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Abstract

Let N be a sufficiently large integer. In this paper, it is proved that, with at most
O (N7/18+¢) exceptions, all even positive integers up to N can be represented in the
form p% + p.% + pg’ +.p2 + p§ + pg, where pj, P2, P3: P4, Ps P6 are prime numbers,
which constitutes an improvement over some previous work.
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1 Introduction and main result

Let N, ki, ko, ..., ks be natural numbers suchthat2 < ky <k, <--- <k,;, N > s.
Waring’s problem of mixed powers concerns the representation of N as the form

N=x" 44 g xb

Not very much is known about results of this kind. For historical literature the reader
should consult section P12 of LeVeque’s Reviews in number theory and the bibliog-
raphy of Vaughan [9].
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In 1970, Vaughan [8] obtained the asymptotic formula for the number of represen-
tations of a number as the sum of two squares, two cubes and two biquadrates. He
proved that, for any sufficiently large integer N, there holds

r23)r2 (3
> I= ) (@) (4)62,3,4(1\’)1\’% + O(N%_Tlt"ﬂ)
x,2+x§ +x§’ +x2 +x§ +xg=N r (F)

where the singular series is

Gr34(N) = i s i (,li ( Xq: e(ax,m )>2>e< - ﬂ)

In view of Vaughan’s result, it is reasonable to conjecture that, for every sufficiently
large even integer N, the following Diophantine equation

N = pi + p3 + p3 + pi + s + pé (1.1)

is solvable. Here and below the letter p, with or without subscript, always stands for
a prime number. However, many authors approach this conjecture in different ways.
For instance, in 2015, Lii [4] proved that for every sufficiently large even integer N,
the following equation

N =x*+p3+p3+pi+pi+pe (1.2)

is solvable with x being an almost-prime Pg and the p; (j = 2, 3,4, 5, 6) primes,
where P, denotes an almost-prime with at most » prime factors, counted according to
multiplicity. Afterwards, Liu [3] enhanced the result of Lii [4] and showed that (1.2) is
solvable with x being an almost-prime P4 and the p;’s primes. On the other hand, in
2019, Lii [5] proved that every sufficiently large even integer N can be represented as
two squares of primes, two cubes of primes, two biquadrates of primes and 24 powers
of 2, 1.e.

N=p>+pi4+piapi+pltpteon 42 4. 4oms

In 2018, Zhang and Li [11] establish the exceptional set of the problem (1.1). They
proved that E(N) < N 13/16+¢ \where E(N) denotes the number of positive even
integers n up to N, which cannot be represented as p]2 + p% + pg + pi + pg + pg.

In this paper, we shall continue to consider the exceptional set of the problem (1.1)
and improve the previous result.

Theorem 1.1 Let E(N) denote the number of positive even integers n up to N, which
cannot be represented as

n=pi+p3+pi+pi+pi+pe. (13)
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Then, for any ¢ > 0, we have
7
E(N) < NTsFe,

We will establish Theorem 1.1 by using a pruning process into the Hardy—
Littlewood circle method. In the treatment of the integrals over minor arcs, we will
employ the methods, which is developed by Wooley in [10], combining with the new
estimates for exponential sum over cubes of primes developed by Zhao [12]. For the
treatment of the integrals on the major arcs, we shall prune the major arcs further
and deal with them, respectively. The full details will be explained in the following
relevant sections.

Notation Throughout this paper, ¢ always denotes a sufficiently small positive con-
stant, which may not be the same at different occurrences. As usual, we use ¢(n) to
denote the Euler’s function. e(x) = ¢>7¥; f(x) <« g(x) meansthat f(x) = O(g(x));
f(x) < g(x) means that f(x) < g(x) < f(x). N is a sufficiently large integer and
n € (N/2, N], and thus log N < logn. The letter ¢, with or without subscripts or
superscripts, always denote a positive constant, which may not be the same at differ-
ent occurrences.

2 Outline of the proof of Theorem 1.1

Let N be a sufficiently large positive integer. By a splitting argument, it is sufficient to
consider the even integers n € (N /2, N1]. For the application of the Hardy—Littlewood
method, we need to define the Farey dissection. For this object, we set

1 1
A=100'", Qg=log" N, Qy=Ns, Q;=Ns, Jo=[‘—,l——].
02 o))

By Dirichlet’s lemma on rational approximation (for instance, see Lemma 12 on p.
104 of Pan and Pan [6]), each @ € [—1/Q2, 1 — 1/Q>] can be written as the form

a 1
a=—+X  |A < — 2.1
q q0»

for some integers a, g with 1 <a < g < Q5 and (a, g) = 1. Define

a 1 a 1
93”((q,a):|:———,—+—:|, M = U U Mg, a),
g q02 q qQ2 1<g20; 1<a<q
(a,q)=1

IS}
|\
O =
S
3

| Q

QIOO
mO(Qa a) = [_ — T + L ) mo = U U mO(‘]’ a)v
g9 aN ¢ aN 00 1<a<
15‘1§Q0 =a=q
(a,q)=1

m; = jo\‘)ﬁ, mp = ‘.UI\EIR().
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Then we obtain the Farey dissection
Jo =My Um; Umy. 2.2)
For k = 2, 3, 4, we define

fil)= Y e,

Xk<p=<2Xk
where Xz = (N/16)%. Let

R(n) = Z 1.

n=p}+p3+p3+pi+pi+pe
Xo<p1,p2<2X>
X3<p3,pa<2X3
X4<ps.pe<2X4

From (2.2), one has

1,4 - , 4
% (n) =/ (l_[sz(a)>e(—na)da =/ . ( sz(a))e(—na)da
0 1

k= 0 k=2

2
STRYRTA (1L

In order to prove Theorem 1.1, we need the two following propositions:
Proposition 2.1 Forn € [N/2, N], there holds

7 7

4 2(3\12(4\12(3 7 7
=()r<zr-«(y ne ne
/ (]_[sz(a)>e(—na)da =23 —6m——+ 0<—7),
Mo \ 5 ') log® n log’ n
(2.3)
where S (n) is the singular series defined by
o0 q 4 q k 2
1 ar an
o= X (2 (7)) )(-7)
g=1 ¢ (q) a=1 k=2 r=1 4 4
(a,q)=1 (r.g)=1
which is absolutely convergent and satisfies
0<c*<6m <1 (2.4)

for any integer n satisfying n = 0 (mod2) and some fixed constant c* > 0.
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The proof of (2.3) in Proposition 2.1 follows from the well-known standard tech-
nique in the Hardy-Littlewood method. For more information, one can see pp. 90-99
of Hua [2], so we omit the details herein. For the property (2.4) of singular series, one
can see Section 5 of Zhang and Li [11].

Proposition 2.2 Let Z(N) denote the number of integers n € [N /2, N] satisfying
n = 0 (mod?2) such that

>

2 4 I’l%
/m (l_[sz(ot))e(—noz)dcx 7.

J Nk=2

log' n

j=1

Then we have
7
Z(N) « Nst¢,

The proof of Proposition 2.2 will be given in Sect. 4. The remaining part of this
section is devoted to establishing Theorem 1.1 by using Propositions 2.1 and 2.2.

Proof of Theorem1.1. From Proposition 2.2, we deduce that, with at most O (N T&+e )
exceptions, all even integers n € [N /2, N] satisfy

2 4
Z / (l_[sz(a))e(—not)da
j=119M =2

neo
< )
log’ n

. " : 1 )
from which and Proposition 2.1, we conclude that, with at most O (N 787¢) exceptions,

all even integers n € [N /2, N] can be represented in the form p% + p% + pg + pi +
pg + pg, where p1, p2, p3, p4, ps, pe are prime numbers. By a splitting argument,
we get

7
N N\ 7
EN) < Y Z<?) < Y (?> K NTEFE,

0<t«log N 0<t<log N

This completes the proof of Theorem 1.1. O

3 Some auxiliary Lemmas

Lemma3.1 Let2 < k) <ky < --- < kg be natural numbers such that

1 1 .
—<—, I <j<s—1
~ ki T kj
i=j+1
Then we have
L 2 NI A
[ fi@)| do « NFFTHET
0
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Proof See Lemma 1 of Briidern [1]. O

Lemma 3.2 Suppose that o is a real number, and that |« —a/q| < q >

Let B = o —a/q. Then we have

| X
fil@) < d*(g)(log x)° <X11/2 g NIBD + X7 + m)

with (a, q) = 1.

logk

Tog?2 and c is a constant.

where 8 = % +
Proof See Theorem 1.1 of Ren [7]. O

Lemma 3.3 Suppose that o is a real number, and that there exist a € Z and q € N
with
(a,q) =1, l<¢g<Q and |qau—al<Q "

IfP% <Q< P%, then one has

1 q_%PH'E
Z e(pla) < PITRT 4 2
3 /2
P<p<2P (1+ Pl —a/ql)
Proof See Lemma 8.5 of Zhao [12]. O

Lemma 3.4 For a € my, we have

fala) < NF+e,

Proof By Dirichlet’s rational approximation (2.1), fora € mj, wehave Q1 < g < Q0».
From Lemma 3.3 we obtain

11

1
+X;+8Q1 6 < NT-I—&‘.

11
5 +e

f3la) < XJ?

This completes the proof of Lemma 3.4. O
For 1 <a < g with (a,q) = 1, set

2q
a 1 a 1
I(qa)=|———,—+—| I= 1(q. a). 3.1
@ [q q9Q0 q qQo} 15ggoayq @ G

(a,q)=1

For o € my, by Lemma 3.2, we have

F NS = V(o) + NTST2, (3.2)

1
N3 log¢ N
file) € —— 7
g2 (14 N2

say. Then we obtain the following lemma.
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Lemma 3.5 We have

/ Vi@t = Y Z / Vs(@)*der < N log® N.

1<g<Qo a=—q YACKD)
(a,q)=1

Proof We have

> Z/ V3 ()| *dex

1<g<Qoy a=—q 1(g.a)

(a,q)=1
4
N3log¢ N
—2+¢
< ———dx
2, _X_: [ & (4 NIRTP
=4=0Qo a=—q
(a.q)=1
2q 4 c
ot 4 . N3log" N
< Y gttty (/ lNalog‘NdAJr/l el
1=¢=Qo a=—q N7I=w v=lt=g;
(a,q)=1
< N3 log¢ N Z g () < N%leogCN<< Nélog’:N.
I1=4=Qo
This completes the proof of Lemma 3.5. O

4 Proof of Proposition 2.2

In this section, we shall give the proof of Proposition 2.2. We denote by Z;(N) the
set of integers n satisfyingn € [N /2, N]Jandn = 0 (mod 2) for which the following

estimate
‘/ (ka (a))e( no)do

holds. For convenience, we use Z; to denote the cardinality of Z; (V) for abbreviation.
Also, we define the complex number &;(n) by taking &;(n) = O forn ¢ Z;(N), and
when n € Z;(N) by means of the equation

> » 4.1

gl’l

4
’/ (Hf,?(a))e(—na)da

k=2

4
=§j (n)f (1_[ sz(a))e(—noz)da. 4.2)
i N =2

Plainly, one has |&;(n)| = 1 whenever & (n) is nonzero. Therefore, we obtain

4 4
> &m (Hf;?(a))e(—na)da= / (Hfﬁ(a))icjw)da, (4.3)
k=2 mj

neZ;(N) k=2
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where the exponential sum K ; («) is defined by

Ki@)= > &me(-na).

nGZj(N)

For j =1, 2, set

4
(]‘[ f,f(a))ic i (@)da.

k=2

.
m;

From (4.1)-(4.3), we derive that

7 1
neo ZjNﬁ

—_— > ——, =1,2. 4.4
log’ n log’ N / “4)

By Lemma 2.1 of Wooley [10] with k = 2, we know that, for j = 1, 2, there holds
1 5 .
/ | L(@Kj(@)| da < N°(Z;NZ + Z]?). 4.5)
0

It follows from Cauchy’s inequality, Lemmas 3.1, 3.4 and (4.5) that

1

1 1 1 5
h< sup |f3<a>|2x< fo |fz<a>ff(a>|2da> ( /0 |f2<a>/c1<a>|2da)
aemg
1

, 1
< (N%FE)2 . (N1Fe) (NS(le% + z%))2
0ie( 51 I Pte
S NIF(ZINT +2)) < ZENTH 4 Z NG (4.6)
Combining (4.4) and (4.6), we get
1. o7 I Pte
ZINslogm ' N <K I} K ZN®T" + ZIN9 ™7,

which implies
Z, < NTo+e, 4.7

Next, we give the upper bound for Z;,. By (3.2), we obtain

< / |2 (@) VE(@) f2(0)Ka ()| der

+ N f |2 f2@Ka(@)|da
mp

= I + I, (4.8)
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say. For o € my, we have either Qlo0 <q < Qpor Q100 < Nlga —al < NQZ_l =
Q1. Therefore, by Lemma 3.2, we get

N
sup | f(@)] < —gr— (4.9)
aem) g N

In view of the fact that my € 7, where Z is defined by (3.1), Cauchy’s inequality, the
trivial estimate /Cp (o) < 2> and Theorem 4 of Hua (See [2, p. 19]), we obtain

2 ! 4 3 4 2
i <25 sup | fa@)] x(/ H@ da) <f|v3<a)| da)
aEM) 0 A

1

N 2 . 2 N%

Moreover, it follows from Cauchy’s inequality, (4.5) and Lemma 3.1 that

1

. 1 i 1 4
Iy < NT5He x ( / |fz<a>ff<a>|2da) ( / |fz(a>icz(a)|2da>
0 0
L te I+e 3 B 1 2 %
SN (N2 (NS (2N + 23))
31 Loy Ly 31
KNOTE(ZING + 2) K ZINOte + ZyN0Fe, 4.11)
Combining (4.4), (4.8), (4.10) and (4.11), we deduce that

ZzNﬁ

7
ZyNs 1 3
Kh=Dbhi+In<K —+Z§N%+8+22N%+s,
log’ N log?04 N

which implies
2, « NWte, (4.12)

From (4.7) and (4.12), we have
Lte
ZIN) € 21+ 2, K NT8T°,
This completes the proof of Proposition 2.2.
Acknowledgements The authors would like to express the most sincere gratitude to the referee for his/her
patience in refereeing this paper.
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