(%)Kﬁ if 8= 1(mod 4),

(e, f) = i(%)Kﬁ if B =3 (mod 4),
(1 + i)(g)Kﬁ if =0 (mod 4) and & = 1 (mod 4),
(1— l)(§> VB if =0(mod 4) and & = 3 (mod 4)

see [4, Theorems 1.5.2 and 1.5.4]. Next we apply this result to the form F = Z =1 x2 i
thatis, «; = 1forall 1 < j < 2k. Then we have

2% 1 lfC = 1’
Z G2TiF@ e _ l‘[g 1,0)=10 ifc =2,
ez, i=1 @) ifc=4

x(mod c)

Thus, by Theorem 2 when £ is even we have

Eop(2) =1 - W;(( D50 O i m) = @+ Do Ga, i n/2)
+24a (s n/4) ¢" (12)

and when & is odd we have

> (o0t xmasm + @ o (g i) g (13)

Formulas (12) and (13) agree with Ramanujan’s statements [16, (131)—(134)], which
was first proven by Mordell in [14]. In [1, Proposition 1] Arenas uses Siegel’s formula
to compute Ey,(z) and obtains (12) and (13) in the same form. Now, we turn our
attention to another diagonal form. Let

a b
Fla,b:p) =Y x}+ Y pyi.
i=1 i=1

In [7] Cooper, Kane, and Ye found formulas for the representation numbers of
F(k,k; p), where p = 3,7, 11, or 23. Their result relies on the existence of a Haupt-
modul in the levels considered. Inspired by their results, in [2], we derived formulas
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for the representation numbers of F(2a, 2b; p) where a,b € Ny and p is an odd
prime. These results are considered as analogs of the Ramanujan—Mordell formula
and specialized version of Theorem 2 agrees with these results. Below we give for-
mulas in all the remaining cases, that is, we find formulas for representation numbers
of F(a, b; p) where a, b =1 (mod 2) and p an odd prime.

Corollary 1 Let a, b > 1 be odd integers such that a + b > 4. Set k = (a + b) /2 and
P = x—4(p)p. Then for any odd prime p, whenever (—1)* = x_4(p) we have

Ee]—'(a.h:p) (@)=1

N i 2k (arok—1(x1. xp: 1) + a20k—1(x1. xp: n/2) + as2*or_1(x1. xp; n/4)) .
s (28 = xp(2) Bk 4,

o0

+

n

pAV22k (asox—1 (xp, x15 1) + asox—1(xp, x151/2) + as2*or_1 (xp, x1 "/4))q”
25— 1) Biy, ’

and whenever p = (—1)"'H (mod 4) we have

>, 2k (b1ok—1(x1, X—ap; 1) + b22% o1 (x4, xp; 1)
Eﬁf(a,b;p) (x)=1- Z ( P £ )qn

n=1 Bk’xfé‘p
B o P22k (b3ok—1(xp, X—4: 1) +b42k0k—1(X—4p»X1;n))qn
n=1 Bk,x,4p ’
where
o (—1)k/2 if p=1(mod 4),
P (D2 i p = 3 (mod 4),
(=DF2H — %0 (2)  if p=1(mod 4),
a) =
(=D*+D/2 _ 5 (2) if p =3 (mod 4),
ay =1,
(—=1)k/2 if p=1(mod 4),
aq =
Tl =DED2 i p =3 (mod 4),
e (_1)k/2+lxp(2) -1 if p=1(mod 4),
3 (—DEHD/2 4 (—1)*ED2y 0 (2) if p =3 (mod 4),
e 1 if p=1(mod 4),
Tl =DED2 i p =3 (mod 4),
by =1,
by — (—1)*=D7z if p=1(mod 4),
P %D p =3 (mod 4),
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e — 1 if p=1(mod 4),
STl ED®V2 if p =3 (mod 4),

&2 i p=1(mod 4),
‘T (=D*2)2 if p =3 (mod 4).

Using (11) and Theorem 2 one can obtain results similar to Corollary 1 for any
diagonal form. Next we consider the non-diagonal form

k
Fe=2. D Sim¥im

m=1 1<i<j<4,

@, ))#(1,2)
We obtain
: 1 ife=1,
N =2, det(B(Fr)) = 2% and Z P2 Fi() /e _ . { ¢
cez2k (=8 ifc=2.
x(mod é)

Thus, 07, € M2 (I'o(2), x1), hence by Theorem 2 we have

4k
((—2)% + 1) Bok.y,

(02k—1()(1, x1; 1) + (=2 o1 (x1, x1 n/Z)) .
(14)

[n]Eqy, (2) =

When k = 6 we compute the first few coefficients of the cusp part of 67,:

263419 263419 ,  203%19
26 —24
601 1T Tgor ¢ 4+ o

€ S12(T'o(2), x1).

252¢% + 0(¢*h

9-7'—6 (2) — E9f6 (2) =

The Fourier coefficients of 52*(z) are called Ramanujan’s t-function and first few
terms are given as follows:

@) =) tg" =q —24¢° +252¢° + 0(g"). (15)

n>1

It is well known that 7724(z) and n24(21) € S12(I'0(2), x1) and thus by Sturm’s Theo-
rem [5, Corollary 5.6.14] we obtain

203419

o1 (1 (2) +29* (22)). (16)

9-7:6 (Z) - E@fﬁ (Z) =
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If we compare nth coefficient of both sides of (16) we get

432
(1167, (2) = =57 (n G xis m) + 20011 (x1, x151/2))
263419 6
= —o7 (T +2°1(n/2)).

Since
(107, (z) € Ny foralln € Ny and 2%327 = —2°3*19 (mod 691)
it is not hard to deduce the well-known congruence relation

T(n) = o11(x1, x1; 1) (mod 691).

3 Applications to eta quotients

In this section, we give further applications of Theorem 1. Recall that the Dedekind

eta function is defined by

n(z) — eﬂiz/lz 1_[(1 _ eZJTinZ).

n>1
Let k € N. We define

n2k+1 (zz)n2k+1 (3Z)n2k+l (8Z)n2k+1 (121)

Ji(@) = n2k+l(Z)n2k+l(24Z) ’
() = ™ B)n* (42) 7

0?3 ()0 =2 22)n 4 (62) % (122)
h(@) i T O 272)

772k—1 (3Z)

a7

(18)

19)

In Corollary 2 below, we obtain formulas concerning fi(z), gk (z), and hj(z). Sim-
ilar formulas can be obtained via Theorem 1 for all integer weight holomorphic eta

quotients.

Corollary 2 Let k > 1 and let fi(2), gk(2), and hy(z) be defined by (17), (18), and

(19), respectively. Then we have

4k 42
Ef@=1-—"-%" (Uzk(Xl, X245 1) + (=24 oo (x—24, x13 n)) q",
Baker 1, x-n 524
4k
Eg(x) =1~ > ou 1 xizmg”,
Bk, x12 n>1
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and
—4k
Ep(z) = YD ason1Gas xain/d) + biow-1(x-3, x-3:n) | 4",
2x n=1 \ dpo
(20)
where
_(=D¥ —cos ((k +4)m/3)
a1 = 331 (3% _ 1) :
(=D 3% 4 1) cos ((k + 47 /3)
as = 33k+1(32k -1 ’
—cos ((k+4)m /3)
as = 3k+1(32k -1 ’
) V3sin ((k +4)7/3)
1 —

33k+1 (32k _ 1)

Proof We use [5, Proposition 5.9.2] to determine

Ji(2) € Mop1(To(24), x—24),
8k(z) € Mo (To(12), x12),
hi(z) € Mo (Lo(27), x1)-

We evaluate the constant terms of fi(z), gk (2), hx(z) at the relevant cusps using [12,
Proposition 2.1]. We do this with the help of some SAGE functions we have written;
the code is provided in the Appendix A. From these we compute

~2k+1J6
1
[0]1/1fk = _W’

[0la/c fi =0, forajc = 1/2,1/3,1/4,1/6,1/8,1/12,
[Olij2a fx = 1,

see Appendix A for details. We determine the set of tuples of characters as
EQk+ 1,24, x—24) = {(x1, x-24), (X=3, x8), (X8, X-3), (X—24, X1}

Thus, we have

Ejp(2) = > as (e, ¥, ) Ext1(e, 5 2).

(e,9)€E(2k+1,24,x24)
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Now, we compute

pk

P* = x1(p)x—24(p)

af (X1, x-24, 1) = 1_[

pl24
x Rk,XI,X724(1, 1)Sk,l,x1,x724(17 1)[0]24,X,24fk
= Rk,)(l,)(,y(lv l)Sk,l,Xl,X,M(lv 1)[0]24,X,24fk

= [0]24,x_24fk~ (21)
Additionally, we have
24
1
(0124, 04 fkc = 200 Z X—24(@)[0]a/24 fk = x—24(D[0l124 fk = 1. (22)
=1,
gcd(tz,24)=l

Combining (21) and (22) we have a5 (x1, x—24, 1) = 1.
The rest of the coefficients are obtained similarly. O

Now, we turn our attention to special cases of these formulas. The dimension of
S$2(To(12), x12) is 0, so we obtain an exact formula for gi, i.e., we have gi(z) =
Eg (z). When k = 1, (20) specializes to

1 2
Epn(@) =) 1501 (e xaim) = o (xn, xi: n/3)
n>1

1 1
+601(le x1:n/9) + Em(x—a, X-3; n)) q".

Clearly h1(z) — Ep, (z) is a cusp form, and if we normalize /1 (z) — Ej, (z) so that
the coefficient of g is 1, we obtain the newform N37(z) in S»(I'o(27), x1), that is, we
have

29z2)n (27 1
No(2) = —9% £ (—ol Gt 31 m) — 201Gt 01 1/3)

2

n>1

3 1

50100, x1:n/9) + S01(x-3. %3 n)) q".

By [8, Table 1] this newform is associated to the elliptic curve
Exja:y*+y=x>—1.

Recall that in Sect. 1 we defined

Eya(Fp) = {00} U{(x,y) €Fp xFp: y> +y=x> =7},
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where I, is the finite field of p elements. Then by the Modularity Theorem, see [9,
Theorem 8.8.1], we have

#Ex74(Fp) = (p+ 1) — [pIN27(2) forall p # 3.

Thus, for all p # 3 we have

2 3
n°(92)n’(27z) I = x-3(p)
274(Fp) = 9(p] 1G2) +((p+ )( 5 )
. n°(92)n* (272) 7°(92)n* (272)
Since [p] —————— € Zforall p e Nand [p]———— =0when p =2
n(3z) n(32)

(mod 3), we obtain the following statement.
Corollary 3 We have

#E»74(F,) =0(mod 9) if p = 1 (mod 3),
#E274(F,) = p+1if p=2(mod 3).

4 Orthogonal relations

In this section, we prove some orthogonal relations involving the functions Ry ¢ y (d, ¢)
and Sg n.e,y (d, ¢) defined in (6) and (7), respectively. These orthogonal relations
concern the constant terms of the Eisenstein series and give the means to determine
ay (e, ¥, d) of Theorem 1. Throughout the section we assume k, N € N and €, v are
primitive Dirichlet characters with conductors L, M, respectively, such that LM | N.

Lemmal Let p | N be a prime and let t | N/p', where v = v,(N). Then, for
0 <i <wv, we have

SkNey(t-pod) =Sk prey(p' PU”(d))Sk,N/pv,e,xp(l, d/pir@®).

Proof Since t | N/p" we have ged(z, p) = 1. Using the multiplicative properties of
the Mobius function we obtain

SNyt p'hd)

- (gcd(rp’ldﬂ) ) ( s )

palged(r-p'.d),
O<vp, (t-p’):vp2 (d)<vl,,2 (N)

_ pl - pr@ Pr 4+ e(p)¥(p2)
_//L<gcd(pi,pvp(d))2> 1_[ (

pk
palged(pl, ptr @)y, 2
0<vp, (P =0y, (PP D) <v)p, (N)
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(1 d/pir@ I Py +e(p) ¥ (p2)
ged(r, d/ pr@)? Pk

palged(e.d/p'p D),
0<Up2 (t):vp2 (d/p”p(d))<vp2 (N/pvp(d))

= Sk,pv,g’w(pi, Pvp(d))Sk,N/p”,e,lp(t, d/pvp(d)),

Lemma 2 [fgcd(z, pi) = 1, then we have

Riey(c,t-p) = e(=DRiey (P, pPYRi ey (c/p? O, 1),
Riey(t-pod) =e(=DRiey(p', p? DYRy e y(t,d/p'r D).

Proof By elementary manipulations we obtain

: ; k
i —c — t-p' ged(c, t - p)
Riewlet-p) _G(gcd(c,t~pi)>w (gcd(c,t-pi)> < t-p' )
. ( —c/p" )W( ! ) ged(c/p ., 1)\
B ged(c/pYe,t) ged(c/pr©, 1) t

e pvr© W( p' ) (gcd(p”f, p1)>
ged(pUr©, piy ged(pUr©, pi) pl

= (=) Ry (P, pPYRiey (c/ pPr @, 1).

Proof of the second equation is similar. O

Theorem3 Ifc,d | N, then

ife #d.
> Sincp € DReep (€ DRiey (1, d) = l_[p e(p)wp) eed

{IN
PIN

Proof Let p | N be prime and v,(N) = v. We use Lemmas 1 and 2 to obtain

D SN (€ DRkey (e, DRy (1, d)
t|IN

= > ) Siveylet PO Rieyle.t  pPIRrey(t - p'.d)
0<i<vt|N/p?

- Z Z Sk prer (PP, PYSE N pr ey (/PP 1)
0<i<v?|N/p®

X €(=D) Ry (P, PRy ey (c/pPr O, 1)
X €(—=DRiey (p', pr VR ey (t,d/pPr D)
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= > Skprear (P PRk (0. PORE ey (P, pr @)

0<i<v

X Y Sknspren €/ p O ORk ey e/ PO D RRey (t, ) pPr D).
1IN/p®

Using this recursively we obtain

Y SiNey (e ORkcy (e, DRy (. d)
tIN

=1 D Stprey @@ PO Riey 7. pPHReey (P p7 D). (23)
pIN 0<i<v),

Now, we prove for all p | N we have

D Sk (P PO Reey (07O, PRy ey (P, pPr D)

0<i<v
0 ifvy(c) #vp(d),
_ k -
= —e(p)y(p) . (24)
# ifv,(c) =vp(d).
P
We first note that
0 if [up(c) —i] > 1,
‘ _
LW ifi =v,(c)and v > v,(c) > 0,
14
Sk,p”,e,xlf(pvp(c), =141 ifi =v,(c)and vy(c) = v, (25)
1 ifi =vp(c) and vy(c) =0,
—1 ifi =vp(c)—1landv,(c) > 0,
-1 ifi =vp(c)+1andv,(c) < v,
and
e(—1) ifi =j,
o . 1 \F
Rie (P, p)) = {e(=Dy(p’™) (F) ifi < j, (26)
e(—p'—h) ifi > j.
The cases

(Case 1) 0 < vp(c) < vp(d) < v,
(Case 2) 0 = vp(c) < vp(d) < v,
(Case 3) v > vp(c) > vp(d) =0,
(Case 4) v =vp(c) > vp(d) =0,
(Case 5) 0 < vp(c) = vp(d) < v,
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(Case 6) 0 = v, (c) = vp(d),
(Case T) v =v),(c) = vp(d),

need to be handled separately, which is done below.
Case 11If 0 < vy(c) < vp(d) < v, then by employing (25) for all i such that
|vp(c) —i| > 1 we have

St prew (P, PR ey (07, PYRiey (P, pr @) = 0.
Therefore, we have

> Skprep (0 PYRiey (p, pPHReey (P, p7 D)

0<i<v
=S e 1/}(pvp(c)’ pup(c)fl)Rk . w(pvp(c)’ pvp(c)fl)Rk . w(p”"(”)fl, p””(d))
+ St pr e (P, PN R ey (PO, pUr N Ry ey (p™ @, pUr @)
+ Sk’pv’é’w(pv,,(c)’ pvp(c)Jrl)Rk’é’w(pv],(c), PUP(C)JH)Rk,e,w(])vp(c)Jr]1 pvp(d))’

which, by (25) and (26), equals to

_ 1 k
— —1.e(—p) . e(— vp(d)—vp(0)+1
=—1-€e(=p)-e(=Dy(p"r " )(pup(d)up(c)H)

. _
4P + e(f)llf(p)

TR vpd)=vpl)y (
. e(=1) - e(=Dy(p™ 7 (pvp(d)—vp(c)>

o 1 k o 1 k
+(=1) - €= DY (p) (;) Ce(= DY (pr @O <W> -

By using multiplicative properties of Dirichlet characters we conclude that this expres-
sion is equal to 0.
Case2If 0 = v,(c) < vp(d) < v, then by employing (25) and (26) we have

D Skprear (P PO Reey (PO, PRy ey (P pPr @)

0<i<v
=Sk, priey (L, DRyey (1, DRy e,y (1, pUr @)y
+ Skprew (1, PYRicey (1, P)Ricey (p, pr @)

=¥ W’)( ! )k—w vp(d)) <#>k
p @ p @ )

which equals to 0.
Case 3 If v > v, (c) > vp(d) > 0, then by employing (25) and (26) we have

> Sk P PRk (0. PO RE ey (P, pPr @)

0<i<v
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= Stprey (PO, PP O DRy (p O, pr O Ry ey (pPr O, pr @)
+ Sk e (P, PP OYRE ey (07, PP ONYRE ey (pPr(©, pPr @)y
+ St prep (P PO RE ¢y (PO, pr TRy ¢y (pr O, pir @)

= —e(—p)e(—pPr@~1=vpdy 4 Lﬁ:)@(ﬁ) ce(=1) - e(—pUr@O—vr(@)

— (T () - e(—p O ID)
p

By using multiplicative properties of Dirichlet characters we conclude that this expres-
sion is equal to 0.
Case4If v =v,(c) > vp(d) > 0, then by employing (25) and (26) we have

Z Sk,[?”,e,yf(pvp(c), pi)Rk,e,lp(pvp(C)’ pi)Rk,e,xjf(pi, pvp(d))

0<i<v
=Sty (P, prOTRE ey (p O, pr O R ¢y (pUr @, prrd)y
+ Sk pre (P PN Ry ey (p° D, pP Ry ey (p7, pr @)
— _e(pvp(c)_vp(d)) + 6(pvp(c)_vp(d))
=0.

CaseSIf0 < v,(c) = vp(d) < v, then by employing (25), (26) and multiplicative
properties of Dirichlet characters we have

D Skprear (P PRk (0. PO Re ey (P pPr @)

0<i<v
= Sk,p”,e,l[f(pvp(C)a Pv"(c)_l)Rk,e,l/f(Pv"(c), PUP(C)_I)Rk,e,l/f(Pv"(C)_l, pr(©)
+ Sk e (PP, PP YRy ¢y (7P, pP Ry ¢y (p7r©, pPr @)
+ Sk prey (PP, prr OO Ry 4y (pUr @, pUrOTHRy oy (pPr T pur()y

P ey p)
k

_ 1
= —6(—p)'6(—1)1/f(p)ﬁ+ e(—=1)-e(=1)

— 1
— (=Y (p)— - €(=p)
p

_ph—epy(p)
=

Case 6 If 0 = v,(c) = v,(d), then by employing (25), (26) and multiplicative
properties of Dirichlet characters we have

> Skprear (P PRk (PO, PRy ey (P pPr @)

0<i<v

=Sk, pviey (1, DRyey (1, DRy ey (1, 1)
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+ Sk prieyp (1, P)Rie,y (1, PYRi ey (ps 1)
=l-e(=1-e(=1)— 6(—1)W(p)# -€(=p)
_ P —ewv(p)
p* '
Case 7 If v = v,(c) = vp(d), then by employing (25), (26) and multiplicative

properties of Dirichlet characters we have

D Sk (P PRk (PO, PRy ey (PP pPr @)
0<i<v
=Sk pr e (P% P Reey (Y P DRy (pU71 DY)
+ Sk pre (P, PO Rkey (PY, PO Riew (PY, PY)
— 1
=—1l-e(=p)- 6(—1)1ﬁ(l?)? +1-e(=1)-e(=1)
_ P e
pk

This yields (24). Finally, if ¢ # d, then there exists a prime p | N such that v,(c) #
vp(d). Hence by (24) the product in (23) is 0. If ¢ = d then for all prime divisors
p of N we have v,(c) = v,(d). Therefore, by (23) and (24) we have the desired
result. O

5 Constant terms of expansions of Eisenstein series at the cusps
Recall that Ex (€, ¥; dz) is defined by (2) and we have

Ex(e, ¥;dz) € Ex(To(N), x) when (k, €, ¥) # (2, x1, x1),
and

La(2) := Ea(x1, x152) — d Ea(x1, x1: d2) € E2(T'o(N), x1).

The constant terms of Eisenstein series in the expansion at the cusp a/c with
gcd(a, ¢) = 1 are given by

[0]a/cEx (€, ¥: dz) = ¥ (@) Rp.e.y (c, Md) when (k, €, %) # (2, x1, x1) and  (27)
[O]a/ch(Z) = RZ,Xl,Xl(C, 1) — dRZ,Xl,Xl(Cs d), (28)

where Ry ¢ y (¢, t) is defined by (6). For (27) see [3, (6.2)], [5, Proposition 8.5.6 and
Ex. 8.7 (i) on pg. 308]. The formula (28) is proved later in this section.

The structure of the terms [0], ¢ Ex (€, ¥; dz) is complicated and difficult to work
with. We observe that taking the average [0]c y Ex (€, ¥; dz) gives constant terms a
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very nice structure which is easier to work with (see (38)). Throughout the section we
assume k, N € N, € and ¢ are primitive Dirichlet characters with conductors L and
M, respectively, such that LM | N and (k, €, V) # (2, x1, X1)-

Lemma3 Letc | Nand LMd | N.IfM tc,or M | cand L N/c, then

[O]a/cEk(E’ s dz) =0.

ged(Md,c)’

M, which implies v (gcd(M—]V;ldc)) = 0 (since the conductor of ¥ is M). Therefore, the

result follows from (27).

Second, we assume M | ¢ and L 1 N /c. Setting ¢; = ¢/M, we have ¢; | N/M.
Since L { N/c,wehavec; 1 N/LM. Since M e, %IM) € Zand % ¢ 7,
we have gcd(cy, L) # 1. Additionally, there exists a prime p dividing c; such that

Proof First, assuming M 1 ¢, we see that M t gecd(Md, ¢). Thus, ged (M—d M) |

vp(c1) > vp(N) — v, (M) —v,(L). (29)
Since ¢1 | N/M, forall p | ¢; we have
vp(cr) < vp(N) — vp(M). (30)
By (29) and (30) we have
vp(N) = v, (M) > v,(N) — v,(M) — v,(L).
Therefore,
vy (L) > 0. 31)
Since d | N/LM, we have
Up(N) = 0p(M) = vy(L) = vy(d) > 0. (32)

Inequalities (29) and (32) together imply v, (c1) > v,(d). Employing (31) we have

pvp(cl) v, (L)
)4
p | ged 2o (p T i)’ p .

That is,

¢
d{ ———, L.
plee (gcd(cl,d) )

This implies € ¢ )= 0 (since the conductor of € is L). Therefore, the
ged(Md, c)

result follows from (27). O
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Next we need the orthogonality of characters. The following lemma is a result of
standard Schur orthogonality relations for the characters on the unit group (Z/cZ)*
(see [5, Proposition 3.4.2]).

Lemma4 Let c € N, and let 1, Y2 be two primitive Dirichlet characters with con-
ductors My and M, respectively. If both M| and M> divide c, then we have

~ o iy # v,
Z 'ﬁl(“m(")_:wc) if U1 = .
ged(a,c)=1

Before we prove the main result of this section we prove (28).

Lemma5 Ifgcd(a, c) = 1, then we have

[O]a/ch(Z) = szXlle (c, 1) — dRZ,)(l,X] (c,d).

Proof Since gcd(a, ¢) = 1, there exist 8,y € Z such that A = |:i ’5:| e SLy(Z).
Then by [12, (1.21)] we have

y
Ex(at, x1: A@) = (cz + 7)2Ea (1 x1: 2) — fuz ), (33)

where A(z) is the usual linear fractional transformation. Let e = W‘{ad) and g =

Since gcd(e, g) = 1 there exist f, h such that |:e fi| € SL,(Z). Hence we

gcd(z,ad) : g h

have

E>(x1, x1: dA(2);)

. e f|| ahd —cf Bhd—yf
=k (Xl’ X1 [g hi| |:—agd + ce —Bgd + ye] (Z)>

_ad__ hd — hd —
— E, (xu X1 [ng(S’“‘” ﬂ [a 0 f P d yf] (z))

gcd(c.ad) ged(c,ad)

d(c, d)\? hd — hd —
=<w> (cz+y)*E> <X1,X1;[a 0 b d yf] (z))

d ged(c,ad)
6ic
- E(CZ +¥),

where in the last line we used (33). Thus, we obtain

d — ged(c, d)?

[0lajeLa(z) = [0laje (E2(x1, x15 2) — dE2(x1, x15 d2)) = y

=Ro (e, 1) —dRa y (¢, d).

O
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Theorem4 Ifc | N and (€1, Y1), (€2, ¥) € {(e,¥) € Ek, N, x) : M | c}, then we
have

[011/cEr (€2, Y25 dz)  if Y1 = v,

0 otherwise.

[Olc,y, Ex(e1, Y15 dz) = {

Ifc | N and (e, Y) € {(e,¥) € EQ, N, x1) : M | ¢}, then we have

[Oli/cLa(z) if Y2 = x1,
0 otherwise.

[0l¢,y, La(z) = {
Proof If (k, €, V) # (2, x1, x1) by (27) we have

1 - _
Oy, Eer, y1:d2) = 2 > @Y1 @Rk (¢, Mid)

a=1,
ged(a,c)=1

¢ (c)

ged(a,c)=1

1 - _
= [0li/cExer, ¥1:d0)— > ya@ii(a).
a=1

Therefore, by Lemma 4 we obtain the first part of the statement. Proof of the second
part is similar. O

6 Proof of the main theorem
Recall that Ex (e, ¥; dz) is defined by (2) and the set

{Ex(e, ¥:dz) : (e,9) € Ek, N, x),d | N/LM} (34
constitutes a basis for Ex(I'g(N), x) whenever (k, x) # (2, x1) and the set

{E2(x1, x1:2) —dE2(x1, x1:dz) : 1 <d | N}
U{Ex(e, ¥;dz) 1 (e,9) € EQ, N, x1), (€, V) # (x1, x1),d | N/LM} (35)

constitutes a basis for E2(I'g(N), x1), see [5, Theorems 8.5.17 and 8.5.22], or [22,
Proposition 5].

Now, we prove the main theorem whenever (k, x) # (2, x1). Let f(z) €
My (T'o(N), x) where N,k € N, k > 2 and (k, x) # (2, x1). By (34) we have

Ef)= Y Y ag(e, v, d)Ex(e, ¥; da), (36)

(e,9)eEk,N,x)dIN/LM
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for some ay (e, ¥, d) € C. Our strategy for the proof is, using the interplay between
the constant terms of Eisenstein series, to create sets of linear equations (see (38)) and
to solve those sets of linear equations for a s (e, ¥, d) using Theorem 3.

By (1) wehave f(z) = E¢(z)+Sf(z), where Ef(z) € Ex(To(N), x) and S¢(z) €
Sk(To(N), x) are unique. Since by definition Sy (z) vanishes at all cusps, we have
[0la/c f(z2) = [0la/cE ¢ (z). Therefore, by (36) for each ¢ | N and a € Z such that
gcd(a, c) = 1, we obtain

Oaef@ = Y > ap(e, ¥, )01y Ex(e, 5 d2).

(e,¥)eE(k,N,x)dIN/LM

Let (€2, ¥2) € E(k, N, x), and let the conductors of €; and v, be L, and M», respec-
tively. Note that for each 1y, there is a unique €; such that (e3, ¥») € E(k, N, x). If
we average the constant terms with ¥, using (4), then for all ¢ | N we obtain

Oy, f) = Y Y ap(e, ¥, d)0)e.y, Exle, 3 d2).

(e,¥)eE(k,N,x)dIN/LM

Our goal here is to isolate a set of linear equations from which we can determine
ayg(ex, Yy, d) foralld | N/L;M,. By Lemma 3 we have [0]c y, Ex(€2, ¥2; dz) =0,
if ¢ | N is such that M, | ¢, or My t ¢ and L, | N/c. Therefore, from now on we
restrict ¢ to be in Cy (€2, ¥2), see (5) for definition. By applying Lemma 3 one more
time we have [0]¢ y, Ex (€, ¥; dz) = 0if M 1 ¢. Therefore, for all ¢ € Cy (€2, ¥) we
have

[0y, f= Y Y agp(e v, )0y, Exe, ¥:dz). (37

(e,y)eEk,N,x),d|N/LM
Mc

Recall that for each ¥, there is a unique (€2, ¥2) € E(k, N, x). Additionally, for all
c € Cn(ez, ¥n) we have (€3, Yn) € {(e,¥) € E(k, N, x) : M | c}. Therefore, for all
c € Cy (e, Yrp) we have

Oy, f@ = D ag(e, ¥, dO0)e.y, Ex(e, ¥; dz)
(e,¥)eEk,N,x), dIN/LM

(€,9)#(€2,¥2)
Mi|c

+ Z ay(e2, Y2, d)[0]¢, y, Ex (€2, Y2; dz).
d|N /LM

From this, using Theorem 4, we obtain

Oy f@ = Y agles, Yo, D)Oli/cEx(ea, Y23 d2).

d|N /Ly M
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Since M» | ¢ we have
[0l1/c Ex (€2, Y25 d2) = R ep,y, (¢, M2d) = R ey, y,(c/ M2, d).

Hence for all ¢ € Cy (€3, ¥2) we have

[Olc,y, f(2) = Z af(er, V2, Y Ri,ep,y,(c/ M2, d). (38)
d|N/Ly M,

Below we solve the equations coming from (38) for a (e, ¥2, d) using Theorem 3.
For dy | N/LyM; we consider the sum

Z Ri,er, 95 (d2, ¢/ M2)Sk, N /Ly M 62,95 (A2, ¢/ M2)[0]¢ y, f(2), (39
ceCn(e2,92)

which, by (38), equals to

= Z Ri,er,2 (o, ¢/ M2)Sk N /Ly My 62,92 (d2, ¢/ M)
ceCy(e2,92)

x> ag(en V2. d)Rie .y, (c/Ma. d). (40)
d|N /Ly M;

Rearranging the terms of (40) we obtain

Y Rieryn(da, ¢/ M)Sk N Loy 0,95 (da ¢/ M) Oe s, f (2)
ceCy(€2,¥2)

= Y aple¥rd)

d|N /LM,
XY Rieyn(da. ¢/ M)Sk N Lyby.er, 90 (o €/ Ma)Ric ey, (¢/ My, d).
ceCn(€2,¥2)
41)
Recall that Cy (€2, ¥2) is defined by (5) and is a set equivalent to the set
{c:My|c, ¢/Ma| N/LyMa},
i.e., ¢/ M> runs through all the divisors of N /L, M5 as c runs through all the elements

of Cn (€2, ¥2). In Theorem 3 we use this and we replace N by N/L,M>, t by ¢/ M>,
¢ by d> and d by d to obtain

Y Rieryn(dr. ¢/ M)Sk NLyMy 2.0 (d2. ¢/ M) R e 5 (¢/ M2, d)
ceCn(€2,¥2)
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I Pk — e (p)va(p)

k
PIN/LaM, p
0 ifd # do.

ifd =d, “2)

Therefore, from (41) and (42) we obtain

> Riern(@dr. ¢/ M)SeN LMy .20 (d2r ¢/ MD)[Ole,y, £ (2)
ceCy(€2,92)
l—[ Pk — e (p)

=ay(ez, V2,dr) pr

PIN/LaM>

Since p | LoM; implies e2(p)y2(p) = 0 we have

k

P
D)= ——
et d) =] 1o

XY Riewn(dr ¢/ M)Sk N Loy cr. (da ¢/ M) [Ole.y, f -
ceCn(€2,92)

This completes the proof of Theorem 1 when (k, x) # (2, x1).
Now, if (k, x) = (2, x1), then a basis of E>(I'g(N), x1) is given by (35). Using
Lemma 5, Theorem 4, and arguments similar to the first part of this proof we obtain

Ef@= ) e xidLa@+ ) D ag(e, v, d)Ea(e, ¥ d2),
1<d|N (€,¥)eEQ2,N,x), dIN/LM
(€. ¥)#(x1.x1)

where a (€, ¥, d) is as above (with k = 2) and

1 p?
cr G xd) === [T =7 D Ras (@ SaN 1.0 (@ OlONe f
pIN P c|N
1
= _Eaf()(h Xxt,d).

On the other hand, we have

D eruxn dLa@ =Y crla xi d(Ea(xs xi; 2) — dEa(a, xis d2)
1<d|N 1<d|N

= > ey x. ) Ea(xi. x1:2)
1<d|N

+ Z ay(x1, x1, d)E2(x1, x1: dz)
1<d|N
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=Y ar(x1. x. ) Ea(xi. x1: da),

d|N
since
pr—1
arGax D [[ 55— =D Raon (1. OSan 1.0 (1. [0)e
PIN c|N
w(c) d —ged(d, ¢)?
:Z 2 Z Cf(Xl, led)gT
av & 1Zaw
d — ged(d, ¢)?
= Z Cf(XlaXl,d)ZM(ZC) gcd( &)
1<d|N c|N ¢
2
p-—1
=[] X crtu.x1.d.
NPT

ie., Zl<d\N cr(x1, x1,d) = arg(x1, x1, 1). This completes the proof of the Main
Theorem.

At last we prove a lemma which is useful in reducing the number of constant term
computations in the applications of Theorem 1.

Lemmaé Let f(z) € My(To(N), x) andc | N. Let a/c and a’/c be equivalent cusps
of To(N). If (e, ¢) € E(k, N, x) with M | ¢, then we have

Y (@[0ase f = ¥(@)0laye f-

Proof Ifa/canda’/c are equivalent cusps of I'g(NV), then there exists a matrix |:;l /; :| €
I'o(N) such that

apBllab| [a'b
Sl =[ee) ®
Then using transformation properties of modular forms we have

/ b/
V@OOef = e lim ez + )+ 5 (257

+b k az+b
= y(@) lim (cz+d)*x©) (yE 5
1/f(a)z—lfinoo(cz—i_ ) X()(ycz+d+ ! cz+d

az—i—b)

_ ! . —k
—I/f(a)x(a)zl_l)rinoo(chrd) f<c1+d

=Y (@) x($)[0lasc f-

We have M | ¢ and by (43) we have a’ = aa + Bc, thus ¥ (a’) = ¥ (a)y (a). Since
M |c,c| N,and N | y,we have M | y, therefore, we have | = ¥ (1) = ¢ (ad — ypB)
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which implies ¥ (o) = ¥ (8). Putting these together, we obtain
Y (@) x(8) = Y (@) () x ().

Since gcd(§, N) = 1 we have V(8 x(8) = €(8). Now, we prove €(§) = 1 which
finishes the proof. Recall that LM | N, therefore, ¢ | M implies L | N/c, i.e.,
L | y/c. From (43) we have § = 1 — ay/c, thus, since ged(a,c) = land L | y/c,
we have €(8) = e(1 —ay/c) =€(1) = 1. O
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Appendix A The SAGE functions for computing the constant terms of
eta quotients at a given cusp

Let ry € Z, not all zeros, N € N and define

f@=]]n"w@2).

d|N

Assuming f(z) to be a modular form the following SAGE functions (written using
version 9.1 of the software [20]) help computing [0], /. f, the constant term of f(z)
at the cusp a/c.

def v_etal(a,b,c,d):
if c2=l:
return kronecker_symbol(d,abs(c))
if c%2=0:
return kronecker_symbol(c,abs(d))

def v_eta2(a,b,c,d):
if c%2=l1:
return 1
if c%2=0:
return (—1)"(1/4x(sgn(c)—1)*(sgn(d)—1))

def v_eta3(a,b,c,d):
if c%2=l:
return (1/24 % ((a+d) * b * d % (¢2—1)-3 % ¢))
if c%2=0:
return (1/24 % ((a+d) * cb * d % (¢2—1+3 * &3-3 % ¢ x d))

def L_constr(m,d,c): #Proposition 2.1 of [12]
xl=m x d/gcd(c,m)
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ul=—c/gcd(c,m)
y1=0
v1=0
for il in range(—abs(xl#ul),abs(x1xul)):
if ged(il ,x1)==1 and
(1+i1*xul)%x1=0 and
((1+il*ul)/x1)%2==1:
yl=il
vi=(1+ilsul)/x1
return [x1,yl,ul,vl]
break

def A_find(d,c): #finds a suitable matrix
for b in range(abs(d«c)):
if ged(b,d)==1 and
(1+b%*c)%d==0:
a=(1+bxc)/d
return [a,b,c,d]
break

def f_c_of_eta(m,d,c): #Constant term of the Dedekind eta function at —d/c
A = A_find(d,c)
L = L_constr(m,d,c)

a = A[0]
b =A[l]
c =A[2]
d = A[3]
x = L[0]
y = L[1]
u=1L[2]
v = L[3]

vv =-m *xb *xv —y xa

OP1 = v_etal (x,y,u,v)

OP2 = v_eta2(x,y,u,v)

OP3 = v_eta3(x,y,u,v)

OP4 = (1/24 /m xvvsged(c,m))
OP5 = (ged(c,m)/m)~(1/2)
return [OP1,0P2,0P3,0P4,0P5]

def first_coeff_of_eta_q(N,etaq,a,c): #Computes the constant term of
#the eta quotient [r_1,...,r_d,...,r N] at cusp a/c

d&=a

divs=divisors (N)

L=len(etaq)

if sum(1/24/divs[i2]*(gcd(c,divs[i2]))"2x*etaq[i2] for i2 in range(L))>0:
return O #does the vanishing order analysis

else:
VVI=prod((f_c_of eta(divs[il],d,c)[0])*(etaq[il]) for il in range(L))
VV2=prod((f_c_of_eta(divs[il],d,c)[1])*(etaq[il]) for il in range(L))
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SSl=sum((f_c_of_eta(divs[il],d,c)[2])*x(etaq[il]) for il in range(L))
SS2=sum((f_c_of_eta(divs[il],d,c)[3])*x(etaq[il]) for il in range(L))
VV3=prod ((f_c_of_eta(divs[il],d,c)[4])*(etaq[il]) for il in range(L))

VVa=eN(2xpix1+(SS1+SS2))
kk=sum(r for r in etaq)/2
return (—1)"kks«VVIxVV2VV3VV4

By Lemma 6 it will be sufficient to compute the constant terms of the eta quotient
fr(z) defined by (17) at a set of inequivalent cusps of ['g(24), which is done below

with the help of this code. The set

{1/1,1/2,1/3,1/4,1/6,1/8,1/12, 1/24}

gives a complete set of inequivalent cusps of I'g(24), see [5, Corollary 6.3.23]. Note
that if k is fixed then the code can handle the vanishing order analysis. For instance

the output for the code
k=3

print(first_coeff_of_eta_q(24,[—2xk—1,2xk+1,2:xk+1,0,0,2:k+1,2xk+1,—2xk—1],1,2))

will be 0. However, here we are working with a general k, and therefore, the order
analysis has to be done manually. When k > 1, the vanishing order of fi(z) is greater

than O at cusps {1/2,1/3,1/4,1/6,1/8,1/12}. Thus, we have

[Oli2/k =0, [0]13fk = 0, [0]1/afk =0, [0]l1/6.fk = O, [Ol1/8fk =0, [Ol1/12fx = 0.

To compute [0];1 fi and [0] 24 fk, we run the following code:

k=var(’k’)

assume(k, ’integer’)
eta=[—2xk—1,2xk+1,2xk+1,0,0,2xk+1,2xk+1,—2xk—1]
print(first_coeff_of_eta_q(24,eta,1,1).simplify())
print(first_coeff_of_eta_q(24,eta,1,24).simplify())

The output will be

—Ix6M(k + 1/2)x37M=2%k — 127 (—d#k — 2)x(—1)"k
1

Simplifying these we obtain

i2k+1\/6

[Oli/1fe = = Sz [Oh2afie = 1.

Putting everything together, for all k > 1 we have

i2k+1\/6

[Oli/1 fe = e P T [Oli2fk =0, [Oli/3fk =0, [0l1/4fk =0,

[Oli/6fk =0, [0li/8fk =0, [Ol1/12fk =0, [0l1/24 fx = 1.
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