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Abstract

For the very well-poised $2-series, a universal iteration pattern is established that
yields numerous infinite series identities including several important ones discovered
by Ramanujan (in Q J Pure Appl Math 45:350-372, 1914) and recently by Guillera.
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1 Introduction and motivation

Let N be the set of natural numbers. The shifted factorial reads as (x)o = 1 and
xX)py=x(x+1)---x+n—-1) for neN.
It can be expressed, for an integer n (even nonpositive), by the quotient
(n =T +n)/Tx),

where the I'-function is defined by the Euler integral

o
I'(x) :/ wleT"du with R(x) >0
0
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and admits the well-known reciprocal relations

r)r(l —x) =

and T3+ —x) = e

For the sake of brevity, we shall utilize, throughout the paper, the following multipa-
rameter notations:

|:Ol, B, -, )/:| _ (a)n(ﬁ)n()/)n
A B, -, Cl (Au(B)n--- (O

I‘[a’ B, -, yi| _ @@ ---I'(y)

A, B, -+, C| T T(ATB) --T(C)

About one century ago, Ramanujan [58] discovered 17 remarkable infinite series
for 1/m. Three typical ones [58, Eqgs. 28, 29 and 35] are reproduced as

© 11l
i:Z 3303 1+ 6k
1, 1, 1 4k
k=0 - -k
O F11 37
8 _Sn[h44] 320
T = L L1, (-4
© 11 17
E:Z 3702 5+12k'
mo =L L1 64

However their proofs were only obtained in the 1980s by the Borweins [23] and by
the Chudnovskys [44] via modular equations. By using the powerful WZ-method,
Guillera [48,49,51,53] proved recently several important formulae of Ramanujan-like
for 1/72 such as

8 Sl D R U U )

I — 202222202

72 2(:) 221 [1, 1,1, 1]n {1+8n+20n }
n=!

32 o rl1ri113

= 20222414 2}

= Y = [1’ e 1] {3+34n+1zon :
n=0 n

48 27\l 1 112

= = 2°2°2°3°3 2}

A [1, 22 1] [3 270 + 7402,
n=0 n

128 Gy G VLN o5 U U N I

=0 _ 21202202 2]

ﬂ2 2(:) 210n [1, 1, 1, 1, 1:|n {13+180n+820n '
n=

More comprehensive investigation has been made by Chu and Zhang [40,42,67] by
manipulating the classical hypergeometric series.

The objective of the present paper is to show that numerous infinite series identities
can be proved in a unified manner from a transformation theorem about the following
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well-poised series
o0
b, c, d, e
Q(a;b,c,d,e) := ];)(a+2k)|:1+a_b’ ldd—e l4a—d. 1+a—ei|k

e))

provided that (1+4+2a —b—c—d —e) > 0 for convergence. For the given nonnegative
integers {04, Pb, Pc, Pd» Pe}, the corresponding recurrence relation expressing

Q(a; b,c,d,e) intermsof Q(a+ pq; b+ pp, ¢+ pe.d + pd, e+ pe)

will be said of “iteration pattern” [p4; Pp, Pc, Pd» Pel. By exploring, in detail, the seven
iteration patterns [20101], [20111], [30112], [30202], [30122], [31113], and [31111],
Chu and Zhang [42] derived numerous infinite series formulae for a*l g2, £(3)
and the Catalan constant G, including several interesting identities discovered by
Ramanujan [58] and recently by Guillera [47,48,51-54].

Instead of working on specific iteration patterns, we shall examine the universal
iteration pattern for “Q2(a; b, ¢, d, e)” and establish a general transformation. That
contains the patterns mentioned above and those treated in [42] as particular cases.
The proof is given in the next section.

Theorem A For the five complex parameters {a, b, c, d, e} satisfying the condition
N +2a —b—c—d—e) > 0and the iteration pattern [pq; Pb, Pcs Pd» Pe] SUbject
to |A[pu; DPbs Pes Pds pe]’ < 1, the following transformation formula holds:

o0
Qaib.cdie = LWL e b e b b ]
k=0 pa! pb’ IOC’ pdv pe loav pb’ IOC’ pdv )Oe

2

where

e Hi[:::] is the quotient of Pochhammer symbols defined by (16) and (18),
o Wiy l::::] is the rational weight factor defined recursively by (14) and (19);
o Alpa; Pbs Pes Pd» Pel is the convergence rate defined by (20).

When one of parameters {b, c, d, e} is equal to a (for example e = a)
in Theorem A, the sum on the left can be evaluated by Dougall’s summation formula

(cf. [8, §4.4]) on well-poised 5 F4-series as the I'-function quotient

r l4+a—-b,1+a—c,1+a—-d,1+a—b—c—d
a,l1+a—-b—-—c,1+a—-b—-d,1+a—-—c—d ’

This is analytic in the whole complex space of dimension 4 except for the hyperplanes
determined by

(b—aeNU{c—aeNJU{d—aeNJU{b+c+d—aecN}
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which is covered also by the convergence domain of the infinite series displayed on the
right-hand side of Theorem A. Therefore in this case, the transformation in Theorem A
becomes the following closed formula:

o0

ZWk[a’, b, ¢, d, a:|Hk|:a,- b, ¢, d, a:|
=0 Pas Pbs Pc> Pds Pe Pas Pbs Pc> Pds Pe

_r l+a-b,1+a—c,1+a—-d,1+a—b—c—d
o a,l+a-b—-c,1+a-b—-d,1+a—-—c—-d |’

3)

where the parameter restriction R(1 +a — b — ¢ — d) > 0 is removed by analytic
continuation. This clarifies the concern raised recently by Guillera [56] and justifies
the validity of those examples appearing in the compendium [42] even though their
parameter settings fail to comply the condition 9i(14+a —b —c—d) > 0. The situation
with one of parameters {b, c, d, e} tending to —oo can be treated analogously.

The transformation formula in Theorem A will enable us, in Sect. 3, not only
to review various infinite series identities of Ramanujan—Guillera type, but also to
find several new formulae and to confirm a few challenging conjectured ones. As
anticipation, we highlight nine examples of new summation formulae as follows:

e Example 6: Infinite series for 7~

12 1
9v3 i 336 2421k
By _7Vk
WS, 62
e Example 7: Infinite series for 7~
1 2 3
273 i 303 6| 5+42%
3 ok
Phr S, G2
e Example 18: Infinite series for
o 1.1 1 ’
157 _Z T4 4| 4413k + 12k
8v2 =l1 oo 1 4k '
=Ly g ®dk
e Example 19: Infinite series for
3 03
21n_i L3 3] aqisk4 20
8v2 s u s 4 '
=Lz g ®dk
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e Example 24: Infinite series for

1. 3 3
44 548k

ok

i=y
k=0

[NS1[O8}
[\S1[O8}

3
2>

b

e Example 34: Infinite series for 772

1
© 2| 54 14k + 10k2

5 07| H k4D
v 40 3y

D=

1
21

Nl‘:l
[l
M2

~
Il
=}

[SI[oN)

Example 38: Sun’s conjecture [62, Eq. 1.1]

1, 1, 1
32 e 20Nk
TN (= 7+10k].
N
- 2> 3 3dk
e Example 67: Sun’s conjecture [62, Eq. 1.6]
21((3)_% LoLoLo L 3 agk 4082
277 &=l 33 a4 s (—27)
- 20 20 20 3 3dk
e Example 75: Guillera’s conjecture [55, Eq. 42]
o gL L L
21003) =Y (—5) [268 + 720k + 483k2}.
PR 36 789
- 2> 5 5 5 54k

2 Proof of the main theorem
For the Q(a; b, ¢, d, e) series, Chu and Zhang [42] derived several useful recurrence

relations. By means of the iteration procedure, we shall utilize two of them (see
Lemmas B and C in Appendix) to prove Theorem A.

2.1 Iteration of LemmaB

Iterating A-times of the recurrence relation displayed in Lemma B, we get the expres-
sion:

Qa;b,c,d,e) =Qa+ b+ A c,d e)A(a;b,c,d, e) +Byla; b, c,d,e),
“)
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where the A, and B; coefficients are given by

Ax(a;b,c,d,e):[l+ bl1+a—c—d,1+a—-c—e,1+a—d—e ]
)

a—c,14+a—-d,1+a—e,1+2a—b—c—d—e
©)

1+2a—c—d—e+2i
Bila; b, c,d,e) = (a_b)zl—}—Za— b—c—d—e

y bl+a—c—d,1+a—c—e,1+a—d—e
l+a—-c,14+a—-d,14+a—e,24+2a—b—c—d—e l.'
(6)

According to (4), by applying Lemma B successively

bb-times with respect to the parameter b,
cc-times with respect to the parameter c,
dd-times with respect to the parameter d,
ee-times with respect to the parameter e;

we derive the following transformation formula:

Qa; b, c,d,e) = Bpp + AppBee + AppAceBaa + AppAccAgaBee + AppAccAgaee
X Q(a+bb+cc+dd+ee; b+ bb,c+cc,d+dd, e+ ee),
N

where for the sake of brevity, the notations are adopted:

App = App(a; b, c,d,e) = App(a; b, c,d, e),

Ao :=A(a;b,c,d,e) = Ace(la+bb;c,b+bb,d,e),

Agg :=Agq(a; b,c,d,e) = Agq(a+bb +cc;d, b+ bb,c+cc,e),

Ao : = Ase(a; b, c,d,e) = Aee(a +bb+cc+dd;e, b+ bb,c+cc,d+dd);
Byp : = Bpp(a; b, c,d, e) = Bpp(a; b, c,d, e),

Bee : = Bec(a; b, c,d, e) = Bee(a +bb;c,b+bb,d, e),

Byg : = Byala; b, c,d,e) = Byg(a + bb+cc;d, b+ bb, c+ cc, e),

Bee : = Bee(a; b, c,d, e) = Bee(a + bb + cc+dd; e, b+ bb,c+ cc,d+ dd).

Furthermore, we can simplify the product

AbbAccAddAee
_ Opp(©)cc(d)aa(€)ee(1+a—=b—C)daree(1+-a—b=d)cctee(1+a—b—€)ccrda
(14+2a—b—c—d—e)ppicctddtee
o (I1+a—c—dpptec(l +a—c—e)pptaa(l +a—d — e)bb+cc.

(I+a=b)cctdd+ee (1+a—=C)pp+dd+ee (1 +a—d)pp+cetee (1+a—€)bbtcc+dd
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2.2 Iteration of Lemma C

Instead, iterating p-times of the recurrence relation displayed in Lemma C, we get the
expression:

Qa;b,c,d,e) =Q(a+w;b+p,c+p,d,e)Cy(a;b,c,d,e)+Dy(a; b, c,d, e),

®)
where the C,, and D, coefficients read as
) _ b,c,14+a—d—e
e"(a’b’c’d’e)_I:l—i—a—af,1—i—a—e,b+c—a:|u’ ®)

-1
. _(a-ba—o) X bye,1+a—d—e
Dﬂ(a,b,c,d,e)——a_b_c 2(:) l—i—a—d,l+a—e,l+b+c—aj'

(10)
In view of (8), by applying Lemma C successively

bc-times with respect to the parameter pair (b, ¢),
bd-times with respect to the parameter pair (b, d),
be-times with respect to the parameter pair (b, e),
cd-times with respect to the parameter pair (c, d),
ce-times with respect to the parameter pair (c, e),

de-times with respect to the parameter pair (d, e);
we obtain another transformation formula

Q(a; b, c,d, e) = Dpe + CpcDpg + CpcCpyDpe + CpeCpaCpeDey
+ CpcCpaCpeCeaDee + CpeCpgCpeCeqCreDye
+ CpcCpaCpeCryCreCye
X Q(a-+be+bd-+betcd+cetde:brbe+bd-tbe,
c+ bc+cd+ce,d+bd+cd+d6,e+be+ce+de) s (1

where for the sake of consistence, we have utilized the notations:

Cpe = Cpela; b, c,d, e) :== Cpela; b, c,d, e),
Cpa = Cpgla; b, c,d, e) .= Cpqla + bc; b+ be,d, c + be, e),
Cpe = Cpela; b, c,d, e) := Cpe(a+bc+bd; b+ bc+bd,e,c+ bc,d+ bd),
Ceqg =Cryla; b, c,d, e)

= Ceq(a + bc+ bd + be;c+bc,d+bd,b+ bc+ bd + be, e + be),
Cee = Ceiela; b, c,d, e)
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246 W. Chu

= Ceel(a+betbd+be+cd;c+be+ed,e+be,b-+be+bd+be,d+bd+cd),
Cge = Cgyela; b, c,d, e)

= Cye(a+be+bd+betcd+ce;d+bd+cd,e+be+ce, b+be+bd+be,c+be+cd+ce);
Dpe = Dpela; b, ¢, d, e) :== Dpe(a; b, c,d, e),
Dpg = Dpy(a; b, c,d, e) == Dpy(a + be; b+ be,d, c + be, e),
Dpe = Dpe(a; b, c,d, e) .= Dp.(a +bc+bd; b+ bc+bd, e, c+ bc,d+ bd),
Deg = Degla; b, c,d, e)

:= Degla + bc+ bd + be; c + be,d + bd, b + bc + bd + be, e + be),
Dee = Dee(a; b, c,d, e)

:= Dee(a+betbd+be+tcd;c+betcd,e+be,b+be+bd+be,d+bd+cd),
Dge = Dyela; b, c,d, e)

:= D e (a+bc+bd+be+cd+ce;d+bd+cd,e+be+ce,b+bc+bd+be,c+bc+cd+ce).

In addition, we can simplify the product explicitly

Cbc de(cbeccd(cce Cde

(D) betbd+be (Cbeted+ce () bd+cd+de(€)be+ce+de

(I+a—=b)ca+ce+de(1+a—C)pdtpe+de (1 +a—d)betbe+ce (1 +a—€)betbd-+cd
(_ l)bc+bd+be+cd+ce+de

X

(btc—a)pe—de(b+d—a)pd—ce(b+e—a)pe—cd (c+d—a)cd—pe(c+e—a)ce—pd (d+e—a)de—be

2.3 Combined Iteration

Under the replacements

* = {a—>a+bb+cc+dd+ee, b - b+bb, c —> c+cc,
d— d+dd, e—>e+ee}

the connection coefficients
{Csz Cra, Cpes Ceas Cees Caes Dy Dpd, Dpe, Ded, Dee, Dde}

will be denoted by

* * * * * * * * * * * *
{ bc’(cbd’ be> “ed> “~ce’ “~der bc’Dbd’ be> “ed> ce’Dde}'
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By combining the two transformations (7) and (11), we get the recurrence relation
a, b, ¢, d, e
Pas Pbs Pc> Pds Pe
LH|® b, ¢, d, e (12)
:Oa a ,Oh ’ IOC ’ pd ’ pe
X Q(a + pa; b+ pp, ¢ + pe, d + pa, e + pe),

Qa; b,c,d,e) = W|:

where the W and H coefficients are given explicitly by

a; b, C, d, e * vk vk ok ok ok
H[pa’ pb, pc’ pd’ pe} :AbbAccAddAee(cbc(cbd(cbeCcdccecde, (13)

a, b, ¢, d, e
w ’ o ’ —_{IB + AppBee + AppAceByg + AppAccAyyB
|:,0a; Obs Pes Pds ,Oe:| bb bbDcc bbPccDdd bbb ccAddDee

+ AbbAccAdd Aee
x {Dj. + ChoD3, + C3.Ciu Dy, + 3. C3aChDly

+ C3eChiCheCtaDie + €3 C3aC3CoaCreDl, )
(14)

and the “iteration pattern” [p4; Pb, Pc, Pd» Pe] 1S defined by
pPa = bb+ cc+dd + ee + bc + bd + be + cd + ce + de,
op = bb + bc + bd + be,
pec = bc + cc+cd + ce, (15)
pd = bd + cd + dd + de,
Pe = be + ce + de + ee;

that satisfies the inequality
Pa = Pb+ Pe+ pa+ Pe < 2pq4.

By means of the induction principle on p,, it can be shown that for any quin-
tuple nonnegative integers {p,; P, Pc» Pd» Pe} Satisfying the above inequality, they
form an iteration pattern [p4; b, Pc, Pds Pel; 1.€., there exist nonnegative integers
{bb, cc,dd, ee, bc, bd, be, cd, ce, de} such that the linear system (15) holds.

In addition, we can check the following quotient expression of shifted factorials

a; b, ¢, d, e _ (=DPEmEectritoep),, (c)p (d)py(€)p,
[pa; Pbs Pes Pds ,Oe] T (14+2a—b—c—d—e)2p—pp—pe—pa—pe
(I+a=b—=¢) pg—py—pc A1+a=b=d) py—p},—py (1+a=b=) s~ p,— e
(I+a="b)p,—p,(1 +a—=¢)p,—p,
(+a—c—d)pg—pc—pg (1+a—c=)pg—pe—pe (1+a—d =) pg—pg—pe

Q+a—-d)p,—p,(L+a—e)p,—p,

(16)
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248 W. Chu

There are the following connections between iteration patterns and the correspond-
ing transformations.

e For the fixed nonnegative integers [04; Pp, Ocs Pd> Pel, they will become the iter-
ation pattern of a transformation if and only if there exists a solution of the linear
system (15) in nonnegative integers, which is, in turn, equivalent to the condition
Pa < Pb+ Pc+ pd + Pe < 2p0a.

e Different solutions of the system (15) determine formally different transforma-
tions (12). However, they are substantially equivalent because there is a unique
difference equation of Q2 (a; b, c, d, e) for the fixed pattern [p4; b, Ocs Pds Pel-

a, b, ¢, d, e

Pa; Pbs Pes Pds Pe |

it becomes obvious that this function depends essentially upon the iteration pattern

[pas Pbs Pes Pd» Pe], but not individual solutions.

e According to the explicit expression (16) of the function H

By iterating n-times the relation displayed in (12), we derive the following partial
sum expression

n—1
dwhcae = Sw [ hoe byl boo b
k=0 pl/l’ pba Iocv pdv pL’ pll’ pb’ Iocv pdv pL’
a, b, c, d, ei|

Q b , ,d , H
+ S2@ A+ npai bk npp, € npe. d F npg, et npe) ”[pa; Pbs Pes Pds Pe

(I7)
where
a, b, ¢, d, e a, b c d e
H, o =H ’ ’ ’ ’ , 18
¢ [pa; Pbs Pcs Pd pe] [kpa; kpb, kpc, kpd, kpj (1%

Pas Pb, Pec Pd> Pe
(19)

W a; b7 c, da e W a+k10a7 b+k,0b, C+k10£‘7 d+kpd7 €+k,0€
“ pas b per s Pe ; '

For an integer variable x, let the §-function be given by

5(0)=1 and 8(x) =x" for x #0.

Define further a quotient associated with an iteration pattern [0,; Pp, Pc, Pd> Pe] DY

3(pp)8(pc)3(pa)d(pe)
8Q2pa — P — Pc — Pd — Pe)
{ 8(pa — pb — P8 (Pa — b — Pa)S(Pa — Pb — Pe) }
8(pa — Pc — Pa)3(pa — Pc — Pe)S(Pa — pd — Pe)
3(pa — Pb)8(Pa — P)8(Pa — Pa)S(Pa — Pe)

Alpas pbs Pes Pds Pe] = (= 1)PetPTPEPdEDe

(20)
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By means of the Weierstrass M-test on uniformly convergent series, the rightmost
term displayed in (17) is asymptotically determined by

Hn|:a; b, ¢, d, e

n
~ O(A 5 s s , ) as n — oo.
pai Pbs Pes Pds pJ Loa: pb. pe. pa. pe]

Consequently, Theorem A follows from the limiting case n — oo of (17) under the
convergence conditions (1 +2a—b—c—d—e) > Oand |A[,oa; Pbs Pe» Pd> Pel | < 1.
(]

3 Classified infinite series identities

Further applications of Theorem A will be investigated, in this section, for detecting
infinite series identities. This will be fulfilled almost automatically by an appropriately
devised Mathematica package, which is described as follows.

e Fixing the parameters {a, b, c, d, e}, evaluate the corresponding 2(a; b, c, d, e)
in terms of the I'-function quotient by Dougall’s theorem on the well-poised
5 Fy4-series and the limiting relations appearing in Chu and Zhang [42, §2.5 and
Corollary 6].

e Specifying the iteration pattern [o4; Op, Pcs Pd» Pel, determine, by (20), the con-
vergence rate A[pg; Pp, Pc, Pds Pe] for the corresponding infinite series.

a, b, ¢, d, e

pa; pbv pCs IOd1 108
largest irreducible polynomial factor and all the linear factors.

e Writing Hy a b,oc d, e
Pas Pbs Pc> Pds Pe
k (but not its multiples), combine them with the linear factors extracted from the

weight function Wy together.

e Display the resulting identity. In particular, when the I'-function quotient is
expressible in terms of a¥l g2, £(3) and other known mathematical constants,
write down the corresponding infinite series formulae.

e Factorizing the rational weight function Wy |: i| identify its

:| in terms of canonical shifted factorials of order

Following this procedure, we have made a comprehensive exploration of infinite
series identities. The results are displayed as examples in nine classes and classified
according to the represented mathematical constants, that cover not only numerous
known infinite series, but also several new important formulae including a few chal-
lenging conjectured series made experimentally by Guillera [55] and Sun [62].

In order to illustrate the approach, three examples are worked out in detail.

[Example 23] In Theorem A, let

1 2 1
{a:l, b=1% c=1, d=3, e:i}_
pa=2aph=0’p()=17pd=17p€=1
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250 W.Chu

According to Dougall’s summation theorem, we can evaluate

112 1 3 4
oo l,i 5

1 21 1303 2203 2
(15 1.5.5) =Y a+20 —r _
3732 35 4 57 33
k=0 1,§,§,§ k 1,2’ 6’6
By means of (16) and (18), we have
1.2 2
1: 1121 —1I\k| 336
Hk !37 ’372 (_)
2;0,1,1,1 4 34 4 5
>33 64k

With the aid of Mathematica commands implemented from (14) and (19), we can also
determine

! 2 1 2
wo [L3 L3 4] T +21k4 150
1,1 5 + 6k

Then the corresponding formula in Theorem A

1 21 ad 1:11,21 -1 q21
A I — ’ 30 32 v 30 40 30 )
Q(1’3’1’3’2) ;W"[z 0,1,1, 1}H"[2, 0,1,1,1]

is evidently equivalent to the identity displayed in Example 23:

10;1 i< )

3 4
k=0 35 3

7

’

17

W
W

)

{7 +21k + 15k2}.

S

» 6k

[Example 45] In Theorem A, let

{61:2, b=1, c=1, d=1, e:%}
pa=3apb=17:0c=17,0d=17,0e=1 ’

We can analogously evaluate

202044 40 4l
, 37 _ (14 2k)%(237 + 623k + 410k%)
1| 16(1 + 4k)(3 + 4k)2
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Infinite series identities derived from the very well-poised ©2-Sum 251

Then the corresponding formula in Theorem A

21,1,1,3
Q2:1,1,1, )—Zwk[3 s

0o L1 g

237 + 623k 410k2}
Z(1024> s s oo 4 { 02K+
k= I 3 3 3y

17 P (k) ,
} T 36(1 4 3k) (2 + 3k)(3 + 4k)3 (5 + 6k)’

where P (k) is a polynomial of degree 7 given by

P (k) =102144128199k4671402k>4-1904368k>4-3167648k*+3098368k> +1654272k0+372736k .

Then the corresponding formula in Theorem A

o0
1, 1,1, 1, 17 P(k)
8505¢(3) = Z[; s 51 4 720k
25 20 20 30 342k

k=0
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This series can be simplified futher. In fact, for the A-sequence defined by

Lol Lo s a8k 4 08k2

5 (=27k
3k

’

s

3 3 4
202 3

it is not hard to verify that the summand can be expressed as

L1, 1, 1, 17 Pk)
[§ s 51 E} ot = 810{A0) + ACk+ D).
2020 20 3> 342%

In view of the bisection series, we conclude that

YAk =Y [a@b +ack+ ) = Toe6) = 240,

k=0 k=0 810

which justifies the infinite series for ¢ (3) displayed in Example 67:

214_(3)_% oL LT 5 agk 4 o8k
el ERE R (=27
- 2> 20 20 3 3dk

O

As shown above, all the series manipulations involved are entirely routine. There-
fore for the other series in this section, their proofs will not be produced. In order to
be concise, we shall indicate, in the header for each example, eventual references and
how to derive the formula by Q[ ?«“2#<P4P] where [a b ¢ d e] and [p4 pp pc pape] stand

respectively for the parameter setting and the iteration pattern in the 2-series.

3.1 Series for ™!

Here we record 15 infinite series identities with four of them due to Ramanujan [58].
For different proofs of these identities and more formulae for 1/, refer to Andrews
and Berndt [6, §15.6], Baruah and Berndt [16,18], Berndt et al. [20,21], Borwein et
al. [24-27,30], Chan et al. [34-36], Guillera [50,51], Rogers [60] and Scarpello and
Ritelli [61].

Example 1 (Q[ 2oLt ] Ramanujan [58, Eq. 28])

1
7222
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Example2 (2[1911}] Ramanujan [58, Eq. 35])

1
11
222414

|
Il
e
~
-I>| |
—_
—
~
1
S
kel
—_—]
| IS
=~
r——
(O8]
+
[\®]
=
»
—_——

[\
el S
\®)
I
(e
S
oo |
—
N—
>~
| —
— N —
— N —
— N —
| S
~
L
—
+
[oN
P
——

1 1
23 i": 20 40 41| 148k
= ok -
T Slnn | ?

I

8 + 75k + 135k2
16% ’

»
Il
=]
l—‘
=
=
Sl
=
SIS

—

1 2
93 133 6| 2421k

Wix = 2

_ k-
ol 1, 20
Example 7 (2[ i 2 i é i] Bisection series)
o [L 2 5
273 Z 30 3 6| 5442k
53, Ak
S = PR M

i
i
i
i
.

1 + 10k + 28k?
(—27)%

A
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42t2
o L 1 1 3 3
64_2 2% 3 & 4| 214296k 4+ 992k* + 896k3
B 4 5 (—27)k
k=0 l, l, 1, 3> 3.g
Example 10 (Q[gg%l%lozo])
o 2 2 21
243«/§_Z 3030360 6| 174 279% + 864k + 756k°
8T 303 (—27)k .
k=0 1, 1, 1, 7 5dx
Example 11 (52[13?11%1020])
o L 1 1 55
243J§_Z 3303 60 6| 354504k + 1620k% + 151243
dr 3 3 (—27)k '
k=0 1, 1, 1, 7 5 dg
Example 12 (Q[g%o%l 2%])
~ 11 1 3 3
32 4 \k |2 % & 1 13 5 3
_zz<ﬁ> [9+118k+400k + 368k ]
T 4 5
k=0 1, 1, 1, 3 3 g
Example 13 (9[55%23)2%])
6 S e 11 1 3 3
1 167k | 20 40 30 40 1
2oy (_) {3 + 36k + 108k + 88k3}.
T 27 1 1.1 4 3
k=0 ’ © 30 3y
Example 14 (Q[—ﬁé])
1 2 1 3
27V3 = 16Nk |3 3 & 3
fzz(__) {20+167k+258k2}.
T 27 3
k=0 17 17 17 E k
Example 15 (2[ 7111, ] Ramanujan [58, Eq. 29])
16 PNkl 11
0 _ 20 202
= Z(@) [1, 1 1]k{5+42k}
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3.2 Series for

Example 16 (Q[ %OTOL])
lor S e[ b33
A A '}
= _ - 34+ 10k + 9k2 .
93 ,§)<4 505 1
30 3 6dk
Example 17 (Q[l 12 D
2 2
Ik 1, 3. 3 5
=Z(—) {3+11k—|—9k }
o |4 41
- 3° 3 6dk
Example 18 (Q[ 311 ])
.11
157 L /1N\k]| 0 4 4
2N 4+13k+12k2}.
82 ;0@ 7.9 13 {
4> 8 8 Ak
Example 19 ([ 7} 113 D
2 Skl R d
_”=Z<_) {4+15k+12k2}.
8v2 =M s s
4> 8 8 dk
Example 20 ([ 2?1151 ! D
- 15
) Z(l)k 6> 6| 31+ 108k + 108k?>
T = — .
=\a) | s A+ 606+ 6k)
= 2 dx
01
Example 21 (Q[1 11200 D
1. L
A0 A —1\k |5
TN (== 9+10k}.
- 6° 6 dk
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Example 22 (Q[lz?iii])
1
o 1
BNAED
w=3 (%)
k=0 1,
Example 23 (9[12211%])
1 00 1,
10 _ 3 <—_1)k
Wimh s

Alw

[\S1[9%}

19 + 80k + 80k?
(1 +2k)(1 + 4k)(3 + 4k)
k

2
3

W
|

)

N {7+21k+15k2].
> 6 dk

Wl
—_

4
3

’

Example 24 (SZ[ 1310 11 ﬁ ] Trisection series: Chu [41, Example 19])
33

[~]

k=0

1. 3
C 11| 548k
3 03 3| 9%
20 2 24k
1
1,4
{6+7k}.
7 1
6° 6 dk

Example 26 (Q[ fll 1l ] Quartic section series: Zhang [67, Example 8])

567 _i(_m)k b
V3 N 21 |
— 2,
Example 28 (9[1311%1 %1 o)
dom 55|
W3 |
—0| 3.

@ Springer

1

—_—

[3+5k}.
4 s
3 3dk
113
3 40 4 5
{36+143k+129k }
1316
> 9 91k
1
30 3 | 8427k +21k2
7 1 64~ '
6° 6 dk
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Example 29 (Q[ 11,11])
22
o 15 11
5 L3 30 3| 74 40k 4+ 75k2 + 4243
55 71 7 64¢ .
k=0 4> 4> 4> 4dp
31113
Example30 (Q[1,27]
3 32
1.1 2
807r OO( ) K [ 2
36 + 133k + 111k }
=2 (&) |,
20 6 6k

3.3 Series for 72

Example 31 (Q[?Ol ?11] Bisection series: Guillera [53, §2.1: a = %])

i( ) [ % ﬂk{zﬂk}.

k=0 z
20111 1012
Example 32 ([ 111 ] Chu [40, Theorem 3.1] with [ 1133 ])
1
3n2_i Loboad gy sk
8 =lis 1| (HF
=UL2 7> 2l
Example 33 (2[3),}.} ] Chu [40, Theorem 3.1] with [ 955 ])
1
2n2_§: Ll 7o
3 3 3| (=HF
k=012, 5. 514

Example 34 (Q[2 11

1 1 1

2° 20 2| 54 14k + 10k2
7| =D k+1)27
1

Example 35 (2 [2%

o0
)

8
=
=
=

-lflw
N

25 + 77k + 60k2

5
T
T:Z 16F

~

L
lflw
lflu
lflw
lflu
[\S][9%}
>~
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Example 36 (2[30115])

21113
n? i(—l)k[l, 1] 54Tk
—_— —_— 4 5 P EE———
2 Pt 27 3> 3 k1+2k
Example 37 (sz[é ﬂzl])
2°22
X 1\k 33 99 + 314k + 328k2 + 112k3
10712:2(—) 2
=\27) |7 n (1+Kk)2(1 + 2K)
- 6’ 6dk

Example 38 (Sun’s conjecture [62, Eq. 1.1])

32 = oL L
T =2(5)

|7+ 10k}.
3 4
k=0 35 3

Wl

k

This is confirmed, via bisection series, by applying Theorem 3.1 of Chu [40] under the
parameter setting [1,1,2,3] 3, 4,3, 3].

Example 39 (@[3 ))

33151
00 L1, 1, 2, 1
4 k 9 9 9 63
42 = (—) {35+98k+69k2}.
,; 217 13 4 4 5 5
- 2° 3° 3° 3 3dfk

1, 1, 1
3n2 L /160\k |
TN (20 8 llk}.
2 Z<27> 3 4 5 { *
k=0 20 3 3k
Example 41 (Q[;(l)ﬁz])
1. 3.3
© 40 4| 454 124k + 86k3

P 3 4 5 1+ k(1 +2k)
= 20 3 3k
Example 42 (Q[ 301 % D
2 2
15n2_i< 16)k LU 644 375K + 646k2 + 34483
8 27 711 (1 4 2k)(1 + 4k)(3 + 4k)
k=0 6 6k
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Example 43 ([ ;111! ] Guillera [53, §2.2: a = 11

211100
1, 1, 1
42 SNk
Ty (= 13+ 21k}.
3 Z(64) 3 3 3 H +
k=0 20 2 20k

This is rederived from Theorem 3.1 of Chu [40] under the parameter setting

[1122] 1122].

Example 44 (2[20}13 ] Guillera [54, Eq. 18])

21113
1,1, 1,2, 1
167.[2 00 (27)k ) ) ) 61 { 2
=y (£ 35+ 101k + 74k }
3 ,; 647 |3 3 3 3 3
- 20 20 20 2 2dgk

© L L3

2472 = (_) [237 T 623k + 410k2}.
; 1024 5 5 1 1
= 3 3 3l

3.4 Series for w2

Guillera [51-53] developed intensively the computer algebra approach via the WZ-
method, reviewed systematically the formulae discovered by Ramanujan [58], found
further m-formulae of Ramanujan-type and detected experimentally several beautiful
and challenging series representations for 1 /72 (cf. [47-49]). More formulae of similar
type can be found in Bailey et al. [15, §2.7], Baruah and Berndet [17], Chu [39] and

Zudilin [69,70].

Example 46 (2[19111] Guillera [48, Egs. 1-3])

1
22222

8 0 1\ % % % % %
—=Z(_—) [1+8k+20k2}.
2 4

k=0 1, 1, 1, 1, 1

k

Example 47 (Q[%O% H D

27 + 94k + 108k2 + 40k3

[\S][9%}

(—4)F
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222212
32 & 1ak[L L1103
= — 2° 20 2 % & 2}
2 g(m) [1, Tr e 1:|k{3+34k+120k .

128 X1 N\k % % % ?11 71¥
—=Z(—) {13+118k+120k2].

2
S 2, 2,
Example 50 (22[ 7'} ] Guillera [54, Eq. 17])
2222
1 1 1 1 2
48 X 27 k|20 20 2 30 3 5
S=>(5) {3427k + 742},
T =0 L1111,
Example 51 (SZ[EHP]])
2222
64 °°27k%»%»%»%’§
—=Z(—) [6+69k+135k2+74k3].
2 64
k=0 1, 1, 2, 2, 2 «

1

o 11
128 IEVIESE NS N .
_=Z( ) {13+180k+820k }

2
= ERE AR A
3.5 Series for Catalan constant G
20111
Example 53 (9[1%%%00])
o0
INKTL, 1] 5+6k
6G=3(3) [i Z} T
P 7 4l
20101
Example 54 (Q[I%%%m])
o gL g
- 2
18G = (—) {19+56k+40k }
o Y s s 1
= 3 4 4 gy
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Example 55 ([ gf)ll?oi) D

—_—

17 + 94k + 156k* + 80k3
(1 4+ 2k)(1 + 4k)(3 + 4k)
k

ol —

’

w0-3 ()

ENEN|

5
1

El

Example 56 (2[ ;[ ] Bisection series: Guillera [53, §2.3: a = 1])

22

[S]

—
—_
—_

26 ié(%)" f2+34).

NSI[)
NSI[0V)
[NSI[oV)

k

Example 57 (Q g? 111102])

Lol g3 100k + 11242

11 (1+4k)(3+4k)
6 dk

wo-3 (5
k=0

7
6

Example 58 (Q[ ;

Lo 29 4 428k + 708K + 368K
vl TFmoaxancran

1
L3 | 419 42610k 4 4404K2 + 223243

o
ANk
906 =" (=
12(27) 7 (1+ 2k)(1 + 6k) (5 + 6k)
- 6° 6dk

Example 60 ([ 3%3121 D

00 1, 1
16\ | 7 21 + 22k
06 =3 (1) 242k
Z 27 7 11 1+ 2k
k=0 6 6Jk

3.6 Series for {(3)

We give 15 spectacular series for ¢ (3).
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Example 61 ([ ?11? ] Bisection series)

7 o (IVK T 1 2+ 3k
15(3):Z<Z) [3 %LM'

k=0 2’

Example 62 (2[39)}}] Guillera [53, §3.1: a = 1)
2

7 1, 1, 1, 1, 17 5+ 14k + 10k2
—§(3)= |:3’ 3’ 3’ 3’ 3i| - ~r
2 2 SRR T PR GOl

2

21 L —INKT1, 17 13 + 32k + 20k2
_“3)_Z<_) [5 %L A+ k(1 + 26?2

63  INKTT, 1, 1, 17 37 + 94k + 60k2
() = —_ B - - - .
240 Z(lé) [3 24 %L 142k

Example 65 (2[29191])

L 1NKTTL 19 + 30k
165(3)22(%) [ i]k (1+ k)1 +2k)°

k=0

(SIS

Example 66 (2[5} ] Amdelberhan [4] and Wilf [64, Eq. 8])

1] 29 + 80k + 56k2
o L+ +2k)2

24 =Y (5 Nk

k=0

9

|111] Bisection series: Sun’s conjecture [62, Eq. 1.6])

3
=
=
=
=
—_

13 + 38k + 28k?
(=27)*

w
~
(9§}
N—
I
g
W
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Example 68 (X[ 3?21?21 D

2
945 L ANKTLL 1L 1L
—(3) = —= [5’ 77 11}
2 kX_(:)<27> I 3 6 6dx
1078 + 7227k + 17282k + 17712k3 + 6624k*
(14 2k)(1 4+ 3k)(2 + 3k)

Example 69 (SZ[ 3 ?;2121 ])

2

105 > 16\ k[1, 17 67+ 151k + 86k
—r@3) = - ’ .
2 ¢6) Z( 27> [%, %L (14 k) (1 + 2k)2

Example 70 ([ 3(%)112121 D

63;(3)=§:(—§)k [% yory ] {106 + 260k + 1724},
k=0 2° 3° 3° 4 k

ENEN e

Example 71 (@[ 21117

1Nk, 1, 1, 1] 173 + 501k + 364k>
) 4 4 5
3 3 3 k

KG) = Z<@ > 1+ 2k

k=0 3

Example 72 (Q[;HH] Amdeberhan and Zeilberger [5])

o0

—1 k

643 = () R {77+ 250k + 2058 }.
024/ |33, 3,3 3,

k=0 z 2
Example 73 (Q[ﬁ%l%l%l])
1 1 1
67, 3y i (b L L g5
=3 (1)
2 im0 10247 0s s s s 77 707
= 4> 4> 40 4> 40 40 40 4]k

x {341 + 2844k + 9122k> + 14236k> + 10888k™* + 3280k5}.

Example 74 ([ 20112])

00 L L ) ; 4
1728{(3) _ Z < 1 ) 4154426427k+62152k*4+64161k°+24570k
4096 5 5 7 7 (1 +2k)(1 4+ 3k)(2 4 3k)
k=0 RN KR R ol

@ Springer



264 W. Chu

Example 75 (Q[(%’ 1] Bisection series: Guillera’s conjecture [55, Eq. 42])

N\—»ﬂ

< a4 (L L L 11

21003) =Y (;is)

{268 L 720k + 483k2}.
k= 3

wiy
wio

k
3.7 Apéry-like series

They are infinite series expressions for the Riemann zeta series ¢ (m) involving central
binomial coefficients. The formulae of this kind first appear in the irrationality proof
of ¢(3) given by Apéry [7]; see Van der Poorten [63] for a very readable version of
this work. More formulae of similar type and extensions can be found in the books
by Borwein and Borwein [23, §11] and Comtet [45, Page 89], as well as the papers
by Almkvist et al. [3], Bailey et al. [9,11,14], Borwein et al. [28,29,31], Chu and
Zheng [37,38,43], Elsner [46], Lehmer [57], Rivoal [59], Zagier [65] and Zucker [68].

Example 76 ([ ;0]! 1] Apéry [7]: see [46,63,68])

=1
ngzﬂc

Example 77 ([ 30111] Apéry [7]: see [46,63,681])

B 3 0 (_1)/{—1
-5

k=1

Example 78 ([ 12

W=
—
[ le]
Nl——

] Bisection series: Apéry [7]; see [46,57,63])
o
T 1
= Z 2
V3 kG)
Example 79 (Q[ 12211 g; ] Quartic section series: Elsner [46])

00
ZZI{

(2k+ 1)

Example 80 ([ 7)1
s

D=0

é ] Bisection series: Lehmer [57])
7
2k
T_ i %_
3 P 1652k + 1)
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Example 81 (Q[ 12?;%1 oi] Bisection series)

()
2[ Z 8k + 1)

Example 82 ( SZ[

D

_.._.
Bl — —
= —

00 (Zk)
5L G

3.8 BBP-type formulae

They are formulae for calculating 7 discovered firstly by Bailey et al. [12] in 1995,
which may serve amazingly as digit-extraction algorithms for 7. We refer to Adamchik
and Wagon [1,2] for Mathematica-based approach and to Bailey et al. [9,10,12,13]
for historical accounts. Further formulae of BBP-type can be found in Bellard [19],
Borwein and Bailey [22, §3.6], Chan [32,33] and Zhang [66].

Example83 (2[ 7131 ] Bailey et al. [12, Theorem 1])
B i (L) 2 }
_k:O 16/ l1+8 4+8 5+8 6+8k)
Example84 (2[ 711 ] Adamchik and Wagon [1])
i< >k{ 8 4 4 1 }
—\16/ 1248k TIvsk Tavsk Tisk
Example 85 (Q[f?égé])
42187 & ( 1 )k 4 4 N 1 1
33 _k:() 16/ |1+12k 4+12k 7412k 10412k ]

8~22/3n_§:(1)k 4 N 16 4 1
33 16/ |8+ 12k 2+ 12k 5+12k 11412k’
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Example 87 ([ f?i 1] Bisection series)
233

T = -_— .
= 27 14+2k 143k 243k

Example 88 (SZ[ f?i éé ] Bisection series)
97 > —INE[9 3 1
v~ 2 e et el
2./3 P 27 1+6k 346k 5+6k
Example 89 (9[13?%1%102])
o0
—1\k 9 3 1 1
i =3 (2| |
V3n ;(z7> Tr6k " 2+6k Tat6k TS5tk
Example 90 (Q[f?iéi])
o0
—1\k 9 3 6 1 1
G-y (2 S N .
i kgo(27) T16k 2416k 346k 446k 5+6k
3.9 Other infinte series
Example 91 (Q[%z?;%ol D
o 31s
1Nk |3 08 B
ovV2=) (=) o+ 40k}
par i (I
Example 92 (9[%2;%1%0;])
64 > 1\k % % %
[l _ 43 4+ 60k ¢.
I I e
= v 3 3y
Example 93 (Q[%"’g%l%l;])
1 3 3
21 i(_l)k v {15 28k
LI SV s
= s 120 2dk
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Example 94 ([ %‘” 911%1010])

1 1 3
15 e (—l)k + 3 3 { 2
11 + 124k + 224k }
V2 /;) 27 1. B 17
= v 120 124k
Example 95 (9[55%131020])
113
X _I\k|2 % 3 2
16v2=3" () (23-+ 110k 11222},
277 45
Z v 3 3y
Example 96 (9[511%1%1010])
11
556 —i 306 6| 49 4240k + 25242
W3 43 ot |
k=01, 3, 3],
Example 97 (Q[rni])
8_Z<27)k 2° 67 6 7+ 74k
=2 \& I+2k

Example 98 (Q[g %I}ﬁ] Bisection series)

2 + 213k + 652k~ + 483k
0— Z (—l)k + 5k+ +
k=0 (k)(5k+1)4

The next example confirms a conjectured series about the Legendre symbol (’%)

Example 99 ([ %’%Q] Sun’s conjecture [62, Eq. 1.4])

—_—
—_—
—_—

11+ 15k

3 4 5 12
k=1 k=0 20 3 3k
Finally, we point out that it is highly possible that most of the infinite series presented
in this section can be verified automatically by symbolic languages, besides those

examples attributed explicitly to the WZ-method, mainly done by Guillera [48-56].

Acknowledgements The author expresses his sincere gratitude to an anonymous referee for the careful
reading, critical comments and helpful suggestions that make the manuscript improved during revision.
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Appendix: Two useful recurrence relations

Chu and Zhang [42] examined 2 (a; b, c, d, e) mainly by utilizing the following two
recurrence relations of iteration patterns [11000] and [11100], respectively.

Lemma B (Chu and Zhang [42, Lemma 1]: R(1 +2a —b —c—d —¢e) > 0).

Qaib.e.d )_(1+2a—c—d—e)(a—b)+Q(1+ A 4boede
a? 7C7 ’e_ 1—|—2a—b—c—d—e a7 7C7 78
bl+a—c—dy(l+a—c—e)(l+a—d—e)

x l+a—-c)(l+a—-d)(l+a—e)l+2a—b—c—d—e)

Lemma C (Chu and Zhang [42, Lemma 2]: R(1 +2a —b —c—d —e) > 0).

(a—>b)(a—rc)
Q(a;b,c,d,e):f+9(1+a;l+b,l+c,d,e)
a—b—c

bc(l+a—d—e)
“Utra—-d(+a—ebtc—a)

They have been employed further, in this paper, to establish the central transforma-
tion Theorem A of universal iteration pattern for Q2(a; b, c, d, e).
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