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Abstract

On page 237-238 of his second notebook, Ramanujan recorded five modular equations
of composite degree 25. Berndt proved all these using the method of parametrization.
He also expressed that his proofs undoubtedly often stray from the path followed
by Ramanujan. The purpose of this paper is to give direct proofs to four of the five
modular equations using the identities known to Ramanujan.
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1 Introduction
Let a be a complex number. In what follows, we employ the usual notation

(@) =1,
(@p=a@+1)---(a+n—-1), n>1.

Gauss hypergeometric series  F1(a, b; c; z) is defined by

o0

2F1(a, by 2) = Z

n=0

(@n()n _,
— <,

(! lel < 1.
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The complete elliptic integral of first kind is denoted by K (k) and is defined as

k| < 1.

%
d¢
Kk = | ———,
® O/\/l—kzsinng

k and kK’ = +/1 —k? are called modulus and complementary modulus of K (k),
respectively. This complete elliptic integral of first kind is related to the Gaussian
hypergeometric series by the following equation

5
d 11
K (k) = / % _Tn (—, = 1;k2>.
, V1I—Kk2sin¢p 2 2°2
Seta = k%, B =0,y =Bands = 5. Letk' = V1-k2, I} = /113,
l,=,/1—13 andlj=,/1—[3. Suppose that the equality

nK(k/) _ K@
K(k) K1)

holds for some positive integer n. Any relation between « and 8 induced by the above
is a called modular equation of degree n. We also say B has degree n over «. Also
suppose that the equalities

K@) _ Ky nK(k’) _ K@) and  mn K(k) K3
K(ky KO Kk Kb

K(k) — K(3)

hold for positive integers m and n. Then any relation induced among «, 8 y and é by
the above is called a modular equation of composite degree mn.

If B has degree n over  and if &« = k* and B = [?, then the multiplier connecting «
and B, denoted by m, is defined as

K (k)
m=——.
K()

On page 237-238 of his second notebook [5], Ramanujan recorded five modular
equations of composite degree 25. In fact, these are the first set of modular equations
of odd composite degree recorded by Ramanujan in his second note book. Modular
equations of other composite degrees are recorded in Chapter 20 and in the unorganized
portions. Following are the five modular equations of composite degree 25 recorded
by Ramanujan:

Theorem 1.1 Let o, 8 and y be of first, fifth and twenty-fifth degrees respectively. Let
m denote the multiplier connecting o« and B and m’ be the multiplier connecting B
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and y. Then
1 _ 1 - 1 - i .
(£>8+(1—2)8 (H) 2(%) = (mm):, (L)
1 _ 1 _ 1 _ 0
(%) * (}_—z) (H) ‘Z(H)" = ﬁ (12)
(0,1;_2)1 + ((1 _(lai(llg); V)>% + (ay(ﬁl2zla_)(;); V)>% = %/, (1.3)
L% (1-p° i B —B) N}
(5) + ((1 —a)(1 - y)>4 G a—wi= y))4

(
_2( B2(1 — B2 )§{1+(§)é+<&>s}:5ﬂ

ay(l—a)(1—y) I-a)1—-y) m
(1.4)
and
1
F(BRa-—p )ﬂ
1+43 (ay(lw)(lw) om 05
[ :
(e U-apa—yy\2# M
1+43( B2(1-p)? )

Berndt [2] proved all these by the method of parametrization. While proving (1.4),
Berndt [2, p. 294] remarked that “formula(1.4) appears to be more recondite than the
preceding three formulas and it is not obvious how it can be deduced from them in any
simple manner.* Motivated by this remark, in this paper we give direct proofs of (1.1)
to (1.4) using certain Ramanujan theta function identities which are easily deducible
from the famous Ramanujan’s 11 summation formula. We are unable to prove (1.5)
by the techniques used to prove (1.1)—(1.4).

In Sect. 2 of this paper, we recall certain facts and theta function identities which are
required to prove (1.1)—(1.4). In Sect. 3, we prove (1.1)—(1.4).

2 Preliminary results

For complex numbers a and g with |g| < 1, (a; ¢)o is defined as

(@: @)oo = [ [(1 = ag").

k=0
Ramanujan’s theta function f(—a, —b) is defined as
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(e.¢]
flea,=b) = 3 (~1)"a" T ™ = (a: ab)oo(b; ab)so(ab, ab)oo,

n=—0oo

Ramanujan also defines special cases of f(—a, —b) by

b =FaD= Y ¢ =% @% P

B SR TS (/A P8
V(@) = f(g.q )—gq el
and
o = . -a) = Y 1"¢"F = (¢: oo

He also defines

x(=q) = (5 ¢%)oo-

labl < 1.

2.1

2.2)

(2.3)

2.4)

(2.5)

We use the following theorem due to Ramanujan [5, p. 211] [2, p. 124] in our proofs,

to transform the theta function identities into modular equations.

2F1(2 211 —X).

Th 21 Ify =
eorem If y TRy

then

L
Fl—q) = fzoa—x)é{ }

x
q
L
flegty = v (2L

and

Fl=g" = VAT (1 —x)% {6—]}6

We require the following two theorems to prove (1.1)—(1.4).

Theorem 2.2 If Py ) = —= §(( ‘(’] )) then

3
5 P10 P 5

Pa,5)P2,10) + = ( . + :
T P 5 Pa.aoy Pa.s) P2,10)

@ Springer

,q =e Y, and z = ¢p*(q), where 0 < x < 1,

3
) . (2:6)



On modular equations of degree 25 747

3 3
2 4 P(s,10 P
<P(1,2)P(5,10)> + > <P(12) - P(510) , 2.7
(P(I,Z)P(5,10)> (1,2) (5.10)

2 2
Po,5yPa,10) — > = <P(1’10)> —4(m) (2.8)
’ ' P25 P1,10) P25 IARLYA

and

2 2
(P(1,25) P(2,50)) + S(P(1,25) P(2,50))

3 2 2 3
= P(l,25) - 210(1,25)1'3(2,50) - 2P(l,25)P(2,50) + P(2,50)- (2.9)

Ramanujan recorded identities (2.6), (2.8) and (2.9) on pages 325 and 327 of his second
note book [5] and (2.7) on page 55 of his lost note book [6]. Berndt proved them in
[3]. Recently Bhargava et al. [4] deduced Theorem 2.1 from the famous Ramanujan’s
1¥1 summation formula. In his Ph.D thesis, Khaled Abed Azez Alloush [1] deduced
the theta function identity

2 2
Paoso Ps2s) | _ ( P15 Pis25) ) N <P(10,50)P(2,10))
P15 P@2,10) P(10,50) P2,10) P15 P(525)

_( P .5 P5,25) P(10,50)P(2,10)>
P(10,50) P2,10) PusyPsps) )’

(2.10)

by employing (2.6)—(2.8).

Theorem 2.3 Let Py, n) be as in the Theorem 2.1. Then

PO —2pP*0 —5P*Q* —2P3Q% + P2Q%* —2P0* + 0% =0, (2.11)

Pas) Pp.10)
where P = 5> and Q = 5—=——~-.
P(s,25) Q P(10,50)

Proof Replacing g by ¢° in (2.6) and then multiplying the resulting identity with (2.6),
we find that
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25 1
P(1.5)P2,10) P(5,25) Pao,50) + +5(PQ+—>
(LTI T2 710,50 P1,5)P2,10) P(5,25) P(10,50) PQ

3 3 3 3
P, P, P, P,
=( 2,10) (10,50)) +( (1,5 P5,25) ) n (g) n <g> ' 2.12)
P15 P(525) P2,10) P10,50) P P

Replacing g by ¢° in (2.7) and then multiplying the resulting identity with (2.7), we
find that

2
2 4
P 2)Ps,10)P(s,10 st,so) +< >
( (L2TEI0TE 1050 P(1.2) Ps,10) P(5,10) P25,50)

2 2
P(1,5) P(5,25) P(Q,IO)P(IO,SO)
_ <M) n <M) _ <g) B <§> 013
Pu2 P10 P(s,10) P(25,50) P 0

Replacing ¢ by ¢° in (2.8) and multiplying the resulting identity with (2.8), we find
that

25 1
P15 P2,10)P5,25) P(10,50) + —5(PQ+—>
(L) TEI0 76,29 710,50 P(1,5)P2,10) P(5,25) P(10,50) PQ

( 2 : 2
=\ Pu,2)P5,10) Ps,10 P25,50> +( )
2T TEI0E50 P(1,2) Ps,10) P(5,10) P25,50)

2 2
P, P, P, P,

_4<( (5,10) (25,50)) +( (1,2) P(5,10) ) ) (2.14)
Pa,2) Ps,10) P(5,10) P25,50)

2
2
Eliminating (P(l 2)P5,10)P(5,10) P(25’50)) -|-( 4 ) between (2.13)

P12y Ps,10) P(s,10) P(25,50)
and (2.14), we obtain
2 2
4(<P(2,10)P(10,50)> +< P15 P5.05) )
P(1,5) P5.25) P2,10) P(10,50)
2 2
+<P(5,10)P(25,50)> +( P(1,2) P(s,10) ) )
P(1,2) P(s,10) Ps,10) P25.50)

3 3 3 3
_ <P(5,10)P(25,50)> n ( P2 Ps,10) ) _ (2) _ (f)
P(1,2) P5,10) P(5,10) P(25,50) P 0

25
—P1,5P2,10) P5,25) P(10,50) —
(197N TE29 050 P(1,5)P2,10) P(5,25) P(10,50)
1
s(P —) 2.15
+ 0+ 70 (2.15)
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s P(s,10) P(25,50) P(1,2) P(s,10) P2,10) P10,50) P(1,5) P(5,25) P

icing th : : : : = 0 : : nd eliminatin
Noticing that Pa2yPs100 P 10)Pes 50 P15 P(5,25) P2,10) P(10,50) ande ating
P .5 P2,10) P(5,25) P(10,50) + o5 Pato Paas Pioso between (2.15) and (2.12), we find
that

2 2
1 PGs.10) P PaoyP,
s(Po++-) :4{<w> +<M> }
re Pay Ps0 P(s.10) P2s.50)
3 3
Q P
) T\g)- 2.16
<P 0 (2.16)

Set x = fewPesso  PusPsa0 e can now write (2.16) and (2.10) as

P(1,2) Ps,10) P(s,10) P(25,50)
3 3
0 P 1
4 =8+ (= —) =5(P0+—=)=0 2.17
g +(P)+(Q> (re+5g) @17
and

2 1
x“—x————-1=0, (2.18)

PO

respectively. Eliminating x between (2.17) and (2.18), we obtain

(R — P)(P6 +P202—2P303 —5P*0* —20P* —2P0% + Q6)

x(PO+ P2Q? = 2P3Q% —5P40* +20P* +2P 0" + 0°) = 0.

(2.19)
By definition, R — P # 0. Observe that
PO+ P2Q* —2P3Q% —5P*Q* +20P* +2PQ* + Q°
= (P> = 0% —5P*Q* +20P* +2P0Q* + P2 Q7. (2.20)
By definition,
_ _ 425 2 _ 50
p :qgf( qlf( Sq ) and 0 quf( q2 )f(loq )
f7—q f7(=q"")

f(—q™) is analytic in the disc |¢g| < 1 and tends to 1 as ¢ — O%*. Thus, P — 0
and Q — 0 as ¢ — 0. Thus in some neighborhood H of zero, 0 < P < 1 and
0 < Q < l.Hencein H, QP* > P*Q* PQ* > P*Q*and P20Q? > P*Q*. Using
these in (2.20) we can conclude that —5P*Q* +2Q0P* +2PQ* + P2Q% > 0in H.
Thatis PS+ P2Q? —2P3Q3 —5P*Q* +20P* +2P Q%+ 0% # 0in H. Applying
now identity theorem for holomorphic functions to (2.19), we obtain (2.11). |
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3 Proof of Theorem 1.1

In this section, we prove (1.1) to (1.4) of Theorem 1.1.

Proofsof (1.1)and (1.2) Let P = P(1 25, Q = P(2,50) and R = P4,100). Then from
2.9)

(PO +5P0 — P> +2P20+2P0*—0°=0 3.1
and
(RO +5RQ — R®* +2R?2Q +2RQ? — 03 =0. (3.2)

Equation (3.2) is obtained by replacing g by ¢ in (2.9). Multiplying (3.1) by R and
then subtracting the identity obtained by multiplying (3.7) with P, we arrive at

(R— P)(P’°R+ PR>— Q> —2PQR — PRQ?*) =0. (3.3)
Since R — P # 0, we obtain
2 2 3 2 _
PR+ PR — Q> —2PQR—- PRQ” =0. 3.4
Transcribing (3.4) into modular equation by using Theorem 2.1, we obtain (1.1).
Multiplying now (3.1) by R? and then subtracting the identity obtained by multiplying
(3.2) with P2, we arrive at
(R—P)(Q*P + Q°R— P?R> —2PRQ?—5PQR) = 0. (3.5)
Since R — P # 0, we obtain
0P+ QR — P?R>—2PRQ*-5PQR =0. (3.6)
Transcribing (3.6) into modular equation by using Theorem 2.1 we obtain (1.2). 0O

P15 P2, 10) P4,20)
Proofof(1.3) If P = & = 5212 and R = 532 then
oof of (1.3) Ps,25)° 0 P(10,50 and P(20,100>’t ©

PO —2pP*0 —5P*0* —2P30Q% + P20Q%? —2P0* + 0° = 0.
The above is nothing but (2.11). Changing ¢ to g2 in the above, we find that
RO —2R*Q —5R*Q* —2R3Q% + R?Q?> —2RQ* + Q° =0. (3.7

Multiplying (2.11) by R* and then subtracting the identity obtained by multiplying
(3.7) with P*, we arrive at

(P — R)Y(R*P>+ P’R*+ QP?’R— Q°P?> + R?QP — R?0?)
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x(P?R>+ PQ?> -~ POR+ Q’R) =0. (3.8)
P—R #0.Let
C(P,Q,R)D(P,Q,R) =0,
where
C(P,Q,R) = R*P*+ P?R*+ QP?R— Q°P? + R?QP — R*Q>. (39)
and
D(P,0Q,R)=P’R>+PQ*— POR+ 0. (3.10)
By definition
P=q7—qi—q5+3¢7 2% —¢F + .. (3.11)

Changing ¢ to g2 and changing ¢ to ¢* in the above, we obtain

16

4 10 34 40 46
and
8 20 32 68 80 92
R:q3—q3—q3 +3q3—2q3—q3 4+, (313)
respectively Using these in (3.9) and (3.10), we obtain
22 25 28 31 34
C(P,Q,R)=4g3 —8q3 —6g3 +12g3 =293 +--- (3.14)
and
83 86 89 95 98
D(P,Q,R)=4qg73 —40g3 —28q3 —20g73 +300g3 +--- . (3.15)
Asq — 0, 3C(P, 0, R) /A to0, where as g~ 3 D(P, O, R) — 0. This implies
that C(P, Q, R) # 0 in some neighborhood of 0T. Therefore by identity theorem,
D(P, O, R) = 0 in some neighborhood of zero. By analytic continuation we can
conclude that

P2R>+ PQ>—POR+ Q*R =0, (3.16)

in the respective domain of ¢g. Transcribing the above into modular equation by The-
orem 2.1, we obtain (1.3). O
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Proof of (1.4) Multiplying (2.6) with R3 and then subtracting the identity obtained by
multiplying (3.7) with P3, we arrive at

(—R+ P)(R*P> + R*P* —5P3R30* - 2P3R*0 + R°P3 — R*P?Q?
+2P?RQ* — P20% +2R*P0O* — PRQ® — R?0Q% =0. (3.17)

(P — R) # 0. Therefore

R3PS+ R*P* —5P3R30* —2P3R*0 + R°P? — R*P?0”> + 2P?RO*
—P20%+2R?*PQ* — PRQ® — R*Q° = 0. (3.18)

Add and subtract 2P3R3Q and R? P2Q? to (3.18). Using (3.16) repeatedly in (3.18)
(Grouping the terms 2P3R3Q + 2P?2RQ* + 2R*P 0* — 2R?> P2 Q? and replacing
(PR)*by (PQR— P Q> — Q> R)? and then again using (3.16) in the resulting identity),
we arrive at

P*R? + P2R* + Q° — 5P2R?Q* — 2P?R*Q%* =0. (3.19)
Finally, using Q = %3 + % + PR (from 3.16) in the last term of (3.19), we arrive at
P*R?> 4+ P?R* + 0° —2(P’R* + Q°P’R + Q°PR?) = 50*P?R%. (3.20)

Transcribing the above theta function identity into a modular equation by using The-
orem 2.1, we obtain (1.4). O
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