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Abstract

We compute the local twisted exterior square gamma factors for simple supercuspidal
representations, using which we prove a local converse theorem for simple supercus-
pidal representations.

Keywords Gamma factors - Local converse theorem

Mathematics Subject Classification 22E50 - 11F66

1 Introduction

A local conjecture of Jacquet for GL,, (F'), where F is a local non-Archimedean field,
asserts that the structure of an irreducible generic representation can be determined by
a family of twisted Rankin—Selberg gamma factors. This conjecture was completely
settled independently by Chai [4] and Jacquet-Liu [9], using different methods:

Theorem 1.1 (Chai [4], Jacquet-Liu [9]) Let m; and my be irreducible generic

representations of GL, (F) sharing the same central character. Suppose for any
1<r< L’%J and for any irreducible generic representation t of GL, (F),

y(s,m X T, ¢) =y (s, 12 X T, ¥).

Then 1 = ms.
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The bound L’%J for r in the theorem can be shown to be sharp by constructing some
pairs of generic representations. However, the sharpness of L%J isnot that obvious if we
replace “generic” by “unitarizable supercuspidal” in the theorem. In the tame case, it is
shown in [2] that L%J is indeed sharp for unitarizable supercuspidal representations of
GL,, (F) when n is prime. For some certain families of supercuspidal representations,
I_%J is no longer sharp and the GL; (F') twisted Rankin—Selberg gamma factors might
be enough to determine the structures of representations within these families. Such
a family of supercuspidal representations can be a family of simple supercuspidal
representations, see [3, Proposition 2.2] and [1, Remark 3.18], and also be a family of
level zero supercuspidal representations for certain n, see [15, Section 4.6].

In this paper, we consider another kind of local converse theorems of Ramakrishnan
using twisted exterior power gamma factors from [16].

Conjecture 1.2 (Ramakrishnan) Let w1 and 7> be irreducible unitarizable supercusp-
idal representations of GL,, (F) sharing the same central character. Suppose for any
character x of F*, we have

(s, m X x,¥) =y(s,m X x, ¥),

and

y(s, i, A ® X, ¥ = y(s, 2, N ® x, W),
forany?2 < j < L%J Then 71 = 7.

We note here that the condition on sharing the same central character is redundant,
since if y (s, w1 X x, ¥) = y (s, m X x, ¥) for all characters yx, this guarantees that
the representations have the same central character as in [10, Corollary 2.7]. We leave
it in the statement of the conjecture as a general requirement for a local converse
problem. In fact, in the formulation of the main result Theorem 1.3, we will need to
assume that the representations in consideration share the same central character.

When j = 2, the twisted exterior square gamma factors of irreducible supercuspi-
dal representations of GL,, (F) exist due to the work of Jacquet—Shalika [8] together
with Matringe [14] and Cogdell-Matringe [5], or the work of Shahidi [18] using the
Langlands—Shahidi method. When j = 3, Ginzburg and Rallis [6] found an inte-
gral representation for the automorphic L-function L(s,, A*> ® x) attached to an
irreducible cuspidal automorphic representation 7 of GLg (A) and a character x of
GL; (A) for some adelic ring A. In general, for j > 3, we do not have an analytic def-
inition for y (s, 7, AN ® X, ¥). Therefore, Theorem 1.2 only makes sense forn =4, 5
and possibly 6 if one can prove local functional equations for the local integrals coming
from [6].

Since we have only twisted exterior square gamma factors in general, we want to
know which families of supercuspidal representations of GL,, (F') satisfy Theorem 1.2
when j = 2. We show in the paper that Theorem 1.2 holds true for simple supercuspidal
representations up to a sign as we will explain in the next paragraph. This result is our
first step toward Theorem 1.2. We have already seen that GL; (F') twists are enough
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to distinguish simple supercuspidal representations, see [3, Proposition 2.2] and [1,
Remark 3.18]. Thus, Theorem 1.2 for simple supercuspidal representations has no
context if we still require GL; (F) twists. Therefore, we will drop the assumption on
the GL| (F) twists.

Let o be the ring of integers of F, and p = (o) is the maximal prime ideal in
o generated by a fixed uniformizer . By [12], if we fix a tamely ramified central
character w, i.e., w is trivial on 1 + p, there are exactly n(g — 1) isomorphism classes
of irreducible simple supercuspidal representations of GL,, (F), each of which corre-
sponds to a pair (g, {), where #y € §* is a non-zero element in the residue field f of
F and ¢ is an n-th root of w (1~ '@), where ¢ is a lift of fy to 0*. The main theorem of
the paper is the following:

Theorem 1.3 Let w and 7’ be irreducible simple supercuspidal representations of
GL,, (F) sharing the same central character w, such that m and w’' are associated
with the data (19, ¢) and (t), {'), respectively. Assume that

1. ged(m—1,g —1)=1ifn =2m,
2. orged(m,g—1)=1ifn=2m+ 1.

Suppose for every unitary tamely ramified character  of F*, we have
y(s, T, A2 @, ¥) =y (s, ', AT @ ).

Then to = 1 and ¢ = %' Moreover, we have ¢ = ¢ if n = 2m + 1 is odd.

In the case n = 2m, we can only show ¢ and ¢’ are equal up to a sign. That is what we
mean by saying that Theorem 1.2 holds true for simple supercuspidal representations
up to a sign. Theorem 1.3, as far as we know, is the first result toward Theorem 1.2 of
Ramakrishnan.

In Sect. 2, we recall the definitions of the twisted exterior square gamma factors fol-
lowing [5,8,14]. We then recall some results on simple supercuspidal representations
in [12]. More importantly from [1, Section 3.3], we have explicit Whittaker functions
for such simple supercuspidal representations. Using these explicit Whittaker func-
tions, we compute in Sect. 3 the twisted exterior square gamma factors. Finally in
Sect. 4, we prove our main theorem, Theorem 1.3.

2 Preliminaries and notation
2.1 Notation

Let F be a non-archimedean local field. We denote by o its ring of integers, by p the
unique prime ideal of o, by f = o/p its residue field. Denote g = |f]|.

Let v : 0 — f be the quotient map. We continue denoting by v the maps that v
induces on various groups, for example 0" — ", M, (0) — M,, (f), GL,, (0) —
GL,, () etc.

Let @ be a uniformizer (a generator of p). We denote by |[-|, the absolute value on
F, normalized such that || = é
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Let ¢ : F — C* be a non-trivial additive character with conductor p, i.e., ¥ is
trivial on p, but not on o.

2.2 The twisted Jacquet-Shalika integral

In this section, we define twisted versions of the Jacquet—Shalika integrals and discuss
the functional equations that they satisfy. This will allow us to define the twisted
exterior square gamma factor y (s, T, A2 Q@ u, 1//) for a generic representation (7, V)
of GL, (F) and a unitary character u : F* — C*. We will need this for our local
converse theorem in Sect. 4.

We denote N,, the upper unipotent subgroup of GL,,, (F'), A,, the diagonal subgroup
of GL,, (F), K, = GL,, (0), B,, the upper triangular matrix subspace of M,, (F), and

~

N, the lower triangular nilpotent matrix subspace of M,, (F). We have B,,\M,, (F) =
AVl

For the following pairs of groups A < B, we normalize the Haar measure on B
so that the compact open subgroup A has measure one: 0 < F, 0* < F*, K, =
GLu (0) < GLy (F), Ny (0) < Ny (F).

Recall the Iwasawa decomposition: GL,, (F) = N, A K. It follows from this
decomposition that for an integrable function f : N,,\GL,, (F) — C, we have

/ f(g)dxg=/ / f (ak) 55" (@)d*ad*k,
N \GLy (F) Kin J Am

where B, < GL,, (F) is the Borel subgroup, and for a = diag(ay,...,anm),

ngl (a) = H1§i<j§m
Let (m, V) be an irreducible generic representation of GL,, (F) and denote its
Whittaker model with respect to ¥ by W («r, ¥). Let u : F* — C* be a unitary
character. We now define the twisted Jacquet—Shalika integrals and their duals. These
initially should be thought as formal integrals. We discuss their convergence domains
later and explain how to interpret them for arbitrary s € C.
We have a map W (w, ) — W(ﬁ, Iﬂ_l), denoted by W +— VT’, where 7 is

the contragredient representation, and W is given by W (g) = W (w,g"), where
1
wp=|( .- Jandg'="g

aj | -
a—/‘ is the Haar measure module character.
1

-1
1
Denote by S (F™) the space of Schwartz functions ¢ : F™ — C that is the space

of locally constant functions with compact support.
Suppose n = 2m. We define fors e C, W e W (, ), ¢ € S (F™)

T (s, W. 9,1, 1/’)2/ / W(Ozm (Im IX> <g >)l//(—trX)
Nu\GLyu (F) J By \M,, (F) m 8

-|det g|* pu (det g) ¢ (eg)dXd™g,
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where ¢ = &, = (0...01) € F™, and oy, is the column permutation matrix
corresponding to the permutation

12... m |m+1m+2...2m
13..2m—1] 2 4 ...2m)’

ie.,
oyn = (6‘1 €3 ...eyp—162¢64 ... ezm) s

where e; is the i-th standard column vector, for 1 < i < 2m. In this case, we define
the dual Jacquet—Shalika as

T W) =7 (1 =57 (, ””) W, Fyo. ™", w‘) :

where J on the right-hand side is the Jacquet—Shalika integral for 7, and

Fyd ) =ﬁme¢(x>w(<x,y>>dx

is the Fourier transform, normalized such that it is self-dual (here (-, -) is the standard
bilinear form on F™).
Suppose n = 2m + 1. We define fors e C, W e W (r, ¥), ¢ € S (F™)

T S
Nm\GLm(F) Mlxm(F) Bm\Mm(F)

In X g L

W oomti I, 8 I,
1 1 Z 1

Y (—trX) |det g~ (det g) ¢ (Z) dXd Zd* g,
where 07,41 1s the column permutation matrix corresponding to the permutation
(12...m |m+lm+2...2m|2m+1>

13...2m—1]2 4 . 2m | 2m+1)°
ie.,
Oomt1 = (el €3 ...eyp—1€28€4 ...y €2m+1).
In this case, we define the dual Jacquet—Shalika as follows:
I

j(S,W,(IS,Msw):J l_S,ﬁ Im W7f1//¢7uilsw7]
1
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Inboth cases, we denote J (s, W, ¢, ) = J (s, W, ¢, 1, ) and f(s, W,op,¥) =
J (s, W, ¢, 1, ), where 1 denotes the trivial character F* — C*.

The definitions of the twisted Jacquet—Shalika integrals are motivated from [5,8,14].
We now list properties of the twisted Jacquet—Shalika integrals, some of which are
only proven for the (untwisted) Jacquet—Shalika integrals in the literature.

From now and on suppose n = 2m orn = 2m + 1.

Theorem 2.1 ([8, Section 7, Proposition 1, Section 9, Proposition 3]) There exists
rea2 € R, such that for every s € C with Re(s) > r; .2, W € W(m, ¢) and

M

¢ € S (F™), the integral J (s, W, ¢, u, W) converges absolutely.
Similarly, there exists a half left plane Re (s) < rz .2 (Where rz o2 = 1 —rp 22),

in which the dual twisted Jacquet—Shalika integrals J (s, W, @, u, V) converge abso-
lutely for every W, ¢.

Theorem 2.2 ([11, Theorem 2.3], [5, Lemma 3.1]) For fixed W € W (w, ¥), ¢ €
S(F™). The map s + J (s, W, ¢, u, V) for s € C with Re (s) > r, A2 results in
an element of C (q_s) that is a rational function in the variable ¢~ and, therefore,
has a meromorphic continuation to the entire plane, which we continue to denote as
J (s, W, o, u, ). Similarly, we continue to denote the meromorphic continuation of
J (s, W, @, u, ) by the same symbol. Furthermore, denote

Lroyp = spang {J (s, W. ¢, i ) | W e W (. ) ¢ € S (F™)},

then there exists a unique element p (Z) € C[Z], such that p (0) = 1 and Iy, =
m@ [q_s, qs]. p (Z) does not depend on , and we denote L (s, T, A2 Q® /L) =
1

p(@™)’
Proposition 2.3 ([19, Proposition 3.2])
1. Forn =2m,

B Iy, X
Jomsnnr= [ fon (o (750
Ny \GLun (F) J By \ My (F) m 8

Y (—trX) - |det g e (detg) Fy¢p (e18') dXd™ g,

where g1 = (1 0... 0).
2. Forn =2m +1,

J(s, W, ¢, . %)
a /Nm\Gme) /Mlxmw) /Bm\Mm<F>
| I, X g I, —'Z
- W <[ )02m+1 Ly 8 1,
m 1 1 1

< (—trX) |det g|* w (detg) Fyd (Z)dXdZd™g.
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Theorem 2.4 ([14, Theorem 4.1] [5, Theorem 3.1]) There exists a non-zero element
y (s, T, A2 Q W, 1//) eC (qfs), such that for every W € W (, ¥), ¢ € S (F™), we
have

T Wb m )=y (5.7 A2 @) T (5, Wby ).
Furthermore,

L(l —s,ﬁ,A2®,u’1)
L(s,n, A2®,u)

y(s,n,/\2®u,w)=6<s,n,/\2®u,w)

)

where € (s, T, AT ® w) =c-q7", fork € Zand c € C*.

The proof of the functional equation is very similar to the proofs of the referred
theorems and requires only slight modifications.

As before, we denote L (s, T, /\2) = L (s, 7T, A2 ® 1), y (s, 7T, /\2, 1//) =
y(s.m, A2Q®1, %), and € (s, m, A2 ¥) =€ (s, 1. A2 ® 1, ¥).

Theorem 2.5 Suppose that (t, V) is an irreducible supercuspidal representation of

GL, (F)

1. Ifn =2m + 1, thenL(s,n,/\2®/L) =1

2. Ifn =2m, then L (s, T, A2 Q® ,u) = ﬁ, where p (Z) € C[Z]is a polynomial,
such that p(0) = 1land p (Z) | 1 — wy (w) ()™ Z™.

The proof of this statement is very similar to the proof of [11, Theorem 3.6]. Its
proof uses a slight modification of [11, Proposition 3.4] for the twisted Jacquet—
Shalika integral. See also [8, Section 8, Theorem 1], [8, Section 9, Theorem 2] for the
analogous global statements.

Lemma 2.6 Let n = 2m. Suppose that y (s, T, A2 Qu, lﬁ) =c- q_ks%,

where ¢ € C*, k € Z, py, p» € C[Z], such that p; (0) = p>(0) = 1 and p| (Z)
—1 =1 2 _ 1
and p> (q Z ) do not iiave any mutual roots. Then L (s, T,A°Q® M) =

L(s, 7 A2@put) = YOl e(s.m A2 Qu, ) =c-qg".

. 2 _ 1 ~ 2 -1y _ 1
Proof Write L (s, 7, A?®@ pu) = FRCEIE L(s, 7, A*®@u") ) and
€ (s,zr, A2, ‘ﬁ) = ¢y ~q_k7f's, where ¢; € C*, k; € Z and p,, pz € C[Z] sat-
isfy pr (0) = pz (0) = 1.

Then by Theorem 2.4, we have the equality

k p1(q7)
P2 (q*‘ (q*“')q)
— e, (q_s)k” Pr (q—s)

P (q“ (q‘s)_l)’

y (s,n, AL, 1//) =c- (q_s)
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1050 R.Ye, E. Zelingher

which implies that
Z'p @ pr (4727) = Zpr D 2 (47'271)

as elements of the polynomial ring C [Z . Z _1].

By Theorem 2.5, p(Z) | 1 — oz (@)pu(@)"Z™ and pz(Z) | 1 —
w; ' () 1 ()™ Z™. Therefore, we get that p, (Z) and pz (¢~'Z~!') have no
mutual roots. Note that they also do not have zero or infinity as a root. Therefore,
we conclude that every root of p, (including multiplicity) is a root of p;, which
implies that py (Z) = hy (Z) px (Z), where hy € C[Z], with & (0) = 1. Similarly,
we get that py (Z) = hy (Z) pz (Z), where h, € C[Z], with h (0) = 1. Hence,
we getthat cZ*h1 (Z) = ¢z Z*"hy (971 Z7"). Since p1 (Z) and p, (¢~'Z~") do not
have any mutual roots, and since both do not have zero or infinity as a root, we get
that hy (Z), hy (Z) are constants. Therefore, i1 = hy = 1, and the result follows. O

2.3 Simple supercuspidal representations

Let n be a positive integer.

Let w : F* — C* be a multiplicative character such that w [11p= 1.

Let I,T = v (N, (f)) be the pro-unipotent radical of the standard Iwahori sub-
group of GL,, (F), where N, (f) is the upper unipotent subgroup of GL,, (f). Denote
H, = F*I,\.

Letfg € 0*/14+p = §*. Let t € o* be a lift of 1, i.e., v (r) = #p. We define an
affine generic character x : H, — C* by

n—1
X (@) =w @y (Za,- +m,,> :

i=1

where z € F*, and

X1oap koo %
kX2 dp *

k=] : oo | ert
R
wa, * --- *  Xp

Note that x does not depend on the choice 7, because the conductor of v is p.
Let ¢ € C be an nth root of » (1~ ').

Denote g, = ( In-1 ) H) = (gn) Hy. We define a character x, : H, — C*

o

by x¢ (g,ﬁh) =¢ly (h),for j € Zand h € H,.

Theorem 2.7 ([12, Section 4.3]) The representation O')% = ind?{],“”(F) (X{) is an irre-

ducible supercuspidal representation of GL,, (F).
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A representation a)f such as in Theorem 2.7 is called a simple supercuspidal

representation. We say that 7 = o)% is a simple supercuspidal representation with

central character w, associated with the data (o, ¢). Simple supercuspidal represen-
tations were first constructed by Gross and Reeder in [7] for groups that are simply
connected, almost simple and split over the non-Archimedean field F.

By the proof of [12, Corollary 5.3], there exist exactly n (¢ — 1) equivalence classes
of simple supercuspidal representations with a given central character, each of which
corresponds to a pair (tg, ¢).

By [1, Section 3.3], we have that if W : GL, (F) — C is the function supported
on N, H,, (where N, is the upper triangular unipotent subgroup of GL,, (F)), defined
by

w (uh’) = (u) x¢ (h’), ueN,he H,’l, 2.1

then W € W (o')% , w) is a Whittaker function.

3 Computation of the twisted exterior square factors

In this section, we compute the twisted exterior square factors of a simple supercuspidal
representation. Throughout this section, letty € 0*/1 +p = f*,¢t € 0*,w : F* — C*,
¢ € C* be as in Sect. 2.3. We denote 7 = a)%. Our goal is to compute the twisted
exterior square factors of 7.

3.1 Preliminary lemmas

In order to compute the twisted exterior factors of m, we will use the function
b4 (02;1]) W, where W is the Whittaker function from Sect. 2.3. Before beginning
our computation, we need some lemmas regarding the support of the integrand of the
twisted Jacquet—Shalika integral J (s, b4 (02_m1> W,o, u, w>.

Denote for1 <[ <m,d; = (1”’” o, ), w; = (11 It ), and denote by 1; the
permutation defined by the columns of wy, i.e.,

w; = (e-[,(1) - e,,(m)) .

Lemma 3.1 Suppose that g € GL,, (), X = (x,-j) € N, (f) is a lower triangular
nilpotent matrix, such that

o () (4 )t € Nan (1, ) N .

for1 <1 <m. Then

1. g € Ny () wi Ny, ().
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1052 R.Ye, E. Zelingher

2. If g € wi Ny (J), then x;j = 0 for every j < i such that rl_l () < tl_l (i), or
equivalently X € N, (f) N (wlN,,J{ 63) u)f1>, where N\ (§) is the subgroup of

M, (f) consisting of upper triangular nilpotent matrices.

Furthermore, for g € w; Ny, (f) and such X,

In X\ (8 —1 Dy o
O2m ( " Im) ( g> Oom = <121 " v,

where v € Noy, (f) is an upper triangular unipotent matrix, having zeros right above
its diagonal.

Proof The lemma is proved in [19, Lemma 2.33] for the case that ¢ = wdu, where w
is a permutation matrix, d is a diagonal matrix, and u € Ny, (f). Therefore, we need
only to show the first part for general g. By the Bruhat decomposition, we can write
g = uywduy, where uy, uy € Ny, (f), w is a permutation matrix, and d is a diagonal
matrix. Denote g’ = wdu;. We have

In X\ (& . u - Ly uy' Xuy\ (& -1

We have that o2, (“' 4, ) 03,0 € Now (). Write u] ' Xuy = L+U, where L € N, (f)
is a lower triangular nilpotent matrix and U € By, (f) is an upper triangular matrix.
Then we have that

Ly uy' Xup) _ Lo U\ In L
O2m I = 02m I, 02, 02m I,)
m

Since o2, (I'” 4 ) 02_m] € Nay (f), and since o2, (' 4, ) oz_ml € Nop (1), we get that

Oom (Im IL> (g g’) 02;11 € Noy () <121 12m—21) Now (F) -

Since g’ = wduy, we get from [19, Lemma 2.33] that wd = wy, as required. O
Lemma 3.2 ([19, Lemma 2.34])
1. Letd € GL,, (f) be adiagonal matrix. Then |Ny, (f) wid Ny, ()| = q(?)_(é)_(mz_l .

Ny (P)|. Here (g) = @ for any non-negative integer k.
2. The set

Ny (0 (i ")

- {(xij) eN; (I xij=0,Vj <istw " (j)<w (i)}
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m 1 m—I
is of cardinality q ()=~ Here, NCY(§) is the subgroup of My, () consisting
of upper triangular nilpotent matrices (i.e., upper triangular matrices with zeros
on their diagonal).

Remark 3.1 In [19, Lemma 2.34] the lemma is stated only for d a diagonal matrix of
a certain form, but its proof only uses the fact that d is a diagonal matrix.

Lemma 3.3 Suppose that a = diag (ay, . .., a,) is an invertible diagonal matrix, and
X € N, (F) is a lower nilpotent matrix, such that

Im X a = . Lol
02m< 1m)< a)—k u- gy, k, (3.1

where . € F*, u € Nyp,,, 1 <r <2m, k € Ky,,. Then

1. r =2l is even, for some 1 <1 < m.
2. Jail =+ = lam—i| = [Al

3. lam—i41l =+ = lam| = |A| - [&7|.
4. d;'Xd) € N, (o).

Proof (1) Taking the absolute value of the determinant of both sides of Eq. (3.1), we
get |deta|® = |A|?" - |det go|”, and since |det gom| = |—t’]w| =g, we must
have that r is even. Thus, r = 2/, for some 1 <[ < m. Then

u _ DLm-2\ _ (lam-2 D2
§m t_lwlzl t_lwlzl Iy ’

(2 & 3) Denote Z = a'Xa,uy = ooy (I’" Ii)az_ml. Denote

a 1 .
b=02m< a>02m = diag (a1, a1, ..., am, am) .

Then buzoy,, = )»ug%fnk.
Let uz = nztzkz be an Iwasawa decomposition (nz € Noy, tz € Aoy,

kz € Kay). Then we have A~ 'br, = (bn}lb’lu) g%fn (ko{mlkgl). Denote

u = bnglb_lu € Ny;,. Then we get

Dm—21 —14—1
( (t*‘w)7112,>u/ A" btz € Koy,

Writing 1z = diag(#y,...,Hm), we get that A7V ai| |ti] = 1 and
A7 ai Jr2i -1 |

= 1, forevery 1 < i < m — [, and that |A|_l|ai||t2i| = |o| and
A" ail ltiz1] = |@ |, for every m — [ + 1 < i < m. By [8, Section
5, Proposition 4], |t;| > 1 for odd i and |t;| < 1 for even i. Thus, we
get that |t;| = 1 for every i. Hence, |a1| = -+ = l|au—| = |A] and
lam—1+11 = -+ = lam| = |A| - [&7].
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1054 R.Ye, E. Zelingher

(4) By[8, Section 5, Proposition 5], there exists & > 0, suchthatif Z = (z;;), then
max i< j<m |2ij|” < [Tizi<om |t;]. This implies that Z = a~'Xa € M,, (0)
P odd

1 O
since |t;| = 1. Wehavea = A-d; -k’, where kK’ € GL,, (0) N A,, = (0*)", and
this implies df]Xd[ € My, (0), and therefore, in NV, (F)NM,, (0) = N,, (0).
|

Lemma3.4 Let g = ak, where a = diag(ay, ..., ay) is an invertible matrix, k €
GL,, (0), d*g = ‘Ei (a)d*k[]iL, d*a;, and X € N, (F) be a lower triangular

nilpotent matrix. If
Im X'\ (& 1
Oom ( m Im> < g) Oy € N2mH2/m7

. In X —1
then there exists 1 < | < m, such that oo, ( " Im> (g g)Uzm S F*Nz,ng%fnlztn.

Moreover, if oo, (1’” 1};) (gg)o{ml € )»Ngmggﬁnlg;nforl <l <mand: € F*, then

. a = rddiag(ui.....un), where u,....uy € 0¥, 85 (@) = 85 (d)) =
q—l(m—l)_

2. Let k" = diag (u1, ..., um) k. Then v (k") € Ny () wi Ny (), d*k = d*k".

3. If v (k") € wNy (), then X = diZd;" and dX = 85 (d))dZ, where Z €

N, (o) satisfies v(Z) € N, (F) N (wlN,j,' 1) wl_l). Moreover, in this case,

I, X B
2 ( " ) <g g) 03y = AEomV:
m

where v € GLoy, (0) satisfies v (v) € Nopy (f), v (v) has zeros right above its
diagonal, and v has zero at its bottom-left corner.

Proof 1. Suppose that

I, X a k —1
O2m < " Im) < a> < k) Oom = Augh,, k', (3.2)

where A € F*,u € Ny (F),r € Z, k' € I}, . Since g%’z = t~'w I, we may
assume (by modifying A) that I < r < 2m. By theorem 3.3, we have that r = 21,
X = d;Zdl_l, where Z € N',; (0), and a = Ad; - diag (uy, ..., uy), for some
Ul,..., Uy € 0%

2. Let k" = diag (uy. ... uy) - k and d) = (’2"’—2’
and part 1, we have that

I, X . d Ln Z\ (K" \ -
o (") (")t =2 (Ua) (M 1) ()i 00
m m
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Since d] = oo, (d’ a4 ) az_ml, we get from Eq. (3.3)

I X _ In Z)\ (K’ _
Oom ( " > (g g) o5l = Ao, < " ) < k,,) ol (B4
m m

Recall that r = 21. Writing g3, = d ( Iy fom—21 ), we get by combining Egs. (3.2)
and (3.4) that

L, Z k" _ _
o (" )Y o) ot = usti

- (d;—ludz’) (121 12m2’> K, (3.5)

which implies that dl’_ludl’ € Ny (0), as (121 12’"‘2’) k' € Ko, and the left-

hand side of Eq. (3.5) is in Kp;,. Since dl/_ludl’ € Ny (0) C 12‘;1 and k' € I;;n,
we get from Eq. (3.5) that

v <(72m <Im Ii) <k k”) 02_m1> € Nop () (121 12m_2[> Now () -

Since Z € N, (0), v(Z) € N,, (f), and by applying Theorem 3.1, we have that

v (k//) € Ny () wi N ().
3. Assume that v (k”) € w; N, (), then by Theorem 3.1, we have v (Z) € N, () N

(wlj\f,;l|r ) wl_l>, and

In Z\ (K’ _ Iy —
o (7 2) i) s) = (™)

where v/ € Ny, () is an upper triangular matrix, having zeros right above its
diagonal. Therefore,

Iy Z kK’ _ Dy —
02m ( " Im) < k//) 02n11 = <121 o 21) v, (3.6)

where v € GLy,, (0) satisfies v (v) = v’. Combining Eq. (3.6), Eq. (3.4), and the
fact that g%fn =d, ( Iy Lom—21 ), we get

I, X _ I —
o (4 1) it s, )
m

Finally, suppose that/ < m. Note that a non-zero scalar multiple of the last row of v
appears as the 2m —2[ row of 07, ( I IX ) (g g ) az_ml. The (2m — 21, 1) coordinate

m
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of oo, (1’” I)fn) (gg) 027”1 is the (2m — [, 1) coordinate of ([”’ ;;) (gg), and this

is zero, as 2m — [ > m. If | = m, then g%r’;’ = t’lwlzm, and therefore, the last

row of v is a scalar multiple of the last row of 2, (I'” }; ) (%) o{ml, which has

zero as its first coordinate.
[m}

3.2 The even case

In this section, we compute the twisted exterior square factors for the even casen = 2m.

Theorem 3.5 Let 7w be a simple supercuspidal representation of GLoy, (F) with cen-
tral character w, associated with the data (to, ¢). Let i : F* — C* be a unitary
tamely ramified character, i.e., i [11p= 1. Denote § = 2o ((—1)'”_l t_lw).
Let (w-u™)g : F* — C* be the character defined by (w - pu™)g (wju) =
Elow (W) W)™, for j € Z, u € o*. Then

y (s, T AT ® I, 1//) = (Eq(sé)>ml y (S, (@ 1" 1//) :

Explicitly,
1. If (w- (™) [ox# 1, then

1

y (s, AP ®u, xﬁ) = (Sq_(s_z)yl % Yve (A_l> (R

AEf*

In this case, L (s, T, A2 Q® /L) =1,€ (s, T, N2 Q u, w) =y (s, T, A2 Q u, 1//).
2. If (w- (™) Jox=1, then

(o1 m—2 1— —s
T ) =

In this case, L (s, T, A2 ® u) = #q,s,

—m—2)(s—1
€ (s, 7, A2 Qpu, w) =" (m 2)(5 2)_
Proof We will compute the twisted exterior square gamma factor by computing the

twisted Jacquet—Shalika integrals J (s, b4 (ofml) W,o,u, W) and

J (s, T (a{ml) W,o, u, 1//), where W is the Whittaker function introduced in Sect.
2.3,and ¢ : F™ — C is the function defined by

Y (—v(x1) x =(x1,...,Xn) €0",

3.7
0 otherwise. (3.7)

¢(X)={
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Then
978 (v (X)) x €0,
Fyd (x) =
ve () {O otherwise,
where 8;, (x) is the indicator function of &1 = (1,0, ...,0) € f".

By the Iwasawa decomposition, we have that J (s b4 (02 ) W,o, 1, W) is given

by
In X\ (ak
J= /W <02m< 1m> (a ak) 02m> \det al® 1 (det (ak)) 58

- (eak) ¥ (—ttX) 85" (a) dXd* ad*k,

where W is the Whittaker function defined in Sect. 2.3, given by Eq. (2.1), X is
integrated over B,,\M,, (F), k is integrated over K,, = GL,, (0), and a is integrated
over the diagonal subgroup A,, of GL,, (F).

Denote by W), the group of m x m permutation matrices. By the Bruhat decompo-
sition for GL,, (f), we have the disjoint union

GLy (= || NuwdoNnu (.

weW,,
do€Apm (f)

We decompose each of the double cosets of the disjoint union into a disjoint union of
left cosets: given w € Wy, dyp € Ay, (), we can write

Ny (D wdoNy () = || uowdoNo (9,

uoecwdo
where Cyqy, € Ny, (f) is a subset of Ny, () such that the map

deo — {uowdo Ny, () | uo € Ny, (f)} s
ug = uowdo Ny, (f)

is a bijection. We may assume without loss of generality that /,,, € C,,4,. We have that

|C d0| _ \Nm(Pwdon(f)l
We obtain the followmg decomposition:

GL, (= || ] wuowdoNn (5.
weWy, MOEdeO
do€An (f)
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Since v=! (GL,, ()) = GL,, (0), we can lift the above decomposition to

GL, ()= || ] wwadv™" N (),

weW,, ueCyy
deD,,

where D, € A,, NGL,, (0) = (0*)™ is a set of representatives for the inverse image
v (A (D) Gee., Dy S v (A, () and v [p,: Dy — Ay () is a bijection), and
ford € D,, with v (d) = dy, Cya S Ny, (0) is a set of representatives for the inverse
image v™! (Cyay) (e, Cuwa S v (Cuway) and v [¢,: Cuwd — Cu, is a bijection).
Without loss of generality, we may assume that the identity matrix belongs to D,, and
also belongs to Cy,y, for every w € W, and d € D,,.

Using this decomposition for K, in Eq. (3.8), we decompose the integral J into a
sum of integrals

J = Z Z de,le

weWy, ueCyyq
deDy,

where

Iy X\ (auwdk _
Jwd.u = /W (UZm ( " Im) ( auwdk) O’zml) |detal® u (det (auwdk))

¢ (eauwdk) ¥ (—trX) 85" (a) dXd*ad*k,

where X is integrated over B,,\M,, (F), k is integrated over I, = v (N (D),
and a is integrated over A,,. Writing au = aua™' - a, we have that aua™" € N,
and since the Jacquet—Shalika integrand is invariant under N,,\GL,, (F), we have
Jwd,1,, = Jwd,u for any u € Cyyq. Denote Jyyg = Jya,1,,, then we have

m?

Ny, d) Ny,
J= Y ottt = T | (f)|u]\)]:((f))| o,

weW,, weW,,
deD,, deDy,

Using the isomorphism B,,\M,, (F) = N, , we can write

In X dk . ‘
g = /W (om ( m Im> (“w awdk) azml) detal s et @wdb)

- ¢ (cawdk) 5" (a)dXd* ad*k,

where the integration is the same as in Jy,4,,, except that this time X is integrated on
N, .

By Theorem 3.4, Jy,g = O unless w = w; for some 1 < [ < m. In this case by
Theorem 3.4, we have that the integrand of J,,,4 is supported ond; - F*- A, (0), where
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A (0) = Ay NGL,, (0) = (0*)™. We translate a by d; and write down the expression
for the Haar measure for the subgroup F* - A,, (0):

a = d;)diag (uy, ..., uy), where A € F*, uy, ..., u, € o*,
m
d*a=d*r[[d*u. (3.10)
i=l1
85t (@) =085 (d) =q7'"".
Denote

k" = diag (u1, ..., uy) widk. (3.11)

By Theorem 3.4, k" satisfies v (k”) € Ny () wi Ny, (f). Since v (k) € Ny, (f), then by
the Bruhat decomposition of v (k/ ¢ ) we must have

v (diag (u1, ..., up)) wv (d) = wy.
Therefore, we have
diag (u1, ..., up) = diag (), ..., ul,) wd  w; ", (3.12)

where u}, ..., u), € 1 +pand [/, d*u; = [[/~, d*u. Denote ¢ = aw;dk. By

Eq. (3.10) and Eq. (3.12), we have
g = awydk = Adydiag (u', ..., u,,) wik. (3.13)

By Egs. (3.11) and (3.12), we have k”/ = diag (”/1 o ”;n) wyk, and therefore,
v (k") € w; Ny, (). Hence, by part 3 of Theorem 3.4,

X =dZd;"", where Z € v~ (/\/,; M N (w,/\/,j 6 wfl)) SN
dX =83 d)dz =q " Vdz.

Moreover, we have that

I, X _
Oom ( " ] ) (g g) ozml = Xg%fnv, (3.15)
m

where v € GLy,, (0) satisfies v (v) € Ny, (f), v (v) has zeros right above its diagonal,
and v has zero at its bottom-left corner. Therefore, by Eqs. (2.1) and (3.15), in this

domain
W <02m (”" fn) (g g) a;ml) =%w0). (3.16)
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We have by Eq. (3.13)

1
det (awydk) = A" (t_lw) (

m
u;) (—=D!"D getk, (3.17)

i=1

and
|detal® = |A" g%, (3.18)

Since detk € 1 +p, []i-, u}; € 1+ p, and since p is a tamely ramified character, and
since (—1)"* = (= 1), we get by Eq. (3.17)

1 1 !
1 (det (awydk)) = u )™ 1 ((—1)’“* = w) . (3.19)

We have by Eq. (3.13) that eaw;dk = ul, At 'wek. Since u, € 14+ p C o,
x € F™ satisfies x € o if and only if u;nx € 0o™. In the case x € 0™, we have
x = u),x (mod p), which implies that if x = (x1, ..., xp,), then x; = u}, x| (mod p).
Since ¥ has conductor p, ¥ (u),x1) = ¥ (x1). Therefore, by the definition of ¢ in Eq.
(3.7, ¢ (u),x) = ¢ (x) for every x € F™_ Tt follows that

b (cawdk) = ¢ (u;nm—lwa,k) —¢ (At_lwak) . (3.20)

Substituting in Eq. (3.9) the equalities Egs. (3.10), (3.12), (3.14), (3.16), (3.18),
(3.19), and (3.20), we get

de=/(8hmm)oﬂmq4ﬁ(u@Wu(«4W”r*wY)

m (3.21)
b (,\flwg,k) g~lm=D (q*“m*’)dz) (dm ]‘[d%) d*k,

i=1

where the integral is integrated over A € F* u|,...,u,, € 1+1p, Z €
-l (N,; (M N (wzj\/,j 6 w,‘l)), kel
Denote £ = ¢%u ((—1)’"_l t_lzzr). We can now evaluate the integration over

Zu', ..., u, inEq. (3.21) and get

e (e ow)
N (D] 7™ (3.22)
/ / w () ()™ |x|mS¢(xt—1wslk)dX,\ka.
It JF*

Jupa = g~ 2Dy
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Notice that Eq. (3.22) implies that J,,,4 does not depend on d € D,,, and we have
Ju, = Ju,a for every d € D,,. Denote

Ny d) Ny
J= Y |Cod g = 3 @D I’f\;” Ef))l @iy, . (3.23)
deDp deDy, m

By Theorem 3.2,

[N () wiv (d) Ny ()]
|Nm (P

= [N, 0 (wig ()|
_ -5, (3.24)

We also have | D,,| = |A,, (f)| = |§*|™. Therefore, by substituting into Eq. (3.23) the
equalities Egs. (3.22) and (3.24), we have

J,:q—('é’)q—“gl-/ f ) )" |)\|m5¢<m—1m,k)dﬂm, (3.25)
Ly JF*

where the expression ¢~ (2) arises from the identity —21 (m — ) + 2(%) — 2(5) -

275 = (3) = ~(2)
2 2 2): . .
Since k € 1,7, we have that ;k € 0™ has 1 as its / coordinate modulo p. Therefore,

if M’lwslk € 0™, we must have |M’1w| <1,ie, A = (t’lw)j - uq, for some
ugp € 0™ and j > —1.Forafixed k € Inf, we decompose

f @ () ()" A ¢ <M—1wslk> d*a
F*

_ i ® (f‘ w)j " (flw)jm g—ims (3.26)

j=—1
j+1
/ a)(uo),u(uo)m¢(u0 (flw) 8lk) d* uy.
0*
Since £ = ¥ u (D" Y u(t7'w)", m(m—1) is even, and ¥ =

w(t7'w), wehave &" = o (') 1 (t‘lw)m. Therefore, we get from Eq. (3.26)
that

f* () ()" A ¢ (At_lwe1k> d*a

o0

= (fq")jm'/

j=-1 ¢

. (3.27)
@ (ug) m (up)™ ¢ (uo (fl w) 81k> d*uy.

If I > 2, then gk has O as its first coordinate modulo p, so for every j > —1, the first
coordinate of u (z‘_lw)ﬂr1 g1k is 0 modulo p. Thus, ¢ (u() (t_lw)jJrl slk) =1.We
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also have that

I (w-pu™) [ox=
0 otherwise.

/ o (o) p ()" d*ug = {
0*
Therefore, from Eqs. (3.25) and (3.27), we get for [ > 2 that,

(2) _g\—m —s\! 1
g = Vs Ea7) " 607) g @ n™) lo=
0 otherwise.

If/ = 1and j > 0, we have that (t_lw)j—H eiupk = 0 (mod p), and therefore, we
have again ¢ (uo (t_lw)]“ slk> = 1and

L (w-p™) [o+=1,
0 otherwise.

/*w(uo)u(uo)mdxuo = {

If/ = 1and j = —1, we have that 1k has 1 as its first coordinate modulo p, and
therefore, ¢ (uo (t_lw)JH elk) = ¥ (—v (up)), and we have

[ oo v - Mo)dxuo——zw(?»)u(?») V().

%
|f ref*
To summarize, we get
J1
) _ £g—s)"+! —s
_ [ LNl E47°) (g—sm;*m - Sqq—1> (") lor=1,
B () s .
Ok 647) " (607°) o Laepr @ () 1 (W™ ¥ (=) otherwise.

Summing all the J; up, we get

J = Ji

M=

i

e ® —(m—-2) 1—g=1g=(1=9)
m@ ) 4 ) g (@) Tor=1. (3.28)
m(é )*(mfl)ﬁzkef*w(k)ﬂ(x)mw(_k) otherwise

1

We now move to compute J=17 (s, T (02,,,)_1 W,o, 1, 1//). Following the same
steps as before for the expression in Theorem 2.3, we have

~ mn ~
= Z Ji
=1
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where

Bi=a O oV [ [ 0@ e Fyg (e k)
LrJF*

x d”* d> k.

Recall that

478, (v(x)) x €0,
Fyop (x) =
V9 () {0 otherwise.
We have that
A lep ikt l<l<m-—1,

A leid hwkt = _
1 {k‘l (t_lw) lelk‘, [ =m.

If 1 <1 < m— 1, we have that )fleldl_lwlk‘ is a scalar multiple of g/11k" € o™
and the [ + 1 coordinate of ;4 1k" is 1 modulo p, and therefore, )ﬁlsldl_lwlk‘ cannot
be in the support of Fy¢ for any scalar A. If [ = m, )\’leldrglwlk‘ is a scalar
multiple of e1k* € o™, which satisfies v (¢1k') = &1 (mod p). Therefore, in order
for )L_1£1dflw1k‘ to be in 0" and to be &¢; modulo p, we must have / = m, and

A1 (t_lzv)_1 € 1 4+ p. Hence, we have fl =0forl <!l <m-—1,and forl = m,
we have that 1 is integrated on (™! w)fl (1 + p) and that

- m -1 —m —m(s—1)
Im = q_(z)q_m(s_l)gm : / / w (t_1w> M (t_lw) ‘(t_lw)’
L J14p

x q2d*\d*k
o @ .
= Gy () : N (D17

Therefore,

A —— a— b (3.29)
T GL, () Ne (D] T '

Recalling the fact that when (w - u™) [o+# 1, the Gauss sum

Glo- " y) =D oW uni)" (=4

ref*
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has absolute value ,/g, we have that
-1 G(w-w"y) 1
G (a) . ,bLm, 'l//) = - = — Z

A e () w . (330
y S 2o k6 Y 0. 630

AEf*

By Egs. (3.28), (3.29), and (3.30), we get

J
y(s,n,A2®u,1ﬁ>:7
1)\ 2 s
(e )" 0 i) =
= N m—1
<gq_(s_2)> ﬁzkef*w()ﬁ‘)u()ﬁm)w(k) otherwise.

(1 m—1
The formula y (s, T, N2 Q U, 1,0) = |&q (S 2) y (s, (@- ™), W) now fol-
lows from a standard computation of the local factors of Tate’s functional equation,
see for instance [17, Section 7.1] or [13, Proposition 3.8].

The claim about the other twisted exterior square factors now follows from Theorem
2.6 and the fact that 1 —£Z and 1 — £~ '¢~!'Z~! do not have mutual roots. m]

Remark 3.6 For the choice of test data (n (02_m1) W, ¢) as in the proof, we have that

J (s, T (az_ 1) W, o, u, 1/f) is non-zero if and only if x is tamely ramified: otherwise,

m
on the right-hand side of Eq. (3.19), we will have a product []/L, u (u:) and since
we integrate u; over 1 4 p, we have that the integral vanishes unless the restriction of
W to 1 4 pis trivial.

3.3 The odd case

In this section, we compute the twisted exterior square factors for the odd case n =
2m + 1.

Theorem 3.7 Let w be a simple supercuspidal representation of GLay,+1 (F) with
central character w, associated with the data (ty, ¢). Let u : F* — C* be a unitary
tamely ramified character, i.e., u [14p= 1. Then

y (s, A2 @, W) = (/L (t‘1w> §2q<sé))m :

Furthermore, in this case, L (s, 7T, A2 ® ;L) = 1, € (s, T, A2 ® Ww, 1//) =
y (s, T, A’ ® w).
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Proof We compute J (s, T (azjnlﬂ) W,o, u, W) and J (s, T (oz_mlﬂ) W,o, 1, w),
where again W is the Whittaker function introduced in Sect. 2.3, but this time

_mn
2

o (v(x)) xe€o™, x eo”,

0 otherwise,

q
0 otherwise,

¢(x)={ fw(f)(x):{

where &y is the indicator function of 0 € .
By the Iwasawa decomposition, J (s, T (azjnl +1> W,o, 1, W) is given by

I, X ak Iy

JZ/W 02m+1 L ak L 02_1 1 9 (2)
1 1 71 mE (3.31)

|detal*™" 1 (det (ak)) 85! (a) dXd*ad*kdZ,

where X is integrated on NV, , a is integrated on the diagonal matrix subgroup A,,,
k is integrated on K,, = GL,, (0), and Z is integrated on M|,, (F). In order for Z
to be in the support of ¢, we must have Z € M, (0), such that v (Z) = 0, i.e.,
Z € Mixm (p). For such fixed Z, we have that

Ln
-1
V| 02m+1 Iy Om+1 = Dm+1,
Z 1
and therefore,
In
—1 +
O2m+1 In | Opmy1 € Dyt
Z 1

Hence, in order for X, a, k to contribute to the integral, we must have

I, X ak

—1 /) /
Odm+1 L ak Oyl = Al &omi1ks
1

where A € F*,u’ € Noyy1,1 € Z, K € I3, . Since g%fn’ﬂ =t '@ Iy, 1, we may

assume (by modifying A) that 1 <[ < 2m + 1. Notice that
I, X ak
Mgtk = oot In ak oyl (3.32)
1

and the right-hand side of Eq. (3.32) has €2,+1 = (0, ...,0, 1) as its last row. On
the other hand, the last row of Aglzm +1k’ is M Lwrg k!, where g is the [-th standard
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row vector. Since gk is the [-th row of k’, we have that v (slk/ ) is the [-th row of
an upper triangular unipotent matrix, and therefore, the equality At '@ ek’ = €241
can’t hold unless / = 2m + 1. Thus, we have [ = 2m + 1, and that the last row of k£’ is
a scalar multiple of &2,,+1. Since k' € GLyy+1 (0), we may assume (by modifying A
by a unit) that the last row of &’ is &2,41. We write k' = (¥ V), where k” € I}, and

v is a column vector in Mo, <1 (0). Writing k' = (12"’ 'f) (k” 1 ), we may assume (by
modifying u’) that k' = (¥’ | )» which implies that 1’ = (v ;) for u” € Ny, Thus,
we get that r Lo = 1, and that

In X'\ (ak ~1 2 2m 7+
Oom ( " Im> < ak) Oy = " gk e AN 8om o, - (3.33)

Since Eq. (3.33) holds, we can apply Theorem 3.4 and use At o = 1 to get that

a=M\-dy-diag(uy,...,uy,)=dag(uy,...,u,),whereuy,...,u, € o*,
m
d*a=]]d"u. (3.34)
i=1
5;}7‘1 (a) = 1.
Denote

ko = diag (u1, ..., um) k.

(3.35)
d*k = d*ky.
Then k = diag (uq, ..., um) ko, and by Theorem 3.4
ko € v (N () i N (1) = v™" (N () = I, (3.36)

Furthermore, since v (ko) € Ny, (f) = wp Np, (), by Theorem 3.4 we have that X €
N, (0) and that X satisfies v (X) € N, () N (wauN,m (Hwy,') = {0n), ie.

X eN, (p). (3.37)
Also, since v (ko) € wy, Ny, (f), by Theorem 3.4 we have for such Z, X, a, and k that

o I, X ak ol — o
2m Im ak 2m (B
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where v (vg) = v(, is an upper triangular unipotent matrix having zeros right above its
diagonal, and therefore,

I, X ak Iy
Y = o1 I, ak I, O'z_mlJrl
1 1 Z 1 (3.38)
I ‘
(v I —1
= 1 02m+1 m O2m+1
Z 1

satisfies v (Y) = (”6 | ), which implies that v (Y) is an upper unipotent matrix with

zeros right above its diagonal. Since Y also has zero at its left-bottom corner, we have
from Eq. (2.1)

W (Y) = 1. (3.39)

From Egs. (3.34) and (3.35), we have that ak = kg € I,;:, so det (ak) = det (ko) €
1 + p, which implies

|detal® =1, 3.40
u (det (ak)) =1 (3.40)

as u is tamely ramified.
Therefore, we have by substituting in Eq. (3.31), Egs. (3.34)—(3.40) that

m
J(S,T[(O'il >W7¢7 M, I//) Z/ / / / dX qu_
2t Misn® 135 S0y NG () ll:[ l

1
w d*kodZ (3.41)
_ 1 1 1
~ Mixm DHGLy () 2 N (DTN (]

We now move to compute J (s, T (a{mlH) W,o, u, w). By Theorem 2.3, we need
to evaluate the integral

~ 1 I, X ak Iy —1z .
J =/W (12m )Uzm-H Im 1 ak 1 Im 1 Oom+1 (3.42)

- Fy¢ (Z) |detal® i (det (ak)) 8! (a) dXd* ad* kd Z,
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where again X € N,;, ae Ay ke K, =GL,(0), Z € My, (F). We notice that
for every Z € Myxm (0),

-1 +
O2m+1 I Sm+1 € Ls1-

Therefore, in order for X, a, k to support the integrand, we need

I, X ak

1 m _

<12 > Tam+1 I ak Uzml+1 = )‘u/gIZerlk/’ (3.43)
" 1 1

where A € F*, u' € Nopy1, 1l € Z, k' € Iztn-H- Note that the left-hand side of Eq.
(3.43)hase; = (1,0, ..., 0) asits last column. Therefore, Au’gém+1k/ needs to have
e as its last column, i.e., Au’glzm+1k’62m+1 = ey, which implies Agémﬂk/ez,n“ =
w' ey = ey. Since the 2m + 1 — [ coordinate of v (glzmHk’egmH) is 1, we must
have | = 2m. Therefore, from kg%,’ﬁ +1k’ezmH = e1, we get that the last column of
k" is a scalar multiple of e;,,11. Modifying A by a unit, we may assume that k" has

exm+1 as its last column. Write k' = (kU” 1), where k" € I} , v € Miyom (). Writing

2m>
m = ), we have
8om+1 o by, ’

)Lu/me k/ — )\'u/ 1 k"
2m+1 t_IZD'IQm v 1

o (Lo (k) 1\ (K"
- Iy, t_lw'lzm 1/

Lo(t 'ok”)”
Db
implies by Eq. (3.43) thatu’ = (! ) for u”" € Ny,. Substituting the expressions for

1 " .
Therefore, by replacing u’ by u’ ( ), we may assume kK’ = (X" ), which

u’, k', and the expression g%ﬁfﬂ = <t71w12m ! ) in Eq. (3.43), we get that

-1 r Youk”
02m+1 I ak Oom+1 = A
1

and therefore, A = 1 and

Iy X ak -1 _ -1 "y
02m< 1m>< ak)azm—t wu'k”.
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By Theorem 3.4, we have that

a=dy- diagu, ..., u,) =t 'odiaguy, ..., uy,), whereuy, ... u, € o,

m
d*a=[]d"u (3.44)

i=1

85 (a) = 1.

Denote
ko = diag (uy, ..., un)k,
0 g (uj m) (3.45)
d*ko = d*k.
Then by Theorem 3.4,

ko € v (N () wu Now () = v (N () = L} (3.46)

Since v (ko) € wm Ny () = Ny (§), by Theorem 3.4, we have X € N, (o) satisfies
v (X) € N,y () N (wnN,E Hwy,t) = {0}, ie.,

XeN;®. (3.47)

Also, since v (ko) € wy Ny, (f), by Theorem 3.4 we have for such elements that

Im X ak 71 2 -1
02m< ]m>< ak | Oam = &mvo =1 @,

where vy € GL,,, (0) satisfies that v (vg) = v(’) is an upper triangular unipotent matrix
with zeros right above its diagonal. Hence, we have that

Y = <I ) Oam+1 I, ak I, GZ_mIH
: ! ! ! (3.48)
I, —-'Z '
= &1 ( 1) O2m+1 I i1
1
Denote
I, -1z
’ vo —1
Y = < 1) 02m+1 I Oom+1°
1

then Y = g%’z 11 Y, and v (Y’ ) is an upper triangular unipotent matrix with zeros right
above its diagonal, as it is a product of such. Y” also has zero at its left-bottom corner.
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Therefore, by Eq. (2.1)
W (Y) = ™™, (3.49)

By Eq. (3.44) and Eq. (3.45), we have that ak = t~leawkg, and therefore, det (ak) =
(t~'a)" det ko. Since ko € I, then detko € 1 + p, which implies

detal® = ¢,
L™ (3.50)
pdet (@) = p (')
as u is tamely ramified.
By substituting in Eq. (3.42), Egs. (3.44)-(3.50), we have
j_/ / / / 2m —'5 —ms (71 )m
= g 2q Tpl\t o
Mism(0) It J (0%)™ J NG (p)

m
x dX (deui) d*kodZ (3.51)

i=1

= 1 ! -2 .2m_ —ms —1 m
TG NN ] w(te)”

We get from Egs. (3.41) and (3.51),

J

2 . o -1 "M om —ms %
ys,ir,/\®u,1/f—]—u«t w) g g2,

The result regarding the other local factors now follows from Theorems 2.4 and
2.5. O

4 Exterior square gamma factors local converse theorem

In this section, we present and prove a local converse theorem for simple supercuspidal
representations. Unlike previous local converse theorems, which are usually based
on Rankin—Selberg gamma factors, our theorem is based on twisted exterior square
gamma factors.

Theorem 4.1 Letn = 2m orn = 2m + 1. Let (7, Vy), (n’, Vﬂr) be simple supercus-
pidal representations of GL,, (F), with the same central character v = wy; = Wy,
suchthat w, w' are associated with the data (ty, ¢) and (t(’), ¢ correspondingly, where

"=ow (t_lw), " =w (t/_lw), and t,t" € o* are lifts of to, 1), respectively, i.e.,
v (1) = 1o, v (') = 1. Assume that

1. Ifn =2m, thenged(m — 1,qg — 1) = 1.
2. Ifn=2m+ 1, then gcd (m,q — 1) = 1.
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Suppose that for every unitary tamely ramified character u : F* — C*, we have

y(s,rr, AR u, w) :y(s,n’, AT Q u, w). 4.1

Then ¢ = +¢ and to = 1.

Proof Suppose n = 2m. Let u be a unitary tamely ramified character. Denote § =
o (D" ), g =% (D™ o). We claim that & = £
If (w- u™) Tox= 1, we have by Theorem 3.5 and by Eq. (4.1) that

N P R R
() = () e e

and we get & = &’ by comparing the poles of both sides of Eq. (4.2).
If (w- ™) Tox# 1, we have by Theorem 3.5 and by Eq. (4.1) that

(Sq‘(‘v‘é))m_l % v e () u()

Aef*
(1 m—1 1
=(¢q (s 2)) — Y v WA ) u ().
( Gz v o)
Therefore,
m—1

<§) =1. 4.3)

On the other hand,

2 _1ym—1,.-—1 2
£ _ fwulc" o) _g—M(t’fl).

- 4.4
g §/2H ((_])mfl t/—lw) ;-/2 (4.4)

Since 2" = o (t"'o) and {"*" = w (' ~'&), we get from Eq. (4.4) that

<§>m = —;0((:/_112))“ (t/t—1>m . (t/t_1> " (r’t—1>’” ’

which implies that

mig—1)
(?) =1 (4.5)

as w, u are tamely ramified. Since m — 1 is coprime to m and to ¢ — 1, we have that
ged (m —1,m (g — 1)) = 1, and therefore, m — 1 is invertible modulo m (g — 1),
which implies from Eqgs. (4.3) and (4.5) that g =1,ie,&=§&.
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We proved & = &’. Therefore by Eq. (4.4), we have u (t/t_l) = (;”;‘1)2 for
every unitary tamely ramified character ;. Choosing the trivial character, this implies
that ¢2 = ¢%. Suppose 1 # t), then there exists a unitary character g : f* — C¥,

such that g (t(/)to_ 1) # 1, and we can lift this to a unitary tamely ramified character
p o F* — C* that satisfies j1 [o+= o o v and then u (¢'t7) = 1o (tét(;1> £ 1,

which is a contradiction to u (t't71) = (¢'¢ _1)2 = 1. Therefore, we must have
fo = 1.
For n = 2m + 1, the proof is similar. We have that

(£>2m+1 _ w(l71W) W <t/t_]>
¢’ ) (t’—lw) ’
and therefore,

£\ @mthig=D
(?) =1, (4.6)

as w is tamely ramified. By Eq. (4.1) and Theorem 3.7, we have for any unitary tamely
ramified character p

(M (t—lw) C%f(s—%))m _ <u (t,_lw> 4’2q_(s‘5))m |

which implies that

<§>2m - (t/_1t>m . @7

Substituting the trivial character in Eq. (4.7), one gets " = ¢’ which implies that

2\ M
(§—2> =1. (4.8)

Since ged (m, g — 1) = ged (m, 2m + 1) = 1, we get that ged (m, 2m + 1) (g — 1))
= 1, and therefore, m is invertible modulo (2m + 1) (¢ — 1). By Eq. (4.6), Eq. (4.8),

this implies g—,zz = 1. By Eqgs. (4.7) and (4.8), we have for every unitary tamely ramified
—1\"

character u : F* — C*, /,L(t t) = 1. Since u(t’_lt)q_

- 1, and since m is
coprime to ¢ — 1, m is invertible modulo ¢ — 1, and therefore, we have that for every
unitary tamely ramified character p, n (t’_lt> = 1. As in the even case, this implies
10 = t). O
Remark 4.2 1. In the even case, although we cannot prove w = 7/, we get ¢ = £,

On the other hand, if 7 and 7’ are simple supercuspidal representations with
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the same central character w associated to the data (zy, ¢) and (79, —¢), then we
must have y (s, T, A2 ® “w, 1//) =y (s, 7', A2 ® ", w) for all tamely ramified
character p. Because by Theorem 3.5,

Y (s, T AT ® L, 1#) = <$q(s%))’"] Y (5’ (CRT I W),
y (s, 7', A1 ® u, w) = <$’q_(s_é)>m_l v (S, (@ ") 1//) :

andé =¢2 - p (D" ' lw) = ¢

. Inthe odd case, we actually get that ¢ = ¢’ since {2 = ¢?and ¢ 2" ! = ¢/2m+1 =

o (t7'w), and then

As a consequence, when the hypotheses in Theorem 4.1 are met, we have 7 = 1)

and¢ =¢',somr = 7',
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